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Abstract

Operators in the form of integrals containing the Dirac-delta function and the first derivative with
respect to coordinate have been constructed on the grounds of quantum mechanics formalism have
demonstrated to fulfill Witt algebra. Such operators appear to be connected to total angular momentum
and momentum operators, and to some extent to well-known free particle Hamiltonian. Such operators
have allowed to develop a noteworthy semi-classical formalism that involve classical definitions. These
objects called Witt-like operators when are expressed as polynomials have exhibited to be dependent
on quantum mechanics 1-dimension momentum operator. In this manner, Witt-operators have been
redefined to explore their involvement in the derivation of Virasoro algebra. After of working out
in the closed-form derivation, it was found that these Witt-like operators have reproduced a kind of
deformed Virasoro algebra with an interesting connection between the central charge a Grassmann
operators that have inherently emerged from the redefinition of Wiit-like operators. The results of
this paper are clearly demonstrating that would exist a direct link between theoretical methodologies
that extraordinarily describe string theories and non relativistic quantum mechanics, dictated by
scalar-based constructions and Schrodinger equation

1. Introduction
1.1. Motivation

Once Veneziano [1] proposed an elegant methodology to treat four point amplitude at the context
of a newborn strong interaction theory, through beta functions, the field was boosted substantially. In
this manner, new methods of perturbation for Feynman amplitudes based in unitarity were developed
by Kikkawa and others in [2]. Guided by the advance in the field, Virasoro in [3] introduced new
strategies to study dual-resonance models through operators from quantum mechanics operators
known later as gauge operators. Because this evident progress, the Virasoro’s ideas were worked out
by Brower in [4] over the line of algebraic structures. In this manner the annihilation and creation
operators were attained to novel definitions such as Ly = %pé + Y, ata,. In 1972 Frampton and
Nielsen [5] have designed a novel model of string theory by which new gauge operators L, and
L, (suggested by Virasoro in its paper [3] ) based strictly in annihilation and operators supports
the commutator defined as: [Ly, Ly] = (n — m)Lytn + S0, —n with s = %(n3 — n). Such operators
were defined as: L, = —v2paW*-1y =1 /r(n —r)atal=nt— v\ fr(n+1)al+m*a(). In [6]
Veneziano specifies steps towards no-ghost states based at algebra built with gauge operators. The
constant {5 that multiplies central charge in algebra as accepted nowadays was determined in [7]. The
centerless Virasoro algebra also known as Witt algebra received some attention in a territory dominated
by the mathematical rigorousness as seen in [8]. Kaplansky in [9] studied the validity and applicability
range of Virasoro algebra in physics in the context of string theory. It important that algebra in this
investigation was rigorously characterized by three theorems, being the most important the one that
states Lie algebra is isomorphic to Virasoro algebra without central charge. The central charge in its
role in gravity models was studied in [10] in order to demonstrate that Poisson brackets is a central
extension of conformal group algebra. Redlich in [11] followed the debate of the relevance of central
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charge in the context of manifolds in supergravity and supersymmetry. In 1987, Murthy [12] provides a
first non-relativistic quantum mechanics interpretation to gauge operators in the sense of calling them
conformal transformations such as: L, = z"“di’lz fulfilling [Ly,, Ly] = (n — m)Ly+m, with Ly identified
as angular momentum related to gauge operators. In [13] Akhoury and Okada, have employed
Bjorken-Johnson-Low (BJL) procedure based at the amplitude (A| [L}(0), L}(0)] |B) (being the bra
and ket arbitrary states and H denoting the Heisenberg operators) to arrive commutation relations
encompassed to Virasoro algebra. Indeed, in an inspiring manner they have linked evolution operator
and Schrodinger equation through the usage of Heisenberg operators. In [14-16] further capabilities
of algebra under study were examined as to its consistency and feasibility to tackle down weakness
in string theory. The association of Virasoro and Kac-Moody algebra by means the commutator
[Lm, Tg] = _nTigth
that of Embacher [18] in which defines at the form of covariant Virasoro operators to inspect string

was boarded by N. Sakai and P. Suranyi in [17]. A rather motivational work was

states embedded in an action functional. In [19] Curtright and Zachos have treated deformed Virasoro
algebra to derive important rules of quantum commutators. As noted by Kato in [20], string theory
as well particle physics can be limited to certain minimum distances and as consequence that would
valid this conjecture the Virasoro algebra emerges. Under this approach the gauge operators acquire
the formas: L, = § [ fnd‘[exp[inrpy (7)p#(7)] with x having dimension of length square. In [21-23]
further realizations and studies on the central charge were done. The idea that algebra can play a
notable role in efective theory of field was developed in [24-29], as for example the work of Chuo
at 1994. The fact that classical variables are closely related to algebra generators was boarded by
Anderson in [30]. The version holomorephic for N/ = 2 in a supersymmetric conformal theory as
an extension of Virasoro algebra was studied by Blumenhagen in [31]. A lot of progress was seen in
[32-38] later emphasizing diverse approaches for the study of central charge. Virasoro algebra was
directly linked to study of black holes as can be seen in the work of Bafiados [39] where it is linked the
Ramon-Virasoro and Virasoro operators Q, and Ly, respectively through the relation L, = %Qm with
c central charge. Here, the Virasoro algebra is recovered by mean of [Ly, L,] = c% [Qcn, Qem] yielding

Clz {c(n = 1) Qc(mgn) + %Jc(m +n)} . Associations of algebra to quantum mechanics realizations can

be seen in [40-47]. Pedagogical demonstrations about the exact derivation of Virasoro algebra can
be read in the work of Zwiebach [48]. Here, the factor % is derived from mathematical induction
Y k= [% (2m3 + 3m? + m)} that would led elegantly to term {5 (m3 — m). Kojima and Sairaichi in
[49] have presented various propositions, definitions and theorems regarding realizations of deformed
Virasoro algebra in a rigorous manner to construct elliptic deformation of integrals of motion in
the arena xof conformal field theory. Other realizations no less relevant can be found in [50-60]. In
[61] Gao and collaborators, have used the probabilistic theory of Rota-Baxter to generate operators
fulfilling Virasoro algebra. Thus, the Rota-Baxter homogeneous operator is given by: Ri’W(Lm) =
ﬁfy&m%,@m% with m, z, £ integer numbers whereas kandy complex numbers. In [62] Bagchi and
collaborators have faced Bose-Einstein condensation by using tensile closed string theory in which
it is seen a prominent role varied versions of Virasoro algebra such as Bondi-Metzner-Sachs algebra
given by [Ly, My]=(m — 1) Lygn+55m(m® — 1)8,440. In [63-65] an interesting progress focused at
th Heisenberg-Virasoro was noted. Recently, Virasoro algebra studies has taken an important boost
when it is linked to quantum mechanics as seen in the work of Kim and collaborators [68]. In fact,
they have arrived to novel definition (¥| [[Ly, Lo], L] [¥)=F5n(n* — 1)tanZ. In [69], the Witt algebra
was derived through the usage of simple scalar formulation. It yielded that algebra might to enclose
the quantum mechanics fundamental commutation relation fact that have left to conclude whether
quantum mechanics might be a theory entirely or partially derived from string theory. The present
paper is to some extent a continuation of it.

1.2. Structure of Paper

In second section, the Witt algebra is presented in association to the derivation of Witt-like
operators. I was seen that these entities might be closely related to total angular momentum and
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momentum operators. These called Witt-like operators are studied in a territory of Hamiltonians. In
third section the operational properties of Witt-like operators are presented. In fourth section, the
polynomial Wiit algebra is presented, by emphasizing the connotation of integer numbers function,
fact that would be a solid reason to investigate new forms of Witt-like operators. Therefore, in fifth
section the deformed Witt-like and Virasoro algebra have been derived. Finally, in sixth section the
commutator involving new representation of Witt algebra is briefly treated. Finally, the conclusion of
paper is presented.

2. Witt Algebra in Quantum Mechanics
2.1. Witt-like Operators and Quantum Mechanics Operators

Consider the Schrodinger equation written in the following manner:
HY(x,t) = Lf(x,t), (1)

being L the total momentum angular and f(x, t) a coordinate-dependent arbitrary function being it
proportional to wave function ¥(x, t) such as:

f(x, t) = S¥(x,t), ()
with S an arbitrary operator that allows to write Equation (1) again as:
HY(x,t) =L -SY¥(x,t). 3)

For example when S denoting spin operator then Equation (3) is easily recognized as spin-orbit
coupling Hamiltonian [70]. On the other side consider for example in Equation (1) that f(x) is only
polynomial x™ with m € Z. Indeed with the well-known Schrodinger equation in Equation (1) one
gets:

. d oom
1}‘1%‘{’,”(36, f) = x"L, 4)

with i = % and h the Planck’s constant [71]. Consider the commutation relationship:
[L,x™] = 0. (5)

It should be noted that order of wave function coincides with power of polynomial in right-side of
Equation (4) above. In this way, one can define the Witt-like operator as follows:

Lo = L, (x,), ©)

dt

establishing a direct link of operators £,; with ordinary quantum mechanics wave function. Because
this, it would led to Equation (4) to be rewritten as:

ihCy = x"L. (7)
It is clear that under the previous equations, the total angular momentum can be now written as:

L = ihx "L, )
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Although Equation (7) reflects the fact that there is a linear correspondence between a physical operator
and one of arbitrary nature, it is feasible to work out in a nonlinear level at the sense of opting for the
quadratical scheme such as:

—W2x7M L2 =12 = —K L2 = P2 )

Under the argument as stated above f(x) = x*" as well as Equation (5) then commutator [L, x>"] = 0.
It is evident from Equation (9) right-side one gets:

—W2 L2, = L2x%, (10)

One can treat right-side of Equation (10) as a part of the eigenvalues equation of total angular momen-
tum in the following sense:

L2x2™ = K2 (m +1)x>™. (11)
By inserting Equation (11) into Equation (10) one gets
—1? L2 = B (m +1)x*", (12)
that allows to write the square of Witt-like operators in the following way:
L2 = —(m+1)x>". (13)
It is obvious that Witt-like operators are inherently complex so that one can write them as:
Ly =ivVm+1x™. (14)

Aside, one can claim that Equation (14) can be seen as a particular case of a most general definition of
root square v/m + 1 by which this can be rewritten as /m 4 r 4 1, with € Z. Therefore, Equation (14)
is valid for » = 0, nevertheless for all other cases one can rewrite Equation (14) as [69]:

Lo = —— o (m+1)a™. (15)

vm+r+1

It is easy to note that Equation (15) can also be expressed as a derivative respect to x such as:

i d
L. — =yt 16
" mtr+ ldx (16)
While multiplying both sides by % the right-side emerges in an explicit manner the well-known
momentum operator in the representation of coordinate:

nd

pP= Tdx (17)

so that one arrives to a clear dependence of Witt-like operator of quantum mechanics 1-dimension
momentum operator written as:

h i hod i
Ly = X" = _py" "], 18
i mtr+1idx Jmr+it (18)
by which Witt-like operator can be written also as:
Ly = —;pxerl (19)
" ivm4r+1 ’
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and subsequently one can test its validity by fulfilling the Witt-algebra:
(L, Lu] = LinLy — LnLy = S S {px’"+1 px"“} (20)
’ n(m4r+1) ’ ’

and with the usage of identity: [AB,CD]=A[B,C]|D+[A,C]BD + CA[B,D] + C[A, D]B applied in a
straightforward manner in Equation (20) one arrives directly to Witt algebra, such as:

m+”‘|‘1xm+n

Lo Ln} = (m =) =

=(m—n)x"" s n=r (21)

The quantum mechanics total angular momentum operator can be tested in the framework of

Witt algebra. For example, from Equation (7) the angular momentum operator can be expressed as
function of operator Witt-like operator L, as follows:
ihLoy,

Ly = —". (22)

The subindex "m" in physical operator (total angular momentum) is clearly valid because the definition
of L, in right-side. Taking into account Equation (22) then one can assume that physical operator
satisfies Witt algebra written as:

L L] = (= )Ly = (= ) 282 @)
As noted in [69] and from Equation (21) one can assume that Lyn=x""", 50 that one gets:
[Ly, Ly = ih(m — n). (24)
From the quantum mechanics commutator [72]:
(L, Ln] = i€mngLy, (25)

with €y Levi-Cevita tensor and from Equation (24) one can naively to arrive in the following
relationship:
h(m—n
L, = f(m —n) (26)
€mng

By knowing the well-known fundamental commutation relation for momentum and position operators:
[x, px] = ih, under the present context argued by Equation (23) and equations above it is easy to arrive
to:

[Lon, L] = [x, p](m = n). (27)

Also, by comparing Equation (25) and Equation (27) the fundamental commutation relation can be
now written as:

iemnq
[x, px] = Lqm — (28)

Reader should be aware that subindex as given in Equation (25) could be replaced by coordinates
by following the congruent content of commutator of Equation (28) left-side. Nevertheless, such
subindex at the order "mng" as well as integer numbers appearing in denominator "m — n" above
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are kept because them come from Witt algebra. In this way with the change px — py then one can
tentatively to validate consistently the commutator write down as:

m — 1’1

[x,py] = Lz (29)

or also in a manner encompassing the context based in integer numbers as defined at the beginning of
this document:

lemnq

[xm/ Pn] = Lq 0 (30)
2.2. Witt Algebra and Hamiltonians
From Equation (6) the case for m + n term can be written as:
d
Lnn = ETW—M (x,t), 31)
in conjunction to Witt algebra so that one can write down:
d d d
{dt‘I’m(x t), T —¥a(x, t)} =(m— n)E‘I’ern(x,t). (32)
Operating the commutator:
d d d d d
[dt‘l’m(x t), ‘I’n(x t)] dt‘I’ m(x,t)— T ¥u(x,t) — dt‘I’n(x, t)E‘I’m(x, t) (33)
d d d?
= %‘I’m(x, t)%‘f’n(x, ) +Ym(x, t) dtz‘{’n(x f)
d d d?
_E‘P n(x, )dt‘I’m(x t) —¥u(x,t) dtZ‘I’m(x t) (34)
d d d

Although the second derivative of wave function is not a genuine quantum mechanics definition, this
simply is solved by using chain’s rule so that one gets below:

2 2 2
d d [d dx] d d=x (36)

ﬁ‘if(x, t) = E E‘F(x, t)E = WT(XI t)ﬁl

by which one can see that a kind of "acceleration" emerged. Roughly speaking, it provides a semi
classical character to present formalism. By introducing Equation (36) into Equation (35) one obtains
the following:

d? dx d? dx d
Tm(x, t)@‘Yn(x, t)ﬁ — IIjn(x, t)@‘{jm(x, t)ﬁ = (m — n)aqjm+n(x, t)
d d d%x d
= |¥m(x, t)d 5 ¥n(x,t) = ¥n(x, t)d 5 Vm(x,t) i (m— n)a‘l’mﬂ,(x, t). (37)

By multiplying both sides by if: one can see that right-side of Equation (37) acquires the following
rather familiar form given by:

. d
zhE‘I’mﬂ, (x,t), (38)
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by suggesting the existence of type Schrodinger equation as follows:
in(m — n)%\fm+n(x,t) in [wm(x ) ;22 ¥, (2, 1) — Fulx, t);—;‘?m(x, t)} ’2%‘. (39)
One can include the factor > aside 4 d £ in order to arrive to:
ih%‘f’m+n(x, t) = hz(:h) Zztz [‘Ym( )hz2 ;—;‘If (x, ) = ¥ulx,t) hzz ddzz Yo (x, t)] ) (40)

Previous step was done to write in an explicit manner the momentum operator in the coordinate
representation given by:

W d
a2 = Vi =l (41)
that is included in Equation (40) yielding:
L d i2ih d%x 2
ih Yo (x, 1) = Pr—T h’m(x Bpx¥n(x 1) — Tn(x/t)Px‘Ym(x/f)] (42)

On the other side, because the free particle Hamiltonian:

2
Hp = Px (43)
2M’

into Equation (42) can be incorporated also mass M so that one arrives to:

s OMi d*x p? 02
lha‘ym-‘rn(X,t) = mﬁ Yo (x, )ZMT”(x t) — ‘Pn(x/t)ZMTm(x )
2i d2x
= ﬁMdtz [Tm(x t)HF‘"Fn(x t) ‘I’n(x, t)HFTm(x,t)] (44)

In this manner it is easy to recognize that emerged the classical (fact that would cause confusion in the
present document, however it;s suggested to reader see [73] where concepts can be encompassing to )

force given by [74]:
d*x
= M—= 4
Fe =M—7, (45)
so that Equation (44) can be rewritten again as:
L d ZIFC
zhE‘I’ern(x,t) = m[‘{’m(x S OHEY (%, 1) — Wi (x, ) HEY 1 (x, £)]. (46)

The well-know Schrodinger equation and Equation (46) allows to write that

2iFc

HY 1 (x/ t) = W

(W (x, ) HEY 1 (x, 1) — ¥ (x, ) HE Y 1 (%, 1)], 47)

with H # Hp. In right-side Equation (47) one can apply in a straightforward manner the following
eigenvalues equations written as:

HeY,(x,t) = E¥n(x, t), (48)
HrY(x, t) = EnPm(x, t). (49)
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With these eigenvalues equations Equation (47) acquires the form as:
2iFc
HY i4x (x/ t) = W [Tm (x/ t)gnTn (xr t) - ¥, (xr t)gm‘{jm (x/ t)], (50)
and with the condition of commutation [¥,,(x,t), ¥, (x,t)] = 0 then one arrives to:
2iF
HY 0%, 1) = o= [ = Eal¥un(x, D¥u(x 1), (51)
Em — En] 2iF,
= %Tcwm(x, DY, (x, t). (52)

It should be noted to fulfill physics units in both sides the wave functions must have units as

1
P 1) \/ length x time’ (53)

It is easy to see in Equation (52) that case m = n is discarded. However, one can illustrate Equation
(52) form = —n

HY,(x,t) = W%‘Pm(x, DY _(x,t). (54)

By looking into Equation (54), the factor % is rewritten as ”;fe? so that follows:

[Em — E—m] ilTFC
- Py Yo (x, ) ¥n(x, t). (55)

HYo(x,t) =

On the other side, the classical force can be approximated as:

Me
Consider the approximations: [£,;, — E_p| = hQ) (for example to see in [75]) that cancels 7 at denomi-
nator and would convert the analysis in one of classical nature. Also % =0,andm=2(andn = —-2)
that yields:
HY(x,t) = @@‘F (x, ) ¥ _o(x,t) = Iveor Ty (x, )Y _2(x,t)
0 ’ - 2 hftz 2 7 -2 ’ - 2 Etz 2 ’ -2 ’
1. 5 it
= [ZME Q }W‘Fz(x,t)‘{’_z(x, t), (57)

"n__n

where one recognize the potential energy of harmonic oscillator the term in brackets. While "7" might
to be expressing a kind of time due to quantum transitions, "t" a classical time associated to classical
force because Equation (56).

3. Properties of Scalar Witt-like Operators

As seen in Equation (15) these Witt-like operators can be examined for example at the case of
r = 0 leading to £, = \/ﬁ (m +1) x™. Interestingly for m = 0 it is evident £y = i, for example.

Their general form includes an extra integer r so that is reminded to reader the Witt-like operators as:

i
Ly = ——ouoro-o(m+1)x™, 58
" \/m+r+1(m )x 8)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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by which has been probed that expressed as function of quantum mechanics operator momentum
satisfy directly the Witt algebra:

(L, Ln] = (m—n)Lyptn. (59)

Independently of Equation (15) these Witt-like operators can be expressed as a convolution integral.
Furthermore, as seen in Equation (16) them can be written as a first derivative respect to coordinate
with » — n in the following manner:

i d [
Loy = T idx /700 x"yé(x — y)dy, (60)
En = mddx lm an(S(x — Z)dz. (61)

The term ﬁ emerges as a kind of normalization factor that would led to fulfill algebra Equation
(59). As seen above, the variables y and z inside integration was done in order to omit redundancy
along the subsequent integrations. Unlike previous definitions the ones given above contain the
Dirac delta function. One can see the similarity of Equation (60) and Equation (61) with Laguerre’s
polynomials written as: Py, :exél,k% |0 x"e¥6(y — x)dy [76]. A comparative analysis between these
approaches is beyond the scope of this paper. By operating left-side of Equation (59), then one has

below
Ly ®L —;i/m K"y (x —y)d ;i/w X"28(x — 2)dz 62)
MO Ut ddx e O T i T dx S :
o -1 d o0 m d oo "
= W(dx /_oox yo(x y)dy) <dx /_oox z6(x z)dz). (63)

One can see that integral of right-side is trivial and result to be operated by left-side integration, so
that one has below:

_ -1 i *© m o i n+1
L ® Ln = m—+n+1 (dx /—oox yo(x y)dy) (dxx ) (64)
_ _(n+1> i/oo m+n N
= i\a LY yex —y)dy (65)
_—(n+1)(m+n—|—1) m+n _ m+n
= prS—— x =—(n+1)x™™". (66)

By applying a similar procedure as done from Equation (62) to 66, one can verify that product £, ® L,
turns out to be:

DA n 1)

Ln @ Lo = m+n+1

= —(m+1)x"™" (67)

When left-side of Equation (66) and Equation (67) are inserted into Equation (59) one gets in a
straightforward manner:

(L, L] = —(n+ D)X + (m+ 1)x"™ " = (m —n)x™*". (68)

For example in [69] some attempts to demonstrate L,,4,=x""" were done. However, from Equation
(60) one can work out in the sense that:

i d
5:77/ "yé(x — y)dy,
n= e i | X Y =)y

i d [® i,
NeESTES UL /ﬂf Tyé(x —y)dy. (69)

= £m+n =
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The whole operation is done in a straightforward manner, so that one arrives to:

i d m+n+1 _ i(m+n+1) m+n

Lopin = oty R R 2 mtn, 70
M m 20 + 1 dx Vit 2n +1 70

3.1. Custodial Role of Complex Part in Witt Algebra Operators

It’s interesting to note that £, 1, "protects itself" of being a pure real number in the sense when root
square in denominator acquires a complex value. For instance reader can check out for m 4 2n = -2,
the complex part is canceled. However, it produces changes such as Ly — £_5_,=—(n +1)x~ (271,
The case of n = —2 yields the inconsistency £y = 1 as seen above in Equation (15) when r = 0 one
gets for m = 0 L,,—¢ = i. In this manner the only path that determines right-side Equation (68) is same
than right-side Equation (50) is given by the condition that establishes:

i(m+n+1)
vVm+2n+1

m4n= (71)

3.2. Examples

From Ly, Ln]=(m — n)x™™", some examples can illustrate the behavior of main commutator

m, Lnl| as for example the arbitrary case of m = —n one gets:
(L, L] as f ple the arbitrary f g
(Lo, Lolme—n = [Ln, Ln] = (m—n)x """ = —2n (72)

that implies an property of Witt algebra for sum of two commutators given by:
(Lo, L] + [L—n, L] =2(m —n). (74)

Now it’s focused in the case of Ly+,=x"1" and Witt algebra [L,, L,,|=(m — 1) Ly+n. When Equation
(74) is multiplied by x™*" both sides one arrives to:

(Lo, Lo x™ T+ [Ly, Ln]x™ T =2(m — n)x™ . (75)

The right-side above Equation (75) is just Witt algebra Equation (59), and with x"*" = £,,., one
arrives to:

(Lons L) Lonsn + [Ln, LnlLntn = 2[Lm, L), (76)
and solving for [L,,, L,] one gets:
(o La] = 5 Lo £l Eonin + 1L, Ll Lo, @7
and inserting results from Equation (72) and Equation (73) one obtains the following:
Lo L] = %{2m£m+n 2 Ln} = (= 1) Lo 78)

In this manner, one can see that £, ,=x""1", fact that corroborates the fulfilling of Witt algebra in the
sense of:

(L, Ly] = (m— 1)Ly = (m—n)x"". (79)
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4. Polynomial Witt Algebra
4.1. Witt-like Operators in Braket Notation

The gauge operators, as defined in the centerless Virasoro algebra can also be expressed in
the language of braket (as for example to see [68]). Consider for instance Equation (61) with the
incorporation of Plank constant, such as:

Ly = x"yd(x —y)dy. (80)

Wmt+n+1i /
Now, the variable y can be expressed as a function given by ®(y) in turn it can be introduced inside
integration as the scalar product of "bra" and "ket" (usually called in quantum mechanics as state
vectors belonging to Hilbert space of A/-dimensions) such as: ®n(y) = (y|®y). In this same sense
one can do exactly equal with Dirac delta function as: 6(x — y) = (x|y). then one gets for £,

c / D / oy (xly)dy, (@1
n h\/ml N(y) (xly) dy h\/ml " (y|Pn) (x]y) dy (81)
by rearranging the products inside integration one gets:
c / (x|y) (y|Dn) dy, 82
and with "bra" left out the integration one has below:
c "Gl [ ly) wldy ). 83
On the other hand, one can employ the completeness relationship given by:
[y =1 (54
with I unitary operator inside Equation (83) in the sense that: I |®); = |®y) so that:
-1 h -1 h
Ly =—F——=-x" (x| [|®N) = ———==x" (x|PN) . 85
"t N = T o) )
By following the arguments above on the usage of "bra" and "ket" it is the allowed to define:
(x|Pn) = DOn(x), (86)
and therefore, in conjunction of momentum operator: p—? % one arrives to:
Ly = _71@3{%1) (x) = 1 [x" PN (x)] (87)
" nmtntiio Y _h\/m—l—n—l—lp N
and same procedure can be exactly applied to partner £, so therefore one gets the following;:
Lnm ———t Tng = — L rma(x)] (89)
"hvmanriin MY T hmaarirs oMb
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With these alternative definitions of these so-called Witt-like operators Equation (87) and Equation
(88), it is relevant to see their effect at the commutator [L,,, £,] as follows [L,, £,] =

-1 m -1 n
Lnly— LnLym = mp(x q’M(x))mP(x Dy (x))
-1 n -1 m
—WP@C CDN(X))WP(JC Dp(x))
1 m n _ n m
= m{P(X @p(x))p(x"Pn(x)) — p(x"Pn(x))p(x"Pum(x))}, (89)
being Equation (89) clearly a commutator given by:
1 m n
(Lo, Ln] = m[P(’C @y (x)), p(x"Pn(x))]. (90)

4.1.1. Special Cases

As exercise one can opt by the case when M = N in Equation (90) so that commutator [Em, En]
acquires the form:

1

W{p(xm%(x))p(x”dm(x)) —p(x"®n(x))p(x"Pn(x))}- 91)

One can note that p and ®y(x) can be factorized at the extremes of left and right sides, fact that
simplifies Equation (91) to one given by:

1 m n__an m
(L, Ln] = mp{x Oy (x)px" — x"On (x)px™ fPn(x). (92)

Furthermore, with the commutator [®y(x), x] = 0, it allows to arrive to:

Loy L] = Mp{wwx%xn — O ()" pr" Dy (x)
= e T POV~ 2n() 3

Indeed, by adding and subtracting inside brackets the pairs px"x", and px"x™ one gets:

[Em/ £n] = Pq>N(x) (xmpxn + pxmxn - mexn

W (m+n+1)
—x"px™ 4+ px"x™ — px"x") Dy (x). (94)

Guided by the fundamental commutation relation [x, p] then one arrives to:

1 m n m n _ [N m __ n.,..m
[ﬁm,[,n] = mpq)l\](x)([x ,p]x +px X [x ,p]x px X )CDN(.X')
1 m no_[.n m mon o nm
= WPCDN(X)([X ,plx” — [x", plx™ + pa™x" — px"x™) Dy (x). (95)

Since third and fourth terms are same because x"x"=x"x"=x"1" then both are canceled and subse-
quently one gets:

1

Lo L] = ——
£ L m(m+n+1)

PN (%) ([x", pla™ — [x", p]x™) P (x). (96)
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Taking into account the identity
[, p] = klx, plx*~, 97)

and by applying this in Equation (96), reader can check that Witt algebra’s commutator acquires the
form:

m-—n

L, Ln] = 57—
| ] nA(m+n+1)

plx, pla™ 1%, (%), (98)

indicating clearly that [£,,, £,] is directly proportional to the canonical commutation relation [x, p]=if,
as found in [69]. By applying this then one gets from Equation (98):
i(m—n) >

O3, (x) ML (99)

(L, Ly] = mp N

It is noteworthy while ®x(x) = 1 taking the value of unity, then by plugging this above Equation (99)

one gets:
[£ L ] _ i(m — 1’1) pxm-i-n—l — i(m — n) Ei m+n—1 _ (m —1’1) i m+n—1
T h(m 4 n 1) h(m+n+1)idx (m+n+1)dx
m—n _ 1\m+n—-1
= (m< g +>1) (m+n—1)x"""2 = [(xz> pr—— J (m+mn)x™™,  (100)

with the term without brackets is Witt algebra exactly, under the condition of ®y(x) = 1. The fact
that Equation (100) is valid, one can see that exists there different approaches demonstrating that
Witt-like operators as written in Equation (58) satisfy Witt algebra. On the other hand, Equation (100)
also confirms that usage of integration and derivative respect to coordinate, are intrinsic to Witt-like
operators. Thus, additional polynomial scenarios for @y (x) are explored as follows:

41.2. Case I Dy (x) = x™

Thus, introducing this polynomial form into Equation (99) one arrives to:

__i(m—n) omoman—1 _ _ i(m—n) 3m+n—1
o Lol = f a1 P* T am+n+1)P" ' (101)

Again, by using the coordinate representation of momentum operator, it is evident that:

_(m—n)Bmtn—1) sy _ (m—n)@Em+n—1) yinom2

Ens L] = (m+n+1) (m+n+1) (102)
4.1.3. Case Il: y(x) = xF
In this case, the notation is changed and it is employed the integer number L:
(Lo, L] = i(m —n) px2Lymtn=l — i(m—n) patntal-1 (103)
T h(m 1) h(m+n+1)
(m—mn)(m+n+2L— l)memHL_2 _ (m—n)(m+n+2L— 1)xm+”x2L_2 (104)
(m+n+1) (m+n+1) '

In this manner, one can establish that the momentum representation of Witt commutator for any
integer L (not related to integer numbers of commutator) has the following form [L,,, L] =

(m—n)(m+n+2L— 1)x’"+”x2L 2 (m4n+2L-1)

(m+n+1) (m+n+1) (m —n)Loin. (105)
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Evidently, Equation (105) fulfill the Witt commutator only if:
2L—2 _ o
x="*(m+n+2L 1>:1:>x: m+n+1 (106)
(m+n+1) m+n+2L—1

Interestingly, the case when L = 1 yields directly x = 1 or also by operating in a straightforward in
right-side of Equation (105) so that one arrives to:

XO(m+n+2-1)
(m+n+1)

(m+n+1)
(m+n+1)

(L, Ln] = (m—n)Lyyn = (m —n)Lysn = (m—n)Lytn. (107)

Consider now right-side Equation (105) with x = 1 solely, so that:

(m+4+n+2L—1)

L, L] = (m+n+1)

(m - ”)Em—i-n/ (108)

that can be rewritten again as:

2L—2

m+n+1km‘"wmw

(2L —2)(m —n)
m+n+1

(m+n+2L—-1)

Lo, L] = (m+mn+1)

(m—n)Lysn = [1 +

= ()i + | [ (109)
exhibiting the fact that exists a clear surplus beyond the term (m — n) Ly, and that can be seen as an
additional term such as:

2(L—1)

(L, L] = (m — n)Eern + [m+n+1

}(nv—n)£m+n, (110)

by which only the value of L = 1 returns again the Witt algebra. In any case one can adjudicate the
name of deformed Witt algebra by accepting the following structure:

(L, Ln] = (m—n)Lypsn+H(m,n,L)(m—n)Lyin, (111)

with H(m,n,L) = 2L-1) ghecylativel , one can see that second term of right-side Equation (111)
m+n+1- P Yy g q

might be a form to express the Virasoro term in the sense that:

H(m,n,L)(m —n)Lpsn = L

o (m® —m), (112)

by which L now would take the role of being the central charge. In the next section, just attention shall
be paid on this point. Indeed one should take into account that from Equation (112) one also arrives to:

LmP—m 1
12 m—n H(m,n,L)

Lonn = (113)

In this manner, Equation (113) is to some extent contradictory because there is not dependence on
the variable x, fact that invalid completely this speculative scenario. Furthermore, from right-side
Equation (110) then Equation (113) can be explicitly written as:

L\ /m®—m\ /m+n+1
Emn_<u><m—n)<2L—l>' (114)

indicating the fact that Virasoro algebra protects itself of trivial assumptions as well as from arbitrary

comparisons.
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5. Derivation of a Deformed Witt Algebra and Virasoro Algebra

3—"1),

The fact that Equation (111) contains a kind of surplus as to be associated to the term 15 (m
would be suggesting the existence of a realistic window to work out on an upgrade version of Equation
(60) and Equation (61), that define the Witt-like operators. In this manner, one can embark over the
grounds achieved in previous sections. Thus, a practical path is the redefinition of Equation (60) and

Equation (61) through the proposal given below by:

i d
£h= ey [ ¥ = Gty =0y, 41
i d
£ = e [ #1(0= Gu)o = iz (o)

with I the identity operator,and G 4 and Gp are arbitrary operators and so far have not any declared
relationship among them. If one defines A(y) = Iy — Gp and A(z) = Iz — Gp then Equation (115) and
Equation (116) are rewritten in a more compact way as:

R__ L fow R pPA(y)x™
Lo =~ m+n+1p/x A(y)o(y — x)dy = m+n—|—l/ oy —x)dy, (117)

R_ -1 n B . -1 pA(z)x" B
= ——p [P A@O -0t = o [PRE e xaz 1)

Turning back to Equation (115) and Equation (116) are indicating a kind of proportionality of Witt
operator L, , and product: pA. Reader can note that this product has units of 2. One can operate both
Equation (115) and Equation (116) so that one obtains for both partners:

] d i d
LR — ;—x"’“ N — 119
" m+n+1dx Vm+n+1dx A (119)
R ! d o+l ! 4 G (120)

=X - X
" m+n+1dx Vm+n+1dx

With redefinitions Equation (119) and Equation (120) the cases of Witt’s commutators shall be explored
as follows:

5.1. Determination of [LX, LR]

In order to reduce the notation, it is applied the change: « = - above Equation (119) and

i
vm+n+
Equation (120) acquires the form:

d d
R _ m+1 _ m 121
Loy ocdxx txdxx Gy, (121)
LR = a(n+1)x" — anx""1Gp. (122)

In this manner with Equation (121). and Equation (122) it is calculated the terms commutator [£R, £R]
= LR LR - LRLR 5o that the first term given by LR LR yields:
d d

LRLR — zxame - OédxmeA:| [a(n +1)x" — anxnflGB} (123)

d d d d
_ .2 m+n+1 _ 2 m—+n 2 m n 2 m n—1
= (n—l—l)dxx wn X Gp—« (n—i—l)dxx Gax"+u nox GAx"'Gp (124)
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By following same structure of Equation (121) and Equation (122) one gets for partners:
d d
R_ “ . n+t1 % n
Ly = txdxx ocdxx Gg, (125)
R d m m—1
Lo :a(m—kl)ax —amx" " Gy. (126)

Now with Equation (125) and Equation (126) is calculated second term of commutator LXLR yielding:

= LR = a%x”“ - oc;xx”GB] [zx(m +1)x™ — amxmflGA} (127)
2 d m+n+1 2 d m+n 2 d n m 2 d n m—1
=u (m+1)ax —amox Gy—ua (m+1)%x Gpx" +u mx Gpx" Gy, (128)

Thus, Equation (124) and Equation (128) are grouped yielding:

(LR, LR = a®(n + 1)%95"“’"“ - wzn%xm”‘GB —a*(n+ 1)%meAx" + oczn%meAx"_lGB

d d d d
.2 m+n+1 2 m+n 2 n m __ 2 n m—1
« (m+1)dxx + mx Gy +a (m+1)d x"Gpx o x Gpx" Gy (129)

dx
By assuming that operators G 4 g commute with x”, x", 1™~ 1 and x*~! then one can rewrite Equation
(88) as:

d
xm-‘rl’lGA + ﬁéznaxm—i_n_lGAGB

d d d
R pR 2 m4n+1 _ 2 m+n a2
Ly, Ly] = (n+1)dxx anx Gp —uw (n+1)dx

d d d
XMl azmax”‘*”GA +a?(m41) y X" Gp — azmﬁx”””_lGBGA. (130)

d

—_ 2 — —

w(m+1) T <
By grouping properly then one has below that:

d d d d
R pRy_ 2 Yo om4n+l 2 Y oom4n+1l 2 Y o m+n 2. Y . m+tn
(L, Ly =« (n+1)dxx o (m+1)dxx anx Gp+a mox G,
d d d d
—02(n4+1)—x"""Gy + a?(m 4+ 1)—x""Gp + a®n—x""1G 4G — a?m—x"T""1GpG 4. (131)
dx dx dx dx
One can see that while a recover its initial value m then first 2 terms of Equation (131) (from left
to right) becomes exactly (m — n)x™"" that in conjunction to commutator turns out to be Witt algebra.

With respect to third and fourth terms one gets: —a?(m + n)x" " 1nGg + a’m(m + n)x"+""1G 4 =

e 11 (nGg — mG 4 ). Through a similar procedure applied to fifth and sixth terms follows:

(”:rnl_zgﬁqn) mn-1G, (m;i_)jsﬁir")mernflGB = [(n+1)Ga — (m+ l)GB]mT-;:il ymn—1

Finally, commutator can be written as:

m-+n -
[CnR,l, E}}] = (m — Tl)xm+n + m){ern 1(”GB — mGA) +
m+n m+n—1
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Thus, Equation (132) is written below with the the calculated terms 7th and 8th, so that one gets below:

m-+n
m+n+1

+[(n + 1)GA — (l’l’l + 1)GB]

(LR, LR = (m — n)x™ " + X" (nGy — mGy) +

m-+n
m+n—+1

m(m+n_1) m+n—2 n(m+n_1) m-+n—2
_ - G4Ggp, 133
m+n+1 X GaGa m+n-+1 X ABB (133)

m+n—1 +

that can be perceived as a deformed Witt algebra. From this one can wonder under what circumstances
one can find a licit path that allows to arrive to Virasoro algebra with central charge. Moreover, under
the present context of Witt-like algebra, the weakness of Equation (133) is clearly seen as the austerity
of model due to the lack of more independent variables. Due to this, Equation (133) only allows us to
associate the central charge to arbitrary operators G 4 p.

5.2. Case G4 = Gp

By applying this equality into Equation (133) one gets a polynomial form with respect to the
arbitrary operator G 4 for example. In this manner one has below:
m—mn)(m+n)

R pRy _ _ m+n __ (
(Lo, Ly] = (m—n)x 2 mnl

1 B (m4+n—-1)
x Gy + (m n)[m+n+1

} X"T2G2 L (134)

In order to accomplish Virasoro algebra the assumption that G 4 is a Grassmann variable shall be done.
Because this Gi = 0. This makes null third term of brackets in Equation (134), so that one arrives to:

(LR, £R] = (m — n)ax™*n — 2%;&”*”*1@ " (135)

In this way it is proposed an explicit form for arbitrary operators as follows:

2
cm
= - 1
GA=—5ra (136)

and with this is evident that Equation (135) can be written as:

2 _ 2 2
R p,Ry . m+n __ (m —n ) m4n—1( —CEM
(Lo, L] = (m—n)x Zm—l—n—l—lx (24xm2>' (137)
When it is opted by value of n = —1 one arrives to:
2 2
R ,Ry _ + (m°=1) o —cm
(Lo, L] = (m—n)x™T" — ZTxm (24xm2>' (138)

Logically to cancel m? up an down in Equation (138), it is needed to multiply by m same places, so that

3

one gets also the Virasoro’s term "(m> — m)" so that one gets:

(LR, £R] = (m — n)a™*" 2 (m3m; m) (sz > . (139)

After the cancellation, one arrives to:

(L3 L8] = (m = m)x" " 4 (= m) (£5). (140)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.2080.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 July 2025 d0i:10.20944/preprints202506.2080.v1

18 of 23

Now it’s clear that second term of right-side of Equation (137) must incorporate a Delta of Kronecker
in the sense that:

m? — n? _ cm?

[[,51, ,C,Iﬂ = (I’I’l - n)x"”” + (Wl-’-11-|—1)xm+n 1 <12xm2>5n’1, (141)
that returns Virasoro algebra with central charge c and that can be also written in a most pedagogical
manner as:

(2R, 28] = (m = mam 4 (5) Ul Y (L e (142)
mrend 12 m+n-+1)\ xm=2 n~-1

The fact that arbitrary operator Equation (136) has a direct dependence on the coordinate x can be
debatable, although it was incorporated in Equation (115) and Equation (116) as being proportional
to variables y and z, respectively. However, from Equation (136) one can assume m = 2 to break any
dependence on x. Because this choice one gets below:

cm2

24 xMm—2

GA:—‘ (143)

_<
m=2 6
It should be noted that option m = 2 cannot be incorporated in equations above since it breaks the
second terms of right-side in Equation (140) invalidating the Virasoro algebra but keeping still Witt

algebra.

5.3. Infinitesimal Distances

The derived relationship Equation (143) can be also derived through purely physical reasons as to
the magnitude of coordinate x. To accomplish this, one can rewrite again Equation (134) as the Witt
algebra and its surplus in brackets given by:

+n Gy m+n G 1 G3
ER, ER _ . m+n __ 2 _ m+n m _ A - FA , 144
[Lns L] = (m = m)x (m —n)x m+n+1 x  m+n+1x> m+n+1 x? (144)

And the term (m — n) is entered inside brackets yielding Equation (133) in another different way:

2_n?2 G m? —n?2 G2 m—n G?
LR LRI = (g — )1 — gyt m-—n- LA _ ~A —A %, 145
[Cms L] = (m —n)x X m4+n+1 x mtn+1 a2 +m~|—n~|—1 x2 (145)

Clearly, it is identified a function F(m, n, x) given by:

2-n? G m? —n? G2 m—n G
() = 2x {m+n+1 x m4n+1lx2 m+n+1x2 [’ (146)
whose presence deforms the Witt algebra yielding the following;:
(L L3] = (m = n)x™ " — F(m,n,x). (147)

Without appealing to Grassmann variables, second and third term of Equation (147) above can be
considered null based at the argument that "x" is infinitesimal so that

24 ~. (148)

This approximation is applied at the sense that physical distances as seen in the redefined Witt-like
operators Equation (115) and Equation (116) might be denoting a minimum observable length either
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particle or string, as first noted by M. Kato [20]. This assumption reduces substantially Equation (146)

to:
2 .2 G
F(m,n,x) = 2xmnd 10— Al (149)
m+n+1 x
Now it is opted by n = —1 in order to convert Equation (147) in Virasoro algebra, so that with this one
expects:
F(m, —1,%) = —(m® —m), (150)
therefore by replacing n = —1 in Equation (149) one has in a straightforward manner that:
2 3
C1x) ot { MGl T mmGal s
F(m,—1,x) = 2x { P } =2x { el G T (m° —m). (151)

From above one can clearly see that:

2xm—1 { m3

—mGA
m2  x

} - 7§(m3 —m), (152)

3

canceling the Virasoro’s term m® — m in both sides. Henceforth, the dependence on coordinate x is

broken when m = 2 by yielding G 4 and central charge are directly linked through the relation:

c
Gy=—-.
476
that verifies Equation (143) without the assumption that G4 = 0 for being a Grassmann variable,
however a negative central charge violated unitarity [78].
Under the validity of Equation (143) central charge is also a Grassmann variable. The fact why

2

central charge can be a pure Grassmann number because G%‘ o c* can be questionable, nevertheless, it

is beyond the scope of present document.

6. Implications of Equation (131)

Turning back again to Equation (131) when not any derivative is applied one can inspect its
behavior at some special cases by which some assumptions can be done in involved integer numbers
and not at the arbitrary operators G 4 p (inspired in Equation (33) of [37] for example).

6.1. Case of m=n

For this case m = n the first and second term are each other canceled because the term m —

n. For third and fourth terms one gets %xzm’l(G B — G4) and the fifth and sixth terms yields:

2m
2m(mt1) 2m—1 (G4 — Gp). Thus the sum of these results is given by (it is evident that a? = ﬁnlﬂ was

2m+1
used):
2m? x2m71(G -G )_szmfl(G -G )
1 B SA) T pomAr
2m?2 Zm(m + 1) 2m—1
p— - - ‘ 1
B 2112 B 2m2 B 2m x2m71(G -G )__ 2m xzm*l(G -G ) (154)
T 2m+1 2m+1 2m+1 R PR L
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Now last two terms of Equation (131) with m = n can be worked out through the following manner:

-1 -1
m(m+n )xm+”_2GBGA _n(m+n )xm+”_2GAGB (155)
m+n+1 m+n+1 m=n
m2m—1) 5, o m2m—1) 5, o
1 X GGy 1 X G4Gp (156)
m2m—1) 5. - m(l—2m) 5. 5
f— ——— _— pr— —_— . 1 7
|: 2m 1 X (GBGA GAGB) 21 X [GA,GB] ( 5 )

By gathering previous results as done by right-side Equation (154) and right-side Equation (157) one
gets below that:

2m _ m(1—2m) 5,,_

R /R 2m—1 2m—2

= - e Sl 1
(Lo Lon] {2m+1]x (Gp—Ga) + { 1 ][GA/ Ggl, (158)
that clearly should be null [£], £R] = 0, and solving for commutator [G 4, Gp] one obtains the

following rule for commutator given by:

[5247]*" 1 (Gp — Ga) 22" (G — Gy)

G4, Gg| = = . 159
G4, Gl (2] 2] [ —2m) 2] (159)

2m+1

An interesting case is when m = 1, so that:
[GA,GB] :ZX(GA—GB), (160)

(that is related to structures of commutator of Equation (6) in [39]) result that is also obtained with
m = 0. Furthermore, when G 4 is a Grassmann number then Gi, then solving for x one finally arrives
to:

_ 1G4G5Ga

=37 6.G (161)

7. Conclusions

According to results achieved in this paper, it is evident that both Witt and Virasoro algebra
are not exclusively derivations of a theory based strictly in oscillators satisfying relations such as
[ap, aq] = —qdp+q, as commonly employed in string theories. Instead of this, at present paper has been
demonstrated that both algebra can also be fulfilled through scalar quantities or Witt-like operators
by exhibiting not any compromise to those structures build on the basis of string-based operators. It
is noteworthy that such Witt-like operators have their origin in non-relativistic quantum mechanics.
Thus it was demonstrated that such operators are closely connected to total angular momentum and
momentum operators, and as studied in previous paper, fully linked to fundamental commutation
relation. Also, interestingly, Witt-like operators have turned out to be proportional to quantum
mechanics wave function. Thus, Schroinger equations for free particle and harmonic oscillator have
been also derived. Thus, up to two proposes have been presented. In on side the pair based at
Equation (60) and Equation (61) that is translated in Witt-like operators yielding the Witt algebra,
and on the other side the redefinitions given by Equation (115) and Equation (116) that under certain
circumstances reproduces deformations of Witt and Virasoro algebra. In addition, such redefinitions
have led to Virasoro algebra with central charge. In contrast to derivations done at the past not any
mathematical induction in the involved integer numbers. Nevertheless, it is noteworthy that such
redefinitions of Witt-like algebra have required to incorporate an extra arbitrary physical operator with
units of distance. The closed-form derivation of Virasoro algebra with central charge has demanded
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to assume that such arbitrary operators would behave as Grassmann numbers (see Eq. 1.7 in [77]),
nevertheless as noted in [78] fundamental unitary is violated. However, it might be explained in terms
of Logarithm operators as seen in[79-80] . Also, it was seen that even when not any assumption about
Grassmann numbers is applied, then the criterion given by Kato by which argues that a minimum
length in physical theories of string or particles, might be permissible at the order of < (6x)? >~ e)?
with € — 0. Based on this criterion, the terms of order of x 2 were neglected. For both pictures (with or
without Grassmann numbers), it was obtained that arbitrary operators turned out to be proportional
to central charge.
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