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Abstract: Traditional approaches in tunnel lighting have been directed towards the installation of 

appropriate luminaires in the intermediate and transitional sections with the simple objective of 

diminishing the effect of delayed visual accommodation during daylight hours. Such efforts run in 

parallel with the target of keeping the electrical use at the lowest level. Nevertheless, inadequate 

attention has been conceded to the interior areas, whose noticeable longitude in several instances and 

subsequently the duration of occupancy of the users, can produce discomfort in the majority of the 

tunnel or underground passageway. It is in this region, where the flicker effect presents a more 

remarkable impact. Although such effect is in fact uncomfortable, the strategies to eliminate it 

efficiently have not been developed in depth and the result is still deserving. The reasons for this 

neglect as well as some particularities and solutions are exposed and discussed in the present article. 

Specifically, it is demonstrated that the use of sunlight can be an adequate initiative to design and 

retrofit tunnels capable of hampering or totally avoiding the unwanted effect. The innovative tunnel 

geometry explained in this manuscript is not cylindrical and also it is not based in revolution forms. 

Thus, it prevents the appearance of such unnerving visual effects which also endanger security. We 

are in the position to prove how the vector field generated by the normal to the points of the novel 

surface displayed, remains non-parallel, ensuring appropriate diffusivity. In the same manner, the 

notion of tunnel is extended from a linear system to a veritable network of galleries which can 

traverse in space bi or even three-dimensionally. Accordingly, we will offer diverse instances of 

junctions and splices which further enhance the capabilities and improvements of this disruptive 

technology. 

Keywords: innovative geometry for mechanics. energy savings; sunlight radiation; tunnel lighting; 

flicker effect 

 

1. Introduction 

The lighting of road tunnels is a complex task due to its critical impact on drivers and safety [1–

4] as well as its high consumption in economical, energy and financial resources. This fact is becoming 

more and more important in the last years due to the exponential increase of tunnels, especially the 

very long ones. As consequence of the high amounts of energy and raw materials required as well as 

the manufacturing processes, the environmental impact of these installations is also high in emissions 

and other kinds of waste.  

The explanation to the abovementioned impacts lies on physical, physiological, and 

psychological peculiarities of people. The consequence is that accurate visual perception, good 

performance and short visual reaction time (VRT) must be ensured through very high luminance 

levels, especially during daytime because, otherwise, the slow visual adaptation when going from 

bright to darker environments (Figure 1), may cause disturbing effects making driving even more 

dangerous [5]. Furthermore, the visual adaptation is not an isolated problem because drivers in 
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tunnels and long underground roads, also experience physiological and psychological impairments 

due to their singular characteristics [6–11].  

 

Figure 1. Black-hole effect at the entrance of road tunnel. 

In addition, the high luminance levels required to mitigate the abovementioned disturbing 

effects are a problem themselves because of the consequent consumption of energy, number of 

projectors, wiring and maintenance. All this means a worrying economic and environmental impact. 

This is the reason why research on strategies to make tunnel lighting more sustainable through the 

decrease in the consumption of energy and installed projectors, has experienced a big boost in the 

last years. The proposals up to date go from the decrease in the luminance requirements through 

interventions in the portal surroundings [12] to strategies to introduce the light of the sun inside the 

tunnel with or without displacement of the infrastructure [13,14]. 

In summary, it is necessary to ensure the minimum luminance necessary to achieve visual 

adaptation and avoid some related disturbing effects that take place during daytime, whilst 

progressively carrying out a luminance decrease as the eye gets adapted in order to save energy, 

installed projectors and environmental impact. 

To implement this decrease, road tunnels are divided into five different sections with different 

performances of their respective lighting installations. The zones have different lengths and 

requirements in terms of illuminance from the floor and vertical surfaces. These zones are the 

following [5]: 

- Access zone: section of the opencast road immediately before the portal gate with a length of 

the stop distance (SD). The luminance on the driver eye in this zone (L20) determines his visual 

adaptation to the darker environment of the tunnel and, hence, the luminance requirements from 

pavement and walls are much higher than in the following parts inside the tunnel 

- Threshold zone: first region of the tunnel with a length of the braking distance. With the target 

of ensuring a smooth transition and accurate visual adaptation, this zone presents the highest 

required luminance (Lth) and hence, it is the most consuming one in terms of energy and projector. In 

spite of its high magnitude, the luminance in this zone starts to progressively decay from is second 

half.  

- Transition zone: section of the tunnel immediately after the threshold region whose length is 

the one covered by a vehicle at the maximum allowed speed inside the tunnel during 20 s. Its 

luminance requirements (Ltr) are lower than in the preceding threshold zone. The luminance in this 

zone continues decreasing for the sake of energy savings. 

- Interior zone: it is the zone after the transition one and just before the exit zone. Its photometric 

requirements are the lowest because the driver is supposed to attain a reasonable visual 
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accommodation. The levels are uniform along the whole area and, depending on the type of tunnel 

and the traffic, they can vary between Lin = 1 – 10 cd/m2.  

- Exit zone: this zone starts immediately after the interior zone at SD and finishes at the end of 

the tunnel. The required luminance, Lex, raises from Lin up to 5 Lin up to 20m before the exit gate, 

where the visual environment is dominated by the exterior conditions. 

According to this division, the interior zone requires the minimum consumption in energy and 

installed projectors in the whole tunnel. Although this circumstance is positive, there are also 

important cons: the long separation between projectors, produces inhomogeneous distribution of 

luminance on the road and walls. The reason is that tunnels have a maximum height, and the light 

cones rarely overlap in the interior zone.  

The parameter taking into account the distribution of the luminous flux on the pavement and 

walls, is the global luminance uniformity (U0). It represents the uniformity of the visual field 

perceived by the users, and is defined by CIE International Standard S 017/E:2015 [15] as: 

      𝑈0 =
𝐿𝑚𝑖𝑛

𝐿𝑎𝑣
     (1) 

where Lmin and Lav are the minimum and average luminance levels on the pavement.  

U0 > 0.4 is required by several norms to grant the uniformity of the visual field. 

When the global luminance homogeneity is scarce due to an inhomogeneous distribution of the 

luminous flux on the vertical surfaces and floors, the drivers can experience one disturbing effect, the 

so called “flicker effect”, which is the target of this work. 

2. The Flicker Effect 

Besides the problem of visual accommodation, lighting facilities in tunnels and underground 

passageways must dampen, among other disturbing circumstances, the “Flicker effect”, which is the 

succession of bright and dark bands on the pavement and walls as shown in Figure 2 [5,16,17]. When 

the succession has some concrete frequencies and duration, it can produce lack of concentration, 

headache or dizziness, and can be a serious danger for drivers. This effect is frequent in the interior 

zone of road tunnels and the so called Very Long Underground Roads (VLUR). 

 

Figure 2. Succession of dark and bright bands in one road tunnel. 

The frequency of appearance of the said stripes has a frequency offered by equation (2) [5]: 

       𝑓 =
𝑣𝑚𝑎𝑥

𝐼
     (2) 

where vmax represents the maximum velocity allowed in the tunnel of underground zone, and I, is the 

spacing between the centers of the projectors in the zone of the tunnel under consideration. 

According to CIE Publication 88:2004 [5], the effect is negligible at frequencies lower than 2.5 Hz 

and higher than 15 Hz. However, when the frequencies lie in the interval 4 to 11 Hz and the exposure 

of the succession is longer than 20 seconds, it is recommended to carry out the relevant actions to 

change the frequencies because the effect can appear. 
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Although this interval is well established, it is necessary to highlight that measuring the distance 

I between projectors from center to center as per equation (2), may be too conservative in terms of the 

calculated frequencies, because it assumes that the light cones have no aperture. According to (2), the 

flux is strictly confined to a trough directly under the center of the projector. In other words, the 

formula to calculate the flicker provided by most regulations makes it unviable any kind of overlap 

of the light cones even if it actually exists. 

Anyhow, the reason behind this effect is precisely the lower luminance demands in the interior 

zone. Due to the increasing cost and relatively low variety of projector models during years, the 

installations in interior zones had high spacing between projectors. The combination of such large 

distancing with the limited height of the tunnel vault, does not allow the overlap of the light cones 

and consequently, a succession of bright and dark stripes appears on the walls and, mainly on the 

road surface [16].  

The classical action to avoid the flicker effect has been the installation of projectors with light 

cones wide enough or using more projectors of lower power to decrease the distance between them. 

This last increases the price of the installation and its maintenance. 

In the next section, some of the ideas proposed up to date are presented. 

3. Methods and Proposals to Avoid the Flicker Effect in Tunnels and Very Long 

Underground Roads (VLUR) 

Once we assume the drawbacks to achieve a proper overlap of the light cones in the interior 

zone, it is necessary to think of tactics to improve luminance uniformity and thus, avoid the flicker 

effect. 

The classical solution has consisted on the use of more projectors with lower power in the 

interior zone, instead of fewer of high luminous flux. In this way, there is a chance to overlap the 

cones. However, one installation with more projectors is more expensive in terms of initial 

investments, use of raw materials for wiring and other devices, maintenance and recycle at the end-

of-life cycle of both, projectors, and lamps. 

For this reason, other proposals are needed. Some works have proposed ideas from different 

perspectives [10], but the continuous development of tunnel lighting has made it possible to 

introduce new products and strategies that, although initially designed for other purposes, can 

contribute to eliminate the flicker effect in the threshold zone: 

1) Decrease of the luminance required inside the tunnel through interventions in the portal 

surroundings like forestation or introduction of scaled surfaces to reflect the sunlight out of the L20 

cone from the approaching drivers’ eyes. This decrease results in less emitted flux and lower contrasts 

between light cones and darker areas, contributing to the elimination of flicker effect. 

2) Installation of continuous stripes of LED along the whole tunnel or underground road as 

shown in Figure 3. These stripes can be installed at least in the interior zone where the flicker effect 

is much more likely to happen. Although the intensity emitted by these relatively new products is 

much lower than the one emitted by classical High Pressure Sodium projectors, the luminance on the 

road can be enough to fulfill the requirements in this zone and even in the level of nighttime. 
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Figure 3. Continuous stripes of LED to minimize flicker effect in the interior zone of tunnels and long 

underground roads. 

3) Addition of sunlight to the electrical lighting. Although most strategies using sunlight in road 

tunnels are designed to achieve a good visual adaptation when entering the threshold zone, some of 

them could be useful in the interior zone to achieve better uniformity. 

Among the two kinds of strategies to use the light of the sun in tunnels, the first one consists of 

partially shifting the threshold zone out of the tunnel [19–30]. It is evident that this strategy cannot 

be applied to the interior zone and is not useful to mitigate the flicker effect because, due to the short 

separation between projectors in this zone, the effect is not likely to happen there. 

On the other hand, a second kind of strategies is based on the injection of sunlight inside the 

tunnel through light-pipes with or without heliostats [31–33] or through fiber-optics [34,35].  

The selection of one or another way to save energy through the use of sunlight depends on many 

factors and is complex. Some tools recently developed like the so called SLT equation [36] have the 

capability to predict which kind of strategy can be better in each tunnel for given target energy 

savings. 

Anyhow, the potential use of sunlight to fight flicker effect has to reside in the second kind of 

strategies, that is, the injection of solar flux inside the tunnel to reach the interior region as long as it 

is homogeneously distributed on the walls and road surface. In this sense, the injection system 

recently presented by Peña-García and Cabeza-Laínez [32]. It consists on a coupled system “outer 

light collectors-ground based light-pipes – distributing vault” as shown in Figure 4.  

 
(a) 
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(b) 

Figure 4. Coupled system to inject and distribute sunlight in the interior of road tunnels [32]. 

This system improves the lacks and limitations of other proposals thanks to two ground-

breaking factors: 

- The lower chamber of the light-pipes on the ground and shoulders of the road 

- The introduction of a complex-shaped vault capable to reflect and distribute the solar flux 

transported by the light-pipes uniformly on the pavement. 

To find the internal distribution of solar radiation inside the complex geometry that we are 

proposing we need to clarify briefly the underlying logic of the novel simulation system that we are 

proposing. It is mainly based on the reciprocity theorem of radiation. 

Since it was enunciated on several occasions from the 18th century [33], we will begin with the 

fundamental expression that describes the emission and reception of radiative energy between two 

or more non-black bodies of any spatial form and independently of the position adopted by them as 

represented in Figure 5. The law features directional cosines, distances and areas under the form 

below (Equation (3)): 

𝑑𝜙12 = (𝐸1 − 𝐸2) cos 𝜃1 cos 𝜃2

𝑑𝐴1𝑑𝐴2

𝜋𝑟12
2  (3) 

 

Figure 5. Radiative exchanges for a pair of freely evolving surfaces, namely A1 and A2. 
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Equation (3) is often termed the reciprocity theorem. It quantifies the probability of radiative 

energy by unit area to impinge on any of the two surfaces concerned, that is, E1 and E2. The respective 

angles of incidence θ1 and θ2 which are drawn from the figure represent the inclination to the normal 

of the distance line that unites two points which belong to each surface called r12, in the equation as 

in the figure [34]. 

In order to solve Equation (3), which allows for evaluation of the amount of a so-called form 

factor that involves the two sources, we need to work out four rows of integration, as explicated in 

Equation (4) [34]. 

𝐹𝑖𝑗 =
1

𝐴𝑖
∫ ∫ cos 𝜃𝑖 cos 𝜃𝑗

𝑑𝐴𝑖𝑑𝐴𝑗

𝜋𝑟𝑖𝑗
2 .

𝐴𝑗𝐴𝑖

 (4) 

Nevertheless, since the new shapes proposed are so complex we would concentrate on the first 

and second steps (Equation (5)), which are more affordable, leaving a sort of herald for the next step 

which takes the form of a constant (x0) and then turns into a variable in the subsequent phases [35]; 

that is, it becomes active for the last two phases of integration.  

𝑓𝑑𝐴𝑖−𝐴𝑗
= ∫

cos 𝜃𝑖 cos 𝜃𝑗

𝜋𝑟𝑖𝑗
2

𝐴𝑗

𝑑𝐴𝑗 (5) 

We would then use for the last two operations a numerical method that extends the former 

findings to the surface of emission as a sort of median value. In this way, we attain the desired figure 

of the form factor attributed to the two surface sources concerned with considerable accuracy [36]. 

Afterwards, we show how to apply the so-obtained form factors for semicircular apertures at the 

beginning of the tunnel [37,38]. 

For the inclined parts of the vaults we will employ the expressions below and detailed in 

Appendix A. 

Other methods to address the preliminary integrals have been presented but they are often 

inaccurate. 

In order to develop our method, we start for simplicity with a semicircle of radius a, placed at 

the intersection of the main axes X, Y and Z (Figure 6). 

Under this disposition, the coordinate Z axis is vertical and X is horizontal and perpendicular; 

the Y axis is perpendicular to the semicircle; and the radius of the circular sector turns, in Z, equal to 

rsinα, and in X, to rcosα as in Figure 6. 

 

Figure 6. Different dimensions of the equation for the innovative geometry. 

The new geometry developed for the tunnel is not cylindrical and therefore it does not 

concentrate the annoying stripes of light and shade since the curvature of the tunnel varies at each 

section as shown in Figure 7. 
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Figure 7. Different views and sections of the innovative geometry of the tunnels showing curvature 

differences. 

The basic expression that can be employed for the typology of ruled shapes follows the norm 

(Eq.6), 
𝑅2𝑧2

(𝑅−𝑥)2 + 𝑦2 = 𝑅2    (6) 

With the affected parameters represented in Figure 6 above. 

It can be shown that in order to produce the normal to the surface in terms of F(x,y,z) a first rank 

differentiation is duly required. Then, the perpendicular vector is found as N = (Fx, Fy, Fz) and in this 

case, the operation yields (Eq.7): 

𝑁 =  (
𝑅2𝑧2

(𝑅−𝑥)3 , 𝑦,
𝑅2𝑧

(𝑅−𝑥)2)       (7) 

Subsequently, we are able to generate a vector array composed of the previous mentioned 

normals whose main feature, as deducted from Eq.7, is the scattering of luminous energy in such a 

fashion that the undesired flicker effect remains positively prevented.  

However, in order to develop this complex problem of luminous radiative transfer we need to 

identify the emission due to inclined surfaces by dividing the arches formed in the tunnels into small 

segments.  

A general inclined surface used in the vaults (Figure 8) induces the radiative transfer presented 

in the following equation (Eq. 8), 
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Figure 8. Configuration factor between a rectangle and a point at an inclined plane with angle φ. 

𝑓21 = ∫
𝑐𝑜𝑠𝜃1𝑐𝑜𝑠𝜃2𝑑𝐴1

𝑟2𝐴1
         (8) 

After a lengthy integration (see Appendix A), we obtain the results in Eq.9, 

𝑓21 =
1

2𝜋
((𝑎𝑟𝑐𝑡𝑎𝑛

𝑏

𝐷
) +

𝑎𝑐𝑜𝑠𝜑−𝐷

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
) +

𝑏𝑐𝑜𝑠𝜑

√𝑏2+𝐷2𝑠𝑖𝑛2𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑎−𝐷𝑐𝑜𝑠𝜑

√𝑏2+𝐷2𝑠𝑖𝑛2𝜑
+  𝑎𝑟𝑐𝑡𝑎𝑛

𝐷𝑐𝑜𝑠𝜑

√𝑏2+𝐷2𝑠𝑖𝑛2𝜑
))    

(9) 
For a general position of the point on the XY plane we find (Eq. 10), 

𝑓21 =
1

2𝜋
((𝑎𝑟𝑐𝑡𝑎𝑛

𝑏−𝑥

𝑦
+ 𝑎𝑟𝑐𝑡𝑎𝑛

𝑥

𝑦
) +

𝑎𝑐𝑜𝑠𝜑−𝑦

√𝑎2+𝑦2−2𝑎𝑦𝑐𝑜𝑠𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑥

√𝑎2+𝑦2−2𝑎𝑦𝑐𝑜𝑠𝜑
+

 𝑎𝑟𝑐𝑡𝑎𝑛
𝑏−𝑥

√𝑎2+𝑦2−2𝑎𝑦𝑐𝑜𝑠𝜑
)) +

𝑥𝑐𝑜𝑠𝜑

√𝑥2+𝑦2𝑠𝑖𝑛2𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑎−𝑦𝑐𝑜𝑠𝜑

√𝑥2+𝑦2𝑠𝑖𝑛2𝜑
+  𝑎𝑟𝑐𝑡𝑎𝑛

𝑦𝑐𝑜𝑠𝜑

√𝑥2+𝑦2𝑠𝑖𝑛2𝜑
) +

(𝑏−𝑥)𝑐𝑜𝑠𝜑

√(𝑏−𝑥)2+𝑦2𝑠𝑖𝑛2𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑎−𝑦𝑐𝑜𝑠𝜑

√(𝑏−𝑥)2+𝑦2𝑠𝑖𝑛2𝜑
+

 𝑎𝑟𝑐𝑡𝑎𝑛
𝑦𝑐𝑜𝑠𝜑

√(𝑏−𝑥)2+𝑦2𝑠𝑖𝑛2𝜑
)        (10) 

Adding the effect of different stripes for the whole length of the tunnel, we can obtain several 

nephographs with the results of light diffusion due to the proposed non-revolution geometry. 

Particularly, Figure 9 describes the simulation, that gives a uniformity ratio U0 = 0.73, brighter 

than the minimum required by international norms. 
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Figure 9. Light distribution offered by the geometric model in [33]. 

In summary, the lack of superposition of the cones in the interior region can be effectively 

achieved thanks on the one hand to the surplus of sunlight with a deft new system which ensures a 

homogeneous distribution on the pavement level, and on the other hand to the benefits offered by 

the innovative geometry that we have worked out in the previous stages of this research [38,39]. 

The innovative set is not only conceived to induce linear connections between two points [40] 

but an actual three-dimensional array of passageways in all possible directions that can be used for 

very different purposes left alone transportation, like mining facilities, bunkers, sewage or even 

storage of stocks and supplies among others. [40,41]. 

Several examples of square, triangular and inclined intersections are depicted in Figures 10–16. 

 

Figure 10. Cross corner of two linear connections. 

 

Figure 11. Crossing of four passageways. 
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Figure 12. Scale Model of Crossing adapted to four linear connections. 

 

Figure 13. Extended Model for the above junction of four connections. 

 

Figure 14. Perspective view of the model of four connections. 
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Figure 15. Model for a special triangular crossing. 

 

Figure 16. Scale model designed for inclined connection between two horizontal planes at different height levels 

which implies 3D connectivity. 

A life-size model of the intersection has been constructed at the construction research 

laboratories of the University of Seville (Figures 17 and 18). We are subsequently proceeding to 

monitor the different parameters required such as mechanical resistance, lighting reflectivity and 

temperature build-up of the material. The construction costs of this novel geometry made in 

reinforced ceramic brick do not exceed 200 EUR per square meter. 

 

Figure 17. Real size model of the interconnection of tunnels constructed to monitor different parameters. 
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Figure 18. Experimental model of the reflective ceiling of the tunnel before coating. Seville. 

4. Discussion 

The considerable augment in the number, dimension, and complexity of tunnels during recent 

years is surpassing all reasonable expectations. It implies a surge of the pending problems associated 

to illuminating such underground structures, that most often develop based on the conventional pair 

safety-consumption. The strict visual requirements under such dangerous conditions, and the 

singular perception stimuli that occur in the regions within, especially during daylight hours where 

users arrive to the tunnel immediately after a glare environment, must be accounted for [42,43]. For 

this reason, the luminous levels should be sufficiently bright to guarantee an appropriate visual 

accommodation for the daytime but this should not be the sole factor to be considered in the design 

of infrastructures. Nonetheless, this high power lighting often carries with it a huge energy use, 

excessive or redundant fixtures, as well as electrical devices and maintenance. Besides its 

environmental impact is unaffordable due to wasteful emissions and other associated disadvantages.   

Moreover, when project-managers and public offices try to counterpoint the aforementioned 

binomial of safety and sustainability, an added vector emerges: the impairing flicker effect. It can be 

described as the succession of gloom and bright areas in close proximity which tend to affect the 

adaptability of light cones in the eye globe. When this effect appears in a given segment of frequency 

and time, it may cause noticeable nuisance and endanger the vehicles circulating in the passageway.  

The flicker effect may occur at any moment, but it will appear more likely in the interior area as 

a consequence of its less demanding luminous requirements that permit a longer distance between 

fixtures. The obnoxious phenomenon is particularly linked to cuboid or cylindrical shapes and in that 

sense we have contributed with non- revolution or non-axial geometries that although more difficult 

to build ensure avoidance of the said effects. 

The accurate computation of the distribution of the luminous challenge inside these kind of 

novel geometries is a challenge that we have been able to overcome with time and with the help of 

the radiation postulates of Cabeza-Lainez.  

Albeit the international norms on tunnel illuminance take into account flicker effect, there is 

today a sort of compromise that accepts it as an inevitable side-effect of underground circulation 

facilities. 

In this manuscript, the combination of counter-measures in the vicinity of the portal entrances 

to diminish the luminance requirements for the interior of the tunnels, joined to the introduction of 

Ld stripes and sunlight conduits which issue towards an especially reflective vault, created by means 
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or ruled surfaces that originate in the semicircle, induces a uniform light distribution on the road 

plane that completely averts the flicker effect associated with the luminaires as we have demonstrated 

in the results. 

In addition, we have contributed with adroit developments of the said innovative geometry 

honed by means of computational procedures which appear very adequate to diminish energy use 

and augment the security and well-being of complete areas of network connections intended for 

circulation or other urban and industrial purposes [44]. 

Thus, the necessity of installing the proposed systems answers to a twofold requirement: the 

imperative of energy conservation for a high-demanding threshold area of the passageway and, as 

outlined in the manuscript, the avoidance of the ever-present flicker effect manifest within the darker 

zones of the facility, which can in be completely dampened in this manner through a more natural 

and elegant fashion, altering the conventional system of design through a different kind of 

mathematical formulation. 

For future research, we would intend to generalize the novel concepts and instruments 

described, in the belief that surely they will lead to a new understanding of the shapes and manners 

in which underground transportation has been thus far conceived and implemented. 
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Appendix A 

Let us develop the process by which we can obtain the lighting distribution field due to a 

complex inclined geometry. 

In a canoniccal development from the previously described formulas [32] 

𝑓21 = ∫
𝑐𝑜𝑠𝜃1𝑐𝑜𝑠𝜃2𝑑𝐴1

𝑟2𝐴1
         (A1) 

We need to change the z axis to take into account the inclined line in which the study point lies, 

to z1. 

z1 goes from a-Dcos at the upper extreme corresponding to z=a, to -Dcos if z=0. Therefore z1=z- 

Dcos. 

Subsequently we need to identify r and cosθ. As y is a constant and equals Dsin, 

𝑟2 = 𝑥2 + 𝐷2𝑠𝑖𝑛2𝜑 + 𝑧1
2      (A2) 

Cosθ1= y/r  = 
𝐷𝑠𝑖𝑛𝜑

√𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2
   (A3) 

Cosθ2 refers to the normal to the direction of the study point which resides on the vector (0, 

Dsin, -Dcos) and by simple derivation this normal, perpendicular to the point containing the point, 

is defined by the vector (0, Dcos, Dsin).  [33] 

The scalar product of the normal and the arbitrary vector on the surface of the rectangle gives 

us the value of the searched cosine, 

(0,Dcos,Dsin)·(x,Dsin,z1)=D2sincos+z1Dsin= 

cosθ2D√𝑥2 + 𝐷2𝑠𝑖𝑛2𝜑 + 𝑧1
2 (A4) 

Therefore, 

cosθ2 = 
Dsincos+𝑧1sin

√𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2
   (A5) 

The complete integral will give, 
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𝑓21 = ∫
𝐷𝑠𝑖𝑛𝜑(Dsincos+𝑧1sin)𝑑𝐴1

(𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2)2𝐴1

  (A6) 

Remembering that, 

𝑟2 = 𝑥2 + 𝐷2𝑠𝑖𝑛2𝜑 + 𝑧1
2      (A2) 

The configuration factor f, on the given point with angle φ can be divided into the sum of two 

integrals with the limits of b and 0 for x and the established ones for z1. 

𝑓21 = 𝐷 (∫ ∫
𝐷𝑠𝑖𝑛2𝜑𝑐𝑜𝑠𝜑𝑑𝑧1𝑑𝑥

(𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2)

2

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑

𝑏

0
+

∫ ∫
𝑧1𝑠𝑖𝑛2𝜑𝑑𝑧1𝑑𝑥

(𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2)

2

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑

𝑏

0
)      (A8) 

Let us first consider the second part of the integral, 

∫ ∫
𝑧1𝑠𝑖𝑛2𝜑𝑑𝑧1𝑑𝑥

(𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2)

2

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑

𝑏

0
  (A9) 

With respect to z1 it is easy to find that we have just the derivate of the quotient of the expression 

in the denominator, 

𝜕𝑧1
1

𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2  (A10) 

The expression turns out to be, 

−
𝑠𝑖𝑛2𝜑

2
∫ [

𝑑𝑥

𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2]

−𝐷𝑐𝑜𝑠𝜑

𝑎−𝐷𝑐𝑜𝑠𝜑
=

𝑏

0
−

𝑠𝑖𝑛2𝜑

2
∫

𝑑𝑥

𝑥2+𝐷2𝑠𝑖𝑛2𝜑+(𝑎−𝐷𝑐𝑜𝑠𝜑)2

𝑏

0
−

𝑑𝑥

𝑥2+𝐷2𝑠𝑖𝑛2𝜑+(𝐷𝑐𝑜𝑠𝜑)2 =

 −
𝑠𝑖𝑛2𝜑

2
∫

𝑑𝑥

𝑥2+𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑

𝑏

0
−

𝑑𝑥

𝑥2+𝐷2 (A11) 

These two integrals are of the arc of tangent type, 

∫
𝑑𝑥

𝑥2+𝑘2 =
1

𝑘
𝑎𝑟𝑐𝑡𝑔

𝑥

𝑘
  (A12) 

With which the former integral is transformed into, 

−
𝑠𝑖𝑛2𝜑

2
∫

𝑑𝑥

𝑥2+𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑

𝑏

0
−

𝑑𝑥

𝑥2+𝐷2 =

−
𝑠𝑖𝑛2𝜑

2
[

1

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑥

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
]

0

𝑏

+

𝑠𝑖𝑛2𝜑

2
[

1

𝐷
𝑎𝑟𝑐𝑡𝑔

𝑥

𝐷
]

0

𝑏

   (A13) 

The final result of this part will be, 

−
𝑠𝑖𝑛2𝜑

2
(

1

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
−

1

𝐷
𝑎𝑟𝑐𝑡𝑔

𝑏

𝐷
)  (A14) 

Multiplying by D which was outside of the integral, we arrive to, 

(
−𝐷𝑠𝑖𝑛2𝜑

2√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
+

𝑠𝑖𝑛2𝜑

2
𝑎𝑟𝑐𝑡𝑔

𝑏

𝐷
) 

(A15) 
Let us proceed with the other integral, 

∫ ∫
𝐷𝑠𝑖𝑛2𝜑𝑐𝑜𝑠𝜑𝑑𝑧1𝑑𝑥

(𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2)

2

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑

𝑏

0
 (A16) 

First we extract the constants, 

𝐷𝑠𝑖𝑛2𝜑𝑐𝑜𝑠𝜑 ∫ ∫
𝑑𝑧1𝑑𝑥

(𝑥2+𝐷2𝑠𝑖𝑛2𝜑+𝑧1
2)

2

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑

𝑏

0
 (A17) 

We can subsequently integrate with respect to x, 

This expression is of the type: 

∫
𝑑𝑥

𝑋2= 
𝑥

2𝑘2𝑋
+

1

2𝑎3 𝑌  (A18) 

where X= x2+ k2  and Y=arctgx/k 

In this case k=√𝑧1
2 + 𝐷2𝑠𝑖𝑛2𝜑  (A19) 

Therefore, the integral gives, 
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[
𝑥

2(𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)(𝑥2+𝑧1

2+𝐷2𝑠𝑖𝑛2𝜑)
−

1

2(√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)3

𝑎𝑟𝑐𝑡𝑔
𝑥

√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

]

0

𝑏

 (A20) 

Substituting we obtain, 
𝑏

2(𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)(𝑏2+𝑧1

2+𝐷2𝑠𝑖𝑛2𝜑)
−

1

2(√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)3

𝑎𝑟𝑐𝑡𝑔
𝑏

√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

 (A21) 

Now, we need to integrate this with respect to z1, 

Leaving out ½, the first part can be transformed into a subtraction of quotients, 

−
1

𝑏
∫

𝑑𝑧1

𝑏2+𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑
−

𝑑𝑧1

𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

  (A22) 

For now, we can call the first quotient A and the second one B, and thus the integral yields, 

−
1

𝑏
∫ 𝐴

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑
− 𝐵  (A23) 

We can continue now with the second term containing the arc of tangent. This type of integral 

is usually solved by parts. 
1

2
∫

𝑑𝑧1

(√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)3

𝑎𝑟𝑐𝑡𝑔
𝑏

√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

 (A24) 

By making  

 u= 𝑎𝑟𝑐𝑡𝑔
𝑏

√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

    and dv=
𝑑𝑧1

(√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)

3 

We known that, 

du= 
−𝑏𝑧1

(𝑏2+𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)√𝑧1

2+𝐷2𝑠𝑖𝑛2𝜑

   and 

v=
𝑧1

(𝐷2𝑠𝑖𝑛2𝜑)√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

 

Integrating with respect to z we arrive to, 

1

2
∫

𝑑𝑧1

(√𝑧1
2 + 𝐷2𝑠𝑖𝑛2𝜑)

3

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑

𝑎𝑟𝑐𝑡𝑔
𝑏

√𝑧1
2 + 𝐷2𝑠𝑖𝑛2𝜑

= 

[
𝑧1

(𝐷2𝑠𝑖𝑛2𝜑)√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

𝑎𝑟𝑐𝑡𝑔
𝑏

√𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑

]

−𝐷𝑐𝑜𝑠𝜑

𝑎−𝐷𝑐𝑜𝑠𝜑

+

∫
𝑏𝑧1

2

(𝐷2𝑠𝑖𝑛2𝜑)(𝑏2+𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)(𝑧1

2+𝐷2𝑠𝑖𝑛2𝜑)

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑
  (A25) 

By substituting the limits of the first term, we receive, 
𝑎−𝐷𝑐𝑜𝑠𝜑

(𝐷2𝑠𝑖𝑛2𝜑)√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
+

𝐷𝑐𝑜𝑠𝜑

𝐷3𝑠𝑖𝑛2𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

𝐷
 (A26) 

Outside of the integral we had left, 

𝐷𝐷𝑠𝑖𝑛2𝜑𝑐𝑜𝑠𝜑 
Multiplying we obtain, 

1

2

𝑐𝑜𝑠𝜑(𝑎−𝐷𝑐𝑜𝑠𝜑)

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
+

1

2
𝑐𝑜𝑠2𝜑𝑎𝑟𝑐𝑡𝑔

𝑏

𝐷
 

(A27) 
Grouping, 
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1

2
(

𝑎𝑐𝑜𝑠𝜑−𝐷𝑐𝑜𝑠2𝜑

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
+ 𝑐𝑜𝑠2𝜑𝑎𝑟𝑐𝑡𝑔

𝑑

𝐷
) 

(A28) 
Which, remembering the formerly found results and adding them, produces, 

(
−𝐷𝑠𝑖𝑛2𝜑

2√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
+

𝑠𝑖𝑛2𝜑

2
𝑎𝑟𝑐𝑡𝑔

𝑏

𝐷
) 

(A29) 
And this will provide us with, 

1

2
(

𝑎𝑐𝑜𝑠𝜑−𝐷

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
𝑎𝑟𝑐𝑡𝑔

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
+ 𝑎𝑟𝑐𝑡𝑔

𝑑

𝐷
) (A30) 

And the other fragment of the solution by parts simplifies to, 

∫
𝑏𝑧1

2

(𝐷2𝑠𝑖𝑛2𝜑)(𝑏2+𝑧1
2+𝐷2𝑠𝑖𝑛2𝜑)(𝑧1

2+𝐷2𝑠𝑖𝑛2𝜑)

𝑎−𝐷𝑐𝑜𝑠𝜑

−𝐷𝑐𝑜𝑠𝜑
 (A31) 

With the development of the method by parts, we will receive in the first part of the former 

method, 

And the other fragment of the solution by parts simplifies to, 

𝑓21 =
1

2𝜋
((𝑎𝑟𝑐𝑡𝑎𝑛

𝑏

𝐷
) +

𝑎𝑐𝑜𝑠𝜑−𝐷

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑏

√𝑎2+𝐷2−2𝑎𝐷𝑐𝑜𝑠𝜑
) +

𝑏𝑐𝑜𝑠𝜑

√𝑏2+𝐷2𝑠𝑖𝑛2𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑎−𝐷𝑐𝑜𝑠𝜑

√𝑏2+𝐷2𝑠𝑖𝑛2𝜑
+  𝑎𝑟𝑐𝑡𝑎𝑛

𝐷𝑐𝑜𝑠𝜑

√𝑏2+𝐷2𝑠𝑖𝑛2𝜑
))    

(A32) 
For a general position of the point on the XY plane we find, 

𝑓21 =
1

2𝜋
((𝑎𝑟𝑐𝑡𝑎𝑛

𝑏−𝑥

𝑦
+ 𝑎𝑟𝑐𝑡𝑎𝑛

𝑥

𝑦
) +

𝑎𝑐𝑜𝑠𝜑−𝑦

√𝑎2+𝑦2−2𝑎𝑦𝑐𝑜𝑠𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑥

√𝑎2+𝑦2−2𝑎𝑦𝑐𝑜𝑠𝜑
+

 𝑎𝑟𝑐𝑡𝑎𝑛
𝑏−𝑥

√𝑎2+𝑦2−2𝑎𝑦𝑐𝑜𝑠𝜑
)) +

𝑥𝑐𝑜𝑠𝜑

√𝑥2+𝑦2𝑠𝑖𝑛2𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑎−𝑦𝑐𝑜𝑠𝜑

√𝑥2+𝑦2𝑠𝑖𝑛2𝜑
+  𝑎𝑟𝑐𝑡𝑎𝑛

𝑦𝑐𝑜𝑠𝜑

√𝑥2+𝑦2𝑠𝑖𝑛2𝜑
) +

(𝑏−𝑥)𝑐𝑜𝑠𝜑

√(𝑏−𝑥)2+𝑦2𝑠𝑖𝑛2𝜑
(𝑎𝑟𝑐𝑡𝑎𝑛

𝑎−𝑦𝑐𝑜𝑠𝜑

√(𝑏−𝑥)2+𝑦2𝑠𝑖𝑛2𝜑
+

 𝑎𝑟𝑐𝑡𝑎𝑛
𝑦𝑐𝑜𝑠𝜑

√(𝑏−𝑥)2+𝑦2𝑠𝑖𝑛2𝜑
)        (A33) 
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