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Abstract: This paper proposes a Distributed Cooperative Algorithm (DCA) that solves the windup
problem caused by the saturation of the Distributed Energy Resource (DER) PI-based control unit,
which exceeds the maximum reactive power capacity output by the DER, preventing the optimal
voltage regulation at the connection node of the Active Distribution Network (ADN). Each DER’s
control unit takes part in the DCA. If a control unit saturates, the voltage regulation error is not null,
and the algorithm is activated to assign a share of this error to all DERs’ control units according to a
weighted average principle. Subsequently, the algorithm determines the control unit’s new value of
the voltage set point, desaturating the DER and enhancing the voltage profile. The proposed DCA is
independent of the design of the control unit, does not require parameter tuning, exchanges only the
regulation error at a low sampling rate, handles multiple saturations, and has limited communication
requirements. The effectiveness of the proposed DCA is validated through numerical simulations of
an ADN composed of two IEEE 13-bus Test Feeders.

Keywords: anti-windup; control of renewable energy resources; cooperative systems; decentralized
and distributed control; output regulation, smart grids; systems with saturation

1. Introduction

Distribution networks are becoming active systems because many Distributed Energy Resources
(DERs) are being connected. DERs include distributed generation, energy storage systems, controllable
loads, and electric vehicle charging stations, and are typically interfaced to the distribution system
through inverters. Active Distribution Networks (ADNs) are MIMO coupled systems due to the
interaction among DERs. Adequate control of reactive power injections by DERs” inverters can provide
significant support for the voltage regulation of the ADNs.

In this paper, the classical hierarchical decomposition of the voltage control problem is assumed [1].
At the primary control level, a local approach is adopted in which each DER unit is equipped with a
PI-based voltage control loop that, based on local measures of the voltage amplitude of the network
node at which the DER is connected, adjusts the reactive power output of the inverter to impose the
optimal voltage set point. The secondary control level calculates the set point values, determining an
optimal voltage profile along the distribution feeders, improving power quality, reducing active power
losses, and increasing line security margins [2]. During the time evolution of the ADN operating
conditions between two subsequent optimization problems, the reference reactive current output by
the voltage PI regulator may exceed the reactive power capability constraint of the inverter. In this case,
the DER control unit saturates, and the windup phenomenon occurs. In this circumstance, restoring
the normal (unsaturated) mode in time is necessary to provide the reactive power imposed by the
reference current, which nullifies the steady-state voltage regulation error.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Different control strategies have been devised in the literature to avoid the windup phenomenon.
Generally, most design techniques have been developed for SISO plants and have progressively been
extended to MIMO systems. The main anti-windup techniques range from adaptive [3-5], LMI-
based [6-8], sliding mode control [9-12], to model predictive control [13—-15] and He, control [16,17].
Although these techniques are widely available, the design algorithms still require intense mathemati-
cal manipulations due to nonlinearity. Moreover, anti-windup schemes for MIMO systems require
intensive real-time data exchange among the local controllers. On the other hand, SISO anti-windup
techniques, such as back-calculation and conditional integration [18-20], are simple to implement
but may present unsatisfactory performance due to the neglected interaction of MIMO systems and
chattering.

To avoid complex design and intensive real-time communication, the present paper proposes a
cooperative strategy among local DER control units, which is implemented by a distributed algorithm,
namely the Distributed Cooperative Algorithm (DCA). If a DER control unit suffers saturation, all
other DERs act as individual agents that utilize the communication infrastructure to share information
and participate in solving the saturation. In detail, in the presence of saturation, the algorithm starts in
each DER control unit, receiving the voltage errors from all other DERs and determining the voltage
control loop’s local optimal voltage set point variation. This variation is evaluated by assigning a share
of the voltage error of the saturated DER unit to each DER according to a weighted average principle,
where the averaging weights account for each DER’s different impacts on the saturated unit’s voltage
error. The new set points pursue two objectives. The first results in a new value of the reference reactive
current in each voltage control loop that avoids wind-up in the saturated DER unit. The second is to
reduce the distance of the new voltage profile of all nodes where a DER is connected compared to
the optimal one determined by the secondary control level. The algorithm runs at a sampling rate of
1 — 2 s, much longer than the sampling time of the local control units and communication links. So, it
can be safely assumed that the associated delays are zero and the communication requirements are
limited, unlike the MIMO anti-windup control techniques that require real-time intensive information
exchange among the control units of the DERs and communication infrastructures. The algorithm’s
convergence is guaranteed in the cases of multiple saturated DERs and of reduced communication
among DERs. The latter occurs when the communication link connecting two DERs is unavailable.

In summary, the characteristics of the proposed DCA are listed below.

It uses only fixed average weights and the value of the steady-state voltage errors;
It is independent of the adopted design for voltage control;
Its action reduces the distance of the actual voltage profile from the optimal one;

LN =

It presents a low computational burden and limited communication requirements, and transmis-
sion delays can be neglected;
It handles saturation of multiple DERs, regardless of the sign of voltage errors;

o o

In the presence of limited communication among DERs, the DCA still reaches convergence,
although its performance is affected.

The remainder of the paper is organized as follows. Section 2 presents the ADN model in steady-
state conditions. Section 3 illustrates the proposed cooperative strategy to avoid the windup. Section 4
discusses how the DCA works based on the previously described cooperative strategy. Section 4
reports the results of the numerical simulations developed for the IEEE 13-bus test feeder, and, finally,
Section 6 draws conclusions and future research directions.

2. System Model

To model the steady-state operation of an Active Distribution Network (ADN), the DistFlow equa-
tions are typically employed, taking advantage of the grid’s radial configuration [21]. Unfortunately,
such equations are nonlinear. A typical simplified model linearizes the DistFlow equations into the
LinDistFlow equations, which are derived by neglecting active and reactive power losses. From the

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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LinDistFlow equations, a graph-based matrix representation is obtained, as detailed in [22], that can
be partitioned by considering only the N nodes where DERs are connected, yielding.

AV=V-V'=TQ )

being V and Q the (N x 1) vectors of, respectively, DERs’ nodal voltages and reactive power injections,
VY represents the value of V for Q = 0 and T is the (N x N) matrix of sensitivity coefficients. In detail,
the generic element 7y;; of I' represents the sensitivity of the nodal voltage of i DER to the injection of
reactive power from j DER. In [22] it is shown that I is symmetric and positive definite; moreover it
is ;i > vij > O for all i and j by construction.

Each DER is equipped with a PI-based voltage control unit that regulates the voltage at the
connection node of the ADN to an assigned set point. The voltage regulation is obtained by acting on
the reactive power injected by the DER through the inverter, which interfaces the DER to the grid. For
this paper, the dynamic response of the DER voltage regulation is of no interest, and only steady-state
behavior is considered. The control unit guarantees that the following vector of steady-state voltage
eITors

eL2VP vV )

is null, where V*7 the (N X 1) is the vector of voltage set points. Usually, the value of V*7 is provided
by the network optimization task at the secondary control level to guarantee adequate voltage profiles
along the distribution feeders [23]. In the remainder, the vector of optimal set points is indicated as
VPP and the steady-state voltage regulation error referred to VS/°F! as

gL VI Vv 3)

3. Cooperative Strategy

In the absence of saturation, it has VP = VPPt and, consequently, e = & = 0. However, due to
the voltage variations caused by, for example, changes in loads, active powers injected by DER, and
supplying substation operating conditions, the reactive power output of the DER inverter may exceed
its maximum given by the capability chart. In such circumstances, the reactive current of the inverter
reaches its limit, the control unit saturates, and a non-zero steady-state error appears.

To avoid the windup, the proposed cooperative strategy introduces a variation of the set points as
follows

VP = VSPOPE L AVSP (4)

asking also the unsaturated DERs to participate in solving the saturation. The aim is twice: to solve the
saturation of all DERs, obtaining a null value of € defined by (2); to reduce the distance of the overall
voltage profile from the optimal one, that is reducing the error € defined by (3). It is worth noticing
that changing the set point causes that e # &.

Let’s assume that the j DER suffers saturation and, consequently, a steady-state regulation
error €; = V;p ot Vj arises. Variations AV®F are evaluated by assigning a share of error €; to
each DER according to a weighted average principle, where the averaging weights account for the
different impact of each DER on &;. This impact is quantified by the elements of the (N x 1) vector v;
representing the transposed j* row of ' or, equivalently, the j* column of I'T. Then, normalizing the
elements of 1y}, the vector of the weights w is derived as

T )

where "y]- ‘ . is the 1-norm of V- The normalization (5) guarantees a unitary sum of the elements of w,
that is |w|; = 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Using the elements w; of w as weights, the variations of the set points for all the unsaturated
DERs can be derived as
AVP = wig; fori#j (6)

whereas for the j" DER the variation AV].SP is composed of two terms
sp . ~
AV] = —6]' + ZUJE'] = —(1—w]) €]' (7)

to guarantee that YV | AViSp = 0.

The cooperative strategy represented by (5)—(7) can easily be extended to the general case in
which multiple DERs suffer reactive power saturation.

Normalizing the elements of I'" by column, the matrix of the weights is derived as

A=T"B (8)

where
B:diag{1/|71|1/1/|72|1,--~,1/|’YN|1} ©)

is the diagonal matrix whose j diagonal element is the reciprocal of "yj‘l. The normalization (8)

guarantees that the columns of matrix A have unitary sum, that is, Zfil ajj = 1,vj=1,...,N.
Moreover, from (8)-(9) and from the properties of the elements of I, it is derived that 1 > a;; > a;; > 0
for all i and j.

Then, (6)—(7) is cast in matrix form as

AV? = —Le& (10)

with
L=I-A 11)

being I the N x N identity matrix.

In the Appendix A, it is demonstrated that the eigenvalues of the matrix A are all real and positive,
being the largest eigenvalue A’}** = 1 with unitary multiplicity.

Concerning the matrix L = I — A, let y; be the right-eigenvector of A corresponding to the
eigenvalue A 4;; it results

Ly, = (1-A)y, =y, — Ay, =y, — Ay, = (1-Aa) y; (12)

Then, y; is also the right-eigenvector of L corresponding to the eigenvalue Ap; = 1 — A 4;. From (12)
and the properties of the eigenvalues of A, see (A3), it is trivial to derive that

0=A"" < (1=Agnoy)) ... < (1=Aap) <1 (13)

Consequently, L is a Laplacian matrix with N — 1 real eigenvalues, positive and smaller than a
unit, and a null eigenvalue A" = 0 with unitary multiplicity, corresponding to the eigenvector 1. The
smallest non null eigenvalue 1 — A 4y_1) is the Laplacian algebraic connectivity.

Finally, it can be shown that applying (10) reduces the distance of the voltage profile from the
optimal one concerning its starting value. The distance can be measured by the Euclidean norm
||VEPOPt — V||,. Then, the starting distance is the norm ||€||, of the steady-state regulation error, see (3).
Applying (10) the distance becomes, see (4)

1AV = [[L&|]2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The distance is reduced because it stands
[ILell2 < [[e]]2 (14)
In the Appendix B, the proof of inequality 14 is reported assuming N = 2 for the sake of readability.

4. Proposed DCA

An iterative algorithm implementing the cooperative strategy (10) is derived to update in real
time the value of the set point vector V7. At the k" iteration step, first the value e(k) of the vector of
steady-state voltage errors is evaluated as, see (2),

e(k) = V¥ (k—1) — V(k) (15)

In (15), the vector V*P(k — 1) represents the set points evaluated by the algorithm and sent to the local
voltage regulators at the previous iteration step; the vector V (k) represents the current actual values of
the measured voltages that can be assumed to be the steady-state response of the local voltage control
loops to the set points V*°7 (k — 1). Then, the vector of the voltage set points is updated according to
the rule

VP (k) = V*P(k—1) — Le(k) (16)

Since L is a Laplacian matrix, from the graph theory [24], it can be stated that there exists an
average equilibrium which is reached by the iterative algorithm (16). The convergence is not typically
reached with only one iteration for two reasons: i., the model (1) is approximated, and ii., the variations
of the voltage set points may cause some DERs previously operating in linearity to suffer saturation in
the following steps. The Laplacian algebraic connectivity is a measure of the speed of convergence of
the iterative algorithm [24].

Since each element of e(k) is available from the local voltage regulator of the corresponding DER,
each DER can send its voltage regulation error to all the other DERs and can receive, in turn, the errors
evaluated by all the other DERs. Then, once each DER has built the local image of the vector e(k),
the distributed implementation of the iterative algorithm (16) is straightforward. The j* DER stores
the elements of the j row of L and, at each iteration step, locally evaluates its new set point V;p (k)
according to (16). The block diagram of the DCA in the frame of the two-level architecture for voltage
control is sketched in Figure 1.

Secondary ADN Voltage Optlmlzatlon .
15 — 30 min.
Control
Level
Vi) A0 VP ()
Distributed DER; DER; DERy
Cooperative applies 1% applies 5" applies N*t" 1-2s.
Algorithm row in (16) row in (16) row in (16)
A A A
ft 33, 3
| H
VP (k) e1(k) Vjsp(k)' €;(k) V' (k) en (k)
Primary DER; DER; DERyN
Control Voltage Voltage Voltage real time
Level Control Control Control
Unit, Unit, Unit,

Figure 1. Block diagram of the distributed cooperative algorithm in the frame of the two-level architecture for
voltage control.
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In general, it is possible to remove the assumption of one-to-one data exchange among all the
DERs. Let’s assume that the i DER does not exchange the voltage regulation error with the j* DER.
Then, the elements 1;; and 7;; of matrix I in (1) are set to zero. All the developments concerning the
cooperative strategy are still valid. The matrix L remains a Laplacian matrix with the same properties,
provided that connectivity of the graph is guaranteed, that is, there is a communication path connecting
the i to the j" DER through other DERs. The convergence of the iterative algorithm is also guaranteed,
but the speed is decreased because the Laplacian algebraic connectivity is reduced.

The practical implementation of the DCA according to Figure 1 requires that its time step be large
enough to ensure the voltage control loop’s transient response decay. Moreover, it must be compatible
with the communication channel characteristics among the DERs. At the same time, it must be small
enough to guarantee that it can promptly account for the changes of the operating conditions between
two subsequent optimizations of the second control level. A time step on the order of one to a few
seconds is considered appropriate, see Figure 1. Moreover, a persistence interval can be implemented
to prevent premature algorithm activation, whereby each DER waits for a predetermined number
of consecutive time steps during which saturation is sustained before transmitting a non-zero error
signal to the other DERs. Finally, when at the time step /, see Figure 1, the secondary control level
evaluates and sends to the DERs the new optimal values of the set points, the DCA is reset by imposing
VP (0) = VPP (1)

5. Numerical Simulations

The schematic diagram of the simulated ADN is shown in Figure 2. It is obtained by duplicating
the IEEE 13-bus Test Feeder [25], and balancing both lines and loads. Therefore, the capacity of
the HV/MV transformer is doubled and set to 10 MVA. Three distributed energy resources (DERs)
are connected to each feeder. Each DER is capable of injecting up to 600 kW of active power and
can modulate its reactive power within approximately +300 kVAr (the actual value depends on the
operating conditions of the network node and the configuration of the filter at the point of common
coupling (PCC)). The full network load equals about 3 MW of active power and 2 MVAr of reactive
power. All simulations were performed using PSCAD/EMTDC® 4.5, and MATLAB® R2010b. The
local PI control units were designed according to the methodology presented in [26] and are the same
in all simulations. The reactive power saturation is locally managed by a classical SISO anti-windup
technique included in PSCAD/EMTDC® PI model. In particular, the conditional integration scheme,
also known as the integrator clamping scheme, is adopted. Referring to the j DER, according to
Figure 3, when the voltage control unit enters saturation, the input to the integrator is forced to zero.

FEEDER1

—
—+

FEEDER2

Figure 2. PSCAD representation of the considered ADN composed of two IEEE test feeders.
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The results of two case studies are presented and discussed in the following. Case study A: Load

connection. Case study B: Load disconnection. In both cases, the following four different scenarios were

analyzed, which differ only in the features of the DCA.

Scenario 1: The DCA is absent; consequently, when a DER control unit suffers saturation and the

steady-state voltage regulation error is not null, no variation is imposed on the set points of either the

saturated DER or the other DERs.

+

R;

Figure 3. Scenario 1: Local anti-windup scheme for the PI control unit of the j* DER.

Scenario 2: All six DERs exchange the local steady-state voltage error and, consequently, vary

their set points. The resulting Lagrangian matrix is

0.6407
-0.1704
-0.2761
-0.0647
-0.0647
-0.0647

-0.2306
0.7239
-0.2306
-0.0876
-0.0876
-0.0876

-0.2847
-0.1757
0.6608
-0.0668
-0.0668
-0.0668

-0.0834
-0.0834
-0.0834
0.7349
-0.2196
-0.2651

-0.0778
-0.0778
-0.0778
-0.2048
0.6431
-0.2048

-0.0720
-0.0720
-0.0720
-0.2287
-0.1895
0.6342

(17)

Scenario 3: DERs connected to the same feeder exchange the voltage errors, whereas, between

the two feeders, only DER3 and DER, exchange data. The resulting Lagrangian matrix is

0.5541

-0.2115

-0.3426
0.0
0.0
0.0

-0.3127

0.6255

-0.3127
0.0
0.0
0.0

-0.3286
-0.2028
0.6085
-0.0770
0.0
0.0

0.0
0.0
-0.1001
0.6819
-0.2636
-0.3181

0.0

0.0

0.0
-0.2672
0.5344
-0.2672

0.0

0.0

0.0
-0.2917
-0.2417
0.5334

(18)

Scenario 4: Some data exchanges among DERs connected to the same feeder are missing. More-

over, the communication between the DERs of the two different feeders is absent. The Lagrangian

matrix is not fully connected, resulting

0.5541

-0.2115

-0.3426
0.0
0.0
0.0

L=

-0.4551
0.4551
0.0
0.0
0.0
0.0

-0.4563
0.0
0.4563
0.0
0.0
0.0

0.0

0.0

0.0
0.6465
-0.2929
-0.3535

0.0
0.0
0.0

-0.3647

0.3647
0.0

0.0
0.0
0.0
-0.3847
0.0
0.3847

(19)

The DCA is implemented with a time step of 1 s and a persistence interval of 2 s for all Scenarios

2,3, and 4, which differ only in the communication structure of the DCA.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5.1. Case Study A — Load Connection

The network is assumed to supply half of the full network load. The active power injection of
DERs is equal to 300 kW, and the slack bus voltage is set to 1.03 pu.
The vector of the optimal set point is set equal to

VePort = [1.02, 1.00, 1.03, 1.00, 1.00, 1.00]”

Starting from steady-state operating conditions, at time t = 15 s, a load (0.5 MW-0.5 MVAr)
is connected to bus 23 of the second feeder (first perturbation). Subsequently, at time ¢t = 20 s,
an additional load (about 0.42 MW-0.23 MVAr) is connected to bus 9 of the first feeder (second
perturbation).

5.1.1. Case Study A — Scenario 1 — Local Classical Anti-Windup Technique (no DCA)

The time evolution of voltages and set points for the DERs is depicted in Figure 4, evidencing
the voltage perturbations introduced by the load connections at time instants t = 15sand t = 20 s.
The time evolution of the reactive powers injected by the DERs according to the action of the voltage
control units in response to the two perturbations is reported in Figure 5.

It is worth noticing that in this case and in all the rest of the cases, the reactive power injected
into the grid includes the reactive power injected by the inverter, which is subject to current saturation
limits, and the reactive power injected by the filter, which is connected between the inverter and the
grid.

From these figures, it is apparent that, after the response of the local voltage control units to
the first voltage perturbation caused by load connection along feeder 2, DER;5 suffers reactive power
saturation, and its voltage does not reach the optimal set point at steady-state. Since each control unit
acts by itself, no other units help to reduce the saturation effects. The set point is not varied according
to the local anti-windup scheme in Figure 3. Since the DCA is absent, no further action is present, and
there are no further transient variations of either voltage or reactive power injections for all the DERs
after the transient response to the voltage perturbation.

Similar considerations can be made concerning the time evolution after the second load connection
at time instant t = 20 s. In this case, DER3 suffers reactive power saturation after the transient response,
and its voltage does not reach the optimal set point at steady-state. Also, in this case, the setpoint is
not varied, and a non-null voltage error also appears for DER3, which is exactly on its saturation limit.

In conclusion, it can be stated that in this case, in the presence of saturation, non-null voltage
errors result.

To quantify the effect of saturation on the voltage profile, the values of the difference between the
optimal set points and the actual steady-state nodal voltages are reported in Table 1. In particular, the
first row refers to the steady-state operation after the first perturbation, whereas the second row refers
to the steady-state operation after the second perturbation. The last column reports the values of the
Euclidean norm representing the overall distance of the actual voltage profile from the optimal one.
From this table, it is apparent that
e after the first perturbation, DERs is the only DER presenting a non-null difference due to satura-

tion, and the Euclidean norm is equal to such a value;

e  after the second perturbation, also DER3 presents a non-null difference due to saturation, and the
difference for DERs is slightly increased; the Euclidean norm accounts for both these non-null
values.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 4. Case study A - Scenario 1: Time evolution of voltages and set points for each DER.
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Figure 5. Case study A - Scenario 1: Time evolution of reactive power injections by each DER.

Table 1. Case study A - Scenario 1: Difference between optimal set points and nodal voltages.

Vsp,opt _ V || Vsp,opt _ V ||2
Perturbation (103 p.u.) (103 p.u.)
DER; DER, DER; DER; DER; DERg
afterl 0.00 0.00 0.00 0.00 8.51 0.00 8.51
after2 0.00 0.00 2.74 0.00 8.67 0.00 9.09

5.1.2. Case Study A — Scenario 2 - DCA with Full Data Exchange Among DERs

The time evolution of voltages and set points and of the reactive power injections for all the DERs
are reported in Figures 6 and 7, respectively. Immediately after the two perturbations due to load
connections at time instants t = 15 s and t = 20 s, they present the same voltage control loop responses
as the ones in Scenario 1. The different behavior appears after the persistence interval of 2 s, that is at
t = 17 s, when the DCA varies the set points of all the DERs according to the matrix L in (17). From
the figures, it is apparent that the second group of three DERs that are connected to the second feeder
provides the largest contribution to counteract the saturation of DERs. It is related to the values of the
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coefficients of the 5 column of the matrix (17), which are derived from the sensitivity matrix I of the
physical model (1). Indeed, the reactive power injections of the DERs connected to the first feeder have
a small impact on the voltages of the second feeder, because they affect only the voltage drop on the
substation transformer. Similar considerations can be made for the second perturbation that concerns
a load connection along feeder 1, causing saturation of DER3, and the action of the DCA affecting
mainly the first three DERs that are connected to the same feeder 1. Finally, from Figure 6, it is evident
that after both the saturation events, the DCA reaches convergence in two to three steps of iteration.
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Figure 6. Case study A - Scenario 2: Time evolution of voltages and set points for each DER.
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Figure 7. Case study A - Scenario 2: Time evolution of reactive power injections by each DER.

For the sake of comparison with Scenario 1, the results in terms of the difference and the distance
between the optimal and the actual voltage profiles are reported in Table 2. In particular, the first and
the second row refer to the values reached at convergence of the DCA, respectively, after the first and
the second perturbation. Analyzing the values in Table 2, it can be observed:

e the DCA with full data exchange involves all the DERs introducing a non-null value of the
difference for all the DERs; in particular, the DERs that do not suffer saturation present a negative
voltage difference because they cooperate to reduce the positive voltage difference of the saturated
DERs.

e after the first perturbation, the largest contribution (represented by the largest absolute value of
the negative voltage differences) is provided by DER4 and DERg that are connected to the same
feeder as DER5, which suffers saturation;

e  after the second perturbation, the largest changes of the voltage variations with respect to the
variations in the first row concern DER; and DER; that are connected to the same feeder as DER3,
which suffers saturation.
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Table 2. Case study A - Scenario 2: Difference between optimal set points and nodal voltages.

Vsp,opt N v ” Vsp,opt -V ||2
Perturbation (103 p.u.) (103 p.u.)
DER; DER, DER; DER, DERs DERg
after 15 -083 -083 -083 -218 694 -2.18 7.73
after 2" -194 -152 165  -251 6.84  -251 8.26

Comparing the results in Table 2 with the corresponding ones in Table 1, it is apparent that after
both saturation events, the action of the DCA reduces the distance of the actual voltage profile from
the optimal one with respect to the local anti-windup classical techniques. Numerically, from the last
column it is apparent that the DCA reduces the Euclidean norm of the distance by about 9%.

5.1.3. Case Study A — Scenario 3 — DCA with Limited Data Exchange Between the DERs of Different
Feeders

Concerning the transients of voltages and reactive power injections, the dynamics do not signifi-
cantly differ from Scenario 2, so the related graphs are omitted for brevity. Attention is focused only on
the different steady-state operating conditions that are obtained due to the set point changes imposed
by DCA in the case of saturation. It is important to report that the algorithm reaches convergence in
this scenario in three steps.

Similarly to the other scenarios, the steady-state results in terms of the difference and the distance
between the optimal and the actual voltage profiles are reported in Table 3. In particular, the first and
the second row refer to the values reached at convergence of the DCA, respectively, after the first and
the second perturbation.

After the first perturbation, the DCA changes to set points of the second group of three DERs
connected to the second feeder to counteract the saturation of DERs5. In contrast, the DCA does not
act on the DERs connected to the first feeder. It is due to the zero values of the coefficients of the
fifth column of the matrix (18) that cause no action of the DERs of the first feeder in response to the
saturation of DERs. Similar considerations can be made for the second perturbation that concerns a
load connection along the first feeder, causing saturation of DER3. The DCA action mainly affects the
first three DERs connected to the same feeder, and marginally DER4. The very small variations of
DERs5 and DER; are induced by the action of the other DERs. Analyzing the values in Table 3, it can be
stated:
¢ the DCA with partial data exchange can involve only part of the DERs, introducing negligible

values of the difference for some of them; for example, see the zeros for the DERs of the first

feeder after the first perturbation that causes saturation of DER5 on the second feeder;

*  after the first perturbation, the larger voltage variations concern the DER4 and DERg that are
connected to the same feeder as DERg, which suffers saturation;

¢  after the second perturbation that brings DER3 into saturation, the larger increase of the absolute
value of the voltage variations concerns the DER;, according to the elements of the third column

of matrix (18).

Comparing the last column in Table 3 with the corresponding one in Table 1 for Scenario 1, it is
apparent that the action of the DCA reduces the distance of the actual voltage profile from the optimal
one, after both saturation events. Numerically, the Euclidean norm of the distance is reduced by about
10%, which is even slightly better than Scenario 2. The reason is related to the small effect that the
reactive power injections of the DERs of one feeder have on the voltages of the other feeder, and
consequently, reducing the communication among the DERs of the different feeders does not have a
significant impact on the performance of the DCA in terms of voltage profile enhancement.
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Table 3. Case study A - Scenario 3: Difference between optimal set points and nodal voltages.

Vsp,opt N v4 || Vsp,opt N 74 ”2
Perturbation (103 p.u.) (103 p.u.)
DER, DER, DER; DER, DERs DERg
after 1% 0.00 0.00 0.00 -3.08 6.34 -3.08 7.69
after 2" -1.04 -0.64 1.92 -3.39 6.30 -3.15 8.14

5.1.4. Case Study A — Scenario 4 — DCA with Limited Data Exchange Between the DERs of the Same
Feeder and No Data Exchange Among the DERs of Different Feeders

For the same reasons as in Scenario 3, the graphs with the time evolution of voltages and reactive
powers are omitted for brevity. The algorithm reaches convergence in this scenario in three to four
steps; as expected, the convergence is slowed down due to the presence of several zero elements in
matrix (19).

Similarly to the other scenarios, the results in terms of the difference and the distance between the
optimal and the actual voltage profiles are reported in Table 4. In particular, the first and the second
row refer to the values reached at convergence of the DCA, respectively, after the first and the second
perturbation.

After the first perturbation, DERs is brought into saturation and the DCA changes the set points of
DER5 and DERy to counteract the saturation effects. As for Scenario 3, the DERs connected to the first
feeder do not contribute, and, in addition, also DERg is not involved. It is due to the corresponding
zero element in the fifth column of matrix (19). Similar considerations can be made for the second
perturbation that causes saturation of DER3. Such saturation is counteracted by the action on the
only DERy, see the zero elements of the third column of matrix (19). The variations of the voltages on
the second feeder caused by DCA action on DER; cause the DCA action with some small set point
corrections also for the DERs and DERy of the second feeder. Analyzing the values in Table 4, it can be
observed:
¢ the DCA with very limited data exchange can involve only a few of the DERs;

*  after the first perturbation, causing saturation of DERs, the only voltage variations concern the

DERy4 and DERs itself;
¢  after the second perturbation, causing saturation of DER3, the only significant voltage variations

concern the DER; and DERj itself.

Table 4. Case study A - Scenario 4: Difference between optimal set points and nodal voltages.

Vsp,opt N v ” Vsp,opt . v ||2
Perturbation (103 p.u.) (103 p.u.)
DER; DER, DER; DER, DERs DERg
after 1% 0.00 0.00 0.00 -5.20 6.04 0.00 7.97
after 2" -1.76 0.00 1.77 -5.85 5.85 0.00 8.64

Comparing the last column in Table 4 with the corresponding one in Table 1, it is apparent that
the action of the DCA still reduces the distance of the actual voltage profile from the optimal one, after
both saturation events. However, the Euclidean norm of the distance is reduced by about 5-6%, which
is less than Scenarios 3 and 4.

5.2. Case Study B — Load Disconnection

The network is assumed to supply half of the full network load. The active power injection of
DERs is equal to 300 kW, and the slack bus voltage is set to 1.03 pu.
The vector of the optimal set point is set equal to

VEPort — (1,03, 0.985, 1.02, 1.00, 0.98, 1.00]”
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The starting steady-state operating conditions include the presence of two additional loads,
namely the first load (0.5 MW-0.5 MVAr) at bus 23 of the second feeder and the second load (0.42
MW-0.23 MVAr) at bus 9 of the first feeder. At time t = 15 s, the first load is disconnected (first
perturbation) and, then, at time ¢ = 20 s, also the second load is disconnected (second perturbation).

5.2.1. Case Study B — Scenario 1 — Local Classical Anti-Windup Technique (no DCA)

The time evolution of voltages and set points for the DERs is depicted in Figure 8, evidencing
the two voltage perturbations introduced by the load disconnections at time instants, respectively,
t = 15sand t = 20 s. The time evolution of the reactive powers injected by the DERs according to
the action of the voltage control units in response to the two perturbations is reported in Figure 9.
From these figures, it is apparent that, after the response of the local voltage control units to the first
voltage perturbation caused by load connection along the second feeder, DER5 suffers reactive power
saturation, reaching its minimum value around -300 kVAr. Consequently, its voltage does not reach
the optimal set point at steady-state. Since each control unit acts by itself, no other units help to
reduce the saturation’s effects. The set point is not varied according to the local anti-windup scheme in
Figure 3. Since the DCA is absent, no further action is present, and there are no subsequent variations
of either voltage or reactive power injections for all the DERs, which simply adapt themselves to the
new equilibrium state. Since the DCA is absent, no further action is present, and there are no further
transient variations of either voltage or reactive power injections for all the DERs after the transient
response to the voltage perturbation.

Similar considerations can be made concerning the time evolution after the second load discon-
nection at time instant ¢ = 20 s. In this case, DER; suffers reactive power saturation, reaching its lower
limit of about -300 kVAr after the transient response, and its voltage does not reach the optimal set
point at steady-state. Also, in this case, the setpoint is not varied, and a non-null voltage error also
appears for DER,, which is exactly on its saturation limit.

In conclusion, it can be stated that in this case, in the presence of saturation, non-null voltage
errors result.
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Figure 8. Case study B - Scenario 1: Time evolution of voltages and set points for each DER.

). Distributed under a Creative Colr ns CC BY license.



https://doi.org/10.20944/preprints202506.0643.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 June 2025 d0i:10.20944/preprints202506.0643.v1

17 of 26
—_
] -
> 240 ‘
=
24
—
& 220
53}
=)
O 200k | | ! \ \ \ \ |
14 16 18 20 22 24 26 28 30
t[s]
—
5 260 F
Z onl
~ -280 -
& 200
3 \
O 300 ! ! ! I I I I \
14 16 18 20 22 24 26 28 30
t[s]
g 260 ‘
> 240
= oo0b
& 200
D a0l
A 180
O 60 ! ! ! I I I I ]
14 16 18 20 22 24 26 28 30
t[s]
—
3
< 1001
S
o O
A
O b ! ! ! I I I I ]
14 16 18 20 22 24 26 28 30
t[s]
5 50—
>
=4, -200
&
5 -250 [ ‘L
O oo I I ] I I I I ]
14 16 18 20 22 24 26 28 30
t[s]
— 200k
£
>
24 150 (-
=
E.: 100 — k/
L
<o ! ! ! ! ! ! ! |
14 16 18 20 22 24 26 28 30

t[s]

Figure 9. Case study A - Scenario 1: Time evolution of reactive power injections by each DER.

To quantify the effect of saturation on the voltage profile, the values of the difference between the
optimal set points and the actual steady-state nodal voltages are reported in Table 5. In particular, the
first row refers to the steady-state operation after the first perturbation, whereas the second row refers
to the steady-state operation after the second perturbation. The last column reports the values of the
Euclidean norm representing the overall distance of the actual voltage profile from the optimal one.
From this table, it is apparent that
*  after the first perturbation, DERs is the only DER presenting a non-null difference due to satura-

tion, and the Euclidean norm is equal to such a value;

e  after the second perturbation, also DER; presents a non-null difference due to saturation, and the
difference for DERs is slightly increased; the Euclidean norm accounts for both these non-null
values.
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Table 5. Case study B - Scenario 1: Difference between optimal set points and nodal voltages.

ysport _y H ysport _y ”2
Perturbation (103 p.u.) (103 p.u.)
DER; DER, DER; DER, DERs; DERg
after 1% 0.00 0.00 0.00 0.00 -11.91 0.00 11.91
after 27 0.00 -815 0.00 0.00 -1214 0.00 14.63

5.2.2. Case Study B — Scenario 2 - DCA with Full Data Exchange Among DERs

The time evolution of voltages and set points and of the reactive power injections for all the DERs
are reported in Figures 10 and 11, respectively. They present the same voltage perturbations and
voltage control loop responses to the load disconnection at time instants f = 15s and ¢ = 20 s as the
ones in Scenario 1. The different behavior appears after the persistence interval of 2 s, thatisatt = 17's,
when the DCA varies the set points of all the DERs according to the matrix L in (17). From the figures,
it is apparent that the second group of three DERs that are connected to the second feeder provides the
largest contribution to counteract the saturation of DERs. It is related to the values of the coefficients
of the 5" column of the matrix (17). Similar considerations can be made for the second perturbation
that concerns a load disconnection along the first feeder, causing saturation of DER;, and the action
of the DCA affecting mainly the first three DERs that are connected to the same feeder. Finally, from
Figure 10, it is evident that after both the saturation events, the DCA converges in two to three steps.

Similarly to Scenario 1, the results in terms of the difference and the distance between the optimal
and the actual voltage profiles are reported in Table 6. In particular, the first and the second row refer to
the values reached at convergence of the DCA, respectively, after the first and the second perturbation.
Analyzing the values in Table 6, it can be observed:
¢ the DCA with full data exchange involves all the DERs introducing a non-null value of the

difference for all the DERSs; in particular, the DERs that do not suffer saturation present a positive

voltage difference because they cooperate to reduce the negative voltage difference of the saturated

DERs.

*  after the first perturbation, the largest contribution (represented by the largest value of the positive
voltage differences) is provided by DER4 and DERy that are connected to the same feeder as
DERs5, which suffers saturation;

*  after the second perturbation, the largest changes of the voltage variations with respect to the
variations in the first row concern DER; and DER; that are connected to the same feeder as DER3,
which suffers saturation.

Comparing the last column in Table 6 with the corresponding one in Table 5, it is apparent that the DCA

action reduces the distance of the actual voltage profile from the optimal one, after both saturation

events. Numerically, the DCA reduces the Euclidean norm of the distance by 9%.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0643.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 June 2025 d0i:10.20944/preprints202506.0643.v1

19 of 26
1.082 —
5 \
j=]
1.08 i 1 \ v
L ~ VDER1
1.028 *VE‘Em
1.026 = | | | | [ [ [
14 16 18 20 22 24 26 28 30
t[s]
0.995 —

—_ L

5 o099l —

= v

A DER2
B
0:989 i ! ’ I I ! ! ! ! - !
14 16 18 20 22 24 26 28 30
t[s]
1.026 —

— 1.024 —

S 1.022 -

.E:‘ 1.02 T 1 & 7VDEH3
1.018 — L — Vokrs
1.016 | | | | [ [ [

14 16 18 20 22 24 26 28 30
t[s]

— 1.005 —

=]

A 1 —VoeRs

L—n . - *Véﬁzm
0.995 = | | | [ [ [ [
14 16 18 20 22 24 26 28 30
t[s]
1=
0995 —
= L
- 099
&0.985 L — Voers
s
0.98 T | | | | | ‘ | DERS |
14 16 18 20 22 24 26 28 30
t[s]
1.01 —

—

S 1.005 -

&~ ; —Voers

| 1 y 7VstEHS
0.995 = | | | [ [ [ [
14 16 18 20 22 24 26 28 30
t[s]

Figure 10. Case study B - Scenario 2: Time evolution of voltages and set points for each DER.
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Figure 11. Case study B - Scenario 2: Time evolution of reactive power injections by each DER.

Table 6. Case study B - Scenario 2: Difference between optimal set points and nodal voltages.

Vsp,opt N 74 || Vsp,opt I 74 ||2
Perturbation (1073 p.u.) (103 p.u.)
DER; DER, DER3 DERy; DERs; DERg
after 15 1.16 1.16 1.16 3.05 -9.67 3.05 10.78
after 2™ 3.51 -6.02 3.51 4.05 -9.10 4.05 13.29

5.2.3. Case Study B - Scenario 3 - DCA with Limited Data Exchange Between the DERs of Different
Feeders

For the same reasons as in Case study A — Scenario 3, the graphs with the time evolution of
voltages and reactive powers are omitted for brevity. The algorithm reaches convergence in this
scenario in three to four steps.

Similarly to the other scenarios, the steady-state results in terms of the difference and the distance
between the optimal and the actual voltage profiles are reported in Table 3. In particular, the first and
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the second row refer to the values reached at convergence of the DCA, respectively, after the first and
the second perturbation.

After the first perturbation, the DCA changes to set points of the second group of three DERs
connected to the second feeder to counteract the saturation of DERs. In contrast, the DCA does not
act on the DERs connected to the first feeder. It is due to the zero values of the coefficients of the
fifth column of the matrix (18) that cause no action of the DERs of the first feeder in response to the
saturation of DERs. Similar considerations can be made for the second perturbation that concerns a
load disconnection along the first feeder, causing saturation of DER;. The DCA action mainly affects
the first three DERs connected to the same feeder, and marginally DER4, DER5, and DER¢. Analyzing
the values in Table 7, similar conclusions can be drawn as the ones itemized in the previous Case study
A —Scenario 3.

Table 7. Scenario 3 - Difference between optimal set points and nodal voltages.

ysport _y ” ysport _y ||2
Perturbation (103 p.u.) (103 p.u.)
DER; DER, DER; DER, DERs; DERq
after 1% 0.00 0.00 0.00 429 883 429 10.72
after 2™ 3.08 -616  3.08 443 885 443 13.20

Comparing the last column in Table 7 with the corresponding one in Table 5, it is apparent that
the action of the DCA reduces the distance of the actual voltage profile from the optimal one, after both
saturation events. Numerically, the Euclidean norm of the distance is reduced by about 10%, which is
even slightly better than Scenario 2. The conclusion is that reducing the communication among the
DERs of the different feeders has no significant impact on the performance of the DCA in terms of
voltage profile enhancement.

5.2.4. Case Study B — Scenario 4 - DCA with Limited Data Exchange Between the DERs of the Same
Feeder and No Data Exchange Among the DERs of Different Feeders

For the same consideration as in Case study A — Scenario 3, the voltage and reactive power trends
are omitted for brevity. Also, in this case, the algorithm continues to converge in three to four steps.

Similarly to the other scenarios, the results in terms of the difference and the distance between the
optimal and the actual voltage profiles are reported in Table 8. In particular, the first and the second
row refer to the values reached at convergence of the DCA, respectively, after the first and the second
perturbation.

After the first perturbation, DERs5 is brought into saturation, and the DCA changes the set points
of DER5 and DERy to counteract the saturation effects. As for Scenario 3, the DERs connected to the
first feeder do not contribute, and, in addition, also DERy is not involved. It is due to the corresponding
zero element in the fifth column of matrix (19). The second perturbation causes saturation of DER;.
Such saturation is counteracted by the action on the only DER;, see the zero elements of the third
column of matrix (19). The variations of the voltages on the second feeder caused by DCA action on
DER; cause the DCA action with some set point corrections also for the DERs and DERy of the second
feeder. These latter corrections also cause the saturation of DERy4, which is counteracted by the DCA
acting on the set point of DERg, according to the non-null elements of the fourth column of matrix (19).

Analyzing the values in Table 8, similar conclusions can be drawn as the ones itemized in the
previous Case study A — Scenario 4. The additional observation is that after the two perturbations,
there are three DERs at their saturation limits, whereas in all the other Scenarios saturation concerns
only two DERs.
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Table 8. Scenario 4 - Difference between optimal set points and nodal voltages.

Vsp,opt N v ” Vsp,opt -V ||2
Perturbation (103 p.u.) (103 p.u.)
DER; DER, DER; DER, DERs DERg
after 1% 0.00 0.00 0.00 6.48 -8.78 0.00 10.91
after 24 6.40 -6.40 0.00 6.51 -8.46 1.76 14.10

Comparing the last column in Table 8 with the corresponding one in Table 5, it is apparent that
the action of the DCA still reduces the distance of the actual voltage profile from the optimal one, after
both saturation events. However, the Euclidean norm of the distance is reduced by about 8% after
the first perturbation and 4% after the second perturbation, which is less than Scenarios 3 and 4. The
worse performance after the second perturbation is related to the additional saturation of DERy.

5.3. Discussion and Comparison Among the Scenarios

By comparing the results obtained in the considered scenarios, it can be stated that the DCA
reaches convergence in a few steps, from two to four steps; the number of steps increases with
the decrease of direct data exchange among DERs, according to the corresponding decrease of the
Laplacian algebraic connectivity. Concerning the effectiveness of cooperation, it can be concluded that
the DCA generally provides an improvement of the voltage profile with respect to Scenario 1. The
distance from the optimal voltage profile is reduced by about 9% with the Scenario 2, by about 10%
with the Scenario 3, and by about 4-8% with the Scenario 4. From these results, it can be stated that the
data exchange is relevant for the performance of the DCA, provided that it concerns DERs that are
significantly coupled in the sensitivity matrix I.

The considered scenarios present different steady-state values of the reactive power injections by
the DERs, because of the different cooperation among the DERs. To quantify this effect, Tables 9-10
report, respectively for the case study A and B, the variations of the reactive power injection of each
DER caused by the DCA action for Scenarios 2, 3, and 4, assuming as reference the corresponding
value of the reactive power injection in Scenario 1. Moreover, the last columns of the tables report the
overall reactive power variations, calculated as the sum of the absolute values of the six variations.
From the analysis of Tables 9-10, it is evident that, when full exchange of the voltage errors takes
place among all the DERs, i.e. Scenario 2, the variations of the reactive power injections of the DERs
which do not suffer saturation present the same sign, i.e. they are all positive in the case study A and
all negative in the case study B. This is not always true when some data exchange is missing and,
consequently, some DERs present values with the discordant sign. Moreover, it is evident that DERy,
which presents the largest contribution in terms of reactive power variation, in Scenarios 3 and, even
more, 4, is subject to larger variations. Finally, the values of the sum in the last column give further
evidence that reducing the data exchange among the DERs, from Scenario 2 to Scenario 3 and, further,
to Scenario 4, increases the overall reactive power variation. The above considerations are important
because they imply that in Scenarios 3 and, especially, 4, the risk of further DERs suffering saturation
after the DCA intervention is higher with respect to Scenario 2, which guarantees a better cooperation
and sharing of the reactive power variation among the DERs. This is also testified for Scenario 4 by
the fact that, after the second perturbation in the case study B, there is an additional DER reaching
saturation with respect to the other Scenarios.
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Table 9. Case study A - Variation of reactive power with respect to Scenario 1.

AQ Y|AQ|
Perturbation (kVAr) (kVar)
DER; DER, DER3; DERy; DERs DERg

Scenario 2 2.4 1.7 2.1 63.4 0.5 9.5 794

after 19 Scenario 3 -6.6 5.3 54 95.3 0.7 14.1 127.4
Scenario 4 9.8 -7.8 -8.0 201.6 0.7 -39.2 267.2

Scenario2  13.4 6.9 0.3 70.3 0.6 10.5 102.0

after 2" Scenario 3 2.7 2.7 0.2 103.3 0.7 12.1 121.7
Scenario 4 8.4 -15.3 0.3 2235 0.8 -44.8 293.1

Table 10. Case study B - Variation of reactive power with respect to Scenario 1.

AQ Y|AQ|

Perturbation (kVAr) (kVar)

DER; DER, DER; DERy; DERs DERg

Scenario2  -3.6 2.4 2.9 -86.6 0.7 -12.7 108.9

after 19 Scenario 3 9.3 7.2 7.5 -129.3 09 -19.0 173.3
Scenario4  12.3 9.6 9.9 -241.2 0.9 494 323.3

Scenario2  -24.1 0.6 225  -107.0 0.9 -15.9 171.0

after 2" Scenario3  -19.0 0.6 -17.7  -119.8 1.0 -17.7 175.8
Scenario4  -61.7 0.5 28.0 -214.8 1.1 30.3 336.4

6. Conclusions

In the frame of a two-level decomposition of the voltage control problem in ADN, the objective of
avoiding a non-zero steady-state voltage error due to the wind-up of a voltage control unit caused
by the saturation of the reactive power of DERs has been pursued. A cooperative strategy has been
defined based on the idea of distributing the error among all control units, and a distributed cooperative
algorithm has been derived. Each DER is equipped with the proposed DCA that, based on a share
of the received errors, evaluates a variation of the voltage set point that desaturates all DERs and
determines a voltage profile closer to the optimal one. The share of the errors is determined on the basis
of an average weights that account for the different impact of each DER on the saturated DERs. From
the numerical simulations, it can be stated that the DCA always reaches convergence and improves
the actual voltage profile, reducing its distance from the optimal set points. Concerning the cases of
limited data exchange among the DERs, it has been proved that the missing communication between
two DERs has a significant impact on the performance of the DCA only if the electrical coupling
between the two DERs is significant. Future research is investigating different approaches to define
the weights to improve the performance of the DCA in terms of the reduction of the distance of the
obtained voltage profile from the optimal one.

Appendix A

In the remainder, it is shown that the eigenvalues of the matrix A defined by (8) are all real and
positive, and the largest eigenvalue is A}"* = 1 with unit multiplicity.

Let us begin by observing that the matrix A has a unitary eigenvalue. Defining 1 the row vector
with all unit elements, from the property of the unitary sum of all columns of A, it is trivial to verify
that 1 is the left-eigenvector associated with the unitary eigenvalue, that is

1TA=1"
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The remaining N — 1 eigenvalues are real and positive. Since I is invertible, A is also invertible
and has no null eigenvalues. Moreover, suppose that x; is the i-th left-eigenvector of the eigenvalue

Aai #0
Apix] =x]A=xITTB

Post-multiplying first by B~!
AAix;T B != xiT r’ (A1)

and then by x;, it yields
/\Ai<xl-T B! xi) = xl-T r’ b

Since B~! and I'T are symmetric and positive definite, it follows that xl-T B~ !x; and xl-T I'T x; are
real and positive. Hence, A 4; is also real and positive.

Since all elements of A are real and positive, according to the Perron-Frobenius theorem [27],
A = 1 has unitary multiplicity.

Now, consider the eq. (A1) written in term of 1-norm

T
Tp-1
Aa, (x,. B ‘1 - )(rxi) )1 — ‘l"xi 1 (A2)
Since B~! = diag{|y;[1} it has
_— N N
)xi B~ ’1 =) ’|’h‘|1 xil = Y |xil [vilh
i=1 i=1
Moreover
N N, N N N N N
’in =) ’(in)j‘ = Z‘ Z'ijxk‘ <YY ekl = XY vielx
1 j=1 j=1' k=1 j=1 k=1 j=1 k=1
N N N —_—
= Y bl Yo = Y el ek = [+ B,
k=1 j=1 k=1
Then, from (A2) it is apparent that A 4; <1Vi=1,...N.
In conclusion, it has been shown that
O<)\A1§/\A2§...SAA(N_1)<A%ax=1 (A3)

Appendix B

In the remainder, inequality (14) is demonstrated assuming, for the sake of readability, the case
with two DERs (N = 2). Expanding the matrix product L , it can be written

ILel3 = |le]; — a1 ef — a2 €3 — 2y erer (A4)

with
w;, = Zaii—alzi—a]zi fori=1,2andj#i (A5)
v = ap(l—an) + an(l—ax) (A6)

Then, using (A4) it is trivial to verify that inequality (14) stands iff

o e% + ap e% +2ve€16p >0 (A7)
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Thanks to the properties of the elements of A, itisa; > a;; > 0and aj; =1 —a;, fori=1,2and j # i.
Consequently from (A5) it can be written

a; > 2a; — 2&1121 = 2aiiu]-i > 26!121- >0 (A8)

and equation (A6) becomes
Y = 2apay (A9)

Using (A8) and (A9), the following sufficient conditions for inequality (A7) is derived

a7y €1 + a3; €5+ 2a12 4z €163 > 0 (A10)

which is always standing because the right-hand side is equal to (a12 € + 421 €2)?. Indeed, inequal-
ity (A10) is not valid in a strict sense for the condition a1, €1 = — a1 €2. Nevertheless, substituting
such a condition directly into the inequality (A7), it is trivially verified that (A7) stands in a strict sense.
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