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Abstract: This work presents a comprehensive investigation of the gravitational phenomena that
correspond to a non–commutative charged black hole, by incorporating non–commutative geom-
etry through a (r, θ) Moyal twist. We derive the deformed metric up to the second order of non–
commutative parameter Θ, utilizing the Seiberg–Witten map for Reissner–Nordström black hole.
We explore how non–commutativity modifies key thermodynamic properties, such as the Hawking
temperature and heat capacity, and the existence of a remnant mass at the final stage of the evapora-
tion. Additionally, the study of Hawking radiation for bosonic and fermionic particles is discussed.
Applying a perturbative method, scalar quasinormal modes are analyzed numerically. Furthermore,
null geodesics and photon sphere stability are explored via curvature and topological methods. The
shadow radius and deflection angle are computed to understand observational signatures. Lens-
ing observables are compared to Event Horizon Telescope (EHT) observations to provide probable
constraints on the non-commutativity parameter. This study bridges theoretical predictions with
astrophysical observations, offering insights into quantum gravity effects on black hole physics.

Keywords: quantum gravity; noncommutativity; black hole; thermodynamic; shadow radius

1. Introduction
In the framework of general relativity (GR), black holes arise as fundamental solutions to Einstein’s

field equations. However, the classical description of these objects becomes inadequate at the Planck
scale, where quantum gravitational effects are expected to dominate. A common aspect of several
quantum gravity candidates, including string theory and matrix models, is the emergence of a minimal
length scale. Although many approaches, such as string theory and loop quantum gravity, have
made progress in describing quantum aspects of spacetime, there is currently no conclusive theory of
quantum gravity, which motivates the study of non–commutative (NC) spacetimes [1–5] as a candidate
with geometrical approach. NC geometry introduces a deformation of the spacetime manifold through
noncommuting coordinates, typically written as

[xµ, xν] = iΘµν, (1)

where Θµν is a constant antisymmetric matrix that characterizes the spacetime deformation. This de-
formation yields a fundamental length scale below which the classical concept of spacetime continuity
ceases to apply. Such ideas emerge naturally from string theory, matrix models, making NC geometry
a compelling framework for encoding Planck–scale corrections [6–9].

Various approaches have been presented to include NC adjustments into gravity, including the
smearing of matter sources [10–13], use of the Moyal star product [14], and more systematically,
the application of the Seiberg–Witten (SW) map [15–19]. The SW map provides the expansion of
NC fields in terms of their commutative counterparts, ensuring gauge covariance and offering a
controlled framework for embedding NC effects into gravitational systems. This approach has been
vastly applied in the investigation of black hole physics in NC spacetime in recent years [20–28]. NC
black holes have been shown to regularize curvature singularities [10,11], modify thermodynamic
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characteristics including the Hawking temperature and entropy [12,29–32], and yield potentially
observable signatures in gravitational wave signals and shadow profiles [33–37].

In this work, we follow the NC modifications of black hole solutions introduced in Ref. [38] and
investigate the imprint of the NC framework on a charged black hole. We introduce a Moyal–type
twist in the (r, θ) coordinate sector and construct a consistent NC-deformed metric by applying the
Seiberg–Witten map to the vierbein fields. Second-order corrections to the spin connection are included
to ensure consistency up to O(Θ2), which captures subtle quantum corrections.

Our analysis spans several interconnected aspects of NC black hole physics. We start by exam-
ining the thermodynamic characteristics of the NC-Reissnerr Nordstroöm black hole, including the
modification of the Hawking temperature. We also explore quantum tunneling of both bosonic and
fermionic particle modes, revealing deformation–induced shifts in the radiation spectrum. A major
challenge in this context is the computation of quasinormal modes (QNMs), which express the black
hole’s response to external perturbations. In NC spacetimes, the equation for scalar perturbations
becomes highly nontrivial due to the complex form of the metric functions. We address this by deriv-
ing a Schrödinger–like master equation through a novel numerical solution via perturbation method
[33–35] and compute QNMs, using the WKB approximation. Moreover, we investigate the structure of
the photon sphere, which governs key observational features such as black hole shadows. The stability
of the photonic sphere is explored via both curvature and topological approaches. We compute the
shadow radius and the deflection angles in the NC geometry and compare our predictions of the
lensing observables with Event Horizon Telescope (EHT) observations of M87∗ and SgrA∗. These
comparisons allow us to check the probable constraints on the NC deformation parameter Θ, thereby
assessing the observational viability of NC gravity models.

In summary, this work presents a comprehensive investigation of a charged black hole in a
non–commutative spacetime. By connecting theoretical predictions with observational data, we aim to
bridge the gap between quantum gravity models and astrophysical measurements, providing potential
empirical opportunities to explore the physics of spacetime at the smallest scale.

2. Non–Commutative Charged Black Hole
The non–commutativitive (NC) spacetime is introduced through the fundamental commutation re-

lation in Equation (1). Following the methodology outlined in Ref. [38], we derive the non-commutative
corrections to the Reissner–Nordström metric, with further details available therein. The Moyal twist
element is defined as

F = exp
(
− i

2
Θµν∂µ ⊗ ∂ν

)
, (2)

which induces the star product between functions

f ⋆ g = · ◦
(
F−1 f ⊗ g

)
. (3)

The gauge transformation in the NC framework becomes

δ̂λ̂ω̂µ = ∂µλ̂ + i[λ̂, ω̂µ]⋆, (4)

where the star commutator is
[λ̂, ω̂µ]⋆ = λ̂ ⋆ ω̂µ − ω̂µ ⋆ λ̂. (5)

Following Seiberg–Witten map, the next expansion for the deformed tetrad fields is provided

êa
µ(r, Θ) = ea

µ(x)− iΘνρea
µνρ(x) + ΘνρΘλτea

µνρλτ(x) +O(Θ3), (6)
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with

ea
µνρ =

1
4

[
ωa c

ν ∂ρ ed
µ +

(
∂ρ ωa c

µ + Ra c
ρµ

)
ed

ν

]
ηc d, (7)

ea
µνρλτ =

1
16

[
2
{

Rτν, Rµρ

}ab
ec

λ − ωa b
λ

(
Dρ Rc d

τµ + ∂ρ Rc d
τµ

)
em

ν ηd m

−
{

ων,
(

Dρ Rτµ + ∂ρ Rτµ

)}ab
ec

λ − ∂τ

{
ων,

(
∂ρ ωµ + Rρµ

)}a b
ec

λ

− ωa b
λ ∂τ

(
ωc d

ν ∂ρ em
µ +

(
∂ρ ωc d

µ + Rc d
ρµ

)
em

ν

)
ηd m

+ 2 ∂ν ωa b
λ ∂ρ∂τ ec

µ − 2 ∂ρ

(
∂τ ωa b

µ + Ra b
τµ

)
∂ν ec

λ −
{

ων,
(
∂ρ ωλ + Rρλ

)}a b
∂τ ec

µ

−
(

∂τ ωa b
µ + Ra b

τµ

) (
ωc d

ν ∂ρ em
λ +

(
∂ρ ωc d

λ + Rc d
ρλ

)
em

ν ηd m

)]
ηb c

− 1
16

ωa c
λ ωd b

ν e f
ρ Rg m

τµ ηc d η f g ηb m , (8)

and the spin connection fields are expressed as

ω̂ab
µ (r, Θ) = ωab

µ (x)− iΘνρωab
µνρ(x) + ΘνρΘλτωab

µνρλτ(x) +O(Θ3) (9)

with
ωab

µνρ(x) =
1
4
{

ων, ∂ρωµ + Rρµ

}ab , (10)

and

ωab
µνρλτ =

1
16

[
−
{
{ωλ, (∂των + Rτν)},

(
∂ρωµ + Rρµ

)}ab

−
{

ων, ∂ρ

{
ωλ,

(
∂τωµ + Rτµ

)}}ab
+ 2
[
∂λων, ∂τ

(
∂ρωµ + Rρµ

)]ab

+
{

ων, 2
{

Rρλ, Rµτ

}}ab −
{

ων,
{

ωλ, Dτ Rρµ + ∂τ Rρµ

}}ab
]

.

(11)

Utilizing the NC tetrad fields êa
µ introduced in [19], deformed NC metric is proposed as

ĝµν =
1
2

ηab

(
êa

µ ⋆ êb†
ν + êb

ν ⋆ êa†
µ

)
(12)

Now, the NC gauge transformation obeying counterpart êa
µ results in the construction of the NC black

hole metric.
As mentioned before, this approach has been extensively employed in the literature to examine

the phenomenology of spacetime within the NC spacetime [20–25,39]. However, [38] proposed that a
correction term be applied to (8), which makes the whole prior investigation revisited.

We present the metric for the Reissner–Nordström black hole in the ∂r ∧ ∂θ Moyal twist. We
correct prior errors–specifically addressing the overlooked term in Equation (8)–and introduce new,
previously unexplored analyses for this significant NC metric.

The twist in the (r, θ) plane is non–Killing and is characterized by the tensor Θµν.

Θµν =


0 0 0 0
0 0 Θ 0
0 −Θ 0 0
0 0 0 0

, µ, ν = 0, 1, 2, 3. (13)

With this choice, the coordinates satisfy the commutation relation

[r ⋆, θ] = i Θ. (14)
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Although this twist has been investigated in the literatures [19,21,40], we revisit it here for
Reissner–Nordström considering the newly identified terms in (8), with unexplored aspects of a
charged black hole in this framework. Based upon this twist, the non-zero elements of the tetrad ea

µ

include as following

ê0
0 = A +

1
4

(
2 r A′3 + 5 r A A′ A′′ + r A2 A′′′ + 2 A A′2 + A2 A′′

)
Θ2 + O(Θ3) , (15)

ê1
1 =

1
A

+
A′′

4
Θ2 + O(Θ3),

ê1
2 = − i

4
(

A + 2 r A′)Θ + O(Θ3),

ê2
2 = r +

1
4

(
2A A′ + 3 r A′2 + 3 r A A′′

)
Θ2 + O(Θ3),

ê3
3 = r sin θ − i

4
(cos θ)Θ +

1
4

(
2r A′2 + rAA′′ + 2AA′ − A′

A

)
sin θ Θ2 + O(Θ3),

here A′, A′′, A′′′ represent the first, second, and third derivatives of A(r), respectively. The deformed
metric ĝµν(r, Θ) is obtained by using the definition in Equation (12). The resulting metric is diagonal,
and the non–zero components, up to the second order of Θ, are

ĝtt(r, Θ) = −A2 − 1
2

(
2 r A A′3 + r A3 A′′′ + A3 A′′ + 2 A2 A′2 + 5 r A2 A′ A′′

)
Θ2,

ĝrr(r, Θ) =
1

A2 +
1
2

A′′

A
Θ2, (16)

ĝθθ(r, Θ) = r2 +
1
16

(
A2 + 20 r A A′ + 28 r2 A′2 + 24 r2 A A′′

)
Θ2,

ĝφφ(r, Θ) = r2 sin2 θ

+
1

16

[
4
(

4 r A A′ − 2r
A′

A
+ 2 r2 A A′′ + 4 r2 A′2 + 1

)
sin2 θ + 5 cos2 θ

]
Θ2.

The NC-corrected Reisser–Nordström metric components under the (r, θ) twist are obtained by

substituting the Reissner–Nordström black hole function A(r) =
√

1 − 2M
r + Q2

r2 into Equation (16),

g(Θ,Q)

tt = (1 − 2M
r

+
Q2

r2 ) +

(
3Q2r(3r − 10M) + Mr2(11M − 4r) + 14Q4)Θ2

2r6 , (17)

g(Θ,Q)
rr = (1 − 2M

r
+

Q2

r2 )−1 +
Θ2(3Q2r(r − 2M) + Mr2(3M − 2r) + 2Q4)

2r2(r(r − 2M) + Q2)
2 , (18)

g(Θ,Q)

θθ = r2 +
Θ2(r2(64M2 − 32Mr + r2)+ 18Q2r(3r − 8M) + 57Q4)

16r2(r(r − 2M) + Q2)
, (19)

g(Θ,Q)

ϕϕ = r2 sin2 θ (20)

+
Θ2

16

(
5 cos2 θ +

4 sin2 θ
(
r2(2M2 − 4Mr + r2)+ Q2r(5r − 8M) + 4Q4)

r2(r(r − 2M) + Q2)

)
. (21)

3. Thermodynamics
We start our analysis of the above spacetime by turning our attention to the thermodynamic

aspects of the Reisser–Nordström black hole within the non–commutative gauge theory. Specifically,
we examine the behavior of the Hawking temperature, entropy, and heat capacity. We will express all
thermodynamic properties as functions of the event horizon radius rh, as it is a standard procedure in
the literature. In particular, special emphasis will be placed on the Hawking temperature, which will
also be studied as a function of the black hole mass M to assess the possible existence of a remnant
mass.
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3.1. Hawking Temperature

This section will be devoted to investigating the Hawking temperature. Using the surface gravity
procedure which reads [41? –43]

TH =
1

4π

1√
g(Θ,Q)

tt (r) g(Θ,Q)
rr (r)

d
ds

[
g(Θ,Q)

tt (r)
]∣∣∣∣

r=rh

=
2r4

h
(

Mrh − Q2)+ Θ2(3Q2rh(6rh − 25M) + 2Mr2
h(11M − 3rh) + 42Q4)

2πr7
h

√
(2r4

h(rh(rh−2M)+Q2)+Θ2(3Q2rh(10M−3rh)+Mr2
h(4rh−11M)−14Q4))(ζΘ2+2r4

h(rh(rh−2M)+Q2))
r8

h(rh(rh−2M)+Q2)
2

,
(22)

where ζ

ζ = 3Q2rh(rh − 2M) + Mr2
h(3M − 2rh) + 2Q4. (23)

and considering small values for Θ and Q, it turns out to be

TH ≈ M
2πr2

h
− Q2

2
(
πr3

h
) (24)

+

[
Q2(−272M3 + 349M2rh − 143Mr2

h + 18r3
h
)

4πr6
h(rh − 2M)2

+
−40M3 + 33M2rh − 6Mr2

h
4πr5

h(rh − 2M)

]
Θ2.

It is clear that when Θ goes to zero, the Hawking temperature recovers the Reissner–Nordström
black hole. In the next step, we show the Hawking temperature as a function of the event horizon. To
do so, we consider the solution of the mass coming from 1/g(Θ,Q)

rr (r) = 0, which leads to

rh = M +
√

M2 − Q2 or M =
Q2 + r2

h
2rh

. (25)

It is worth to notice that the horizon radius keeps the same as the commutative model of the Reissner–
Nordström black hole. Therefore, after substituting mass from Equation (25) in Equation (24), we
obtain

TH ≈ 1
4πrh

− Q2

4πr3
h
− 2Θ2Q2

πr5
h

− Θ2

8πQ2rh
+

5Θ2

8πr3
h

. (26)

In Figure 1, the behavior of the Hawking temperature concerning the event horizon radius rh is
depicted for several values of Θ, assuming fixed values Q = 0.5. It is evident that increasing the NC
parameter results in a reduction in the Hawking temperature for this specific configuration.

In addition, it would be important to investigate this thermal quantity concerning the mass M.
Using the expression of the event horizon present in Equation (25) and substituting it in the Hawking
temperature expression in Equation (26), leads to

TH ≈− 2Θ2Q2

π
(√

M2 − Q2 + M
)5 − Θ2

8πQ2
(√

M2 − Q2 + M
) +

5Θ2

8π
(√

M2 − Q2 + M
)3

− Q2

4π
(√

M2 − Q2 + M
)3 +

1

4π
(√

M2 − Q2 + M
) . (27)

Figure 2 depict the Hawking temperature concerning the mass and the existence of remnant masses
becomes apparent, as the Hawking temperature tends to zero while the mass remains finite, i.e.,
TH → 0 as M → Mrem ̸= 0. To determine an explicit expression for the remnant mass Mrem, we
consider Equation (27) in the regime of small Θ and Q, which yields the following approximation
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Mrem ≈ Q +
9Θ4

2Q3 . (28)

In other words, the above expression indicates that the black hole does not undergo complete
evaporation; instead, it leaves behind a nonzero remnant mass, Mrem ̸= 0.
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Figure 1. The Hawking temperature is plotted as a function of the event horizon radius rh for Q = 0.5 and various
values of Θ.
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Figure 2. The Hawking temperature is plotted with respect to the mass M for different values of Θ, while the
charge is set to Q = 0.5.

3.2. Heat Capacity

In this section, we conclude our analysis by examining the behavior of the heat capacity

CV =
dM
dTH

=
∂M/∂rh
∂TH/∂rh

=
4πQ2r4(r2 − Q2)

6Q4r2 − 2Q2r4 + Θ2(80Q4 − 15Q2r2 + r4)
. (29)

In Figure 3, the heat capacity CV is displayed as a function of the event horizon radius rh for different
values of the charge Q, with the parameters fixed at Θ = 0.01. This plot highlights the occurrence of
phase transitions, as well as the regions where CV assumes positive or negative values.
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Figure 3. The heat capacity CV is shown as a function of the event horizon rh for different values of the charge Θ,
with the parameters set fixed at Q = 0.5.

4. Hawking Radiation
In this section, we develop the earlier examination, which confirmed the thermal emission of the

black hole via the Hawking temperature, to explore the quantum radiation itself. We focus on both
bosonic and fermionic particle modes. To derive analytical expressions, we adopt the same angular
components as in the Reissner–Nordström metric. The corresponding particle creation densities are
calculated for each case, enabling a comparative analysis of the emission rates. As will be shown, for a
given frequency ω, the emission of bosons surpasses that of fermions.

4.1. Bosons

To conduct our analysis, we examine the following metric tensor configuration

ds2 = g(Θ,Q)

tt (r)dt2 + g(Θ,Q)
rr (r)dr2 + g(Θ,Q)

θθ (r, θ)dθ2 + g(Θ,Q)
φφ (r, θ)dφ2. (30)

Under the Hamilton–Jacobi approach, the equation characterizing the radial motion of a massless
particle takes the form [44–46]

1

g(Θ,Q)

tt (r)
(∂t I)2 +

1

g(Θ,Q)
rr (r)

(∂r I)2 = 0 . (31)

As demonstrated in the following analysis, the classical action admits a representation in which
the positive and negative signs correspond to outgoing and ingoing particles, respectively.

I± = −ωt ±
∫

ω
dr√

|g(Θ,Q)
tt (r)|

g(Θ,Q)
rr (r)

, (32)

Here, ω = −∂t I corresponds to the Killing energy. Through near-horizon expansion, we obtain

g(Θ,Q)

tt (r) =
d
dr

(
g(Θ,Q)

tt (r)
)∣∣∣∣

r=rh

(r − rh) + . . . ,
1

g(Θ,Q)
rr (r)

=
d
dr

(
1

g(Θ,Q)
rr (r)

)∣∣∣∣
r=rh

(r − rh) + . . . , (33)

and utilizing Feynman’s method, we arrive at

Im
∫

dI+ − Im
∫

dI− =
πω

κ
, (34)
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where

κ =
1
2

√
d
dr

(
g(Θ,Q)

tt (r)
)∣∣∣∣

r=rh

d
dr

(
1

g(Θ,Q)
rr (r)

)∣∣∣∣
r=rh

, (35)

is, therefore, the so–called surface gravity. If we consider Θ small, we obtain

κ ≈ Mrh − Q2

r3
h

+
Θ2(28M2r2

h − 90MQ2rh − 9Mr3
h + 48Q4 + 24Q2r2

h
)

4r7
h

. (36)

By defining
Γ = e−

2πω
k , (37)

From this analysis, we derive the fermionic particle creation density n explicitly as

n =
Γ

1 − Γ
=

1

e
8πω(

√
M2−Q2+M)

7

Λ − 1

, (38)

where

Λ ≡ 64M6 + 4M4
(

5Θ2 − 28Q2
)
+ MQ2

√
M2 − Q2

(
20Q2 − 33Θ2

)
+ M2

(
52Q4 − 43Θ2Q2

)
+ 64M5

√
M2 − Q2 + 20M3

√
M2 − Q2

(
Θ2 − 4Q2

)
− 4Q4

(
Q2 − 6Θ2

)
.

(39)

Figure 4 displays the particle creation density n(Θ,Q) as a function of the frequency ω, with fixed
parameters Q = 0.1 and M = 1, while varying the values of Θ. Overall, the magnitude of n(Θ,Q)

increases with larger values of Θ.

0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24

0.00

0.02

0.04

0.06

0.08

0.10

0.

0.1

0.2

0.3

0.4

0.5

Figure 4. The particle creation density n(Θ,Q) is presented as a function of the frequency ω for a fixed value of
Q = 0.1 and M = 1 and different values of Θ.

4.2. Fermions

It is important to emphasize that the subsequent calculations are performed under the assumption
that backreaction effects are neglected. Within the context of quantum tunneling, particle emission
from a black hole is modeled as a quantum process wherein particles traverse the event horizon. The
likelihood of such tunneling events can be determined using the methodologies outlined in Refs.
[47–49], along with the associated literature referenced therein.

Black hole radiation arises from their inherent temperature, in a manner analogous to blackbody
radiation. Nevertheless, the emitted spectrum is subject to modification by greybody factors, which
alter the characteristics of the outgoing radiation. The spectrum is anticipated to comprise particles
of various spin types, including fermions. Foundational work in Ref. [50], along with subsequent
investigations [51–56], has demonstrated that massless bosons and fermions radiate at an identical
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temperature. Furthermore, studies of spin–1 bosons indicate that the Hawking temperature remains
unaffected, even when quantum corrections beyond the semiclassical approximation—specifically
those of higher–order in h̄ are taken into account [57,58].

The behaviour of fermions is frequently characterized by the phase of the spinor wave function,
which satisfies the Hamilton–Jacobi equation. An alternative formulation of the action, as proposed in
[46,59,60], is expressed as

S (Ψ) = S(0) + ψ(↑↓), (40)

where S0 denotes the classical action for scalar particles and ψ(↑↓) accounts for the spin corrections.
These spin–dependent terms arise from the coupling between the fermion’s intrinsic spin and the
background spin connection, and they ensure the regularity of the solution at the event horizon. Given
that such corrections primarily influence spin precession and are typically small in magnitude, they
are neglected in the present analysis. Additionally, the contribution of emitted particles’ spin to the
total angular momentum of the black hole is negligible–particularly for non–rotating black holes
with masses significantly greater than the Planck mass [46]. On average, emissions of particles with
opposite spin orientations occur symmetrically, resulting in no net change to the black hole’s angular
momentum.

This study examines the tunneling process of fermionic particles as they traverse the event horizon
of a specific black hole spacetime. Alternative approaches, including those based on generalized
Painlevé–Gullstrand and Kruskal–Szekeres coordinate systems, are explored in the seminal work [50].
The analysis commences with a general form of the spacetime metric, as given in Equation (30). In
a curved spacetime background, the behavior of fermions is governed by the Dirac equation, which
takes the form (

γ̃µ∇µ + m
)
Ψ(x) = 0, (41)

with
∇µ = ∂µ +

i

2
Γα

µ
β Σ̃αβ, (42)

and
Σ̃αβ =

i

4
[γ̃α, γ̃β]. (43)

It is worth emphasizing that the coordinates are represented as xµ ≡ (t, r, θ, φ). The matrices γ̃µ

satisfy the defining relations of the Clifford algebra, given by

{γ̃µ, γ̃ν} = 2gµνI, (44)

with 1 represents the 4 × 4 identity matrix. Based upon this formulation, the γ̃ matrices are prescribed
as given below

γ̃t =
i√

|g(Θ,Q)

tt |

(
1 0
0 −1

)
, γ̃r =

√
1

g(Θ,Q)
rr

(
0 σ̃3

σ̃3 0

)
,

γ̃θ =
1√

g(Θ,Q)

θθ

(
0 σ̃1

σ̃1 0

)
, γ̃φ =

1√
g(Θ,Q)

φφ

(
0 σ̃2

σ̃2 0

)
.

In this context, σ̃ corresponds to the Pauli matrices, which obey the conventional commutation relation
σ̃iσ̃j = 1δij + iεijkσ̃k, where i, j, k = 1, 2, 3. Additionally, the matrix associated with γ̃5 can be
equivalent to

γ̃5 = iγ̃tγ̃rγ̃θ γ̃φ =
i√

g(Θ,Q)

tt g(Θ,Q)
rr g(Θ,Q)

θθ g(Θ,Q)
φφ

(
0 −1
1 0

)
.
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To describe a Dirac field with its spin aligned upward along the positive r–axis, the adopted
ansatz is given by [61]

Ψ(+)(x) =


H̃(x)

0
Ỹ(x)

0

 exp
[
iψ(+)(x)

]
. (45)

This study focuses on the spin–up (+) configuration, while the spin–down (−) case, oriented
along the negative r–axis, follows a similar treatment. Substituting the ansatz (45) into the Dirac
equation and following Vanzo et al. [46], we keep only the leading–order terms in h̄

− i√
|g(Θ,Q)

tt (r)|

(
H̃(x) ∂tψ

(+)
)
−
√

1

g(Θ,Q)
rr (r)

(
Ỹ(x) ∂rψ(+)

)
+ miH̃(x) = 0, (46)

− 1√
g(Θ,Q)

θθ (r, θ)

(
Ỹ(x) ∂θψ(+)

)
− 1√

g(Θ,Q)
φφ (r, θ)

(
iỸ(x) ∂ϕψ(+)

)
= 0, (47)

i√
|g(Θ,Q)

tt (r)|

(
Ỹ(x) ∂tψ

(+)
)
−
√

1

g(Θ,Q)
rr (r)

(
H̃(x) ∂rψ(+)

)
+ miỸ(x) = 0, (48)

− 1√
g(Θ,Q)

θθ (r, θ)

(
H̃(x) ∂θψ(+)

)
− i√

g(Θ,Q)
φφ (r, θ)

(
H̃(x) ∂ϕψ(+)

)
= 0. (49)

and if the action takes the form of

ψ(+) = −ω t + χ̃(r) + L(θ, φ) (50)

The following equations will be derived [46]

+
iωH̃(x)√
|g(Θ,Q)

tt (r)|
−
√

1

g(Θ,Q)
rr (r)

Ỹ(x) χ̃′(r) + miH̃(x) = 0, (51)

− Ỹ(x)

 ∂θ L(θ, φ)√
g(Θ,Q)

θθ (r, θ)
+

i ∂ϕL(θ, φ)√
g(Θ,Q)

φφ (r, θ)

 = 0, (52)

− iωỸ(x)√
|g(Θ,Q)

tt (r)|
−
√

1

g(Θ,Q)
rr (r)

H̃(x)χ̃′(r) + miỸ(x) = 0, (53)

− H̃(x)

 ∂θ L(θ, φ)√
g(Θ,Q)

θθ (r, θ)
+

i ∂ϕL(θ, φ)√
g(Θ,Q)

φφ (r, θ)

 = 0. (54)

The explicit forms of H̃(x) and Ỹ(x) do not influence the conclusion that Equations (52) and (54)
yield the constraint Lθ + i(sin θ)−1Lφ = 0, indicating that L(θ, φ) must be a complex-valued function.
This condition applies to both outgoing and ingoing modes. As a result, in calculating the ratio of
outgoing to ingoing tunneling probabilities, the contributions from L cancel out, allowing it to be
excluded from further consideration [46]. For massless particles, Equations (51) and (53) admit two
linearly independent solutions
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H̃(x) = −iỸ, χ̃′(r) = χ̃′
out =

ω√
g(Θ,Q)

tt (r)
gΘ,l

rr (r)

, (55)

H̃(x) = iỸ(x), χ̃′(r) = χ̃′
in = − ω√

g(Θ,Q)
tt (r)
gΘ,l

rr (r)

. (56)

In this framework, χ̃out and χ̃in correspond to the solutions describing outgoing and incoming particles,
respectively [46]. Accordingly, the total tunneling probability is given by Γ̃ψ ∼ e−2 Im (χ̃out−χ̃in). Thus,

χ̃out(r) = −χ̃in(r) =
∫

dr
ω√

g(Θ,Q)
tt (r)
gΘ,l

rr (r)

. (57)

A key aspect is that the dominant energy condition, together with Einstein’s field equations,
guarantees that g(Θ,Q)

tt (r) and 1/g(Θ,Q)
rr (r) share the same zeros. Near r = rh, these metric components

exhibit a linear behavior, revealing the presence of a simple pole with a well–defined coefficient. By
utilizing Feynman’s method, the following expression is found

2Im (χ̃out − χ̃in) = Im
∫

dr
4ω√

g(Θ,Q)
tt (r)
gΘ,l

rr (r)

=
2πω

κ
. (58)

Within this framework, the particle number density nψ associated with the specified black hole solution

is governed by the relation Γ̃ψ ∼ e−
2πω

κ

nψ =
1

e
2πω

κ + 1
. (59)

Figure 5 presents the particle creation density for fermions, nψ. Similar to the bosonic case, the
NC parameter Θ leads to an enhancement in the magnitude of the particle production density.
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Figure 5. The particle creation density nψ is presented as a function of the frequency ω for different values of the
NC parameter Θ, with fixed values of Q = 0.1 and M = 1.

Additionally, Figure 6 presents a comparison of the particle creation densities for bosons and
fermions. Overall, the bosonic case exhibits a greater magnitude at lower frequencies compared to the
fermionic case.
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Figure 6. The particle creation comparison (for bosons and fermions) is illustrated with respect to the frequency
ω, while keeping Q = 0.1, M = 1, and Θ = 0.1 fixed.

5. Scalar Perturbation
This section examines the massless scalar perturbation through the non–commutative Reissner–

Nordström black hole spacetime.

□ψ =
1√−g

∂µ(
√
−ggµν∂νψ) = 0. (60)

Due to the complex form of the metric, the Klein–Gordon equation can not be solved with a
common numerical method. Here we follow the method introduced by Ref. [62]. This novel method
proposes considering the deformed stationary and axisymmetric metric in a perturbation form in
which the deformation is controlled by a small dimensionless modification parameter ϵ. According
to this approach, the modified metric can be expressed via a correction term added to the main
metric as gmod

ij = gij + ϵhij. Here gmod
ij and gij represent the metric incorporated into the modified

and standard metric, respectively. Also, hij denotes the correction coefficients. Building upon the
approach introduced in Ref. [63], a key assumption in this part is that the main metric function is
Reissner–Nordström and the deformation caused by noncommutativity. Now the metric function in
Equation (61) can be rewritten as

g(Θ,Q)

00 = − f (r)(1 + ϵAjcosjθ), (61a)

g(Θ,Q)

11 = f (r)−1(1 + ϵBjcosjθ), (61b)

g(Θ,Q)

22 = r2(1 + ϵCjcosjθ), (61c)

g(Θ,Q)

33 = r2sin2θ(1 + ϵDjcosjθ), (61d)

g(Θ,Q)

01 = ϵaj(r)cosjθ, g(Θ,Q)

12 = ϵcj(r)cosjθ, g(Θ,Q)

23 = ϵej(r)cosjθ, (61e)

g(Θ,Q)

02 = ϵbj(r)cosjθ, g(Θ,Q)

13 = ϵdj(r)cosjθ. (61f)

where f (r) = 1 − 2M
r + Q2

r2 and the deformation is governed by small parameter ϵ which is NC
parameter Θ2 in our case. The corresponding coefficients for the modified metric components are
derived as follows
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A0 =
3Q2r(10M − 3r) + Mr2(4r − 11M)− 14Q4

2r4(r(r − 2M) + Q2)
, (62)

B0 =
3Q2r(r − 2M) + Mr2(3M − 2r) + 2Q4

2r4(r(r − 2M) + Q2)
, (63)

C0 =
r2(64M2 − 32Mr + r2)+ 18Q2r(3r − 8M) + 57Q4

16r4(r(r − 2M) + Q2)
, (64)

D0 =
r2(2M2 − 4Mr + r2)+ Q2r(5r − 8M) + 4Q4

4r4(r(r − 2M) + Q2)
, (65)

Aj = Bj = Cj = 0 and Dj =
5(1 + (−1)j)

32r2 for j > 0, (66)

aj(r) = bj(r) = cj(r) = dj(r) = 0. (67)

Now, the Klein–Gordon equation can be explored in a new developed perturbation approach.
First, the wave function can be decomposed considering two Killing vectors ∂t and ∂ϕ as

ψ =
∫ ∞

−∞
dω

∞

∑
m=−∞

eimφD2
m,ωψm,ω(r, θ)e−iωt, (68)

where D2
m,ωψm,ω(r, θ) = 0, with m denoting the azimuthal quantum number and ω representing

the frequency of the mode. The perturbative method can be applied by decomposing the operator
D2

m,ωψm,ω up to the first order of Θ2 [35,62,63]

D2
m,ω = D2

(0)m,ω + Θ2D2
(1)m,ω. (69)

Utilizing the metric described in Equation (61), the following expressions for D(0)m,ω and D(1)m,ω
are obtained

D2
(0)m,ω = −(ω2 − m2 f (r)

r2sin2θ
)− f (r)

r2 ∂r(r2 f (r)∂r)− cosjθ(∂r(r2 f (r)∂r)) (70)

− f (r)
r2sin2θ

∂θ(sinθ∂θ), (71)

D2
(1)m,ω =

m2 f (r)
r2sin2θ

(Aj − Dj)cosjθ − f (r)
r2 (Aj − Bj)cosjθ(∂r(r2 f ∂r))

− f 2(r)
r2 (A′

j − B′
j + C′

j + D′
j)cosjθ∂r −

f (r)
r2 (Aj − Cj)cosjθ(cotθ∂θ + ∂2

θ)

− f (r)
2r2 (Aj + Bj − Cj + Dj)∂θcosjθ∂θ −

2iω f (r)
r

ajcosjθ(r∂r + 1).

The function ψm,ω admits an expansion in terms of associated Legendre functions Pm
l (cos θ) and

corresponding radial functions Rl,m(r), expressed as ψm,ω = ∑∞
l′=|m| Pm

l′ (cos θ),Rl′ ,m(r). Using this
form of ψm,ω leads to a the Schrödinger like differential equation for Rl,m(r) as

∂2Rlm

∂r∗2 + (ω2 − Veff)Rlm = 0, (72)

where r∗, called the tortoise coordinate, is described as

dr
dr∗

= f (r)
[

1 +
1
2

Θ2bj
lm(Aj − Bj)

]
, (73)

and the effective potential is described in a perturbative form as

Veff = VRN + Θ2VNC. (74)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 May 2025 doi:10.20944/preprints202505.2197.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202505.2197.v1
http://creativecommons.org/licenses/by/4.0/


14 of 31

In this context, VRN represents the effective potential associated with the standard Reiss-
ner–Nordström black hole, while VNC accounts for the NC correction to the potential. We will
investigate more about the effective potential in the following section.

5.1. Effective Potential

Conducting a series of algebraic steps, the effective potential expression is explicitly formulated
as

VRN = f (r)
(

l(l + 1)
r2 +

1
r

d f (r)
dr

)
,

VNC =
f (r)

r
d f (r)

dr
b0

lm(A0 − B0) +
[ f (r)

r2

[
a0

lm(A0 − D0)− c0
lm(A0 − C0)

−
d0

lm
2

(A0 + B0 − C0 + D0) +
1

4r2
d

dr∗

(
b0

lmr2 d
dr∗

(A0 − B0 + C0 + D0)

)
−

b0
lm
4

d2

dr∗2 (A0 − B0)
]]

− f (r)
r2

∞

∑
j=1

(
aj

lm +
1
2

dj
lm

)
Dj +

∞

∑
j=1

1
4r2

d
dr∗

(
bj

lmr2 d
dr∗

)
Dj,

(75)

where the coefficients aj
lm–dj

lm are described in Appendix I. It is worth noticing the important footprint
of NC spacetime, that the standard form of the effective potential is solely dependent on the multipole
number l, and exhibits no explicit dependence on the azimuthal quantum number m. However, the
presence of NC breaks the degeneracy, and the effective potential is dependent on both l and m.
Moreover, the coefficients of the effective potential Veff remain invariant under the sign change of the
azimuthal number. For instance the effective potential for the case of l = 1 and m = ±1, will read the
following expression

Veff =
2
(
r(r − 2M) + Q2)(r(M + r)− Q2)

r6 +
Θ2

64r10(r(r − 2M) + Q2)
(76)[

2Q4r2
(

10343M2 − 7254Mr + 1208r2
)
+ Q2r3

(
−16264M3 + 15784M2r − 4696Mr2 + 409r3

)
+ 2r4(2M − r)

(
902M3 − 491M2r + 42Mr2 + r3

)
+ Q6r(3773r − 10292M) + 1784Q8]

Figure 7 illustrates the effective potential, Veff, corresponding to fixed values of the mass M,
charge Q = 0.1, and different numbers of l and m. Specifically, the left panel displays Veff for l = 1
(m = ±1), while the middle and right panels show the plots for l = 2 and l = 3 (with m = ±1),
respectively.

The effect of the NC parameter on the effective potential is illustrated in Figure 7. Variations
in the value of Θ lead to significant changes in the potential within NC spacetime. For all cases
of l, an increase in the NC parameter leads to a higher peak in the potentials, indicating that the
effective potential becomes a more substantial barrier to field transmission. This suggests that the NC
modifications may significantly change the QNMs and other scattering properties of the scalar field.
To explore these effects in more detail, we will utilize the effective potential to calculate the scattering
characteristics of the scalar field in the following sections.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 May 2025 doi:10.20944/preprints202505.2197.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202505.2197.v1
http://creativecommons.org/licenses/by/4.0/


15 of 31

Θ = 0.0
Θ = 0.3
Θ = 0.6
Θ = 0.9

0 2 4 6 8

0.02

0.04

0.06

0.08

0.1

r*

V
ef

f

l = 1,m = ±1

Θ = 0.0
Θ = 0.3
Θ = 0.6
Θ = 0.9

0 2 4 6 8
0

0.1

0.2

0.3

r*

V
ef

f

l = 2,m = ±1

Θ = 0.0
Θ = 0.3
Θ = 0.6
Θ = 0.9

0 2 4 6 8
0

0.1

0.2

0.3

0.4

0.5

r*

V
ef

f
l = 3,m = ±1

Figure 7. The effective potential concerning r∗ for different values of NC parameter when M = 1, Q = 0.1, l = 1,
2, 3 and m = ±1

5.2. Quasinormal Modes

In recent years, a variety of techniques have been employed to analyze quasinormal modes
(QNMs), each offering distinct advantages and facing specific limitations [64–69]. Among these, the
Wentzel–Kramers–Brillouin (WKB) approximation has proven particularly Originally introduced by
Schutz and Will [70] in the study of black hole scattering phenomena, this semi–analytical method was
later extended by Iyer and Konoplya [64,68,71].

The application of the WKB method generally centers on the radial component R↕⇕(r) of the
perturbation field. In the context of black hole spacetimes, the imposition of physically motivated
boundary conditions plays a crucial role: at the event horizon, the field must consist solely of ingoing
waves; conversely, at spatial infinity, only outgoing waves are permitted.

To compute QNMs, we adopt the third–order WKB formalism with the following equation

i(ω2
n − V0)√
−2V′′

0

+
3

∑
j=2

Ωj = n +
1
2

, (77)

In the WKB framework, V0 denotes the peak of the effective potential, while V′′
0 describes the

second derivative with respect to the tortoise coordinate r∗ at that maximum. The terms Λj(n) capture
higher–order corrections associated with the jth–order WKB expansion [71].

Table 1 presents the QNM frequencies of scalar perturbations in a Reissner–Nordström black
hole with fixed mass M = 1 and charge Q = 0.1, for multiple values of the NC parameter. The
results indicate a change in both the real and imaginary components of the QNMs as Θ increases.
Specifically, the real part, associated with oscillation frequency, shows an enhancement, whereas the
imaginary part, linked to damping, becomes more negative, signifying faster decay of perturbations.
This trend is observed consistently across different multipole numbers l = 1, 2, azimuthal numbers m,
and overtones n.
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Table 1. QNMs of scalar perturbation of Reissner–Nordström black hole for different M = 1, Q = 0.1. The
multipole l = 1(m = ±1) and l = 2(m = ±1, 2) and corresponding overtones.

Θ = 0.0 Θ = 0.1 Θ = 0.2 Θ = 0.3 Θ = 0.4

l : 1,
m : ±1

n : 0 0.29162-0.09805i 0.29172-0.09814i 0.29204-0.09844i 0.29255-0.09895i 0.29323-0.09966i

n : 1 0.26277-0.30755i 0.26307-0.30773i 0.26395-0.30829i 0.26537-0.30931i 0.26722-0.31086i

l : 2
m : ±1

n : 0 0.48402-0.09685i 0.48410-0.09697i 0.48431-0.09731i 0.48464-0.09789i 0.48510-0.09868i

n : 1 0.46404-0.29595i 0.46424-0.29627i 0.46481-0.29722i 0.46571-0.29881i 0.46685-0.30106i

n : 2 0.43257-0.50366i 0.43297-0.50411i 0.43412-0.50547i 0.43594-0.50780i 0.43824-0.51116i

l : 2
m : ±2

n : 0 0.48402-0.09685i 0.48412-0.09695i 0.48440-0.09724i 0.48485-0.09772i 0.48548-0.09838i

n : 1 0.46404-0.29595i 0.46424-0.29622i 0.46482-0.29701i 0.46574-0.29833i 0.46694-0.30021i

n : 2 0.43257-0.50366i 0.43293-0.50403i 0.43399-0.50516i 0.43568-0.50710i 0.43785-0.50990i

For better visualisation, the calculated QNMs for l = 1 are plotted and analyzed in Figures 8 and 9.
The Figure 8 demonstrates the variation of the real and imaginary part of QNM frequencies with both
the NC parameter Θ and charge Q for M = 1, multipole number l = 1(m = ±1) and overtone n = 0.
There is a positive correlation between the real part of QNMs and Θ, which means that NC effects
enhance oscillation frequencies. At a fixed value of Θ, a black hole with a higher charge Q experiences
a bigger propagation frequency as well. On the other hand, the absolute value of the imaginary part,
which determines the damping rate, increases with increasing Θ. This indicates that higher NC impact
enhances the dissipation of perturbations, causing them to decay faster. Moreover, for a given Θ,
an increase in the black hole’s charge Q results in a greater damping rate, as evidenced by a larger
magnitude of the imaginary component |ωNC

I |.
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Figure 8. The real andimaginary part of QNMs denoted as ωNC
R and ωNC

I are depicted concerning Θ for M = 1,
l = 1(m = ±1), n = 0 and different values of Q.
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To investigate the influence of overtone number, as it is so subtle, first we introduce a normalized
deviation δ as

δ =
ωNC

ωRN
− 1, (78)

where ωNC and ωRN denote the QNMs of Reissner–Nordström black hole in non–commutative and
commutative black hole, respectively. Figure 9 represents the normalized deviation for both real and
imaginary parts of QNMs for overtone n = 0, 1.

Our analysis shows that variations in the NC parameter produce qualitatively similar trends in
both the real and imaginary components of QNMs across different overtone numbers. Notably, the
normalized departure increases the real part more significantly for higher overtones, suggesting an
enhancement in the oscillation frequency at higher modes. In contrast, the imaginary part, associated
with the damping behavior, exhibits a stronger sensitivity to the NC parameter at lower overtone
numbers, implying a shorter damping timescale for the black hole in the presence of NC spacetime.
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Figure 9. Normalized deviations δ of the real and imaginary components of QNMs as functions of the NC
parameter Θ, for fixed values M = 1, Q = 0.1, l = 1(m = ±1), across different overtone numbers n.

6. Gravitational Lensing
Geodesics are fundamental to understanding the nature of spacetime, as they reveal its curvature

and govern the motion of particles in gravitational fields. Exploring geodesics within the context of
NC geometry has gained significant attention, as it examines the impact of quantum corrections on the
spacetime structure. Exploring gravitational lensing in these contexts offers valuable insights into the
behavior of particles at microscopic scales, where quantum effects are significant. Moreover, analyzing
the geodesic structure of black hole spacetimes is essential for interpreting various astrophysical
phenomena, including the characteristics of accretion disks or the formation of black hole shadows.
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In this section, we comprehensively discuss the influence of the NC spacetime on the null–geodesic
and gravitational lensing phenomena. The geodesic equation is derived by

d2xµ

ds2 + Γµ
νλ

dxν

ds
dxλ

ds
= 0, (79)

where s and Γ denote the affine parameter and the Christofell symbols, respectively Examining how
NC affects the paths of massless particles is our primary goal in the following discussion.

6.1. Light Trajectory

To accomplish the trajectory of the light, a series of extended partial differential equations derived
from Equation (79) must be determined. The statement mentioned above specifically produces four
coupled partial differential equations that need to be resolved for each coordinate as

dt′

ds
=
(
−2r′t′

(
Q2rB̃ + 2Mr2

(
11Θ2M + r3 − 3Θ2r

)
+ 42Θ2Q4

))
/r (80)(

r2
(
−11Θ2M2 − 4Mr3 + 4Θ2Mr + 2r4

)
+ Q2r

(
30Θ2M + 2r3 − 9Θ2r

)
− 14Θ2Q4

)
,

dr′

ds
= −

(
8t′2 Ã2

[
Q2rB̃ + 2Mr2

(
11Θ2M + r3 − 3Θ2r

)
+ 42Θ2Q4

]
+ r4

[
Q2r2C̃ (81)

+ Q4rD̃ + 57Θ2Q6 − r3
(

64Θ2M3 + 64M2
(

r3 − Θ2r
)
+ M

(
15Θ2r2 − 64r4

)
+16r5

)]
θ′2 + 4r4 sin2(θ)

(
φ′)2

[
Q2r2 F̃ − r3

(
2Θ2M3 + 2M2

(
8r3 − Θ2r

)
+ M

(
Θ2r2 − 16r4

)
+4r5

)
− 4Q4r

(
4Θ2M + r3 − 2Θ2r

)
+ 4Θ2Q6

]
+

1
Ã

[
8r4
(

2Q2r2
(
−9Θ2M2

−3Mr3 + 10Θ2Mr + r4 − 3Θ2r2
)
+ Q4r

(
11Θ2M + 2r3 − 6Θ2r

)
− 2Θ2Q6

]
+Mr3

(
6Θ2M2 + 4M

(
r3 − 2Θ2r

)
− 2r4 + 3Θ2r2

)
r′2
])/

(
8r5
(

r2
(

3Θ2M2 − 2Mr
(

Θ2 + 2r2
)
+ 2r4

)
+ Q2r

(
−6Θ2M + 2r3 + 3Θ2r

)
+ 2Θ2Q4

))
,

d`′

ds
=
([

Q2r2C̃ + Q4rD̃ + 57Θ2Q6 − r3
(

64Θ2M3 + 64M2
(

r3 − Θ2r + 16r5
)

(82)

+M
(

15Θ2r2 − 64r4
)))]

4r′θ′ + r sin 2θφ′2 Ã
[
16Θ2Q4 + r2Ẽ

+ Q2r
(
−32Θ2M + 16r3 + 15Θ2r

)])/(
2rÃ

(
r2
(

64Θ2M2 − 32Mr
(

Θ2 + r2
))

+r2
(

Θ2 + 16r2
)
+ 2Q2r

(
−72Θ2M + 8r3 + 27Θ2r

)
+ 57Θ2Q4

))
,

d’′

ds
= −2 sin θφ′

(
rθ′ cos θÃ

[
r2Ẽ + Q2rG̃ + 16Θ2Q4

]
(83)

− 4 sin θr′
[

Q2r2 F̃ − r3
(

2Θ2M3 + 2M2
(

8r3 − Θ2r
)
+ M

(
Θ2r2 − 16r4

)
+ 4r5

)
−4Q4r

(
4Θ2M + r3 − 2Θ2r

)
+ 4Θ2Q6

])
/
(

rÃ
(
4 sin2 θ

[
r2
(

2Θ2M2 − 8Mr3

−4Θ2Mr + 4r4 + Θ2r2
)
+ Q2r

(
−8Θ2M + 4r3 + 5Θ2r

)
+ 4Θ2Q4

]
+ 5Θ2r2 cos2 θÃ

))
,

where the terms Ã–H̃ are presented in the appendix II. The light trajectories for a black hole with
2M = 1, Q = 0.1 and various values of the NC parameter are demonstrated in Figure 10. It shows that
the light trajectory for greater values of Θ is deflected less in the vicinity of the black hole. Therefore,
the NC framework diminishes the gravitational lensing effects of the black hole on light rays. This
effect of NC on the charged black hole is consistent with the finding reported in Ref. [35], where the
NC framework in the Schwarzschild black hole disempowers the gravitational lensing effect.
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Figure 10. Light trajectory in the presence of non–commutative framework for a charged black hole with 2M = 1
and Q = 0.1

6.2. Photonic Radius

The study of photonic and shadow radius of a back hole represents a crucial area of research
[72–77]. Interest in this topic has grown significantly, particularly after the Event Horizon Telescope
(EHT) captured the image of the SgrA∗ and M87∗ black hole [78–80]. To analyze the shadow radius and
the behavior of null geodesics, as outlined in Ref. [81], we employ a diagonal metric with parameters
g(Θ,Q)

ij , expressed as follows

g(Θ,Q)
µν dxµdxν = −g(Θ,Q)

tt dt2 + g(Θ,Q)
rr dr2 + g(Θ,Q)

θθ dθ2 + g(Θ,Q)

ϕϕ sin2θdφ2. (84)

By applying this metric to the Lagrangian L formulation, defined as

2L = −g(Θ,Q)

tt ṫ2 + g(Θ,Q)
rr ṙ2 + g(Θ,Q)

θθ θ̇2 + g(Θ,Q)

ϕϕ φ̇2. (85)

Assuming geodesic motion confined to the equatorial plane, θ = π
2 , we set θ̇ = 0. The correspond-

ing Euler–Lagrange equations for coordinates t and φ results in two conserved quantities, the energy
and angular momentum, denoted by E and L, as

E = g(Θ,Q)

tt ṫ and L = g(Θ,Q)

ϕϕ φ̇. (86)

Defining the impact parameter as b = L
E , we analyze the trajectory of light, which follows the

condition L = 0. This leads to the equation

−g(Θ,Q)

tt ṫ2 + g(Θ,Q)
rr ṙ2 + g(Θ,Q)

ϕϕ φ̇2 = 0. (87)

By substituting Equation (86) into Equation (87), the light trajectory in the equatorial plane is
obtained as

(
dr
dφ

)2
+ Veff = 0, where Veff =

g(Θ,Q)

ϕϕ

g(Θ,Q)
rr

(
1
b2

g(Θ,Q)

ϕϕ

g(Θ,Q)

tt
− 1

)
. (88)

The conditions for circular photon orbits are given by

Veff =
dVeff

dr
= 0. (89)
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Solving this equation provides the radius of the photon sphere rph, determined by

g(Θ,Q)

tt
′g(Θ,Q)

ϕϕ − g(Θ,Q)

ϕϕ
′g(Θ,Q)

tt = 0. (90)

where prime denotes the derivative to the radius. Based on the metric functions described in Equation
(17), and through further algebraic manipulations, the photon radius is determined as

Θ2

2r5
ph

(
rph(rph − 2M) + Q2

)[Q2r2
ph

(
−492M2 + 344Mrph − 57r2

ph

)
+ Q4rph(438M − 169rph)

+ 4Mr3
ph(3M − rph)(11M − 5rph)− 112Q6] +

2
(

rph(rph − 3M) + 2Q2
)

rph
= 0 (91)

The values of rph are computed for M = 1 and varying Q and Θ to examine the effect of NC
on photon spheres. The data in Table 2 reveal the dependence of the photon sphere radius on the
charge and the NC parameter. As the charge Q increases from 0.1 to 0.4, the photon sphere radius
systematically decreases for all values of Θ. This trend suggests that higher charge values lead to a
more compact photon sphere. Additionally, for a fixed charge, increasing the NC parameter also results
in a gradual decrease in rph. This indicates that NC effects contribute to a shift in the photon sphere
location, potentially affecting observable astrophysical phenomena we are interested in exploring.

Table 2. The photon sphere radius rph for different values of the parameter Θ and charge Q.

Θ Q = 0.1 Q = 0.2 Q = 0.3 Q = 0.4

0.0 2.99332 2.97309 2.93875 2.88924

0.1 2.99332 2.9731 2.93876 2.88927

0.2 2.99332 2.97312 2.93881 2.88936

0.3 2.99332 2.97314 2.93887 2.88949

0.4 2.9933 2.97315 2.93895 2.88966

0.5 2.99326 2.97315 2.93903 2.88986

0.6 2.99318 2.97312 2.93908 2.89006

0.7 2.99304 2.97304 2.93911 2.89025

0.8 2.99283 2.97289 2.93908 2.89041

6.2.1. Topological Features of the Photonic Sphere

The photonic radius can be classified as stable or unstable. In standard spherical symmetric black
holes, the stable circular orbits type yield instability in spacetime. Additionally, the unstable type can
determine the shadows of the black hole [82–88]. In this part, the stability of the photon sphere is
explored based on the topological method [82]. First, a regular potential function is introduced as

H(r, θ) =

√√√√−g(Θ,Q)

tt

g(Θ,Q)

ϕϕ

= (92)

(
8Γ
[
Θ2
(

3Q2r(3r − 10M) + Mr2(11M − 4r) + 14Q4
)
− 2Γr4

]
/

[
4r4 sin2(θ)

(
Θ2
(

r2
(

2M2 − 4Mr + r2
)
+ Q2r(5r − 8M) + 4Q4

)
+ 4Γr4

)
+ 5ΓΘ2r6 cos2(θ)

])1/2

.

where Γ = r(r − 2M) + Q2. In the above expression, " sinθ" and "cos θ" serve as a factor that allows
systematic topological analysis. Figure 11 shows the behavior of potential H(r, θ). The photon sphere
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locations correspond to critical points satisfying ∂r H = 0. The maximum of the potential, for M = 1,
Q = 0.5, and Θ = 0.1, is located at rph = 2.82288 and demonstrates that this photonic position is
unstable. Minor disturbances can destabilize the photon trajectory, as seen in this plot, which can lead
to the particle escaping outward or being caught by the black hole.
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0.05

0.1

0.15

0.2

r

H
(r

,θ
)

Figure 11. The behaviour of the topological potential H(r, θ) is shown against the r. The photonic radius is
indicated by a red dashed line.

We define an associated vector field φ with the following components

φr =
√

g(Θ,Q)

tt ∂r H(r, θ), (93)

φθ =
1√

g(Θ,Q)

θθ

∂θ H(r, θ), (94)

whose zeros correspond to the photon sphere positions. The complex representation φ = φr + iφθ

facilitates further topological analysis. The normalized vector components are expressed as

nr =
φr

∥φ∥ , nθ =
φθ

∥φ∥ , ∥φ∥ =
√

φ2
r + φ2

θ (95)

The photonic radius can be analyzed as topological defects occurring at points where the compo-
nent of the field ϕ vanishes. When a closed loop encloses such a zero point, it signifies that the net
topological charge corresponds to the winding number. Each photon sphere associated with a black
hole corresponds to a unique topological charge, denoted by Q, which takes the discrete values of
±1. Following Ref. [83,89], the photonic sphere with Q = −1 is unstable, and the one with Q = +1
corresponds to a stable photonic radius.

Figure 12 illustrates the structure of the vector field, highlighting the only photon sphere larger
than the event horizon located at rph = 2.95871, where the field lines incorporate with a topological
charge of −1. Following the proposed insification proposed in Refs. [82–84], this photon sphere
remains intrinsically unstable.
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Figure 12. The normalized vector field on the (r, θ) plane for M = 1, Q = 0.5 and Θ = 0.1. The black loop
encircles the photonic sphere point (2.82288, π

2 ).

6.2.2. Stability of the Photon Sphere

The stability of photon spheres near black holes is primarily influenced by the geometric and
topological features of the associated optical spacetime, with conjugate points playing a pivotal role.
Under perturbations, the behavior of photon trajectories is determined by the stability properties of
the photon sphere. For unstable configurations, even small deviations can cause photons to either fall
into the black hole or escape to infinity. In contrast, stable photon spheres allow photons to remain
confined in nearby bounded orbits [90,91].

The existence or absence of conjugate points within the spacetime manifold is a key factor influ-
encing the stability of photon trajectories. Stable photon spheres are characterized by the presence of
conjugate points, while their unstable counterparts are devoid of them. The Cartan–Hadamard theo-
rem establishes a relationship between the Gaussian curvature K(r) and the occurrence of conjugate
points, offering a framework to evaluate the stability of critical orbits [92]. In this context, the null
geodesics—defined by the condition ds2 = 0 – can be represented as follows [93,94]

dt2 = γijdxidxj = − g(Θ,Q)
rr (r)

g(Θ,Q)

tt (r)
dr2 −

ḡ(Θ,Q)
φφ (r)

g(Θ,Q)

tt (r)
dφ2, (96)

where i and j range from 1 to 3, γij denotes the components of the optical metric, and ḡ(Θ,Q)
φφ (r) ≡

g(Θ,Q)
φφ (r, θ = π/2). Moreover, the Gaussian curvature is calculated by [92]

K(r, Θ, Q) =
R
2

=
g(Θ,Q)

tt (r)√
g(Θ,Q)

rr (r) ḡ(Θ,Q)
φφ (r)

∂

∂r

 g(Θ,Q)

tt (r)

2
√

g(Θ,Q)
rr (r) ḡ(Θ,Q)

φφ (r)

∂

∂r

(
ḡ(Θ,Q)

φφ (r)

g(Θ,Q)

tt (r)

), (97)

where R represents the Ricci scalar in two dimensions [93]. When Θ is sufficiently small, an explicit
approximation of the Gaussian curvature is given by

K(r, Θ, Q) =
3M2 − 2Mr

r4 +
3Q2(r − 2M)

r5

+ Θ2
{
−624M4 + 848M3r − 374M2r2 + 54Mr3 − r4

4r7(r − 2M)

+
Q2(−2964M4 + 5224M3r − 3374M2r2 + 934Mr3 − 91r4)

2r8(r − 2M)2

}
.

(98)
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As discussed in Refs . [90–92], the stability of photon spheres can be inferred from the sign of the
Gaussian curvature K(r, Θ, Q). Specifically, a negative curvature (K(r, Θ, Q) < 0) signifies instability,
whereas a positive curvature (K(r, Θ, Q) > 0) indicates stability. To visualize this behavior, Figure 13
presents K(r, Θ, Q) as a function of the radial coordinate r, outlining the regions corresponding to
stable and unstable photon spheres. The analysis is performed for M = 1, Q = 0.1, and Θ = 0.01.
The transition point separating stable from unstable configurations is identified at (1.49, 0). In the
plot, the pink region denotes the domain of stability, while the purple region represents instability. A
comparison with results from the photon sphere analysis confirms that the critical orbits considered in
this work lie within the unstable regime.

0 2 4 6 8 10

-0.05

0.00

0.05

0.10

Figure 13. The Gaussian curvature K(r, Θ, Q) is depicted, with clear distinction between the regions corresponding
to stable (pink) and unstable (purple) configurations. The analysis is carried out using the parameter values
M = 1, Q = 0.1, and Θ = 0.01.

6.3. Shadow Radius

The shadow of a spherically symmetric black hole can be calculated by the following expression
[95,96],

Rsh =

√√√√ g(Θ,Q)

ϕϕ

−g(Θ,Q)

tt

∣∣∣∣
r=rph

=
[
−
(

Θ2r4
ph

(
r2

ph

(
2M2 − 4Mrph + r2

ph

)
+ Q2rph(5rph − 8M) + 4Q4

)
/

+4r8
ph

(
rph(rph − 2M) + Q2

))[
Θ2
(

3Q2rph(3rph − 10M) + Mr2
ph(11M − 4rph) + 14Q4

)
−2r4

ph

(
rph(rph − 2M) + Q2

)](
rph(rph − 2M) + Q2

)]1/2

(99)

In Figure 14, we present an analysis of the shadow radius concerning the NC parameter for a few
charge Q for improved visualization.

The shadow radius clearly decreases with an increase in the non-commutative parameter for all
charge levels, indicating that Θ significantly influences the size of the black hole shadow. Conversely,
given a constant NC parameter, a reduced charge results in an increased shadow radius.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 May 2025 doi:10.20944/preprints202505.2197.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202505.2197.v1
http://creativecommons.org/licenses/by/4.0/


24 of 31

0 0.2 0.4 0.6 0.8
5.

5.05

5.1

5.15

5.2

Θ

R
sh

Q = 0.0

Q = 0.1

Q = 0.2

Q = 0.3

Q = 0.4

Figure 14. Shadow radius with respect to NC parameter Θ for M = 1 and various values of charge Q.

6.4. Gravitational Lensing

Building upon the expression for the Gaussian curvature obtained in Equation (98), the next
step involves computing the deflection angle in the weak–field approximation by employing the
Gauss–Bonnet theorem [97]. To facilitate this, the surface element on the equatorial plane is evaluated
and can be written as

dS =
√

γ drdφ =

√√√√ g(Θ,Q)
rr

g(Θ,Q)

tt

g(Θ,Q)
φφ

g(Θ,Q)

tt
drdφ, (100)

enabling us to calculate the deflection angle with the following expression

α̂(b, Q, Θ) = −
∫ ∫

D
KdS = −

∫ π

0

∫ ∞

b
sin φ

KdS

≃ 4M
b

− 45πM2Q2

32b4 − 8MQ2

3b3 +
3πM2

4b2 − 3πQ2

4b2 − 10415πΘ2M2Q2

1536b6

− 1778Θ2MQ2

75b5 +
297πΘ2M2

128b4 +
537πΘ2Q2

128b4 − 16Θ2M
3b3 +

πΘ2

16b2

(101)

Figure 15 depicts the variation of the deflection angle α̂(b, Q, Θ). For a fixed impact parameter
b = 0.3, an increase in the NC parameter Θ corresponds to an enhancement in the magnitude of
α̂(b, Q, Θ). Conversely, raising the charge parameter Q produces a decrease in the deflection angle.
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Figure 15. The deflection angle α̂(b, Q, Θ) is plotted with respect to the impact parameter b for M = 1 and various
values of the parameters Θ and Q.

6.5. Lensing Observable

By analyzing the black hole shadow observations of SgrA∗ and M87∗ obtained by the Event Hori-
zon Telescope (EHT), we explore potential constraints on the NC parameter Θ within the framework
of a charged black hole in NC geometry. The angular diameter (radius) of the shadow, dsh, plays a
crucial role in probing deviations from classical general relativity. By comparing the theoretical shadow
diameter predictions with EHT measurements, we assess whether the observational data places any
bounds on the NC parameter. A distant observer, located at a radial distance D from the black hole,
measures the angular diameter dsh of the black hole shadow as [98,99]

dsh = 2
bc

D (102)

To explore the constraints on Θ, based on both SgrA∗ and M87∗ observations, the charged NC
black hole shadow as a function of Θ is shown in Figure 16.

In the left panel, we assumed that the mass and distance to the observer were M = 4 × 106M⊙
and D = 8.15Kpc, for the NC charged black hole as the SgrA∗ black hole.

The angular diameter for different values of charge Q and variation of NC parameter Θ, does not
show any constraint to be in the EHT collaboration reported mean value range dsh ∈ (41.5, 55.7)µas
[100,101].
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Figure 16. Angular diameter with respect to NC parameter Θ for based on M and D of SgrA∗ and M87∗. The
yellow and orange areas represent the allowed and excluded regions of angular shadow, according to EHT
observations.

On the right panel, for the M87∗ case, we consider mass and distance to observer to be as
M = (6.5 ± 0.7)× 109M⊙ and D = 16.8Mpc. The angular diameter of the M87∗ black hole shadow
is inferred to be dsh = 42 ± 3µas based on the EHT data [102,103]. In the context of the Reissner-
Nordström black hole as a model for M87∗, our analysis reveals specific constraints on the parameter
Θ/M, which depend on the charge value Q/M. Notably, when the ratio Q/M = 0.1, no restrictions
are placed on the NC parameter. However, at values of Q/M = 0.2 and Q/M = 0.3, the parameter
Θ/M is constrained to be less than 0.27 and 0.83, respectively. Furthermore, for Q/M = 0.4, no
permissible values for Θ exist.

7. Conclusions
In this study, we have explored the profound implications of non–commutative geometry on

the properties of a charged black hole, providing a detailed analysis of the thermodynamic behavior,
quantum radiation, scalar perturbations, and optical characteristics. We have derived a consistent
deformed spacetime geometry of a Reissner-Nordström black hole that captures up to second–order
corrections in the non-commutative parameter Θ.

The thermodynamic analysis revealed significant modifications to the black hole’s thermal prop-
erties. The Hawking temperature and heat capacity were found to depend on both the charge Q and
the NC parameter Θ, leading to the existence of a finite remnant mass at the end of the evaporation
process. The study of Hawking radiation demonstrated distinct behaviors for bosonic and fermionic
particles, with bosons exhibiting higher emission probabilities at low frequencies. Our investigation
continued by examining the scalar perturbations. The calculated quasinormal modes showed increased
oscillation frequencies and enhanced damping rates compared to the commutative case, with a signifi-
cant imprint. The non–commutativity leads to the breakdown of the degeneracy between different
angular mode,s which has not been detected in commutative spacetime. Furthermore, the photon
sphere and shadow analysis revealed that non-commutative corrections results in a reduction in both
the photon orbit radius and the apparent shadow size. The gravitational lensing calculations in the
weak–deflection limit demonstrated that both non–commutative geometry and the charge alter light
deflection, suggesting that these effects might be detectable in future high-precision observations of
gravitational lensing by compact objects. Finally, the comparison of the lensing observables with Event
Horizon Telescope (EHT) observations of M87∗ and SgrA∗ has been discussed to obtain constraints on
the NC parameter.

The theoretical framework developed here may be applied as a foundation for further investiga-
tions into more complex scenarios, such as rotating black holes, potentially leading to new insights
into the quantum nature of spacetime.
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Appendix A
The coefficients of the effective potential in Equation (75) are as follows

aj
lm =

m2

Nlm

∫ 1

−1

xjPm
l (x)2

1 − x2 dx,

bj
lm =

1
Nlm

∫ 1

−1
xjPm

l (x)2 dx,

cj
lm =

1
Nlm

∫ 1

−1
xjPm

l (x)

((
1 − x2

)∂2Pm
l (x)

∂x2 − 2x
∂Pm

l (x)
∂x

)
dx,

dj
lm =

1
Nlm

∫ 1

−1

(
1 − x2

)∂xj

∂x
Pm

l (x)
∂Pm

l (x)
∂x

dx.

Appendix B
The coefficients of the geodesic equations presented in Equation (80)–(83) are introduced as

follows

Ã = r(r − 2M) + Q2, B̃ = −75Θ2M − 2r3 + 18Θ2r,

C̃ = 288Θ2M2 + 64Mr3 − 254Θ2Mr − 32r4 + 53Θ2r2,

D̃ = −243Θ2M − 16r3 + 114Θ2r, Ẽ = 8Θ2M2 − 32Mr3 − 6Θ2Mr + 16r4 − Θ2r2.

F̃ = 16Θ2M2 + 16Mr3 − 15Θ2Mr − 8r4 + 4Θ2r2, G̃ = −32Θ2M + 16r3 + 15Θ2r.
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