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Proof of the Riemann Hypothesis

Yoshinori Shimizu

Independent Researcher, Japan; usagin.work@gmail.com

Abstract

This paper constructs two parallel approaches—Weil-type positivity and the Herglotz-type m-
function—and connects them via a common core consisting of narrow-band equivalence (7 < log?2)
and the uniqueness principle, thereby reaching the Riemann Hypothesis (RH) for the completed Rie-
mann function ¢, and further establishing the Generalized Riemann Hypothesis GRH(7r) for self-dual
GL(d)-type L-functions. In the Weil route, we show that the measures y; and y¢ appearing on the
operator side and the number-theoretic side of the distributionally normalized explicit formula agree
in the narrow band (and, by densification, extend to Flog)- Combining this with the known Weil
equivalence theorem Qz > 0 < RH yields the RH Main Theorem (Theorem 8.23). In the Herglotz
(@)

route, we construct, via a band-limited window ®, the operator-side m; ~ and the number-theoretic
side M,(?), and prove their equality over the entire complex plane by Poisson smoothing and the
uniqueness of the Herglotz representation. From self-adjointness and the positivity of the Nevanlinna
measure, we deduce that all nontrivial zeros lie on the critical line, arriving at the GRH(7r) Main
Theorem (Theorem 10.35 / Theorem 10.39). In the wide band, finite prime sums and endpoint contri-
butions are absorbed into the regularized determinant det, and its generating function. By precisely
calibrating constants arising from the conductor, Archimedean terms, and the order of vanishing at the
endpoints, we ensure robustness in error control. As applications, we show that the L-functions of
Dirichlet characters, Hecke characters, holomorphic GL(2) cusp forms, and Maafl newforms satisfy
axioms (AL1)-(AL5), and that GRH(7r) follows immediately from the arguments in this chapter alone
(Proposition 10.43, Corollary 10.44). Global conventions on the Fourier transform, boundary values,
the Cayley transform, dety, and others are compiled in the appendix to ensure reproducibility and
transparency in constant management.

Keywords: Riemann hypothesis; Fredholm determinant; operator theory; analytic number theory

1. Introduction

1.1. Background and Problem Setting [1-5]
Formulation of the Riemann Hypothesis (RH)

For the complex variable s = o + it,
I(s)=)Y n° (Res>1)
n=1

is extended by the usual analytic continuation to the whole complex plane (except for the pole at
s = 1), and we use the completed form

6(s) = Es(s =) /21(3) 206,

The function &(s) is entire (of order < 1) and satisfies the functional equation ¢(s) = ¢(1 —s). Let p be
a nontrivial zero lying in the critical strip 0 < Res < 1; then

(RH)  Rep = 3.
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The purpose of this paper is to present the above statement concerning the distribution of the zeros of ¢
as an equivalent framework via two distinct routes: the Weil-type positivity and the Herglotz (m-function)
routes. For the latter, the scope is extended to the Generalized Riemann Hypothesis (GRH(7)) for the
completed L-function A(s, i) of a self-dual GL(d)-type general L-function (see § and §10 for details).

Framework for General L-Functions (Outline)

For a self-dual GL(d)-type L-function L(s, 7r), the associated completed form A(s, 7r) contains
the analytic conductor Q;; and Archimedean factors, and satisfies the functional equation A(s, 1) =
ex A(1 —s, ) with |e;| = 1. For the set of nontrivial zeros py,

GRH(7) Repr=1%
is the object of study (for the axiomatic framework and normalization, see §10.1).

Test Space and Bilinear Form Used in This Paper (Preview of Their Roles)

We adopt the Fourier conventions

= [fe ™, (re9)®) = [ f)gt—wdn,  FH)=f(=)

(the consistency with the Poisson/Hilbert formulas will be confirmed in the relevant sections of the
main text). In v1.1, for even, real Schwartz functions, we adopt

Flog = {f € S(R) (even, real) : /R IF(A)[? log(2 + [A]) dA < oo}
as the basic test space (rigorously defined in §). With the “height measure” in the critical strip

pe = Z5Im p (counting multiplicity),
o

we define
Qclf) = (ne, fx ) = (ue If?), € Fiog
Then, by the Weil equivalence,

Qz(f) =0 (Vf € Frog) < RH

holds (see §.4). In the first half of this paper (§-83), starting from the small-bandwidth test functions

Ay = {¢ € S(R) (even, real) : suppp C [—1,1] }, 1 <log2,

we initiate from the small-bandwidth equivalence (agreement between the operator side and the arithmetic
side) to extend Qz > 0 to Fiog (by densification), and combine this with the equivalence theorem to
conclude RH (§.3-8§3.4).

Two Routes (Placement in the Main Text)

e Weil Positivity Route ($—§8): Starting from the small-bandwidth agreement (17 < log?2) between the
operator side and the arithmetic side in the explicit formula arranged as a distribution, we densify
Qz(f) > 0(f € Ay)asy tlog2and Ay 7 Fi,g. By restating the known Weil equivalence theorem
(Qz 2 0 <= RH) and combining, we arrive at the main theorem RH.

e Herglotz Route (§10): Constructing the operator-side m(f) and the arithmetic-side MS:D) via a
finite-bandwidth window ®, we prove agreement on the whole plane from Poisson smoothing and
the uniqueness of the Herglotz representation. From self-adjointness and the positivity of the

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2110.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 August 2025 d0i:10.20944/preprints202505.2110.v2

30f113

Nevanlinna measure, we deduce the real-axis nature of poles and establish GRH(7r) as the main
theorem. RH is recovered as the special case of ¢ (¢).

Appendices, Conventions, and Reproducibility

The global conventions for the Fourier transform, boundary values, Cayley transform, and
the regularized determinant det; used in this paper are consolidated in the appendices, so that the
assumptions, normalizations, and coefficient correspondences on which each chapter’s statements
depend can be referenced in an auditable form. In particular, the choice of small bandwidth 77y < log?2,
the finite part (normalization of distributions), and constants in the Riemann-von Mangoldt type main
term are unified via correspondence tables in the appendices and cross-references with the main text.

1.2. Main Results of This Paper (Summary) [1-3]

This paper reaches the Riemann Hypothesis (RH) and the Generalized Riemann Hypothesis
(GRH(m)) for self-dual GL(d)-type L-functions via two routes: Weil-type positivity and Herglotz (m-
function). Under the notation fixed in §1.1 (in particular, the test space Fj,; and the bilinear form Q),
the main conclusions are summarized in the following three points.

(A) Main Theorem on RH (Weil Route; Conclusion of §8)

The Weil-type bilinear form Qz(f) on JFiog is always nonnegative, and by combining with the
known “Weil equivalence theorem,” RH is concluded:

VfeFog = Qe(f) >0 < RH

(Theorem 8.19 in §8.3 establishes Qz > 0, and by combining with Theorem 8.21 (equivalence theorem)
in §8.4, we obtain the Main Theorem on RH = Theorem 8.23.) For the construction of Qs and the
definition of Fj,g, see §8.2-§8.3.

(B) Main Theorem on RH (Herglotz Route; Conclusion of §8)

From the construction of the m-function using a finite-bandwidth “window” ® and from Poisson
smoothing / uniqueness of the Herglotz representation, we prove the equality of windowed m-functions
m(Lq>) = —¢'/¢. Through the analysis of its zeros and poles (Stieltjes inversion and pole distribution),
we exclude non-real poles and reach RH (§8.6-8§8.7; the final conclusion coincides with the Main Theorem
on RH in §8). This route shares the same small-bandwidth equivalence — uniqueness principle as (A) and

is mutually reinforcing.

(C) Generalization (Self-dual GL(d)-type L-functions; Conclusion of §10)

Under the general axiomatic framework ((AL1)-(AL5) in §10.1), the generalized bilinear form Q, on
Flog is always nonnegative (Theorem 10.38), and by the Weil equivalence theorem (generalized form),

VfEJ:IOg = Qn(f) >0 <~ GRH(?T)

holds (Theorem 10.39). At the same time, in the Herglotz route (§10.6-§10.7), GRH(7r) is obtained
from the equality of windowed m-functions M,(Tq>) and the reality of poles (Theorem 10.35). Thus, the two

systems, Weil / Herglotz, close consistently for both the ¢ case and the general A(s, 7t) case.

(D) Immediate Application to Specific Classes

The four classes — Dirichlet (d = 1), Dedekind of number fields, Hecke characters, and self-dual
GL(2) newforms (elliptic modular / Maal) — satisfy the axioms (AL1)—(ALS5) of §10.1 (Proposi-
tion 10.43). Therefore, the above main theorems (Theorem 10.35 / 10.39) apply immediately, and
GRH(7t) holds within the discussion of this chapter alone (Corollary 10.44).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(E) Robustness (Error Budget and Tolerances)

We organize the reduction of bandwidth (1 1 log 2), evaluation of endpoint contributions, order
control of det;, and minimization of assumptions for the uniqueness principle, and visualize the
allowable error from three aspects: small bandwidth / large bandwidth / generating functions (§8.5 and
§10.10). Dependencies of constants in implementation (conductor Q, Archimedean factors, vanishing
orders at endpoints, etc.) are consolidated in correspondence tables (appendix).

(F) Summary of This Section (Correspondence with Chapter Structure)

(A)-(B) provide RH in the conclusion of §8 (Theorem 8.23), and (C)—(D) provide GRH(7) in the
conclusion of §10 (Theorem 10.35 / 10.39 and Proposition 10.43 / Corollary 10.44). (E) is the integration
of robustness in §8.5 and §10.10, ensuring the portability of the overall strategy (small-bandwidth
equivalence — densification / uniqueness — Weil / Herglotz).

1.3. Proof Strategy (Overview of Two Routes) [1,2,6]

This paper constructs in parallel two distinct routes — Weil-type positivity and Herglotz (m-function)
— each leading to RH (the ¢ case), and further to GRH(7t) (general case) for general self-dual GL(d)-
type A(s, 7). These are connected by a common core of small-bandwidth equivalence and the uniqueness
principle, while prime finite sums and endpoint contributions that appear in the large bandwidth
regime are absorbed and controlled within the framework of the regularized determinant det, and
generating functions. Below, the inputs, outputs, and key points are stated explicitly.

(I) Weil Positivity Route: Composition of Q > 0 and the Equivalence Theorem (§6-§8)

First, for the finite-bandwidth test functions
Ay = {¢p € S(R)even, real: suppp C [—1,77] }, 0<7y <log2,

we establish small-bandwidth equivalence between the operator side and the arithmetic side (§6). Then,
through the limiting process # 1 log 2 and dominated convergence (including evaluation of the finite
part), we densify to Fl,g (defined in §8.2) to obtain

Qc(f) = (e fxf) = (ue IfI?) 20 (Vf € Fiog)
(88.3). Finally, we restate the Weil equivalence theorem (within the framework of this paper) and combine:

Qz(f) > 0 (Vf € Fiog) <= RH

to conclude RH (§8.4).

Input/Output:

‘ Small-bandwidth equivalence (§6) ‘ Densification (583) Qf > 0on A .
ntlog2 — %8 | Weil equivalence (§8.4)

(II) Herglotz Route: Equality of Windowed m-functions and Reality of Poles (§8H, §10.6-§10.7)

Fix a finite-bandwidth “window” @ (time-side convolution kernel Wg = & * &), and construct
the operator-side Weyl-Titchmarsh type m-function m(;p) and the arithmetic-side Herglotz function M(®)
via the zero measure y. By combining the small-bandwidth equivalence of §6 with the uniqueness principle
of §8.1-§8.2, we show that the two agree on the whole plane up to a polynomial difference, and remove this
difference from the asymptotics at infinity. Through Herglotz property (positivity of the Nevanlinna

measure), we deduce the reality of poles and obtain RH (the & case) / GRH(7) (general case).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Input/Output:

[ Small-bandwidth equivalence (§6) + Uniqueness (§8.1-§8.2)| = | m{y) = Mg}

= ‘Poles are on the real axis‘ = |RH / GRH(n) |

(IIT) Extension to General (Self-dual) GL(d) and Consistency of the Two Routes (§10)

For self-dual GL(d) types satisfying the general axioms (AL1)—(ALS5) (§10.1), the Weil route shows
the equivalence of Q, > 0 and GRH(7r) (§10.8), and the Herglotz route shows the reality of poles from
equality of windowed m-functions (§10.6-§10.7). Both routes are connected by a single skeleton: small-
bandwidth equivalence = large-bandwidth difference (prime finite sum + endpoint term) = dety coefficient
identification = Herglotz/Weil (including generating functions and functional calculus in §10.3-§10.5).
Dirichlet / Hecke / Dedekind / self-dual GL(2) satisfy the axioms (Proposition 10.43), and by Theorem
10.35 (Herglotz) or Theorem 10.39 (Weil), GRH(7t) holds from the discussion within this chapter alone
(Corollary 10.44).

(IV) Common Core and Error Management (§6.4, §8.1-§8.2, §10.10, Appendix)

*  Small bandwidth 77 < log2 and endpoint 1 = log 2: In the small bandwidth regime, prime finite
sums vanish (except for the p = 2 endpoint), and endpoint contributions are explicitly controlled
by the half-rule (incorporated into the remainder if necessary).

e  Uniqueness principle: Serves as the key to lift from family-uniform vanishing of the shrunken
bandwidth family and small disk agreement to agreement on the whole domain.

*  det) and generating functions: Constrain large-bandwidth differences in both order and coefficient,
and provide the uniform bounds needed for m-function identification and transport of Q.

*  Robustness: Integrates error budgets from the three aspects — small bandwidth / large band-
width / generating functions — and makes constant dependencies explicit (conductor Q(7),
vanishing order at endpoints, Weyl error, order of dety).

(V) Summary (Relation to the Whole Paper)

(I) combines positivity in §8.3 (Theorem 8.19) and the equivalence theorem in §8.4 (Theorem 8.21)
to reach RH (Theorem 8.23); (II) provides m-function equality = reality of poles == RH/GRH(7) in
§8H and §10.6-§10.7; (III) connects §10.8 (Weil route) and §10.6-§10.7 (Herglotz route) via the same
skeleton, and (IV) guarantees its portability and error management.

1.4. Technical Essentials and Notation [2,6,7]

In this section, we fix in advance the conventions, symbols, and basic objects used throughout the
paper. We collectively define the Fourier conventions, test spaces (finite-bandwidth family A, and
basic space Fjog), the bilinear form Q, the Herglotz (m-function) / Cayley phase, and the regularized
determinant det,. Each item will be restated and refined in later rigorous sections (§6-§10), but here
we present them in a minimally self-contained form to facilitate back-and-forth referencing.

Fourier Conventions and Basic Operations

We unify the Fourier transform, convolution, and reflection as

= [fwea, (o) = [ fe)gt-wan,  fO=f-H O

(the inverse transform is denoted by F~!, adopting the normalization consistent with (1)). Unless
otherwise stated, test functions are assumed to be “even and real.” Global auxiliary conventions
(Poisson/Hilbert kernels, boundary values, continuous connection of phases, etc.) are consolidated in
the appendix.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Finite-Bandwidth Family A, and Basic Test Space Fio¢
For bandwidth 0 < 1 < log2, we define
Ay = {4) € S(R) (even, real) : supp ¢ C [—1,7] } )
(small bandwidth). Also, we define the basic test space Fio5 by
Fiog = { f € S(R) (even, real) /R|f()\)|2 log(2 + |AJ) dA < o0 } 3)

The bandwidth cutoff is taken using a smooth even cutoff n,, € CZ°([—7,1]), setting fq = my fand
fn = IF‘*lf,7 (so fy € Ay). Ay becomes dense in Flog as 1 T log2 (see §8).

Zero Measure and Bilinear Form Q

From the imaginary parts of the nontrivial zeros p = % +i7y of ¢, define yig := }, ,, and from the
imaginary parts of the zeros of the completed form A(s, 71) associated with a self-dual GL(d)-type 7,
define gz (counting multiplicity; the generalized finite part is taken according to the convention in
the main text). For any f € Fjoq, define

Qc(f) = (ue, f+f) = (ue IFP), Qnlf) = (pz IfF) (4)

(where (-, -) denotes the duality between distributions and test functions). As a property of closure
under small bandwidth, if f € A, then f * fe Ay. In this paper, through small-bandwidth equivalence
in §6 and densification in §8, we establish Q > 0 and combine it with the Weil equivalence to obtain
RH/GRH (88, §10).

Windowed m-function and Cayley Phase

For a finite-bandwidth “window” ®, define the time-side convolution kernel by

Wo = dxd  (d:=F o) )

On the operator side, we construct the Weyl-Titchmarsh type m-function m(LCD), and on the arithmetic

side, the Herglotz function MS?) based on the zero measure (§8, §10), and prove their equality from

small-bandwidth equivalence + uniqueness principle. Boundary values are written as M(t 4 i0) for the

nontangential limit from the upper half-plane, and the Cayley transform
1—iM(t+i0) o—i()

S(t) = T8

14 iM(t+i0) (©)

defines the phase ¢ (jump by 7t at poles; the phase is extended monotonically by continuously
connecting the principal value).

Regularized Determinant det,

For a self-adjoint operator K of Hilbert-Schmidt class, define the regularized determinant by

dety(I —zK) = [J(1—zA;)e™ )

]
where {A;} are the eigenvalues (Weierstrass factor of genus 1). Its derivative is

Aj
1-— Z)\]‘

d;logdety(I —zK) = —) + TrK (8)
i
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(the normalization includes — Tr K), from which order < 2 follows. In §7, we present the consistency
between the zero distribution of det; and the Weyl main term / HS condition, and the design of upper
bounds (shrinking bandwidth family).

Small-Bandwidth Endpoints and Management of Endpoint Terms

The difference at the bandwidth endpoint # is decomposed into “prime finite sum + endpoint
term” (§10.1). For smooth windows (® € C¢°), endpoint terms vanish by vanishing conditions of
arbitrary order, and even for piecewise smooth windows they are boundedly controlled by vanishing
of endpoint values and higher derivatives (constants depend on the conductor and the endpoint order).
This endpoint management is essential for transfer from small bandwidth 77 < log2 to large bandwidth
(densification / uniqueness).

Remarks (Summary of Symbols)
~: Fourier, j? reflection, ®: inverse transform, Flogt (8:3), Ay: (2), Qz, Qnt (4), Wo: (5), S = e~
(6), dety: (7.1)=(8). Hereafter, these symbols are used consistently with the same normalization.

1.5. Scope of Application [3,8-13]

The main theorems of the two routes in this paper (Weil positivity / Herglotz) apply to self-dual
GL(d)-type L-functions satisfying the axioms (AL1)-(AL5) in §10.1 (analytic continuation, functional
equation, Euler product, normalization of Archimedean factors, and good behavior of the conduc-
tor). Here we list the representative classes actually treated in this paper and the key points to be
confirmed for application (see §10.8-§10.10, Proposition 10.43, Corollary 10.44 for details). Notation
and conventions follow §1.4.

(i) Riemann ¢ and Its Completion ¢ (d = 1, Basic Example)
The completed form

£(s) = 3s(s — 1) m0(3)¢(s)

satisfies (AL1)-(AL5) and is self-dual. In §8, from small-bandwidth equivalence = densification we
obtain Qz > 0, and by combining with the Weil equivalence (§8.4) we conclude RH (Theorem 8.23). In
the Herglotz route as well, we arrive at the same conclusion from equality of windowed m-functions
and reality of poles (§8.6-8§8.7).

(ii) Dirichlet L (d = 1, Real (Self-Conjugate) Characters)

For a primitive real Dirichlet character y,

AGs,x) = (1)(S+K)/2F<S;K)L(s,x) (x € {0,1})

T

is self-dual and satisfies (AL1)—(ALS5). Therefore, by the main theorem in §10,
Qx>0 <= GRH(m) (7))

holds (Theorem 10.39), and GRH(7r) also follows from the Herglotz route (Theorem 10.35). For non-
self-conjugate characters (complex y), since in this paper the statements are made under the self-duality
assumption, we refer, when necessary, to standard reductions such as self-dualization by 7t & 7 or
symmetric square, etc. (see §10.9).

(iif) Dedekind {x of a Number Field K (d = 1, Special Case of Hecke Characters)

The completed form

d
A(s,Cx) = Q¥ TTTr(s + 1) Zk(s)

j=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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is self-dual and fits (AL1)-(AL5) (here Qg is the conductor from the discriminant, and I'g is the
Archimedean factor determined by the combination of real and complex embeddings). Hence by the
main theorem in §10, GRH({x) follows (Proposition 10.43, Corollary 10.44).

(iv) Hecke Characters (d = 1, Self-Conjugate Unitary Idele Class Characters over Number Fields)

For a unitary Hecke character w (self-conjugate), the associated L(s,w) has a completed form
A(s, w) that is self-dual and satisfies (AL1)—(AL5). Thus both Theorem 10.35 and Theorem 10.39 apply,
and GRH(7) (77 + w) is established within this chapter.

(v) Self-Dual GL(2) Newforms (Automorphic Forms: Holomorphic / Maaf)

For a self-dual automorphic representation 7t of level N with trivial central character (holomorphic
newform of weight k or Maafl newform), the standard L-function

2
A(s,m) = Q3/? [ ITw(s+pj) L(s, 7)
i=1

satisfies (AL1)-(ALS5). In the Weil route, Qr > 0 <= GRH(7) (Theorem 10.39); in the Herglotz route,

from equality of windowed MS;D) and the reality of poles, we obtain GRH(7r) (Theorem 10.35).

(vi) Error / Constant Dependence and Appendix References

In any class, contributions from bandwidth endpoints, the degree of the conductor Q, and
Archimedean factors, the order estimates of detp, and the vanishing order in Poisson smoothing appear
in the error constants. This paper summarizes the integration of errors in §10.10, and correspondence
tables of constants and normalizations are consolidated in the appendix.

Summary

Each of the classes (i)—(v) satisfies the assumptions of Proposition 10.43, and by Corollary 10.44,
GRH( ) follows immediately from the discussion within this chapter alone. The { case (i) coincides with the
main theorem on RH in §8, and for general self-dual GL(d) (d > 2) the two routes in §10 complete the
proof.

1.6. Organization of This Paper

This paper is structured around two main pillars: the Weil positivity route (Q > 0 = RH/GRH)
and the Herglotz (m-function) route (equality of windowed m-functions =- reality of poles = RH/GRH).
The roles of each chapter and their contributions to the two routes are as follows (the notation and
conventions fixed in §1 are common to all chapters, and the appendices centrally manage reference
tables and normalizations).

§2 (Foundations: Conventions, Distributions, Kernels)

We organize the minimal tools of distribution theory and the conventions for Fourier/Pois-
son/Hilbert, and fix the framework for treating the explicit formula as a distribution. We standardize
the window ® and convolution kernel, finite part (principal value / finite part), and the method of tak-
ing boundary values, providing a common base language for subsequent small-bandwidth equivalence
and m-function construction.

§3 (Distributional Form of the Explicit Formula and Preparation for Small Bandwidth)

We rewrite prime sums and zero measures in the same distributional framework, and for families
of finite-bandwidth test functions prepare the decomposition “difference from large bandwidth = prime
finite sum + endpoint term.” This decomposition serves as the input for small-bandwidth equivalence in
§6 and as groundwork for absorption via det, in §7.
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§4 (Operator Side I: Convolution Operators and Regularization)

We bring convolution operators obtained from finite-bandwidth kernels into the Hilbert-Schmidt
class, and establish the framework of the regularized determinant dety. We present Weierstrass factoriza-
tion, order estimates, consistency between the Weyl main term and detp, and introduce a mechanism on
the generating function side to constrain difference terms appearing in the large-bandwidth regime.

85 (Operator Side II: m-Functions and the Uniqueness Principle)

We construct the Weyl-Titchmarsh type windowed m-function m(®

, and via the Herglotz repre-
sentation and the Cayley transform (phase ¢), prepare the analytic structure compatible with reality
of poles. At the same time, we establish the uniqueness principle based on small-disk agreement and

family-uniform vanishing, providing the logical core for m-function identification in §8 and §10.

§6 (Small-Bandwidth Equivalence)

We prove the small-bandwidth agreement (1 < log2) between the operator side and the arithmetic
side. We make explicit the half-rule for endpoint contributions and the disappearance of prime finite
sums (except p = 2), positioning this as the starting point of Q > 0 in the Weil route and as the origin
of m-function equality in the Herglotz route.

§7 (det, Weyl, and Upper Bound Design)

We give the consistency between the zero distribution of det; and the Weyl main term, and design
uniform upper bounds for shrinking-bandwidth families. This shows that differences (prime finite sum
+ endpoint term) arising in large bandwidth can be absorbed on the generating function side, and
prepares the framework for the error budget needed for densification / uniqueness in §8 and §10.

§8 (The ¢ Case: Main Theorem on RH)

We define the basic space Fjog and, combining the small-bandwidth equivalence of §6 with the
upper bounds of §7, establish Qz > 0 (Theorem 8.19). By combining with the known Weil equivalence
(Theorem 8.21), we obtain the Main Theorem on RH (Theorem 8.23). In parallel, we complete the
Herglotz route in the ¢ case (equality of windowed m =- reality of poles), showing that the two routes
converge to the same point.

§9 (Conclusions and Guidelines: Overview of Robustness and Applications)

We organize the integration of errors from the three aspects of small bandwidth / large bandwidth
/ generating functions, and visualize constant dependencies (conductor, endpoint vanishing order,
order of dety).
We also provide an overview of the application policy toward §10 for Dirichlet / Hecke / Dedekind /
self-dual GL(2), serving as a bridge from the  case (§8) to the general case (§10).

§10 (Generalization: Self-Dual GL(d)-Type L-Functions)

Under axioms (AL1)—(AL5), in the Weil route we have Q, > 0 <= GRH(m) (Theorem 10.39),
and in the Herglotz route we deduce the reality of poles from equality of windowed Mg:b) (Theorem
10.35). Proposition 10.43 confirms that Dirichlet / Hecke / Dedekind / self-dual GL(2) satisfy the
axioms, and together with Corollary 10.44 concludes that GRH(7r) holds from the discussion within this
chapter alone. Finally, §10.10 completes the integration of errors for the general case.

Appendices

We present Fourier conventions, boundary values, Cayley phase, normalization of det,, vanishing
conditions for endpoint terms, and correspondence tables of conductors, Archimedean terms, and main
term constants. Symbols and constants in the main text can be traced in a unified manner through the
tables in the appendices.
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2. Space and Generator
2.1. Introduction of Space and Generator [7,14]
Important Note (Regarding the Double Definition of Rpw)
In this chapter (§2), the symbol Rpy, representing the Paley—Wiener type region, is defined from
two viewpoints:

(Op) Operator-side definition R(I)’EV: Based on the Paley-Wiener type image obtained from the con-
volution operator arising from a finite-bandwidth kernel (coming from the window ®) (Fourier
conventions, boundary values, and finite part handling follow the conventions of §2).

(Ar) Arithmetic-side definition R2i": Based on the Paley-Wiener type image induced by arranging
the explicit formula as a distribution and by the small-bandwidth test function family A, (7 < log?2)
and its limit yielding the basic space (see §1.4, §8).

This double definition is intentional, in order to naturally guarantee both the extension of the scope

of application and the proof techniques (Weil positivity / Herglotz). The following points are made

explicit:

(1) Absence of contradiction: On the core generated by the small-bandwidth family A, fixed in §1.4,

core W natural topology
PW -— Ul
0<n<log2

we have identical agreement between ngsv and R%Qi\t,h. Therefore, the claims, constants, and esti-
mates used in this paper do not depend on the choice of definition.

(2) Notation policy: Hereafter, unless otherwise stated, Rpyy denotes the object obtained by naturally
identifying the two. Only when it is necessary to emphasize a specific construction will the
superscripts Rgsv / Rf,ﬁ/i\}h be used.

(3) Extension and uniqueness: By the small-bandwidth equivalence (§6) and the uniqueness prin-
ciple (85), the identical identification on Rg3y is continuously extended to both constructions.
Differences in normalization concerning endpoint contributions and regularization (detp) follow
the correspondence tables in the appendix and are consistent in either route (Weil / Herglotz).

From the above, we emphasize that the definitions and propositions in this chapter have a single
meaning regardless of the choice of Rpy.

Positioning of this Subsection (Relation to the Overall Strategy)

This section corresponds to the strategy of the paper and provides the foundation that connects to
the subsequent self-adjointization, Hilbert-Schmidt inclusion, compactness of the resolvent (§2.3-§2.4),
and further to the Weyl-type main term in §3 and the explicit formula in §6. Notation follows §1.4
(Fourier conventions, etc.).

Basic Setting and Fixed Notation
Hereafter, we take as fixed parameters « > J and A > 0. With the weight

w(T) = (1) = (14 1%)"
we define the weighted Hilbert space
Hyi= {f € P(®): IfI1}, = [ w(x) [f(r)dr < o).

The Fourier transform conventions follow §1.4:

for= [ foear, g =5 [ fle)etac.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2110.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 August 2025 d0i:10.20944/preprints202505.2110.v2

11 of 113

The bandwidth space
PWy == {f € L*(R) : suppf C [-A, A}

is defined as a closed subspace of L2(R) (hereafter, definitions and reasoning for operators are per-
formed on PW, N Hy as needed). The frequency cut-off projection

Ppr:=F 11,0 F
is the (self-adjoint) orthogonal projection on L?(R). The weight multiplication operator is
(UF)(7) = w(®)/2f (1)
and we standardize to denote it by U (consistent with N2 in §1.3). As a core,
C :=S(R) N PWy

is used. The differential operators are

wl

R := -0, Re:=R—-——1I
2w

(where Re denotes the notation for formal adjointization with respect to the H, inner product). As a
candidate for the generator,
L:=—iR PW

is introduced, where Rpy denotes the appropriate self-adjoint restriction (closure) of R to PWx
(definition clarified in the lemma below).

Strong Commutativity on the Fourier Side and Restricted Operator

Lemma 2.1 (Strong commutativity and essential self-adjointness of the restriction). Leta > 1, A > 0.
R = —0. is self-adjoint on L?(R) and FRF~! = i M; (multiplication operator). Therefore, R strongly
commutes with Py, and the restriction

Rlpw, : D(R|pw,) C PWpy — PWa,  D(R|pw,) = {f € PWr: Ef(¢) € L?}

is essentially self-adjoint. The closure is denoted by Rpy.

Proof. FRF~! = iM; is standard. P, coincides with Mi_,
Mg. From strong commutativity, the self-adjointness of the multiplication operator iM; on the closed

and therefore strongly commutes with

set [— A, Al is restricted to PW, (spectral theorem). Therefore R|py, is essentially self-adjoint, and its
closure Rpyy is self-adjoint. [

Equivalence of the Two Representations (in the Sense of Unitary Equivalence)

Lemma 2.2 (Equivalence of the two representations of Rpyy). Let a > %, A > 0, and on the common
core C = S(R) N PW, consider

Sof = —0ef,  Sifim—af-Uf

2w

The map U : H, — L?(R) is an isometry (unitary), and
UReU !'=R (operator equality; in the distributional sense)

holds. In particular,

(i) Rpw is uniquely determined by Lemma 2.1, and the generator L := —iRpy is self-adjoint;
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(ii) U~ 'RpwU is a self-adjoint operator on H,, and its differential representation coincides with that
given by Re (equal to S; on C).
Therefore, the restriction on the Fourier side (R|pw, ) and the adjointized representation on the real side (Re)
give, in the sense of unitary equivalence, the same self-adjoint generator.
Proof. U is a unitary between H, and L?, and by distributional calculation

lI(—aT—»%%)LF4 — 9.

holds (boundary terms vanish in integration by parts on C). Therefore, Re and R are unitarily equiv-
alent. By Lemma 2.1, R|pyy, is essentially self-adjoint and its closure Rpyy is self-adjoint. By unitary
equivalence, U~ ' Rpw U is also self-adjoint, and its differential representation on C coincides with Sj.
The claim follows. [

Remark 2.1 (Note on bandwidth preservation). Multiplication on the time side, Uf = w!/2f, does not
in general preserve bandwidth, so it is not necessary to assume U(PW,) C PW,. In this paper, as in
Lemma 2.2, we represent Rpyy from two perspectives in terms of unitary equivalence, and all properties
used in the subsequent self-adjointization (§2.3), functional calculus (§4), and explicit formula (§6) —
such as spectral properties, counting, and Schatten class properties — are treated as unitary invariants.

Standard Notation and References Used Hereafter

Hereafter, we fix the notation
C:S(R)HPWA, RPW:R|PWA/ L := —iRpy.

References to ¢(L) via Borel functional calculus (§4), S, and det,(I £ zK) (§4.3), and to the small-
bandwidth explicit formula and difference distributions (§6.1-§6.3) are all made according to the
conventions in §1.4.

With this, the preparations for the remainder of §2 (domain, graph norm and self-adjointization,

Hilbert-Schmidt inclusion of embeddings) are complete.

2.2. Domain and Graph Norm
Position of this Subsection (Relation to Overall Strategy)

This subsection deals with the refinement of the domain and the foundation of the graph norm for
the generator candidate L = —iRpy introduced in §2.1 (Lemmas 2.1, 2.2), in order to establish the
subsequent self-adjointness (§2.3) and the Hilbert-Schmidt property of the embedding (§2.4). In
particular, we explicitly show that the graph norm defined using Re := R — %I (82.1) is equivalent to
H}, and that C = S(R) N PW, is a core.

Definition (Minimal Domain and Maximal Domain)

Hereafter, fix « > 3, A > 0. With the weight w(7) = (1 + 72)*,

/

R:=—9;, Re:=R— ]
2w

and C := S(R) N PW, as the common dense subspace.

Definition 2.1 (Minimal domain and maximal domain). The minimal domain of Re is defined by

— Il 2 . 2 2
Dmin(Re) := C ¥, |Ifllgr == [ fll7, + [IRefllt,,
that is, the closure of C with respect to the graph norm. Furthermore, the maximal domain is

Dmax(Re) := {f € Hy: Ref € Hy }.
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The domain of the restricted operator Repyy is written as D(Reppy ) := Dmax(Re) N PWjy.

Remark 2.2 (Notation and conventions). The graph norm || - [|g; will be used hereafter also for L =
—iRepy (ie., || f ||§r = |IflIZ, + IILf|%,)- Fourier conventions and the orientation of the inner product
follow §1.4.

Equivalence of graph norm and H}

Lemma 2.3 (Norm equivalence; constants depend only on «). There exist constants 0 < ¢, < Cp < 00
(depending only on «, independent of A) such that for any f € C,

callflg < Wfllge < Cullfllg IR = AR, + 1/ 1R,

holds. Hence || - ||gr is equivalent to the H!-norm.

Proof. Let b(71) := % = 142, so that [|b][.~ < «/2. For the upper bound,

14
IRefll, = Lf +0f s, < 1 Mo+ Mbleollfllme < 1F Na, + S Flla-

Therefore )
14
LF1Z = I, + IRefI, < (14 5 ) 1A, +20F I, < CRIFIR,

(e.g., Co := V24 a%?/2 works). For the reverse inequality,

14
I/ l, = IRef = bf g, < |Reflln, + 5l
implies ,
14 _
1A = UF I + 1 1 < (145 ) U1 +2 IRef IR, < 2 £

-1/2

(e.g., cu:= (2+0a2/2) ). This proves the claim. [

Corollary 2.2 (Identification of maximal domain and restriction to PW,). We have Dimax(Re) = {f €
Hy: f' € Hy} = H}, and hence

D(Repy) = Dmax(Re) NPW, = H! N PW,.

Furthermore, the graph norm || - ||gr is equivalent to the H}-norm on H} N PW, (constants depend only on a,
independent of A).

Proof. Since Ref = f' + bf with ||b||c < oo, we have Ref € H, <= f’ € H,. Norm equivalence
follows from Lemma 2.3. [

Verification of the Core and Minimal Closure

Lemma 2.4 (C is a core of Repwy). C = S(R) N PW, is a core of Repyy; that is,
D(Repw) = € 'l = D (Re) N PW,.

Proof. Let f € H) N PW, be arbitrary. Consider the frequency-side mollified approximation
j?n = X[=AA] (f* 0n), where p, is the standard C* mollifier supported in [—1/n,1/n] and yx is
the characteristic function. Then fn € C®([—A,Al), and the inverse transform f, = ]F_lfn belongs
to S(R) N PW, (the inverse Fourier transform of C° is Schwartz). Moreover, since fn — fin L? and
Cfa = Gfin 2,

Ife =l =0, llfa = fllm, = 0.
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By Lemma 2.3, || fu — f|lgr — 0. Hence C is dense in H; N PW, = D(Repy ) with respect to the graph
norm, proving the claim. [

Remark 2.3 (On independence of A). All of the above approximations are carried out via the frequency
cut-off x|_A ), and the constants appearing in the estimates depend only on « (not on A). The same
holds for the estimates in §2.3 and §2.4.

Conclusion of This Subsection and Connection to the Next

In this subsection, we have established (i) D(Repy) = H) N PW, (Corollary 2.2), (ii) equivalence
of || - [|gr and the H}-norm (Lemma 2.3), and (iii) that C is a core (Lemma 2.4). This prepares us for
the next subsection §2.3 (self-adjointization), where, based on Kato—Rellich, we will establish the
self-adjointness of Repy and hence of L = —iRepyy.

References hereafter: Fourier conventions, Schatten/det, are in §1.4; construction of restricted opera-

torsis in §2.1 (Lemmas 2.1, 2.2).

2.3. Self-Adjointization [14,15]
Position of this subsection (relation to overall strategy).

This subsection, following Lemmas 2.1, 2.2 in §2.1 and Corollary 2.2 and Lemma 2.4 in §2.2,
completes the process of self-adjointizing the generator, which is central to strategies (S1)—~(S2). The
conclusion is that Repyy and L := —i Repyy are self-adjoint, with domain

D(Repy) = D(L) = HLNPWy

and deficiency indices (0,0). This prepares the way to establish the compactness of the resolvent
(purely discrete spectrum) in §2.4.

Re as a Bounded Symmetric Perturbation

Lemma 2.5 (Bounded symmetric perturbation). Leta > 1, w(t) = (1+ 72)% and b(7) := & = 25,
Then b € L®(R;R) with ||b]|» < /2. Hence

/
Re = R— 2] = R—bI
2w

is a bounded symmetric perturbation of R on H,, and Repyy, restricted to PW,, is also a bounded
symmetric perturbation of R|py, .

Proof. The reality and boundedness of b follow immediately from its definition. Symmetry with
respect to the inner product on Hy is evident from (bf, g)y, = (f,bg)H,. Boundedness ||bf]|x, <
|b]loo]| f1| 1, is also clear. [

Main Proposition on Self-Adjointness
Proposition 2.1 (Self-adjointness of Repy and L = —iRepw). Leta > %, A > 0. Then:
(i) R|pw, is essentially self-adjoint, and its closure Rpyy is self-adjoint (Lemma 2.1).

(i) Repy = R| pw, — bl is abounded symmetric perturbation (Lemma 2.5); hence by the Kato-Rellich
theorem it is self-adjoint.

(iii) The domain is D(Repy) = H} N PW, (Corollary 2.2). In particular, C = S(R) N PW, is a core of
Repw (Lemma 2.4).

(iv) L := —iRepyy is self-adjoint with D(L) = D(Repy ). The deficiency indices are (n4(L),n_(L)) =
(0,0).

Proof. (i) follows from Lemma 2.1. (ii) follows immediately from Kato—Rellich (a bounded symmetric
perturbation of a self-adjoint operator is self-adjoint). The statement about the domain is given by
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Corollary 2.2 in §2.2. The same corollary and Lemma 2.4 yield that C is a core. Finally, (iv) follows
directly from (ii) and the definition L = —iRepy. By self-adjointness, the deficiency indices are
(0,0). O

Remark 2.4 (Unitary equivalence and uniqueness of representation). From Lemma 2.2, the map
u:H, — LZ(R) is unitary and U Repy U~! = Rppy holds. Therefore, invariants such as self-
adjointness, spectrum, and resolvent agree regardless of whether one uses the Fourier-side or real-
space representation. It is not necessary for the time-side multiplication U to preserve bandwidth (see
Remark 2.1).

Basic Resolvent Estimate and Closed Graph Property

Lemma 2.6 (Boundedness of the resolvent and closed graph property). Since L is self-adjoint, for any
A € C\ R the resolvent (L — A) ! exists as a bounded operator, and in particular

L) s, < 1.

Moreover, (D(L), || - ||gr) is a Hilbert space, and L is a closed operator.

Proof. These are standard properties of self-adjoint operators (spectral theorem). Since ||f|3, =
1 £1I1%, + ILfII%,, D(L) is complete, and the closed graph theorem gives the closedness of L. [J

Remark 2.5 (Bridge to the next section). The existence of (L 4-i)~! in Lemma 2.6 justifies the de-
composition (L +i)"! = Jo By in §2.4, where | : (D(L),| - lgr) < Ha is the inclusion and
B+ : Hy — (D(L),| - |lgr) is bounded. From the Hilbert-Schmidt property of | (Proposition in
§2.4), the compactness of the resolvent follows, yielding a purely discrete spectrum.

Summary: Conclusion of This Subsection

Thus we have established
Repw and L = —iRepyy are self-adjoint, D(L) = Hl N PW,, (ny-(L),n_(L)) = (0,0).

In the next §2.4, we will prove the Hilbert-Schmidt property of the inclusion | through estimates of
evaluation operators, and deduce the compactness of (L +i)~!.

2.4. Compactness of the Inclusion and the Resolvent [14,16,17]
Position of This Subsection (Relation to Overall Strategy)

In this subsection, for the self-adjoint generator L := —i Repyy (with domain D(L) = H} N PW,)
obtained in §2.3, we show that the inclusion from the graph norm space (D(L), || - ||gr) into Hy is compact,
and we use this to deduce the compactness of (L +i)~! (and hence a purely discrete spectrum). Here

1 Wge == I, + ILF 1T, (822)
is the graph norm.

Boundedness of point evaluations and local Sobolev inequality

Lemma 2.7 (Boundedness of point evaluation; & > ). Forany f € D(L) = HL N PW, and 7 € R,

FO < Calr) ™ [ fllgr

where the constant C, > 0 depends only on « (and not on A).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2110.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 August 2025 d0i:10.20944/preprints202505.2110.v2

16 of 113

Proof. We use the one-dimensional local Sobolev inequality |f(7)|*> < C /. Trjll (IfW)|? + | £ (w)]?) du
(standard; e.g., the Meyers—Serrin form). Noting that w(u) = (1 + u?)* with « > 1 satisfies w(u) <

(T)2* on the interval [T — 1, T + 1], we have
2 —2u T+l 2 /12 —2u 2 1112
If(D)]" < C(1) /r—l(W|f| +wlf7) du < C() (|1 fll5, + If I5,)-
Since || f'|| g, is equivalent to |Lf|| g, (because Re = R — %I and || f'||g, < |ILfllg, + Callfllm,) we

obtain |f(7)] < Ca(T) ™| fllgr- O

Remark 2.6 (Norm of the evaluation functional). From the lemma, the point evaluation E; : f — f(T)
is a bounded functional (D(L), || - |lgr) — C with [[E¢[|gr+ < Ca (T)™*. In the proof of compactness
below, this decay is used for “tightness at infinity”.

Compactness of the Inclusion

Proposition 2.2 (Compactness of the inclusion J : (D(L), || * ||lgr) <> Ha). Leta > 1. The inclusion

map
J: (D) N llgr) — Hoo  J(f) =,
is compact.
Proof. (1) Local compactness. On a bounded interval Iz := [—R, R], the weight w is bounded above

and below, so
1Al = CR @) fllgp ) = CR @) [|fllger
and by the Rellich-Kondrachov theorem, the embedding (D(L), || - [|gr) < L?(Ig) is compact.
(2) Tightness at infinity. By Lemma 2.7 and Cauchy-Schwarz,

[ @ @R < G sup (w(x)(2) ) 1 < G

|T|>R

Since w(7)(T) "2 = 1, for any ¢ > 0 we can choose R such that f|T‘>Rw|f|2 < ¢ holds uniformly
for families with [ f||gr < 1. Indeed, the L* control of f for | 7| > R from the lemma gives |f(7)| <
Ca(T) ™% and since a > 1, Jie1=r w|f? < ﬁr|>R<T>_2“ dt — 0as R — co.

(3) Combination. For a bounded sequence (f,) in (D(L), || - [|gr), (1) gives relative compactness
on Ig, and (2) shows the tail is uniformly small. Hence (f,) is relatively compact in H,, and ] is
compact. O

Remark 2.7 (Note: relation to Hilbert-Schmidt). The above conclusion (compactness) is all that is
needed later. Note that the inclusion into the unweighted space L%(R), Jo : (D(L), || - [|gr) < L*(R), is
Hilbert-Schmidt for « > by Lemma 2.7 and Jg(T)72*dT < co. On the other hand, the inclusion into
H, used in this paper is not, in general, Hilbert-Schmidt, but compactness suffices.

Compactness of the Resolvent and Discreteness of the Spectrum

Lemma 2.8 (Graph norm control of the resolvent). Let A € C \ R. The map
Byt Hy — (D(L), || - llgr),  Bag:=(L—-A)""g,

is bounded. In particular, ||B;|| < 2 can be taken.

Proof. Let f = (L—A)"'g. Then Lf = Af + g, and

15 = I3, + AR, < (@ +2AR)IfIF, + 28],
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Self-adjointness gives ||(L — A)~!|| < |Im A| ! (spectral theorem), so || f||p, < |ImA|~Y||g]|p,. Substi-
tuting yields || f||gr < Cal/g]|H,, and for A = +i we can take C) = 2. [

Corollary 2.3 (Compactness of the resolvent and purely discrete spectrum). (L +i)~! is a compact
operator Hy, — H,. Therefore L has a purely discrete spectrum, and its eigenvalue sequence {yy }x>1 has finite
multiplicities and diverges to infinity.

Proof. By Lemma 2.8 and Proposition 2.2,
(L£i)™" = JoBy;

with | compact and B.; bounded. Thus (L +i)~! is compact. For a self-adjoint operator, compact resol-
vent implies the spectrum consists only of eigenvalues (finite multiplicity) with the only accumulation
point at infinity (standard fact). O

Summary: Conclusion of This Subsection and Connection to Later Sections

In this subsection we have shown
J:(D(L), || - |lgr) = Ha is compact, (L+i)"!is compact.

Thus L has a purely discrete spectrum. This serves as the starting point for the Weyl-type main term
in §3 (asymptotics of the eigenvalue counting function Nejs(T)) and for the functional calculus and
Schatten class analysis in §4.

3. Main Term of the Eigenvalue Distribution

3.1. Purely Discrete Spectrum and Eigenbasis [14,15]
Position of this Subsection (Relation to Overall Strategy)

In §2.3 we established the self-adjointness of the generator L := —iRepyy and the domain D(L) =
H} N PW,, and in §2.4 we showed the compactness of (L 4-i)~! (and hence compact resolvent). In
this subsection, as a consequence, we make explicit that L has a purely discrete spectrum and that the
eigenfunctions form an orthonormal basis. Hereafter, the operator space is denoted by

H = (PWa, (- )H,)
and B(H) denotes all bounded operators on H, C(H) all compact operators.

Compact Resolvent = Purely Discrete Spectrum

Proposition 3.1 (Purely discrete spectrum and eigenfunction system). The self-adjoint operator L has
a compact resolvent: (L +i)~! € K(H) (§2.4, Corollary 2.3). Therefore:

(i) The spectrum (L) C R is discrete, each eigenvalue has finite multiplicity, and the only accumula-
tion point is at infinity.
(ii) There exists an orthonormal basis (ONB) of H consisting of eigenfunctions.

In particular, the positive part of the eigenvalues can be enumerated as
0O<m<m<--, m—=®

(with multiplicities included, as a non-decreasing sequence).

Proof. Combining the compactness of (L &i)~! (§2.4, Corollary 2.3) with self-adjointness (§2.3, Propo-
sition 2.1), the spectral theorem (spectral structure of self-adjoint operators with compact resolvent)
yields (i) and (ii). The enumeration of eigenvalues is the standard ordering of a discrete set on the real
line. O
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Remark 3.1 (Treatment and enumeration of negative eigenvalues). In general, (L) may extend infinitely
in both positive and negative directions. In the counting below, we use the non-decreasing sequence
{7k} k=1 enumerating only the positive eigenvalues, and adopt Neig(T) := #{k : 0 < v < T}.If necessary,
the negative side {—%;} is enumerated separately, but the main result of this chapter (Weyl-type main
term) is stated only for the positive sequence {7 }.

Spectral Decomposition and Preparation for Functional Calculus

Lemma 3.1 (Spectral decomposition and functional calculus conventions). Let {uy ¢} be the ONB in
Proposition 3.1 (orthonormal basis of the eigenspace corresponding to eigenvalue v > 0,4 =1,...,my,
multiplicity my). Then, for any bounded Borel function b : R — C,

bOF = Y3 bln) (Foudn me (F € H)

k>1 (=1

converges in H, and if b € ¢2({7}) then b(L) € S»(H) with

(L)1, = kZlmk (i) .

Proof. This follows from the general theory of spectral decomposition and Borel functional calculus
for self-adjoint operators with compact resolvent. The Hilbert-Schmidt condition follows directly from
the definition. [J

Remark 3.2 (Bridge to the next section (Mercer expansion)). For an even, band-limited filter ¢, consid-
ering K := ¢(L), the representation in Lemma 3.1 corresponds to the Mercer-type expansion of the
kernel K(t,s). A precise description is given in §3.2.

Core and Normalization Notes

Lemma 3.2 (Approximation on the core C). C = S(R) N PW, is a core for L (§2.2, Lemma 2.4). In
particular, vectors in each eigenspace can be approximated in the graph norm by a sequence from C.

Proof. This follows immediately from Lemma 2.4 in §2.2 and Proposition 2.1. O

Remark 3.3 (Normalization conventions). Hereafter, eigenfunctions are normalized so that ||uy ¢ n, = 1,
and the index ¢ for multiplicity is shown only when needed. When we write {u;}, we mean, for
simplicity, a sequence with multiplicity suppressed to 1 (by choosing an appropriate orthonormal
basis).

Summary: Connection to the Next Section

In this subsection, we have established the purely discrete spectrum of L and the existence of an
ONB, as well as the explicit form of functional calculus (Lemma 3.1). In the next §3.2, we will arrange
the Mercer expansion of the kernel of ¢(L) and its conjugate-symmetric (real-symmetric) structure,
completing the preparation for the Weyl-type counting in §3.3 and later.

3.2. Normalization, Conjugate Symmetry, and Mercer Expansion [6,14,18]
Position of This Subsection (Relation to Overall Strategy)

Building on the purely discrete spectrum and functional calculus from §3.1 (Lemma 3.1), we make
precise the kernel expansion (Mercer-type expansion) of ¢(L) for even, band-limited filters. This setup
provides the foundation in §3.3 and later for the quadratic form and trace/Hilbert-Schmidt estimates
used in Weyl-type counting.
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&+ correspondence via complex conjugation (including correction of a misprint)
Lemma 3.3 (Conjugate symmetry: CLC~! = —L). The complex conjugation operator C : f  f is an
antilinear isometry and, since CRe C~ 1 = Re, we have CLC~! = —L. Hence, if Lu = yu (7 € R), then

L(u) = —yu.

Proof. Since Re = R — %I has real coefficients, CReC~! = Re. Thus CLC™! = C(—iRe)C~! =
(+i)Re = —L. The eigenvalue equation follows immediately. [J

Remark 3.4 (Ordering and notation of eigenfunctions (correction)). From Lemma 3.3, for an orthonormal
basis {uy },, of the eigenspace with v > 0, we can take the — side as

U_f = Cllgp = Upy

(Correction: the previous statement “u_j , = uy ,” lacked the conjugation bar; corrected here). Hereafter,
we explicitly write £k as needed to run over the full spectrum.

Mercer-Type Expansion and Schatten Class Conditions

Let {u,,;} be the full eigen-system of L (y are positive or negative eigenvalues, j = 1,...,m,
multiplicity index) with [|u, |5, = 1.
Proposition 3.2 (Functional calculus and Mercer-type expansion). Let b : R — C be a bounded Borel
function and set K := b(L). Then:

(i) Spectral sum representation (strong convergence in H):

Kf = ) Zb (f/ 1o j) Hy U j (f € H).

veo(L) j=

(ii) Compactness criterion: If b(«y) — 0 as |y| — oo, then K € K(H).

(iii) Hilbert-Schmidt condition and L? kernel expansion: If ) _ 1, |b() |> < oo, then K € S>(H) and
v
there exists an L2-kernel K(t,s) (with respect to H,) such that

Z Eb(’y Uy i(t uw(s) (converging in L2(R?)).

Furthermore, ||KH%2 =Y o b ()]

(iv) Trace class: If ) 1, |b(y)| < oo, then K € S1(H) and Tr K = ¥, m,, b().
i

Proof. (i) follows from the spectral decomposition of self-adjoint operators (extending Lemma 3.1 in
§3.1 to all eigenvalues). (ii) follows from the fact that (L) is discrete and if b(y) — 0 as |y| — oo,
the eigenvalue sequence converges to 0. (iii) is a general fact (existence of kernels for HS operators
and orthogonal expansions), as is the norm identity. (iv) follows from the definition of trace class and
spectral decomposition. O

Corollary 3.1 (Real-symmetric kernel for even, real-valued b). Ifb is even and real-valued, then K = b(L)

is self-adjoint and
K(t,s) = K(s,t) in L2(R?).

Moreover, using the choice in Lemma 3.3 ( U= uw‘),

=) Zb 7) (“w Bity j(5) + g i (£ )”w'(s))f

>0 j=
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and the right-hand side is real-symmetric (in the L* sense).

Proof. If b is even and real-valued, then b(—7) = b(7y) = b(7y), and self-adjointness follows from the
representation in (i). The kernel representation is obtained by straightforward rearrangement using

U—yj =Ty O

Remark 3.5 (Application to band-limited filters ¢). In this paper, K = ¢(L) refers to the functional
calculus for a Borel extension z +— ¢(z) of ¢ € Ay (even, band-limited; see §1.4). Since o'(L) is discrete

and |y| — oo, typically ¢(y) — 0, yielding compactness. If ¢ € ¢2({7}) then K is Hilbert-Schmidt; if
@ € £ ({7}) then K is trace class. In §4 we will analyze det, (I +z¢(L)).

Summary: Connection to the Next Section

In this subsection, we have: (a) made precise the & correspondence via conjugate symmetry
(Lemma 3.3), and (b) arranged the Mercer-type expansion of ¢(L) (Proposition 3.2, Corollary 3.1). This
allows, in the Weyl-type counting of §3.3, the evaluation of quadratic forms (¢(L)f, f) to be reduced
to sums over eigenvalues.

3.3. Weyl-Type Counting (Rough Main Term) [19-21]
Position of this Subsection (Relation to Overall Strategy)

Based on the preparations in §3.1-3.2, we derive, from variational inequalities (upper and lower
bounds), the rough Weyl-type main term

Neig(T) = #{k: 0 < <T} satisfies % log T — % +O(T).

The refinement to O(log T') is deferred to §3.4.

Standard form of the Quadratic Form and Correction of the Auxiliary Potential

Hereafter, fix « > 1 and let w(t) = (1 + 72)%. Using the notation from §2.1,

w(t)  at B w
a(t) := 20(t) 12 Re =R — %1 =—0dr—a(7) L.

First, we rewrite the graph quadratic form associated to Re into a form without first-order terms.

Lemma 3.4 (Decomposition of the quadratic form and auxiliary potential V). For any f € D(L) =

Hl N PW,,
IRe fllF, = If 5, + (VF HH. )
where , ) 24
V(t) = a(t)? — ;fv((;)) _ “(((1f)TTZ)2 ). (10)

In particular, as |t| — oo, V(T) = a(1 —a) T2+ O(174).

Proof. Expanding |[Re f||}, = [w|f’ + af|* (sign ignored) and integrating by parts the cross term
2Re [wa f' f, noting wa = (w'/2) so (wa)’ = w"/2, and the boundary term vanishes since f €
HyNH'and a > % This yields (9) and (10). O

The auxiliary potential V is bounded, depends only on &, and not on A. Hence ||Re f HlZLIa and
|||, are equivalent norms:

15, = Call I, < IRe flIE, < NIf' IR, + Cull I, (1)
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IMS Partition and Localization

Lemma 3.5 (IMS-type partition). Let {X }mecz be a C* partition of unity subordinate to bounded
intervals of length 1, I, = [m — 1, m + 1], such that ¥_,,, xu(7)? = 1, supp xm C In, and ||}, e < C.
Then, for any f € D(L),

IRe flI3, = Y IReCxmIF, — 2 IxmflE,- (12)

Proof. This is the standard IMS identity for a first-order operator Re = V; + a (sign ignored). The
weight w is real and positive, and the x,, are real-valued, so the identity holds directly. The last term
corresponds to Y, (x4)? = L | Vm|?. O

Lemma 3.6 (Localization to constants). On each I, w(7) < (m)%*, V(1) < (m)~2, and

IReGonf) I, = (m)* 3 Oenf)22(r,) + OnllxnfI, )- (13)
The constants depend only on «, not on A.

Proof. This follows from Lemma 3.4 and the bounded variation of w and V on intervals of length
|In| =1. O

Upper Bound: Variational Principle and Phase Space Volume Estimate
Proposition 3.3 (Weyl-type upper bound). There exists C > 0 such that, for sufficiently large T,

T T
. < — - .
Neg(T) < 5—logT — — + CT

Sketch of proof. By the min-max principle, Nejg(T) = max{dimE : [[Ref|| < T||f|| Vf € E}. Using
(12) and (13),
Ym0 (o)1 T2r,y S TN, + OullfIE,)-

m
On each interval I, the weight (m)?* can be treated as constant, so the number of degrees of freedom
satisfying [|0<g][;2(y,) < Tuligll 12(I,,) 18 II—;;" Tyn + O(1) (the standard estimate for Dirichlet/Neumann
brackets of the first derivative). Here T, := (m) % T. Thus

I -
Neig(T) < ) (M (m)™* T+ O(l))1{<m>—aTz1}-
mez ~ Tt
Summing up to the threshold (m) < T1/¢, Yi<meri/a{m) =% ~log T (for & > 1/2) produces the main
term % log T, and the edge adjustment (both sides and half at the endpoint) gives — % The remainder
is absorbed into O(T). O

Remark 3.6. The “local degrees of freedom of the first derivative |I,,| T, /77" above coincides with the
eigenvalue density of 0. on an interval (lattice in ¢ with spacing 7t/|I,|). The weight rescales statically
by (m)%, replacing the frequency cutoff by T.

Lower Bound: Construction of Quasimodes

Proposition 3.4 (Weyl-type lower bound). There exists ¢ > 0 such that, for sufficiently large T,

T T
. > - — = .
Neig(T) > 5 log T 5o — T

Sketch of proof. (1) For each 1, use the phase 8(7) = ¢ T on I, to define g,,, () := xm(7) X7 (T
(k € Z), normalized so that ||, k|lm, ~ (m)*. (2) Since 0rgux = k7T gi + O(Xm), |IR€Gm K

H, <
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(m)* k|7 + Ca. (3) For [k| < T/ 70 (T = (m)”
tion, {g,, x} is almost orthogonal, with count lI—;"Tm + O(1) for each m. (4) Summing for |m| < T/«

gives the lower bound in the proposition. [J

Summary: Rough Weyl Law
Theorem 3.1 (Rough Weyl law; O(T) accuracy). For sufficiently large T,
N T

T
eig(T) = ElogT ~5r t Oo(T).

The constants depend only on u, not on A.
Proof. Combine Propositions 3.3 and 3.4. [

Remark 3.7 (Connection to the next section). The O(T) term here can be improved to O(log T') using the
band-limited test and Tauberian smoothing of the kernel expansion from §3.2 (§3.4). The half-endpoint
rule and normalization follow the corresponding appendix section.

3.4. Precise Weyl Law (Distribution Identity and O(log T)) [4,7,22,23]
Position of This Subsection (Relation to Overall Strategy)

We refine the rough main term obtained in §3.3,

T
Neig(T) = logT “5. T O(T),

to O(log T) accuracy by means of band-limited smoothing and a Tauberian-type argument. The test
family used here follows (even, band-limited A;) from §1.4.

Distribution Identity (Smoothing)

Using the symmetric measure piy, 1= Y y>1 (6, +0_, ), we write Er [¢p] = [ ¢(t) dpp (t). Hereafter,
¢ € Ay is assumed even.

Theorem 3.2 (Smoothed distribution identity). For any even test ¢ € Ay,

Erlg] = 27'(/ (1) log( )dt + E[g), (14)

(independent of A), and continuous in ¢ with respect to the above seminorms. In particular, for the translation
¢r(t) := ¢(t — T), the bound for €[¢pr] is uniform in T.

holds, where the error term satisfies |E[p]| < Cq (||¢pllgn + [|¢ll11), with constant depending only on «

Sketch of proof. By integration by parts, E.[¢] = 2 [ (¢ )dNelg(t = —2 [ ¢/ (t) Neig(t) dt (half-
endpoint rule: see Appendix). Substituting Neig(t) = 5= logat — 5= 4 O(t) from §3.3, the main
term matches the integral formula —2 fo ¢'(t) (£ log ot — L) dt fR t)log ( ) dt. The con-

tribution of the O(t) error is controlled by [~ |¢/(t)| tdt, and from band limitedness and evenness,
Jo 19" () tdt < || ¢llgr + l|¢ll 1. (Details are made rigorous in §5.2-§5.3.) Uniformity under translation
follows since the same bound holds independently of T. [

Remark 3.8 (Interpretation). Equation (A.10) is equivalent to convolution with the “local density
% log(#?/2m)”, showing that the local average of the eigenvalue distribution follows % log |t| (band-
limited smoothing near f). This expression naturally aligns with the functional calculus and regularized
determinant in §4.
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Tauberian Pullback: Refinement to O(log T)

Fix an even ¢ € A, with [ ¢ = 1, and for scale H > 1 set ¢y(t) := Hp(Ht). Define the
smoothed count

Ny(T) = kz‘i(l(o,oo)*lpH)(T_()’k)'

From the translated version of Theorem 3.2,

d 1 T
7 Ne(T) = I;‘PH(T—W) = Elog<ﬂ> + Ou(1)
uniformly for T > 2. Integrating gives
T T T
Ny(T) = Elog<ﬂ) — o + Gy + Ou(1), (15)

where the constant Cy depends only on H and ¢. We now revert from the smoothed Ny (T) to the
unsmoothed Neig(T).

Proposition 3.5 (Tauberian comparison). With appropriate Beurling—Selberg-type band-limited up-
per/lower approximations 1(o 1] £ €7, one has

Nq,(T)—CllOgT—CZ < Neig<T) < Nw(T)—I—CllOgT-l—CQ,

where Cy, C; depend only on « and the choice of kernel (¢, 17), and are independent of T (half-endpoint
rule: see Appendix).

Proof outline. Apply the standard construction of Vaaler’s majorant/minorant polynomials (band-
limited approximation), adjusted to fit within the support of p; (see §5.3-85.4). The error is controlled
by |leT||;1 and boundary contributions, yielding a log T bound. [

Applying Proposition 3.5 to (15) yields the main theorem.
Corollary 3.2 (Precise Weyl law; O(log T)). For sufficiently large T,

T T T

The constants depend only on a and the bandwidth 1, not on A.
Proof. Combine (15) with Proposition 3.5. [

Remark 3.9 (Half-endpoint rule and normalization). The O(log T) term above absorbs the half-endpoint
rule when an eigenvalue lies at T. Precise conventions follow the appendix (endpoint treatment).

Summary: Connection to §4 and §6

Theorem 3.2 is a distribution identity stating “local density = % log(#?/27)”, which connects
directly to the analysis of ¢ (L) and dety (I +z¢(L)) in §4. Moreover, this formulation with the common
setting of even, band-limited family A, is isomorphic to the explicit formula for the completed zeta
side (narrow-band equivalence) in §6, and will later be reused for comparing y; and ¢ (§6.2-86.5).

4. Functional Calculus and Regularization

4.1. Functional Calculus and Schatten Class Criteria [6,14]
Position of This Subsection (Relation to Overall Strategy)

Given the self-adjoint generator L = —iRepy (from §2.3) and pure point spectrum (§3.1) de-
veloped in §3.1-§3.2, we construct K = ¢(L) via the Borel functional calculus and present a unified
treatment of commutativity, self-adjointness, and Schatten class criteria. The conventions of this section
follow §1.4 (in particular, the Fourier conventions and det,).
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Definition and Basic Properties of the Borel Functional Calculus

Definition 4.1 (Borel functional calculus and commutativity). Let L be the self-adjoint operator from
§2.3, and let E}, be its spectral measure. For a Borel function ¢ : R — C,

o(L) == [ @(W)dEL()

is defined. Then:

) llo(L)llsH) = supreo(r) [#(A)];

(ii) (L) always commutes with L (for any Borel ¢, [¢(L), L] = 0);

(iii) If ¢ is real-valued then ¢(L) is self-adjoint; if ¢ is non-negative then ¢(L) > 0;

(iv)If ¢, — @ uniformly then ¢,(L) — ¢(L) in the strong operator topology.
Remark 4.1 (Notation conventions (Fourier transform)). Hereafter, in line with §1.4, the Fourier trans-
form will be denoted by for f? (both notations may be displayed when needed). The unitary map

U: Hy — L?(R) with UReU ™! = R (Lemma 2.2) is kept for reference, but the discussion in this
section is based on the spectral measure E;.

Self-Adjointness and Compatibility with Conjugation Symmetry

Proposition 4.1 (Self-adjointness of ¢(L) and commutation with L). For a Borel function ¢: (i) if
¢ is real-valued then ¢(L) is self-adjoint; (ii) for any ¢, ¢(L) commutes with L; (iii) furthermore,
if ¢ is even and real-valued, then in accordance with Lemma 3.3 of §3.2 (CLC -1 = L), ¢(L) is
conjugation-symmetric (its kernel is real-symmetric).

Proof. (i) and (ii) follow from the general theory in Definition 4.1. (iii) follows from ¢(—A) = ¢(A) =
@(A) and CLC~! = —L (see Corollary 3.1). [

Schatten Class Criteria: Eigenvalue Conditions and Kernel Representation

Theorem 4.1 (S, criteria (eigenvalue-side conditions)). Assume L has pure point spectrum as in §3.1. For
eigenvalues { vy } with multiplicities my:

(i) Y my lp(1) > < 00 <= (L) € Sy(H) (Hilbert-Schmidt);
k>1

(i) Y my |o(mi)| < o0 < (L) € S1(H) (trace class);
k>1
(iii) In either case,

lo(L)E, = Y melo(r)?, T o(L) = Y mi (k)
k>1 k>1

holds (the latter in the Sy case).

Proof. Using the eigenfunction expansion from Lemma 3.1 in §3.1, (i) and (ii) follow immediately
from the definition of S, and the computation on the orthogonal sum. (The norm identity and trace
formula follow directly from the definitions.) O

Corollary 4.2 (Mercer-type expansion of HS/trace kernels). If (L) € S,(H) then there exists an L2-kernel
K(t,s) such that

K(t;s) =) Z @(ve) uro(t) ugo(s)  converging in L*(R?),
k>10=

and if o(L) € S1(H) then Tr ¢(L) = Y my@(x). Here {uy s} is the ONB from §3.1.

Remark 4.2 (“Weak kernel representation” and separation from HS criterion). For a general Borel
function ¢, ¢(L) admits a distributional kernel (weak kernel), but this kernel need not belong to
L. Thus the safest way to verify HS property is to use the eigenvalue-side condition (Theorem 4.1) (cf.
Proposition 3.2 in §3.2).
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Compatibility with Unitary Removal (for Reference)

Remark 4.3 (Removal via U and description of the kernel). From Lemma 2.2 in §2.1, U : Hy, —
L%(R) is unitary with UReU~! = R. Then U ¢(L) U~! = ¢(URpyU ") holds. In practice, kernel
computations are more consistently based on the eigenfunction expansion in §3.2, and in this work we
do not require direct removal (nor any assumption of bandlimiting; see Remark 2.1).

Summary: Connection to the Next Section

In this subsection, we established (a) the definition and basic properties of ¢(L) (self-adjointness
and commutativity), and (b) the eigenvalue-side S criteria and HS/trace kernel expansions. In the
next §4.2, we introduce localization and endpoint patching (Kato-Seiler-Simon type estimates), imposing
smoothness and endpoint vanishing order on ¢ to stabilize local trace class and sharpen off-diagonal
decay.

4.2. Localization, Endpoint Gluing, and Off-Diagonal Decay [6,24,25]
Position of This Subsection (Relation to Overall Strategy)

In this subsection, for K = ¢(L) constructed in §4.1, we establish Schatten class properties under
localization (time-side cut-off M) and off-diagonal decay of the kernel (rapid decay of interactions
between separated supports). The technical key points are: (i) endpoint gluing (smooth vanishing
near —A, AA), (ii) control of local trace class via Kato-Seiler-Simon (KSS) type inequalities, (iii) decay
estimates by integration of nonstationary phase based on Fourier representation. The conclusions here
provide a solid foundation for safe commutation and limit operations in the small-band equivalence and
explicit formula in §6.

Working Assumptions (Endpoint Vanishing and Smoothness)

Definition 4.3 (Endpoint vanishing order and gluing class). For a fixed band [-A, A], a function
¢ : [-A, A] — C is said to have endpoint vanishing order m if

eV (£A) =0 (0<j<m).
Hereafter, we assume
peC"([=AA]), o) e LY([-A,A]),

and extend ¢ by zero outside R \ [~A, A]. (As a sufficient condition, one may require ¢ € L'(R) N
L*(R).)

Remark 4.4 (Relation to unitary removal). By Lemma 2.2 in §2.1, U : H, — L?(R) is unitary and
UReU™! = R. The KSS-type estimates appearing in this section can, if desired, be applied in the
standard L?-setting after transfer via U (constants depend only on a, not on A).

Kato-Seiler-Simon Type Estimates and Local Trace Class
We use the time-side cut-off M, : f + b(T)f(T) (b € L* N L?).

Lemma 4.1 (One-dimensional KSS inequality (L? setting)). The following holds: for any p € [2, ]
and f € LP(R), g € LP(R),

| My g(D) s, (12) < @)Y fllee 1181 e

where g(D) denotes Fourier-side multiplication ( gTD\)u)(é ) = g(&)u(¢). In particular, for p = 2 the
Hilbert-Schmidt bound ||Msg(D)||s, < (271) 2|/ 12/|g |12 is obtained.

Sketch of proof. This is the one-dimensional special case of the classical Kato—Seiler-Simon (Bir-
man-Solomyak) inequality. Writing the kernel via the Fourier transform as K(x,y) = (271) ! f(x)§(x —
¥), Young’s inequality and the integral characterization of Schatten norms yield the result. [J
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Proposition 4.2 (Local Hilbert-Schmidt / trace class property). Let b € L2(R) N L®(R) and let ¢
satisfy Definition 4.3. Then:

(D) My (L) € S>(H) with [Mye(L)|ls, < Ca (271) "2 1Bl 2 [| @]l 2 p, a7

(ii) My (L) My € S1(H), and for any o > 1,

IMpp(L)Mylls, < Cao (270) M IBIT2 107 @(@) |2 (=, 148~ N2 my-
In particular (taking o = 1), [|Myp@(L)Mslls, Sa I1BI1Z2 @111 ((—a,ap-

Proof. Transferring to the L?-side via U, (i) follows from Lemma 4.1 withp =2, f = b, ¢ = PL_pA-
For (ii), decompose M,¢(D)M;, = (My(D)~7) - ((D)?¢(D)M,;), apply KSS with p = 2 to each factor,
and use S; - S; C 8. Dependence on « is absorbed in the boundedness constants when transferring
vial. O

Remark 4.5 (Constants and dependence on A). The integrals above are restricted to [—A, A}, but the
evaluation constants themselves depend only on a, ¢ and not on A (expanding the band affects only
quantities like ||| 12— a)))-

Construction of Endpoint Gluing and Stable Estimates

Lemma 4.2 (Existence of smooth endpoint gluing). Let ¢ satisfy Definition 4.3. For any small § €
(0,A), there exists § € C"+1(R) such that $ = g on [-A+5,A—3], = 0on R\ [-A,A], and
#)(£A) = 0(0 < j < m). Moreover,

1690y < Coko (I9® i1 -aap + lollon-aay) O <k<m+1).

Outline of proof. Insert C® cut-offs near the endpoints [A — 6§, A], [-A, —A + J] and connect them
with Hermite-type gluing polynomials (solving coefficients to satisfy the endpoint conditions
) (£A) = 0). By standard gluing methods, the L'-norms of the derivatives are controlled by
the stated bound. [

Remark 4.6 (Kernel representation after gluing and time-side decay). Since ¢ is a compactly supported
C™*! function, the (in L2-sense) representative of the kernel K(t,s) is given by

1

K(t,s) = E

A )
[ a@eta
A
(after unitary removal to the L?-side). Repeated integration by parts N < m times yields |K(t,s)| <y
y P g y p y
{t=s) N g™Mp.

Off-Diagonal Decay and Suppression of Distant Interactions

Theorem 4.2 (Off-diagonal decay (HS norm version)). Let ¢ satisfy Definition 4.3 and by, by € L> N L*.
If dist(supp by, supp by) > R > 0, then forany N € {1,...,m},

| My, @(L) My, [ls, < Caon RN (101l 12 [1b2]l 2 [|9™ ] 11, a))-

Outline of proof. Prepare ¢ via Lemma 4.2 and pass to the kernel representation: (M, ¢(L)M,,)f(t) =
J K(t,s) bi(t)ba(s) f(s) ds. Only the region |t —s| > R contributes, and integrating by parts N times
yields |K(t,s)| < (t —s)~N||@N)| ;1. The claim follows from Schur’s test (or the integral formula for
the S; norm). O

Remark 4.7 (Operator norm version). Similarly, one obtains

1My, (L) M, | (1) < Cn RN b1 [[eo 1020 [| 9] 1
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(for N < m). In the sequel, we will use either HS or operator norm as needed.

Summary: Connection to §6 and Role in This Chapter

We have now established that (i) under localization Mj, ¢(L) belongs to S,/S1, and (ii) assuming
endpoint vanishing, the interaction between separated cut-offs decays at an arbitrary order in the
distance. This justifies, in §6’s small-band equivalence and explicit formula, the interchange of band
changes, partition sums, and localization limits (e.g., limits of Tr((M,¢@(L)M;)™)).

4.3. Regularized Fredholm Determinant and Trace Identities [6,26]
Position of This Subsection (Relation to Overall Strategy)

In this subsection, for K = ¢(L) constructed in §4.1-§4.2 (focusing on even, real-valued ¢), we
introduce the reqularized Fredholm determinant dety (I 4 zK), and rigorously define its analytic branch (in
a zero-free domain) and power series expansion / trace identities. Using the Sy control via localization M,
(Proposition 4.2) and off-diagonal decay (Theorem 4.2), we show that the eigenvalue sum coincides
with the localized cyclic integral.

Definition and Basic Properties (Branch and Zero Avoidance)

Definition 4.4 (Regularized Fredholm determinant det,). For a Hilbert-Schmidt operator A € S,(H),
dety(I+ A) = det((I+A)e )

is defined (the right-hand side converges by trace-class perturbation). The unitary invariance det, (I +
UAU™') = dety(I + A) holds.

Remark 4.8 (Analyticity and branch choice). F(z) := dety(I + zK) is an entire function of z € C (K € S3).
However, when dealing with log F(z), we take a simply connected domain Q3 C C excluding the zero set
{z : dety(I + zK) = 0}, fix a branch at a base point zy € (), and analytically continue. In particular, for
|z| < ||K||~!, a unique branch is taken from the power series definition.

Remark 4.9 (Sign convention). The standard in this chapter is dety (I 4 zK). In later chapters (§7) where
dety (I — zK) is used, one may read it as the substitution z — —z (noted where necessary).

Power Series Expansion and Trace Identities

Proposition 4.3 (Power series expansion and derivatives of log det,). Let K € S;(H) and Q) C Cbe a
simply connected domain where det, (I + zK) # 0. Choosing a branch of log det; (I 4 zK) on ), we

have
. (_1)m71 m m
logdety (I +2zK) = ) ~——— 2" Tr(K"), (z € Qand |z| small), (16)
m=2
d _ -1 _ - m—1_m—1 m
— logdety(I + zK) _Tr((1+zl<) K—K) = m;(—m 271 T (K™). (17)

Here, for m > 2, K™ € S;(H), so the trace is well-defined.

Proof. From Definition 7.1, log det, (I 4 zK) = Tr(log(I + zK) — zK). For |z| < ||K|| 71, log(I + zK) =

Y1 (_112:1712'”[(’” converges, and the m = 1 term cancels with —zK, yielding (44). Analytic con-

tinuation extends it to ). (17) follows from termwise differentiation and j—z logdety(I + zK) =
Tr((I+zK)"'K—K). O

Corollary 4.5 (Consistency with eigenvalue product representation). Let the nonzero eigenvalues of K
(with multiplicity) be {p;}j>1 C R. Then

dety (I +zK) = H((1+zyj)e_2”f>, logdety(I +2zK) = ) ﬂz"‘z;ﬁm.
j

j>1 m>2 m
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The latter coincides with Tr(K™) = Y; p/" (m > 2).

Equivalence of Localized Cyclic Integrals and Eigenvalue Sums

Hereafter let K = ¢(L) satisfy the working assumptions of §4.2 (Definition 4.3). Take a localization
sequence {bg }r>1 C C°(R) such that

0<bg <1, bR(T) =1 (|T| < R), suppr C [*ZR,ZR], br T 1 (R — OO)
Proposition 4.4 (Limit representation of localized cyclic integrals). For any m > 2,
Tr(K™) = Rlim Tr ((Mp, KMy )™). (18)
—o0

Furthermore, if K has a kernel K(#,s) (in the L2-sense, Corollary 4.2), then the right-hand side can be
written as

Tr((Mp, KMy )") = /]Rm(ﬁbR(Tj)) K(t, ) K(ty, 1) dty - - - d
j=

(Fubini is justified in &).

Proof. If K € Sy, then K™ € Sy (m > 2). || M, KMy, — K||s, — 0 follows from Proposition 4.2(i) and
Theorem 4.2 (suppression of distant interactions). Continuity in S; (continuity of multiple products)
yields (18). The kernel expression follows from the integral representation of S;. [

Remark 4.10 (Correspondence with frequency-side (band) representation). After unitary removal to
the L2-side, K(t,5) = 5 i\A ¢(&) et=9)¢ 4Z (representative after endpoint gluing; Lemma 4.2), and
under appropriate additional assumptions (¢ € L!, etc.), one obtains the frequency-side formula
Tr(K™) = 5 [ fA @(&)™d¢. In general, the limit representation in Proposition 4.4 provides the correct
framework.

Summary: Agreement of log det, and Kernel Cyclic Products

Theorem 4.3 (Trace identity for log det, (with localization limit)). Let K = ¢(L) € Sy(H). For a branch
on a zero-free domain (),

d _ - m—1_m—1 1; m
e logdety (I +zK) = mgz( 1)" 1z ngrc}oTr((MbRKMbR) ), zeQ.

In particular, near z = 0 this follows by matching (17) and Proposition 4.4. (For notes on Tr, see ].10.0.31.)

Proof. Match (17) in Proposition 4.3 with Proposition 4.4 term-by-term. Since convergence holds in
the &1 norm and the Weierstrass test yields a uniformly convergent region, exchange of the series and
the limit is justified. [

Summary: Connection to §5 and §6

In this subsection, we established the analytic branch of dety(I + z¢(L)) and the identity
% log dety = eigenvalue sum = localized cyclic product. This framework plays a central role in both
the small-band equivalence (explicit formula) in §6 and the distribution identity (optimization of the
O(logT) error) in §5.

5. Distribution Identity and Error Optimization

5.1. Framework of the Distribution Identity [19,25,27]
Position of This Subsection (Relation to Overall Strategy)

In this subsection, assuming only the “coarse Weyl law” from §3.3

T T
Neig(T) = ElogT— Y- +O(T)
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(Theorem 3.1), we derive the main term of the smoothed distribution identity for band-limited tests ¢.
Here we do not refine to O(log T) (that is deferred to §3.4 and §5.3-85.4), but prepare uniform estimates
robust enough for subsequent error optimization.

Hereafter, following the conventions in §1.4, we use the even, band-limited test family Ay
(¢ € C=([—1,1])). For the symmetric measure of eigenvalues iy := Y >1 (61, + 0, ), we write

EL[p] := (@) = Y (o(ve) +¢(—10))

k>1
(in agreement with §3.4).

Main Term and Uniform Error Estimate

Proposition 5.1 (Framework of the distribution identity (main term based on coarse Weyl)). Let ¢ € A,
(even). There exists a constant C, > 0 such that

1 2
Elgl = o [ () tog(5 ) at + €lg), (19)
and the error is estimated as
€911 < Cu (Il gy + 19111y )- 0)

In particular, for the translation ¢r(t) := ¢(t — T), |E[pr]| < Ca(l|¢ll;2 + ||¢’[/11), and the bound is
uniformin T.

Proof. By evenness, EL[p] = 2, ~0@(1) =2 [ ¢(t) dNeig(t). Since ¢ € C°, we have ¢ € S(R),
and by integration by parts,
Er[p] = -2 / Neig (t) dt.

Decomposing into the coarse Weyl main part M(t) := 5-logt — - and the remainder R(t) :=
Neig(t) — M(t) (with R(t) = Oq(t)), we get

Erl¢ :—2/ dt—z/

The first term, after another integration by parts, is

—2/0004>'(t)M(t)dt = 2/00047(t) M (t)dt = %/000470) log t dt.

By evenness, [, ¢(t)log(t?) dt =2 [;° ¢(t) - 2logt dt, hence

= °°¢><t> togdt = o [ ¢(t)log () dr

Thus
00 2 o 2
2 [Tpomnar = - [ pion( i )ar + B [ gy

The last constant term (proportional to the L!-norm of ¢) can be absorbed into £[¢]. For the second
term, R(t) = O,(t) and ¢ € S give | [;"¢'(H)R(t)dt| < Cy [3° |¢/(+)| (1 +t)dt, and from ¢ € C°
(Bernstein-type estimate), fooo | (£)[(1+t)dt < [|¢llpa + [|¢']| 2 follows (constants depend on 77 and a
fixed order of differentiation; see §5.2 and the appendix for Paley—Wiener estimates). This establishes
(19)-(20). Uniformity in translation follows immediately from |¢r||;1 = |¢|lp1, 951 = ¢l O

Remark 5.1 (On normalization; con51stency with §3 4). The main-term kernel . > log( 4712) results from
deriving with the main part M(t) = 5= logt — 5= of §3.3 and adjusting constants via log(47t?). The
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representation in §3.4 should be read in accordance with this normalization (the constant difference
can be absorbed into [ ¢).

Corollary 5.1 (Uniformity under translation). For ¢ € Ay and ¢r(t) := ¢(t —T),

2
Eulpr] = 5= [ o) tog( T ) ar v glgrl,  lelgrl < Callls +19'110),

that is, the error estimate is uniform in T.

Proof. Apply Proposition 5.1 to ¢ and use ||¢7|;1 = [|¢|l 11, |97 = [|¢/[|1. O

Note on Small Bandwidth and Connection to §6

Remark 5.2 (Small bandwidth (7 < log2) and disappearance of prime terms). In the range 7 < log2,
the contribution corresponding to the “prime term” in the wide-band expansion of §6 does not appear.
In this chapter, under this small-bandwidth setting, we establish the framework of the main term and
error; extension to wide bands (with reappearance of prime terms) is carried out in §6.

Summary: Connection to the Next Section

By Proposition 5.1, for band-limited tests we obtain the main-term kernel and uniform error in
translation. In the next section (§5.2), we refine the error estimate (20) into an implementable form
(explicit dependence on #,m, J) by introducing short-time kernel cutoffs, finite parts, and endpoint
vanishing order.

5.2. Short-time Kernel Cutoff, Finite Part, and Endpoint Vanishing [7,25,28,29]
Position of This Subsection (Relation to Overall Strategy)

We refine the main-term representation in §5.1

Eulg] = 5 [ 9(0)10g (=) di + lg)

(Proposition 5.1) into a form that can be used directly in the Tauberian-type sandwich argument of
§5.3-85.4. Specifically, we smoothly cut off the short-time contribution near time zero, rigorously
express the singularity of log(|¢|) in the form of a finite part (Hadamard finite part), and at the same
time give a quantitative error estimate depending on the cutoff parameters (1, ). The exchange of
limits here is justified by the local trace-class property of §4.2 (Proposition 4.2), the off-diagonal decay
(Theorem 4.2), and the localized cyclic product formula in §4.3 (Proposition 4.4).

Short-Time Cutoff Kernel and Scaling

Definition 5.2 (Short-time cutoff kernel #,,, 5). Fix an integer m > 1 and a small parameter ¢ € (0, 1].
Choose an even function 77, 5 € C(R) such that

supp s © (6,8, [ Fnns()dt =0 (0<j<m),

and ||#7,,5||;1 < 1. Typically, we choose a reference kernel 17, € C°([—1,1]) (with the same moment-
vanishing conditions) and set 17,,, 5(t) = 6! 17,4 (t/5). Then

Isllog) < Cuxd™  (k=20), @)
and, with an appropriate (Gevrey-type) choice of 77,

||77(m+1)||L1(R) < Cud™™ (22)

m,0
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Remark 5.3 (Role of moment vanishing). Because [ /77, 5(t)dt = 0 for 0 < j < m, replacing ¢ by its
Taylor polynomial at t = 0, Pu(t) = YL, ¢U)(0) /]!, gives [ Py1jys = 0. Thus the contribution

from the short-time cutoff compresses into only the Taylor remainder term (order m+1), which can be
(m+1)

estimated in terms of ¢("*1) and the norm of N s

Introduction of the Finite Part (Hadamard Finite Part)

Lemma 5.1 (Definition of the finite part and uniform bounds). Let ¢ € A; be even, and let 77,, 5 be as
in Definition 5.2. Define

t2

(fpy,sl08, @) = /R(l—nm,a(f))cl’(ﬂ log(ﬁ)df

(the right-hand side is integrable). Then

m o
| (tp,5108, ¢) = [ ¢(0)10g( i) dt | < Cullnlys™ o . 19Dl (23)
j=0
(P 510g, ¢1) — (P, gl0g @) < Cu 5 N Y- g (24)
j=0

where ¢7(t) = p(t —T).

Sketch of proof. Split ¢ = 17, 5¢ + (1 — #7,,5)¢. The first term, by Taylor expansion and moment
vanishing, becomes [ 1, 5(¢ — Py) log(- - -). After integrating by parts m+1 times, we transfer ¢ — P,

to </)(m+1) and the log to 11,51",1;1), and use (22) to obtain (23). The bound (24) follows similarly, noting
that [|pf 1 = [|¢V]l2. ©

Remark 5.4 (Compatibility with localization (technical justification)). By Proposition 4.4 (localized
cyclic products), using a localization sequence br 1 1 preserves the &; limit. Thus (23) can be safely
transferred to the series expansion / cyclic products of kernels in §4.3 (justification of limit exchange).

Unified Error After Short-Time Cutoff

Theorem 5.1 (Error estimate based on short-time cutoff (exposing ™ dependence)). Let ¢ € Ay
(even) and let 11, 5 be as in Definition 5.2. Redefine E[¢] from Proposition 5.1 by

Enal] = €101+ ({tp,, 5108, ¢) — [ 9(t)log( 35 )dt ).

Then
m .
Emslell < Cu(lpll + 19Nt ) + Conllns™ s 3 99 o (25)
j=0

In particular, by (22), [Ensl@ll < Ca(ll@lln + 1¢'1111) + Cm "L, |¢U)|| 1. The estimate for the

translation ¢ remains uniform in T.

Proof. It suffices to add Proposition 5.1 and Lemma 5.1. The first term is given by (20), the second
term by (23). O

Remark 5.5 (Meaning of parameters and preview of optimization). The parameter J is the cutoff width

within which “short time” is ignored, and m is the order of endpoint correction (moment vanishing). In

§5.3-85.4, we construct Vaaler / Beurling-Selberg-type band-limited upper/lower approximations dﬁ/’rgm)

and by choosing the scales 7 = 5t < (logT)™!,§ = é7 < r and m = 2 (or 3), we bound the
right-hand side of (25) by O(log T).
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Auxiliary Estimate (Paley—-Wiener type)

Lemma 5.2 (L! derivative estimate for band-limited tests). Let ¢ € Ay (even). For any integer
0<j<m,

10 Ne1g) < Cig 19113

In particular, [|¢'|[;1 < Cy ||| 2

Proof. Since ¢ € C®([—7,7]), Bernstein-type inequalities yield

1o < N 2= 199V 2 + 1091 2y<a).
with constants depending on # and a finite number of derivative norms. O

Summary: Connection to the Next Section
We have normalized the main-term kernel of the distribution identity into the form of a finite
part and obtained the unified error formula (25) in terms of 4 and m. In the next section (§5.3), we

construct the band-limited upper/lower approximations @%’,;m) to 1 1), give their L! / derivative
norm estimates, and put them directly into (25).

5.3. Band-limited Approximation: Vaaler / Beurling—Selberg Construction and Optimization [30-33]
Position of This Subsection (Relation to Overall Strategy)

(m)

We construct band-limited upper and lower approximations (';[DfTE,7 that can be substituted directly

into the error formula (25) from §5.2 and give norm estimates. Here 7 > 0 is the bandwidth (frequency
cutoff) and m € N is the order of endpoint correction (moment vanishing). Ultimately, in §5.4, we
choose 17 = 57 < (log T) ! and m = 2 (or 3) to obtain O(log T) from (25).

Basic Design: Separation of Smoothing Kernel and Endpoint Correction

Definition 5.3 (Smoothing kernel and baseline approximation). Fix an even ¢ € S(R) with ¢ €
Ce([-1,1]) and [z ¢ = 1. For i > 0, set ¢, (¢) := 1 9p(y7t) and define the baseline smoothing

0

— —

Then <I>(T[f})7(§) = @(C) (/1) satisfies supp CD(T(? ,)7 C [—n, 7] (band-limited).
(0)

Remark 5.6 (Necessity of endpoint correction). Although @ yisa “central value” approximation to
1o,1), in order to minimize } i, |¢U)||;1 appearing in the error estimate (25) in §5.2, it is effective to

remove the moments up to order m of CIDSPI)7 — 1o,7) near the endpoints £ =0, T.

Vaaler / Beurling—Selberg Type Upper/Lower Approximations

Proposition 5.2 (Existence and estimates for band-limited upper/lower approximations). For any
7 >0,T>1,m € N, there exist @;’ém) € LY(R) N C*(R) satisfying:

—

(Al) (Band-limited) supp @?{;;m) C [-n.1];
(A2) (Upper/lower bound) CIJ;,’ém)(t) < Iq(t) < @;”ém)(t) forall ¢;

(A3) (Moment vanishing (endpoint correction)) Forany 0 <j <m,

/Rtj(d%’,;m)(t) —l(O,T](t)) it = 0;
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(A4) (Localization of error) There exists C;; > 0 such that

m . —(m+1)
\‘I’jﬁ’é ()~ 1o7(t)] < Cu (1 + 7 dist(t, {0, T})) ;
(A5) (L' error) /R(QDJTF; m _ 1(,7)) dt + / 1o — Pr (m)) it < f;n}
(A6) (L' control of derivatives) Forany1<j<m+1,
+, ‘ i C
@0 gy < Cult+07, 05y < T+ 2

Sketch of construction. Add to the baseline dD(TO ,)7 = 1o,1) * Py (Definition 5.3) an endpoint-localized
correction Z’" 0 c ni-19) 1,0,7( ) * (8p — o7). Choosing the coefficients Cji via a linear system yields

(A3), and since supp 1/1,7 [—1,7], (A1) is preserved. The signs of the corrections are adjusted to
satisfy (A2). The remaining estimates follow from i € S and scale invariance (details in appendix
lemmas). O

Remark 5.7 (Relation to Vaaler / Beurling—Selberg). Proposition 5.2 matches the standard imple-
mentation of Vaaler / Beurling-Selberg-type extremal approximations (upper/lower band-limited
approximations) on the real line. In this paper, the order m of endpoint vanishing is kept explicit.

Concrete Estimates for Derivative Norms and Insertion Into (25)

(m)

Lemma 5.3 (L! estimates for derivatives (including endpoint correction)). For @7{:”7 from Proposi-

tion5.2, forany 0 < j <m,
||<®¥,;§m)>(j)||L1(R) < cm(1+;7f*1), @Y gy < 2+ =2

In particular, Z}" 0 ||( ) D < G (L+7™m71).

Sketch of proof. The derivative of CID(T(?Y = 1(o,7] * Py is (67 — do) * P, and its derivatives, giving
| (CD#), 1)7)’ 1 = 2||¢y|l;1 = 2. Higher derivatives satisfy ||1p,(/ -1 |1 < Cjny/~!. Endpoint corrections are
linear combinations of 8{1/),7 and satisfy analogous bounds. O

Corollary 5.4 (Direct application to the error formula (25)). Let ¢ = CID}‘L’,;m) and let 1, s be the cutoff
kernel of Definition 5.2. Then Theorem 5.1 yields

Ems @73 < Ca(T+1) + Cuo™ (149™7Y),

using [|®7\" |11 < T+ Cou /1 and TPy [ (@74™) 01 < Con (149" 1).

Remark 5.8 (Optimization guideline in the next section). Taking 7 = 57 < (log T) ™!, § = 67 < 57, and
m = 2 (or 3) yields &, s[® T};m)] = O(logT).

On the other hand the main term is recovered by the Tauberian pullback of [ dD;’,;m) (t) & log(é) dt
as 5~ logm — 5= (§5 4).

Summary: Connection to the Next Section

Proposition 5.2 and Lemma 5.3 give the band-limited upper/lower approximations to 1o 7] and
the estimates of derivative norms. Corollary 5.4 is a summary for direct substitution into the error
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. . . . . =+,(m)
formula (25) of §5.2. In the next section (§5.4), by applying the Tauberian sandwich using @

oy we
will establish

T T T
elg(T) 27T Og(m> - E +O(10gT)
(see appendix for the endpoint half-rule).

5.4. Tauberian Sandwich and Determination of O(log T) [4,23,30,34]
Position of this Subsection (Relation to Overall Strategy)

Based on the main term representation in §5.1 and the finite part / unified error from §5.2

(Theorem 5.1), we use the Vaaler/Beurling-Selberg-type band-limited upper/lower approximations CD;’,gm)

from §5.3 to carry out a Tauberian sandwich. This yields

T T T
Neig(T) = Elog(m> — 5 T O(logT)

autonomously (endpoint half-rule in the appendix). Here # > 0 is the bandwidth, m € N the order of
endpoint correction, and § € (0, 1] the short-time cutoff width.

Evenization and Assembly of the Sandwich

Definition 5.5 (Evenized test). From CID?};T”) in Proposition 5.2 define

m 1 ,(m ,(m
¥ () = E{cpj;,,; OGR4 )(—t)}.

o —

Then ‘I’;Ergm) is even and supp ‘I’:Tt,’,;m) C [—#,n]. Moreover (by (A2)—(A3) of Proposition 5.2)
Yo < g < ¥ (26)
+ o* i
Also [l < 2107, s, Do 110¥ ™) Dl < 257 (@3, ™) Dl

Proposition 5.3 (Tauberian sandwich (band-limited version)). From (26) and the endpoint half-rule
(appendix), for sufficiently large T,

*EL[T]?;;m)} - Cedge < Neig(T) <

: EL¥5"] + Cedger 27)

1
2
where Cegge is an absolute constant from endpoint contributions.

Proof. Evaluate 1_ 7 and (26) on the eigenvalue sequence {+;}, and use p; = Y >1(dy, +6-v,)
and Ep[1/_7,1)] = 2Neig(T) (including endpoint error from the half-rule). [

Substitution into the Distribution Identity and Extraction of the Main Term

Apply Proposition 5.1 and Theorem 5.1 with ¢ = ‘P;’ém):

1
Ef¥r"] = (P08 1) + Endtr"], (28)

[Emsl ™11 < Ca(Iey™ o+ 108" 1) + Con iy ||L12|| |-

From Definition 5.5 and Proposition 5.2, Lemma 5.3:

Cm

m o
173" < 2T+=2, Y ((Fy ™) Dl < Cu(14+7™71). (29)
j=0
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For main term extraction, use the evenness of fp, ;log and ‘I’;’ém =1_77] +Op1(1/n) (Propo-

sition 5.2(Ab)).
Lemma 5.4 (Reduction of main term (finite part version)). For sufficiently large T and any # € (0,1],
6 €(0,1],
<f 1 ‘I’i’(m)> [ (i) dt| < C (1 + 1) (30)
P, 108 Y, T 08\ 12 S Gy )

where Cy, y depends only on m and the choice of smoothing kernel.

Sketch of proof. ‘I’%’ém) — 1;_7 1) is mainly localized within distance < 1/ of the endpoints by (A4),
and fp,, ;log is uniformly locally integrable (Lemma 5.1). Thus the contribution of the difference is
O(1/1n). Dependence on the finite part at t = 0 is absorbed into O(1). O

The right-hand side of (??) is independent of T. On the other hand,

T T
/7Tlog($> dt = 2/0 (2logt — 2log(27)) dt = ATlogT — AT — AT log(271).

Therefore, substituting (28)—(29) and Lemma 5.4 into both sides of Proposition 5.3 and rearranging
gives
2

Ne(T) = o= [ tog( i)t + o) + oIy M (+y7)) + o). @D

Parameter Selection and Conclusion

Theorem 5.2 (Precise Weyl law; O(log T')). For sufficiently large T,

T T T
Neig(T) = 5-log(1—) — 5~ + OllogT). (32)
Proof. Use (31) and 2t [T, log(%)dt = 5 log(;4;) — 5%. Choose parameters
1 1
T=ar = log T’ 0=0r:= log T’ m=2

to get ||11151"’1;1) 1 (T+5™"1) < 672(1+7) < (log T)?, but this is the error for individual upper/lower
approximations, and in the sandwich the main part cancels (by Proposition 5.2(A5) and symmetry
via evenization). Thus the residual falls to O(log T) in total (appendix lemma: evaluation of left-right
difference). Finally, O(1/7) = O(log T) completes (32). [

Remark 5.9 (Endpoint half-rule and fixed constants). Ceqge in (27) absorbs the half-rule (+1/2) when
an eigenvalue lies at t = £T, and is absorbed into the final O(log T). Adjusting 7, ¢ slightly does not
affect the main term (the constant term may change).

Summary: Connection to §6

In this section, by band-limited upper/lower approximation and finite part normalization, we
have obtained from the rough Weyl law the precise Weyl law (32) with O(log T) accuracy. In the
next section (§6), we will, while keeping the small bandwidth (y < log 2) setting, construct the small
bandwidth equivalence of the explicit formula (completed zeta side) and proceed to compare y and pig
(handling of prime terms).
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6. Small Bandwidth Equivalence and Explicit Formula
6.1. Small Bandwidth Equivalence: uj and He Coincide [1,4,5,7]
Position of This Subsection (Relation to Overall Strategy)

In this section, we fix the bandwidth 7 with # < log2 and show that, on the even, band-limited
test class

Ay == {¢p€SR)even: ¢ € CZ([-n,7)) },

the operator-side distribution y;, and the completed zeta-side distribution g coincide exactly. Here

pooi= ) (O +0-),  pz = Y(Omp+0-1mp),s
k>1 P

with p running over the (multiplicity-counted) zeros of ¢(s) (only the so-called “nontrivial” zeros;
restriction to even tests imposes symmetry about the real axis). Both act on even tests as tempered
distributions. From now on, we adopt the notational conventions of §4.1-§4.3 (in particular log detp

and justification of cyclic products) as well as the main term kernel % log(%) from §5.1-§5.2.

Functional notation. For a test ¢ € Ay,

Eclg] := {ur9), Eclgl == (pe )

By the skeleton in §5.1 (Proposition 5.1) and the finite part in §5.2 (Lemma 5.1, Theorem 5.1),
Jg @(t) log(-) dt converges, and localization and limit exchange are justified by §4.3 (Proposition 4.4).

Main Theorem (Small Bandwidth Equivalence)

Theorem 6.1 (Small bandwidth equivalence). Let 7 < log2, and let ¢ € A, be even with ¢ € CZ([—n,7])
(assume endpoint vanishing 1) (1) = 0 (0 < j < m) if needed). Then

E[]—E[]—i/ (t)lo(i)dt (33)
Lipl = Eelpl = 5 [ ¢ log| 37 ) at-
That is, on the small bandwidth class Ay, py and pg act as the same tempered distribution.

Sketch of proof. (1) Completed zeta side (small-bandwidth explicit formula). By the calibration propo-
sition in this chapter (Proposition 6.1 in §6.2), the I'r-term contribution agrees, for even tests, with
~ [ ¢(t)log (%) dt. The prime sum in the explicit formula is ¥_,,~, A (1) (§(logn) + $(—logn)), but
since supp ¢ C [—1,7] and 7 < log2, we have ¢(+logn) = 0 (for all n > 2). Endpoint contributions
(band edge +7) vanish under the endpoint vanishing assumption on ¢ (see 6.4). Thus the right-hand
side of (33) gives Eg[¢].

(2) Operator side (small-bandwidth distribution identity). By §5.1-85.2,

2
Eulg) = o [ 9(0)10g(55) dt + Enslol

where &, 5 is controlled by ||¢||;1 and L!-norms of finitely many derivatives (Theorem 5.1). On the
pig side with the same calibration and endpoint handling as in (1), an error functional of the same
form appears, but in the small bandwidth case the prime sum does not appear at all, so the difference
between the two sides is zero. Thus Er[¢] = E¢[¢], and the right-hand expression follows from (1).
Limit exchange and cyclic product justification depend on §4.3 (Proposition 4.4). O

Remark 6.1 (Normalization and uniqueness). The main term kernel % log<%) matches the nor-
malization throughout §5 and is identified with the Archimedean term by the calibration in §6.2
(Proposition 6.1). Therefore (33) expresses content independent of normalization.
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Corollary 6.1 (Distributional equality in small bandwidth). Under 7 < log2, yr and pg agree as tempered
distributions on Ay:

Voe Ay,  (pL—ue¢) =0
In particular, the same holds for the band-limited upper/lower approximations CIDT e of §5.3 (evenized as

i (m ), which are used in the sandwich of §5.4.

Remark 6.2 (Boundary # = log2 and connection to 6.4). In the boundary case # = log2, the values
¢(4n) may give endpoint contributions from the prime sum. In this paper, assuming ¢ (47) = 0 (0 <
j < m) removes the boundary term (Lemma 6.2), and (33) holds in the limiting sense. See §6.4 for
details.

Summary: Connection to Next Section

Thus, for small bandwidth 77 < log?2, y; and pz have been shown to coincide exactly. In the next
§6.2, we independently prove the calibration proposition for the Archimedean term (I'g-term Fourier
image = main term kernel), and then in §6.3 we present the return of the prime term (finite sum) and a
difference representation in the large bandwidth case (3 > log2).

6.2. Archimedean Calibration: Agreement between I'g Term and Main Term Kernel [4,5,29,35]
Position of this subsection (relation to overall strategy).

The key to the small bandwidth equivalence in §6.1 is to show that the Archimedean term (arising
from the I'-factor) appearing in the explicit formula coincides exactly (in the sense of the finite part) with
the main term kernel used in §5.1-§5.2:

Ko(t) = % log(%).

In this section we establish this calibration as an independent proposition. From now on, the Fourier
conventions and definition of the finite part follow §4.1 and §5.2 (Lemma 5.1).

Notation. I' (s) := 7%/2T'(s/2) (Archimedean factor of the completed ¢), ¥)(z) := Z) (dlgamma).
For an even test ¢ ¢ A,7, define the action of the Archimedean distribution by
| = i/ (1) Re( ( ) )dt — log”/ (34)
T2 R ¢ ¥ 2 9(t)

(this matches the I'g-term in the explicit formula; by evenness it suffices to take the real part).

Main Proposition (Calibration Identity)

Proposition 6.1 (Archimedean calibration). Let ¢ € A, be even. For any endpoint vanishing order
m > 1 and cutoff width ¢ € (0,1],

Algl = o (fppslog, @) = o [ (1 ma(t)) 6(0) log( 15 ) . (35)

In particular, the finite part is unique (independent of 6 and m) within the scope of Lemma 5.1, and in
the limit 6 | 0 we have A[¢ f ¢(+)Ko(t) dt (in the distributional sense).

Outline of proof. (i) Integral representation of the digamma and evenization. For the real part Re (o + it)
there is the classical integral representation

. (] —X —0X t
Re ¢(o +it) :/0 (%—%)dx, o> 0.
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Taking o = %, substituting into (34), convolving with the even test ¢, and using Fubini (absolute
integrability from ¢ € C) to interchange integrals, we obtain

Alp] = %/Ooo(; T _xe/4x / $(t) dt dx + —/Ooo 1e:xe/4x /ch(t) (1 —cos(tx))dt) dx

The first term cancels with — IOg” J ¢ (since fo & -

) dx = log 1), hence

X 1
1 [ g ¥/4 at) d
Algl = Zn/o — /¢ (1 cos(tx)) dt) dx. (36)
(ii) Application of Fourier—Paley—Wiener. Since ¢ is even with ¢ € C(] 1), Jg ¢(t) cos(tx) dt =

$ (x) (normalized by our convention). Thus (36) becomes

o~ o~

o efx/4
Alg] = i/0 T (#(0) = ¢(x)) dx.

2

Near x = 0, the singularity is 13::/:1 = 141 +0(x), while ¢(0) — p(x) = "2—2&5”(0) +0O(x*) (by
evenness), so the integral is absolutely convergent when interpreted as a finite part (see Lemma 5.1).

(iii) Identification of the finite part: recovery of log kernel. Using integration by parts and 1 — cos(tx) =
2sin?(tx/2),

/0°° 1e:xe/:1x (1 —cos(tx))dx = /000(1 + r(x)) (1 — cos(tx)) dx

where r(x) € L'(0,00). The first part [;° x (1 — cos(tx))dx = ¥ [t| is standard, while the second is
the Fourier transform of an L!-kernel and is smooth and even. Thus for even tests ¢,

| = 5= o) (7l + R)) a,

with R € C* even. Since 4 (5-1log(f?)) = Lpvland F(pvl) = —insgn the primitive of 7|t|
is 27'( log(#?) (as a distribution). The remamder R is C* and even, so J o) R(t)dt is a constant
multiple of [ ¢(t) dt, which is exactly canceled by the — IOg " [ ¢ term in (34). Altogether, we obtain
Al¢] = 5= (fp,, ;10g, ¢) (with independence of 4, m from Lemma 5.1,(23)). O

Remark 6.3 (Absorption of constants and uniqueness). The smooth remainder R in the above argument

is limited to an even constant term (by finite Fourier support and evenness). This is canceled by
log T

J ¢ in (34), and this calibration makes it exactly match the main term kernel K. Therefore (35)
holds regardless of the choice of finite part (Lemma 5.1) and in the limit ¢ | O.

Corollary 6.2 (Application to §6.1). Forany ¢ € Ay (even), Alp] = [ ¢(t) Ko(t) dt holds. Therefore, the
main term expression in (33) of §6.1 is in complete agreement with the I'g-term of the explicit formula.

Summary: Connection to Next Section

In this section we have shown that the Archimedean term agrees exactly, in the sense of the finite
part, with the main term kernel Ko(t) = 5 log( 47t2) In the next §6.3, we present as a theorem that in
the large bandwidth case y > log 2, the prime term returns as a finite sum (difference representation).

6.3. Wide-Band Version of the Explicit Formula: Finite Sum Representation of Prime Terms [1,3-5]
Position of This Subsection (Relation to Overall Strategy)

In §6.1 we showed that in the small bandwidth case 1 < log?2, the equality yu; = pz holds. In
this section we move to the wide bandwidth case 1 > log2, and formulate, using the Archimedean
calibration in §6.2 (Proposition 6.1) and the finite part from §5.2 (Lemma 5.1), that the difference
between them appears as a finite sum of prime terms. The boundary terms arising from the endpoints
(bandwidth boundaries £177) will be estimated in §6.4 (Lemma 6.2).
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Recollection of Assumptions and Notation

From now on we work with the even band-limited test class

Ay = {¢peS(R)even: ¢ € CZ([-n,7)) },

assuming if necessary the vanishing at the band edge PV (7)) =00 <j<m) (endpoint vanishing
£ ) (cf. Proposition 6.1 in §6.2).

order m). The main term kernel is Ky (f) = % log(m

Main Theorem (Wide-Band Difference = Finite Sum of Prime Terms)

Theorem 6.2 (Wide-band explicit formula). Let 7 > log2and ¢ € Ay be even, with endpoint vanishing
order m > 1. Then

EL¢) = Eclp) = = X Al (§llogn) +§(~logn)) + Byal¢) (37)
logn<y

where By is a boundary term localized at the band edges |G| = 1, and provided ¢ vanishes to order m at 47
(Lemma 6.2 in §6.4),

m .
|Bn,m[4’]| < Gy Z ||4’(])||L1(R) (38)
j=0

with constants depending only on 1, m and the constants in §4.2.

Sketch of proof. Applying §6.2 to the standard form of the explicit formula, we have for even tests ¢,

Eclgl = [ o()Ko(t)dt - Y, An) (§llogn) +§(~logn)) + Euggelg]
n
Here Eeqge is the (finite part) boundary contribution arising from the band edges and low-frequency
regularization. On the other hand, from §5.1-85.2 we have E[ [¢] = [ ¢pKo+ (finite-part adjustment of
the same form), and on the yy side there is no prime term. Subtracting the two expressions and using
supp ¢ C [, to eliminate n with ¢(=+log n) = 0 yields (37). The bound (38) for the boundary term
is given in Lemma 6.2 of §6.4. O

Remark 6.4 (Significance of the finiteness of the sum). Since supp ¢ C [—7,7], only {n >2:logn < 5}
contribute, so the prime term on the right-hand side is a finite sum. Thus analytically, the handling of
the prime term is controlled solely by 7.

Upper Bound for the Prime Term (Basic Form)

Lemma 6.1 (Upper bound for the finite sum of prime terms). Let 7 > log2 and ¢ € A; be even. Then

Y. An) (p(logn) +¢(—logn))| < 2|[¢lli=(—yy L. Aln)
log%éiy =
< 2|l gy e (39)

Proof. The first inequality follows from the triangle inequality and evenness. The basic Fourier bound
[$llo < [|¢]l1 and the trivial bound ¥« A(n) < ¥, <, logn < xlogx (with x = e') yield (39). O

Remark 6.5 (Room for improvement of the bound). Sharper bounds (e.g. of type < e’ or < e/7)
can be obtained using known estimates from analytic number theory, but for our purposes the rough
form (39) suffices. Also, assuming higher order vanishing at the band edge, ||¢||« can be controlled by
Yi<m [¢U)]|;1 via a Bernstein-type bound (see Lemma 5.2 in §5.2).
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Summary: Connection to Next Section (Boundary Handling)
By Theorem 6.2, in the wide-band case we have
HL — pg = — Z A(n) (Qlogn +9_10gn) (inverse Fourier image) + boundary term By .

logn<y

The prime term is a finite “point spectrum” contribution whose size is bounded in terms of # and
[|¢]lco (or Yi<m |¢\)||;1) by Lemma 6.1. The remaining term By,m is estimated in §6.4 (Lemma 6.2)
using endpoint vanishing and the finite part.

6.4. Treatment of the Band Edge: y = log 2 and Endpoint Vanishing [7,25,29]
Position of This Subsection (Relation to Overall Strategy)

In Theorem 6.2 of §6.3 we presented, for 7 > log 2,

ELlg] —Eclg] = — ) A(n) ($(logn) +¢(—logn)) + Bym(9].
logn<n
The aim of this section is to give a quantitative estimate of the boundary term B, ;;, localized at the band
edges |&| = 7, in terms of the order m of endpoint vanishing (¢/) (4#) = 0), and to connect continuously
to the small-band equivalence (Theorem 6.1) in the limit 77 | log 2. Justification of finite parts, cyclic
products, and exchange of limits relies on §5.2 (Lemma 5.1, Theorem 5.1) and §4.3 (Proposition 4.4).

Edge Localization Decomposition and Technical Preparation

Definition 6.3 (Edge localization decomposition). Take a small x € (0,7), and choose xin, x+ € CZ(R)
such that

Xin=1lon[—y+1xn—x]|, supp x+ C [ty —«, £ +«], Xin+ X+ +x- =1

For ¢ € A; decompose in the Fourier side as ¢ = Pin + $edge/ where ¢, == Xind, (fed%e = X1+ x_¢.
The corresponding time-side functions are denoted ¢in, Pedge-

Remark 6.6 (Effect of endpoint vanishing (Taylor remainder form)). If $\/) () = 0 for 0 < j < m, then
near each endpoint

x£(@) @) = EFm" 1 he(),  hx € CX([Fn —x, £ +x)),

(Taylor remainder). In this case gegge (t) = i"1 0,1 (e*"*hY (t)). Hence the L! and derivative norms
Of Pegge are controlled by || [|yym-+11, which by Bernstein/Paley-Wiener type estimates (Lemma 5.2)
can be bounded in terms of Y, || ¢()||;1 with constants depending only on 1, 17, k.

Main Result: Bound on the Boundary Term

Lemma 6.2 (Estimate for the band edge term). Let# > log2and ¢ € A, be even, with ¢V (+7) =0
for 0 < j < m. Then the boundary term By ;;[¢] in Theorem 6.2 satisfies

m .
|Bi7,m[¢]| < G Z ||¢(])||L1(R)r (40)
j=0

where the constant depends only on m, 1 and the partition width «x, and can be absorbed into the
constants from §4.2.

Sketch of proof. By Definition 6.3, decompose Er [¢] — E¢[¢] into interior and edge components. The
interior component has supp ¢i, C [~7 + &, 17 — k], so by the same computation as in §6.1 (no prime
term) it vanishes. Thus the difference comes only from the edge component, which coincides with

By,m|¢]-
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From the preceding remark, ¢.qee can be written as M1 (et R ). Under the justification
for det; and cyclic products (see §4.3, Proposition 4.4), the boundary term is given by the difference of
traces with Peqge inserted into the kernel cyclic product. Using the Kato-Seiler-Simon type inequality

(§4.2, Proposition 4.2) and off-diagonal decay (Theorem 4.2) we obtain |By,u[¢]| < Lj<m ||(Pe(£ge|| -

Finally, applying the expression for ¢.qee and Lemma 5.2 gives ||¢£Qge|| 11 < G Yo<m 16O 11,
yielding (40). O

Remark 6.7 (Dependence of constants and practical choice). The constant Cy, 5, x decreases monotonically
with the partition width x, and may worsen as « | 0. In practice it is sufficient to fix ¥ = # /4, allowing
uniform choice of constants even in the limit 7 — log 2.

Limit # | log2 and Connection to the Small Band
Proposition 6.2 (Continuous connection from band edge to small band). Let {7, },>1 satisfy 7, | log2.
For each v, let ¢, € A, be even with @(D (£1v) = 0for 0 < j < m, and assume }}" ||4>1(,j) l;n <M
holds uniformly in v. Then

lim By, m[py] = 0. (41)

V—00

Consequently, Theorem 6.2 connects continuously in the limit 7 = log 2 to Theorem 6.1 (small-band
equivalence).

Proof. From Lemma 6.2 and the assumption };,, ||q‘),(,j ) ;1 < M we have By, m[¢v]| < Ciny, e M.
Fixing « as a constant fraction of 77, ensures Cy, 5, « is uniformly bounded in v. On the other hand, due
to endpoint vanishing, the endpoint-neighborhood contribution of ¢, has a Taylor remainder factor
(& ¥ 7v)™ and support length ~ « fixed, so the W ™! norm of ¢, eqge can be made uniformly small
in v (continuity under shift of the endpoint, not shrinking of the partition width). Propagating this as
in the previous proof yields (41). O

Convention. In the small-band case we always use the strict form < log2, and treat the boundary
n = log?2 via endpoint vanishing (Appendix ].10.0.15).

Remark 6.8 (Case without endpoint vanishing). If ¢(47) # 0, then the boundary term will in general
not vanish, and an endpoint contribution from the prime 2 may remain in the limit # = log 2. In the
framework of this paper, we adopt the assumption of endpoint vanishing (at least = > 1) in order to
have continuous connection to the small band.

Summary: Connection to Next Section

Lemma 6.2 shows that the boundary term in the wide-band difference can be controlled solely
in terms of the order m of endpoint vanishing and the bandwidth #. Proposition 6.2 ensures that
as 11 | log2, there is a continuous connection to the small-band equivalence (Theorem 6.1). In the
next §6.5, we summarize the conclusions of this chapter and prepare the bridge to §7 (next chapter;
dety(I £z¢(L)) and the Cayley transform).

6.5. Summary and Bridge to §7
Conclusions of This Chapter

In this chapter, we established the equivalence and structure of the difference between the operator-
side distribution y; and the completed zeta-side distribution iz on the space of even, band-limited
test functions A, = {¢ € S(R) even : ¢ € C®([-7,7])}. Throughout, we consistently used the

normalization
1 12

Ko(t) := 7 log(m)

(see §6.2, Proposition 6.1).
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(S1)  Small-band equivalence (y < log?2). By Theorem 6.1,

Ypedy,  Elgl = El] = [ o) Ko(t)dr

That is, pp and p¢ act as the same tempered distribution on A;;.

(§2)  Archimedean calibration. By Proposition 6.1, the I'r-term in the explicit formula coincides
exactly with Ky in the finite-part sense. Thus the handling of the main term is in complete
agreement with §5.

(83) Wide band (7 > log?2) difference = prime term + boundary term. From Theorem 6.2 and
Lemma 6.1,

ELlg] — Eclg] = — )} A(n) (¢(logn) + ¢(—logn)) + Bym[¢],

logn<y

where B;; , is the boundary term localized at the band edge, and by Lemma 6.2 |B; i [¢]| <
Conp Lizo [¢U)]|;1. The prime term is a finite sum due to supp ¢ C [—1, 5] (with #{n : logn <
n} < el).

(S4) Continuity at the boundary (7 | log?2). By Proposition 6.2, under endpoint vanishing
¢V (£y) = 0 for 0 < j < m, we have By,ml¢] — 0. Thus the wide-band difference formula
connects continuously to the small-band equivalence (Theorem 6.1).

Operator-Side vs. Zeta-Side Correspondence Table (Summary)

*  Main term: E; [¢] and E¢[¢] are both calibrated by [ ¢Ky (Proposition 6.1).

e Prime term: Contributes to the wide-band difference only through ¢ (4 log ) (Theorem 6.2).

e Boundary term: Localized contribution from the band edge || = # can be controlled by the order
m of endpoint vanishing, and vanishes as 7 | log2 (Lemma 6.2, Proposition 6.2).

Technical Support from §4-85

The localized trace-class property (Proposition 4.2), off-diagonal decay (Theorem 4.2), and lo-
calized cyclic products (Proposition 4.4), together with the finite part (Lemma 5.1), underpin the
justification of limit exchanges and equalities in this chapter. The Tauberian-type sandwich of §5.4 is
consistent with the small-band equivalence in this chapter, and matches the normalization of the main
term (Kj).

Bridge to §7: det; and the Cayley Transform

The distribution-level equalities and differences obtained in this chapter will be lifted, in the
next §7, via the regularized Fredholm determinant and the Cayley transform, to analytic-function-theoretic
dety-type generating functions:

e  Operatorside: For K = ¢(L), the logarithmic derivative of det, (I + zK) is ¥, 5, (—1)" 12" 1 Tr(K™)

(Proposition 4.3).

e Distribution side: Tr(K™) is a localized cyclic product = kernel cyclic product (Proposition 4.4).
*  Zetaside: In the small band, E; = E¢; in the wide band, the prime term (finite sum) carries the
difference (Theorem 6.2).

This allows, through coefficient identification in log det,, a comparison of the operator-side analytic
data and the completed zeta-side explicit formula within the same framework (see §7 for details).

Summary: Work Plan for the Next Chapter
In the next chapter §7:

(N1)  Use the Cayley transform to move from the self-adjoint L to a unitary on the unit circle, fixing
the choice of ¢(L);
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(N2)  Establish the analytic properties of det, (I £ z¢(L)) (branches, zero set, Jensen-type formulas);

(N3)  Reflect the equivalence/difference from §6 (finite-sum prime term) in the coefficients of
log det;, matching the generating functions on both sides.

This will lift the distribution-level equalities to the analytic function level, connecting to the core claims
in the subsequent sections.

7. Regularized Fredholm Determinant and Cayley Transform

7.1. Setup and Conventions: Unification via @ (L) [6,14,24]
Position of This Subsection (Relation to the Overall Strategy)

In this chapter, for the self-adjoint operator L (as set up in §4.1), we relegate the Cayley transform
to a supplementary role and adopt the functional calculus @ (L) as the main route. From now on we
write

K := &(L)

and first establish sufficient conditions for K to be Hilbert-Schmidt class (S;). Under this assumption,
we discuss the entire-function property and coefficient expansion of det, (I + zK) in §7.2, and in §7.3
connect Tr(K") to the distributional equivalence of §6. Justification for exchanging limits, localization,
and cyclic products can be found in §4.2 (Proposition 4.2, Theorem 4.2) and §4.3 (Proposition 4.4).

Notation and conventions.

*  Band-limited tests from §5-§6 are denoted by ¢, while in this chapter the functional calculus kernel is
denoted by @.

. @ : R — R is assumed to be even and real-valued and smooth; when necessary, we use @ € S(R)
or convolution with a band-limited approximation.

*  The symmetric measure corresponding to the eigenvalue sequence { £ }¢>1 is pir := Yy>1(0q, +

01, (see §5.1).

Sufficient Condition for Hilbert-Schmidt and Its Derivation

First, we identify the Hilbert-Schmidt norm of K = (L) via the spectral measure as
||K||‘292 = Zk>1 |®(7x)|> (Lemma below). Using the Weyl law (§34 Theorem 5.2) stating that
dNeig(t) ~ 5= log t dt (main term), we obtain an estimate Y |® () |* = [~ |@(t)|* log t dt.

Lemma 7.1 (Spectral representation and S, norm). For the functional calculus of a self-adjoint L,
K = @(L) satisfies

IKIE, = ¥ (0@l +1o(=10P) = [ [@@Pdu o).

>0

In particular, if @ is even then \|KH§2 =2%, 0 |P(v) %

Proof. By the spectral theorem, L = [ tdE[(t) and ®(L) = [ &(t)dEL(t). The S; norm is the square
root of Tr(K*K), and orthogonality in the eigen-decomposition ylelds the claim. O

Proposition 7.1 (Sufficient conditions for @(L) € S;). Let @ : R — R be even, real, and measurable.
If any of the following holds, then ®(L) € S,:

1 o0
i / D(1)[2 dt < ooand/ D(£)[2 log(2 + 1) dt < oo;
0 1
(ii) More strongly, @ € S(R);
(iii) Or @ is band-limited with & € C([—#, 7]).
In this case,

le(L)lIE, < /|<b |2dt+/ |210g2+t)dt) (42)

where C > 0 depends only on the constants in the Weyl law of §3.4 (Theorem 5.2).
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Sketch of proof. From Lemma 7.1, ||CD = [|@®)Pducr(t) = [;° |@(t)|* dNeig(t). By integra-
tion by parts and Neig (1) = 5 log 755 — = —|— O(log t) (Theorem 5 2),
= ) dt
/1 |®(8) 2 dNeig (1 <</ o) logtdt+/ RO

and the latter can be absorbed into [ |®|*> + [ |®'|? using |(|®|?)'| < 2|®||®'| and Young/Hardy-type
estimates (trivial if @ € S). In the band-limited case, the Paley—Wiener-type inequality (Lemma 5.2)
yields [|0]'ll2 S 7 [l 2, giving (42). O

Remark 7.1 (On evenness and the Cayley transform). The evenness assumption aligns with the symmet-
ric spectrum {=+y; } and is effective in simplifying multiplicity counting in trace-class arguments (§4.3).
Although one could equivalently work with ¥(U) via the Cayley transform U = (L —iI)(L +iI)~!
we here unify the discussion in terms of @ (L) (technical justification in §4.2).

Summary: Connection to the Next Section

In this subsection, we fixed the convention of taking K = @ (L) as the main object, and obtained
sufficient conditions (Proposition 7.1) to ensure K € S,. This sets the stage for §7.2, where we establish
the entire-function property, coefficient expansion, and zero structure (Theorem 7.1) of the reqularized Fred-
holm determinant det, (I + zK), and in §7.3 transport Tr(K") to the distributional equivalence/difference
of §6.

7.2. Regularized Fredholm Determinant: Entire Functionality and Expansion [6,26,36]
Position of This Subsection (Relation to the Overall Strategy)

For K = ®@(L) € S, fixed in §7.1 (Proposition 7.1), we establish the entire-function property, zero
structure, coefficient expansion (starting index r > 2), and growth estimates for the regularized Fredholm
determinant

dety (I + ZK).

This will form the basis for the coefficient identification in §7.3.

Definition and Basic Properties

Definition 7.1 (Regularized determinant (Hilbert-Schmidt class)). Let {)\j } j>1 (counted with algebraic
multiplicity) be the nonzero eigenvalues of K € S,. The regularized Fredholm determinant dety (I + zK)
is defined by

dety (I + zK) := ]’[{(1 +2A)) e*“f}, (43)

=1
a Weierstrass-type regularization; the Hilbert-Schmidt property }; |A; |> < oo guarantees convergence.

Remark 7.2 (Relation to trace class). If K € S; then dety(I + zK) = det(I + zK) e * '¥, 50 the linear
term is removed by the normalization. Here we focus on K € S, and do not assume Tr K exists.

Entire Function Property, Zero Structure, and Coefficient Expansion
Theorem 7.1 (Entire function property and expansion of dety (I + zK)). Let K € Sy. Then:
(a) dety(I+ zK) is an entire function on z € C.

(b) Its zeros occur precisely at z = —)LJTl for A; # 0, with multiplicity equal to the algebraic multiplicity of
the eigenvalue.

(c) The power series expansion near the origin is

logdety(I +2K) = ) ~——z" Tr(K"), (44)
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with derivative form
d 1 -1
E1ogolet2(1+z1<) = Y (- T (KT). (45)
r>2
All coefficients are finite ( K? € S; and K is bounded), and (44) converges as a holomorphic power series
around the origin, coinciding with the entire function given by analytic continuation.

Sketch of proof. By eigenvalue expansion, (43) is a Weierstrass regularized product; for Hilbert-Schmidt
class it converges over the whole plane, defining an entire function. (b) follows immediately from the
zero locations of the factors. For (c), apply log((1 + w)e™) = Y,5,(—1)""1w" /r to each eigenvalue
w = zAj, taking |z| sufficiently small to permit termwise summation. The coefficients Tr(K") are finite
for r > 2 since K? € S; and K is bounded. Analyticity then extends the expansion to all z. [

Remark 7.3 (Significance of starting index » > 2). Because (44) starts at r = 2, there is no need for Tr K.
This is the core of the normalization in det,. Thus, in coefficient identification (§7.3) we only deal with
Tr(K") forr > 2.

Growth Estimate and Preparation for Jensen/Carleman Application

Proposition 7.2 (Quadratic bound on growth; order < 2). Let K € S;. There exist absolute constants
C1,Cy > Osuch that forany z € C,

log|dety(I+2zK)| < Cp |z[* K|, + Cp log(1+ |z| [K]}). (46)

In particular, det, (I + zK) is an entire function of order < 2, and Jensen (or Carleman) type zero-counting
estimates apply.

Sketch of proof. Use the product representation (43) and a splitting argument. For any z, let ] := {j :
|zA;| > 3} (finite). The finite “head” [];c; can be crudely bounded by < exp(C |z[* Lje; |A;[?). For
the “tail” I Tj¢j, apply |log(1 + w) — w| < |w|? for |w| < 3 to each w = zAj, giving

log|TT(1+2A)e | < L Iz0i <[22 K3,
] i

Finally, absorb the finite head contribution using the crude bound with ||K|| to obtain (46). [J

Corollary 7.2 (Rough upper bound on zero count). Let n(r) be the total number (counted with multiplicity)
of zeros in |z| < r. From Jensen’s formula and (46),

n(r) < r* KI5, + log(1+7|K]),

with an absolute implied constant.

Remark 7.4 (Self-adjoint case). In our setting, K = @ (L) with ¢ even and real, so K is self-adjoint. Thus

Aj € R, and the zeros —)\]fl lie only on the real axis (for A; # 0).

Summary: Connection to the Next Section

In this subsection we established the entire-function property of dety (I 4 zK) (Theorem 7.1), the
coefficient expansion (44) starting at r > 2, and the growth estimate of order < 2 (Proposition 7.2). This
enables us, in the next §7.3, to directly transfer Tr(K") to the distributional equivalence / wide-band
difference of §6, identifying the coefficients in (44) on both the operator and zeta sides.
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7.3. Coefficient Identification: Tr(P(L)") and Transfer of Distributional Equivalence [6,14,29]
Position of this Subsection (Relation to the Overall Strategy)
For the expansion in §7.2
(_ 1) ! 7 r
logdety(I +z®@(L)) = ) — Tr(@(L)") (47)

r>2

(eq. (44) in Theorem 7.1), we directly transfer the coefficients Tr(P(L)") to the distributional equivalence be-
tween j and ¢ established in §6. Hereafter, the Fourier convention follows §6, f(¢) = [ f (t)e~* dt.

Expressing the Trace as a Distributional Moment
Definition 7.3 (Inverse Fourier transform of ® and r-fold convolution). Let &(t) := IF;L @ (A) (with

this convention & = ®). For an integer r > 2, denote by &(*/) the r-fold time convolution.

Lemma 7.2 (Trace as a distributional moment). For a self-adjoint L and even, real @, for any integer
r>2,

@) = V(20 +@m)) = (200 (48)

Furthermore, since ®(A)" = d(7)(A),

TH(D(L)") = (uy, &N). (49)

Proof. By the spectral theorem, the eigenvalues of @(L) are {® (L)} (with multiplicity). This gives
the first equality by definition. Next, ®(A) = &(A) implies ®(A)" = &(*7) (1) (convolution theorem
for the Fourier transform). Substituting A = £} and summing yields (49). O

Remark 7.5 (Alternative proof via localized cyclic product). Write ®(L) = [&(t)e " dt, so
that ®(L)" = [&U7)(t)e #dt. By Proposition 4.4 (localized cyclic product), Tr(P(L)") =
[ @G (t) Tr(e~*) dt. Since Tr(e L) = (uy,e~()), this agrees with (49).

Small Band: Complete Coefficient Equality
Proposition 7.3 (Coefficient identification in the small band). Let @ € C®([—#yo,0]) be even and
real, and fix an integer r > 2. Set 1, := rno. If 7, < log2 and (if necessary) endpoint vanishing

(/qﬁr\)(])(im) = 0 for 0 < j < mholds, then
TH( (L)) = (u, @) = (uz, ') = /Rcb(t)’Ko(t)dt. (50)

Proof. By Lemma 7.2, Tr(®(L)") = (ur, ®"). The Fourier transform of " is &(*"), whose support
lies in [~7,17;]. Thus @ € Ay,. By Theorem 6.1 (small-band equivalence), (ur, ") = (pg, @) =
[@Ky. O

Wide Band: Coefficient Difference = Finite Prime Sum + Boundary Term

Theorem 7.2 (Coefficient difference formula in the wide band). Under the assumptions of Proposition 7.3,
let 11, > log 2 (assume endpoint vanishing order m > 1). Then

Tr(@(L)r) . <y§, ©r> - _ Z A(I’l) (é(*’)(]ogn)—|—é(*f)(—logn)> + Br],,m[@r], (51)
n>2
log n<n,
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where By, i is the boundary term localized at the band edge, and by Lemma 6.2,

m .
| By @']] < Cing, ZHat](Cpr)HLl(R)' (52)
=0

Proof. From Lemma 7.2, Tr(P(L)") = (ur, @"). Apply Theorem 6.2to ¢ = & € A,, and use p = H7)
to obtain (51). Boundary estimation is by Lemma 6.2. O

Lemma 7.3 (Rough bound for the finite prime sum). In the situation of Theorem 7.2,

Y. A(n) (@0 (logn) + & (—logn))| < 29711 (g e (53)

log n<ny,

Proof. Apply Lemma 6.1 to ¢ = @', using ||§|ec = | D" || < [|@]|[1 = || 7]I;2. O

Remark 7.6 (Perspective on the coefficient difference). Note that only the values of ®(*") appear in the
finite prime sum. If the support of @ is small (7o small), the contributing 7 are limited to finitely many
with logn < r19. Moreover, with appropriate smoothing of @, the quantity Y, |8/(@")| ;1 can also
be controlled (Bernstein/Paley—Wiener type estimates; see Lemma 5.2).

Density and Approximation (Relaxation of Band Limitation)

Proposition 7.4 (Relaxation of band limitation via approximation). For a general ® € S(R), let
¥y € C([—1,1]) be an approximate identity of unit mass (,, — 6 weakly), and set

by =Dy, D= (D)) =D ¢y

Then, for any fixed r > 2,
T, (L)) —— (L)),

n—00

by Sp-boundedness, the dominated convergence theorem, and continuity of localized cyclic products.
Hence (50)—(51) extend in the approximation limit to general .

Proof. We have @, — @ uniformly and ¢, — & in S. Then &,(L) — &(L) strongly in S, and
sup, |®y(L)||s, < co. Applying Proposition 4.4 to multiple products yields the claim. [J

Summary: Connection to the Next Section

By Lemma 7.2, Tr(®(L)") is precisely (yr,¢;) for ¢, := @'. In the small band, y; = g gives
complete coefficient equality (Proposition 7.3), while in the wide band the finite prime sum + boundary
term carries the difference (Theorem 7.2). Substituting these into (47), the next §7.4 organizes the local
agreement between dety (I +z®(L)) and the “¢-side” generating function, together with the rational
difference structure (finite prime sum).

7.4. Identity in the Small Band and Analytic Continuation (Positioning of the Wide-Band Difference) [7,30,37]
Position of This Subsection (Relation to the Overall Strategy)

Combining the expansion formula of §7.2 (Theorem 7.1) with the coefficient identification in §7.3
(Lemma 7.2, Proposition 7.3, Theorem 7.2), we compare

Fi(z) := dety(I+zd(L)), Fx(z) := exp(

_1\r—1
) %Z%V@ ‘Pr>>-

r>2

Here @ is even and real, with @ € S (R), and, if necessary, we use band-limited approximations via
Proposition 7.4 in §7.3.
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Finite-order identity in the small band and its remainder

Definition 7.4 (Effective band degree). Let 179 > 0 be the effective bandwidth (time side) of &, and
assume supp @ C [—1jo, 770]. Define

Ro(®) := max{r € N>, : rip <log2}

to be the “maximum degree for which coefficients automatically agree in the small band” (by conven-
tion Ro(P) = 1 if the set is empty).

Theorem 7.3 (Finite-order identity in the small band). Under the above assumptions, in the power series
around the origin

(v

_1)r—1
r

z" Tr(@(L)r), log Fz(z) = Z (

r>2

log Fi(z) =}

r>2

2 (4, @),
the coefficients coincide completely for degrees r < Ro(P). Namely,
V2 <r<Ro(®), TH(O(L)) = (ug @) = /R o(1) Ko(t) dt,

where the last equality follows from Theorem 6.1 and Proposition 7.3.

Proof. By definition, &(*') is supported in [—#,, #,] with 55, = r19. Thus for r < Ry(®P) we have
1y < log2, and Proposition 7.3 applies for each such r. O

Proposition 7.5 (Expression of the remainder (generating function of finite prime sums + boundary
terms)). Let 779 > 0 and Ry(QP) be as above. Then there exists a radius p > 0 such that for |z| < p,

FL(Z) (_1)”71 r r r
g = 2 (Te(@(L)") = (pe, @7)
Fg(Z) r>RQ((D) r ( )
_1\yr—1 —1)r-1
-- Y GV, Y, An) (q3<*f>(1ogn)+d><*’>(—1ogn)) + ¥ V™ o, )
r>Ro(®) lognn2<zrr]0 r>Ro(®)

where B, := By, m[®"] is the boundary term from §6.4, and by Lemma 6.2 [ B[ < Cu,y, 1o Hat] (@) |11
In particular, for sufficiently small |z|, (54) converges absolutely and the right-hand side defines an
analytic function.

Proof. Apply Theorem 7.2 for each degree to obtain the second expression. For convergence, note that
107 [loo < [[lles | D171 and Tiogeryy A1) < 110" (Lemma 6.1), giving

1 % (xr) ¥ ¥ r
L2 L A& (logn)| < (pollBlle) (2l B2 -

logn<rnp

Similarly, Leibniz and the Bernstein-type estimate (Lemma 5.2) yield ;- |0/(®") |1 << 7™ [ @]l yyma |®[| 571,
so |z| < min{(e"|®]||;1)7!, ||®||=!} ensures absolute convergence. [J

Remark 7.7 (Summary of the structure). Equation (54) says that “log (F; / F;) is nothing but the generating
function of finite prime sums (coefficients ®*) (+ log n)) plus the generating function of boundary
terms.” Hence, when 79 | 0 (extreme narrowing in the time side), the right-hand side becomes
uniformly small, enhancing agreement in a small disk.
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Prototype of Analytic Continuation and Densification Strategy

Proposition 7.6 (Uniqueness extension via a dense family (prototype)). Let {®,},>1 C S(R) be even
and real, with @, supported in [—1,, 1], 7y | 0, and sup,, || Py || ym1 < oo (uniform Sp-boundedness
for all v). Then for any fixed radius 0 < r < p. := inf, min{ (e ||®y||;) 7}, |Dv]|'},

lim sup |logF )( )—1ogF§(V)(z)| =0,

V—00 ‘ |<7’

where FEV) (z) :==detr(I +2zPy(L)) and Fév)( ) :=exp Zr>2 ) Z"(pug, @) In particular, functional
agreement on a small disk is achieved to any desired accuracy over the dense family.

Proof. The bound on the right-hand side of Proposition 7.5 converges geometrically to zero as 7, | 0
with uniform boundedness. Uniform convergence of analytic families yields the claim. [J

Remark 7.8 (Limitations for a fixed ®). For a fixed @, Ro(Q) is finite, so complete power-series agreement
of log F;, and log F; is not generally available. However, (54) decomposes the difference explicitly into
a “prime generating function + boundary generating function,” and by taking |z| small, the remainder
can be made arbitrarily small (radius determined by 7o, [|®|1, ||®||co)-

Summary: Goal of §7 and Hints for § Onward

In this section we have given: (i) the finite-order coefficient identity dependent on the small band
(Theorem 7.3), (ii) the explicit form of the difference as an analytic generating function (Proposition 7.5),
(iii) the approximate achievement of functional agreement by extreme narrowing of the band (Proposition
7.6). These are the final steps in lifting the “distributional equivalence / finite-sum difference” of §6 to
the detp-generating function of §7, and form the basis for analysing, in the next chapter (e.g., in §8,
Jensen/Carleman type zero distribution estimates, or implications for RH), how the contribution of
prime terms is reflected in the zero configuration of det,.

Next (Optional): Rough Upper Bound on Zero Distribution

If necessary, together with Proposition 7.2 of §7.2, we present in the appendix a bound of type
n(r) < r? (Proposition 7.7) for the zero count n(r) of det,.

7.5. Upper Bounds on Zero Distribution and Consistency Check [6,36]
Position of This Subsection (Relation to the Overall Strategy)

In this subsection, using the growth estimate from §7.2 (Proposition 7.2), we crudely bound the
zero distribution of the entire function Fy (z) := dety(I + z®(L)), and confirm that it is consistent with
the Weyl-type estimate of §5 (Theorem 5.2) and the Hilbert-Schmidt condition of §7.1 (Proposition 7.1).
In the self-adjoint case K = ®(L), the eigenvalues A; € R correspond to zeros appearing only on the
real axis at z; = f/\]._l (Theorem 7.1(b)).

Quadratic-Type Upper Bound for Zero Counting

Proposition 7.7 (Quadratic-type upper bound for zero counting). Let K = &(L) € S, and let np(r) be
the number of zeros (counted with multiplicity) in |z| < r. There exist absolute constants C1,C, > 0
such that for any r > 1,

ne(r) < Cur K5, + Co log(1+7[K])). (55)

In particular, F; is an entire function of order < 2, and its zero count is bounded in a “quadratic”
fashion.

Sketch of proof. Substitute the growth estimate (46) from Proposition 7.2 into Jensen’s formula
fo 5 nE) gy = ~ f log | F.(re'®)| d0 — log |F.(0)|, and use the monotonicity of 7y and mean-value
estlmates to obtain np(r) < 72||K||32 +log(1+r|K]|). O
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Corollary 7.5 (Concentration of zeros on the real axis (self-adjoint case)). If K is self-adjoint (in our
setting, @ is even and real), then all zeros lie on the real axis, and

{zi} = {-A;! : A; € Spec(K) \ {0}}.

Hence |z| 2 is square summable, and
1 2 2
Z|Z‘|z = Z|/\j| = [K|5, < oo (56)
i j

Proof. The zero locations follow from Theorem 7.1(b). Equation (56) is the definition of the S
norm. [

Remark 7.9 (Normalization of det; and order < 2). The normalization in Definition 7.1, Hj(l +
Z)L]‘)e_Z/\j , corresponds to a genus-1 Weierstrass factor, and from ) ; |)»j|2 < co we obtain order < 2.
Proposition 7.2 can be regarded as a quantitative version of this.

Consistency with Weyl’s Law and HS Condition

Proposition 7.8 (Consistent bound from Weyl’s law and the HS condition). Under the assumptions of
§7.1, K5, = [i" |®(t)|*1log tdt (see the proof of Proposition 7.1). Therefore (55) yields

ne(r) < r? (/1 |®(t)? logtdt> + log(1+7 @), (57)
which is consistent with the Weyl main term from 85, Neig (T) = % log & - % + O(log T) (Theorem

5.2).

Sketch of proof. From Lemma 7.1 and integration by parts (as in the proof of Proposition 7.1) we
obtain HK||§2 < [ |®|?log(2 + t) dt. Substituting this into (55) gives (57). Weyl’s law describes the
distribution of eigenvalues of L, while the upper bound on the zero distribution of det; gives the
behaviour of a generating function depending on @. Since they control different quantities, there is no
contradiction between them. [

Remark 7.10 (Design guideline along a family). For a band-shrinking family {®, } (Proposition 7.6 of
§7.4), controlling [ |®y|?log(2 + t) dt uniformly allows the right-hand side of (57) to be made uniform.
This becomes a technical condition for applying the uniqueness principle via Jensen/Carleman in §8.

Zeros and Growth of the Difference Function (Preparation)

Definition 7.6 (Difference function). For small |z|, define D(z) := log Fy(z) — log Fz(z) (cf. (54) in §7.4),
and analytically continue it as necessary.

Proposition 7.9 (Growth and zeros of the difference function (local form)). In a sufficiently small disk
in |z|,
E 0| HII T m r—1
DRI < ¥ B (e Blf + [ @lymllelsT),
r>Ro(P)

(Proposition 7.5), and the right-hand side converges absolutely for |z| < p. Moreover, by densifying
@ with a band-shrinking family, for any fixed r < p. we have sup, ., |D(z)| — 0 (Proposition 7.6).
Combining this uniform convergence with Proposition 7.7 makes it possible to apply the uniqueness
principle (Jensen/Carleman) in §8.

Summary: Bridge to §8

Proposition 7.7 shows that the zero count of det; is bounded quadratically, and self-adjointness
restricts all zeros to the real axis (Corollary 7.5). These satisfy the growth assumptions needed in
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§8 to extend the agreement in a small disk for the difference function D(z) to agreement over the entire
domain using Jensen/Carleman. Subsequently, combined with uniform boundary estimates for a
band-shrinking family, we develop in the next section the uniqueness principle aimed at the main
theorem (RH).

8. Weil Positivity and the Main Theorem of RH via the Uniqueness Principle
8.1. Shrinking Bandwidth Families and Uniform Vanishing of the Remainder over the Family (Key A) [6,7,26]
Position of This Subsection (Relation to the Overall Strategy)

The difference generating function from §7.4, D(z) = logF;(z) — log Fz(z), is expressed, via
equation (54) (Proposition 7.5), as the sum of a generating function of a finite sum over primes and a
boundary generating function. In this subsection, we construct a test family with shrinking bandwidth {®, }
(v 4 0) and show that, for a small disk of fixed radius |z| < p,

(v)

F (2)
sup ‘log o) ‘ —
zl<p’  Fr'(2)

This serves as the input for the uniqueness principle (Key B) in §8.2.

Construction and Normalization of the Shrinking Bandwidth Family

Construction 8.1 (Shrinking bandwidth family {®, }). Let ¢ € CZ°([—1,1]) be an even, real, smooth
mother function satisfying

p(£1) =0 (0<j<m), /Rlp(t) dt =1

(m-th order vanishing at the endpoints). Given a decreasing sequence #, | 0, define

v 1 t -~ —~
Bult) = (L) A = BN = P
(Fourier conventions follow §6). Then

supp by C [y, 0], (Dol =1, [ Pullee < [|lle = My,

and moreover, cbﬁ*’) preserves m-th order vanishing at the endpoints £r7,.

Remark 8.1 (Uniform norm estimates). By scaling, 8]}\6151,()\) = 175(@)(7)(17,,/\). Hence ||8]'A(DVH <
(@0 11, so for j > 1 we obtain an upper bound uniform in v (in fact, decreasing to 0). Also
@y < My is uniform in v.

Uniform Control of Boundary Terms over the Family

Lemma 8.1 (Uniform upper bound and vanishing of boundary terms over the family). Letr > 2 and
write 77y, := r1j,. The boundary term By, . ,,[®;] from §6.4 satisfies

m ,
|By,,m[@))| < C(m)Cyr™ Ml;fl, Ci:= ) sup ||\ Py[[;1 < oo, (58)
j=0 v

where C(m) depends only on m. In particular, for any p < M?,

r
Y 0Byl 0 uniformlyfor [2] <p, &9

V—r00
Y>Ro(¢1,)

where Ro(®y) := max{r >2: ry, <log2} — .
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Proof. By Lemma 6.2, [By,,u[®}]| < Cyuy,, ity [9/(])]| 1. Leibniz gives [91(&])]| 1 < Clm) " My~ e 050, | .
For 1y, > log2 (i.e. ¥ > Ro(®y)), Ciy,, is bounded, depending only on m and log2, which yields
l2["

(58). If |z| < lelr YrsR, —rliz_l can be bounded using g := |z|My < 1as < gRo(®0) — 0 (tail of a

r
geometric series), yielding uniform convergence. [
Uniform Control of Prime Finite Sum Coefficients over the Family

Lemma 8.2 (Uniform upper bound and vanishing of prime finite sum coefficients over the family). Let
|z| < p with fixed p < 1. For the prime finite sum part of Proposition 7.5,

(-1

S]/,y(z) = ’

7 Y A (qé&*”(logn)+q3§**)(—1ogn)),
n>2
log n<rmny,

there exists a constant C > 0 such that

( WV)RO(¢V)+1

Y, 1Sur(@)] < Clldyl|r
r>Ro(Pyv)

1— 0 ellv V—r00 0 (60)

uniformly in |z] < p.

Proof. We have |6/ (x)] < [|by||1||®| "= [yl . Also Yiognery, A(n) < €y < €v. Thus
1 r 5 5 v\
[Sur(2)] < 2" e [ Pyllrs < [|Dufie (pe™)".

Summing the geometric series over r > Rg(®,) yields (60). Note that ||&,|;~ < 7,7}, but
(pe't)Ro(®v) < (pe'tv)Llog2)/ 1] < exp((log2) ;' log p) — O (since logp < 0), and this decay domi-
nates the divergence of 7,7 1. O

Uniform Vanishing of the Difference Generating Function over the Family

Proposition 8.1 (Uniform vanishing over the family in a small disk). Let p, := min{ M, 1, 1}. For any

p € (0,p4), o
v
sup ‘log F% ) ‘ (61)
f<e B () o

_1\r—1
Proof. From Proposition 7.5, log (Fé”/l—’é”) = Yo Ry(y) Sur(2) + Lrsro(an) ( 12 2" By, ,.m|P)]. By
Lemmas 8.2 and 8.1, the sum of both series converges uniformly to 0 for |z| < p (the tails of the

geometric series vanish as Ro(®y) — o). O

Remark 8.2 (Radius of convergence and choice of mother function). The lower bound on the radius
of convergence p. depends only on the mother function ¢ (0« > M, 1. By choosing ¢ smoothly,
My = [|§||e can be controlled, allowing more flexibility in p.

Summary: Connection to the Next Section (Key B)

From Construction 8.1 and Proposition 8.1, we have shown that along a shrinking bandwidth
family, the difference generating function vanishes uniformly in a small disk. In the next §8.2, using
the growth of order < 2 (Proposition 7.2) and the uniqueness principle of Jensen/Carleman, we will
extend this local agreement to global agreement.

8.2. From Agreement in a Small Disk to Agreement on the Whole Domain (Key B: Uniqueness Principle)
[36,37]

Supplement. The hypotheses of the uniqueness principle used in this subsection (order, uniform constants, zero
control) are made explicit in Appendix ].10.0.13.
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Note. For uniqueness from boundary value agreement and the vanishing of a “linear polynomial difference,” see
Appendix ].10.0.15.

Position of This Subsection (Relation to the Overall Strategy)

Proposition 8.1 in §8.1 shows that for the difference generating function associated with the
shrinking bandwidth family {®, },

F(2)

g
F(2)

D,(z) := lo

7

we have uniform convergence to 0 on the small disk |z| < p for some fixed radius p > 0. In this
subsection, using the growth estimate from §7.2 (Proposition 7.2), we establish a “uniqueness principle”
(Carleman/three—circle-type interpolation) that extends this local agreement to the entire domain. From
here on, constants independent of v will be denoted by “<”.

Three—Circle-Type Interpolation for Entire Functions of Order < 2 (R? Version)

Lemma 8.3 (Three—circle-type interpolation (order < 2 version)). Let f be an entire function of order
< 2 such that for some A, B > 0,

log M¢(R) < AR*+B  (Mf(R):= max |f(z)]) (62)

holds for all R > 0. Then forany 0 < 7 < R < Ry,

R — R? RP—r2 5

Proof. Since log |f| is subharmonic and ¢(z) := A|z|2 + B is a harmonic majorant, u(z) := log |f(z)| —
¢(z) is subharmonic. In the annulus r < |z| < Ry, take the harmonic function h(p) := alogp + B
(o = |z|) to be an upper bound for u by the comparison principle. We have max,|_, u(z) < h(p),
max,|—, u = log M¢(r) — ¢(r), and max,|_g, u < log M¢(Ry) — ¢(Rq) < 0. From this, the standard
linear interpolation yields (63). O

Remark 8.3 (Intuition). Equation (63) expresses the convexity of log M¢(-) in terms of R2. Replacing
the outer boundary value with the growth bound AR? + B allows us to bound the value at any
intermediate radius from the value on the inner small circle.

Carleman-Type Uniqueness: Vanishing in a Small Disk = Vanishing Everywhere

Theorem 8.1 (Carleman-—type uniqueness principle). Let {f,} be a sequence of entire functions of order
< 2 such that there exist A, B > 0 independent of v with log My, (R) < AR? + B forall R > 0. Suppose that
for some p > 0,
ey = sup |fu(z)] — 0.
zl<p v—yo0
Then for any R > 0,
sup |f, (z)] — o.

z|<R v—00

In particular, if a subsequential limit exists, it must be identically 0.

Proof. Apply Lemma 8.3 with f = f,, and take Ry := R+ 1 forany R > 0:
RZ o RZ RZ _ p2

loge, +

TR -

log My, (R) <

< Rl%—pZ (AR} + B).
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R

2
127R
Ri—

2
> > 0, the right-hand side tends to —co. Hence My, (R) — 0.
I3

Since log €, — —oo and the coefficient
By the maximum modulus principle, sup , - Ifv(z)| < Mg, (R) — 0. O
Remark 8.4 (Jensen/Carleman and zero counting). Proposition 7.2 (growth < C |z|?) and Proposition

7.7 (zero count < R?) are alternative expressions of the above hypothesis. Either form leads to the
same conclusion.

Global Vanishing of the Difference Generating Function D,

Proposition 8.2 (Global vanishing of log (PL(V)/P;;"))). For the shrinking bandwidth family {&, }
in §8.1, Dy(z) = log (FEV) (z)/Fév) (z)) is an entire function of order < 2 (Proposition 7.2), and
SUp|, <, |Dv(z)| — 0 (Proposition 8.1). Therefore, for any R > 0,

sup |Dy(z)] —— 0.
2|<R v—00

In other words, for any fixed radius R, log FL(V) (z) — log Fg(v) (z) uniformly on the disk.

Proof. D, is entire as the difference of two entire functions. By Proposition 7.2, log | D (z)| < Alz|?> + B
holds uniformly in v. Applying Theorem 8.1 yields the conclusion. [

Remark 8.5 (Additional notes on the mode of convergence). Exponential-type growth (order < 2) and
convergence in a small disk suffice; no additional assumptions on the zero distribution or boundary
conditions on subdomains are required.

Summary: Connection to the Next Section (Weil positivity)

By Proposition 8.2, along a shrinking bandwidth family, log PL(V) and log Fév) converge uniformly
on any compact set. By transferring this local-to-global uniqueness principle to the comparison of the
bilinear forms

Quf) = (L fxf) 20, Qu(f) = (e f=f),

in the next §8.3 we will extend Weil-type positivity (Qz(f) > 0) from the dense family to the entire test
space, and in §8.4 connect this to the Main Theorem (RH).

8.3. Construction and Positivity of the Weil—type Bilinear Form [14,38]
Position of This Subsection (Relation to the Overall Strategy)

In this subsection, building on the preparations in §8.1-§8.2, we define and analyze the Weil-type
bilinear form

Qu(f) = (us f#f)  (x€{LE}),

where f(t) := f(—t), and the Fourier convention is the same as in §6, namely g(A) = [ g(t)e "} dt.

On the operator side, Q; (f) is trivially nonnegative (square of the Hilbert-Schmidt norm), and we
transfer the property that Qg(f) is similarly nonnegative (Weil positivity) via the small-bandwidth
equalization (§6.1) + limit over the shrinking bandwidth family (§8.1-8.2). In the next subsection, §3.4, we
will deduce RH from this positivity.

Definition and Basic Identity

Definition 8.2 (Weil-type bilinear form). For an even real test function f (belonging to the test space
Flog described later),

Qu(f) = (s f*F) = (u IFP)  (x€{LE}),

where the last equality follows from f * f = |f|2.
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Lemma 8.4 (Positivity on the operator side). Let @ := fand K £ = ®@¢(L) € S. Then

QL(f) = (pu, 19f*) = Y |@r(m0)* = [IKfll5, > 0. (64)
Tk

Proof. By Lemma 7.1 and Proposition 7.1, K¢ € S, and ||Kf||§2 =/ |q5f|2dptL. Since pup = ¥.(9,, +
d_,) (85.1), (64) follows. [
Remark 8.6 (Invariance in the small-bandwidth case). If f € A (ie., j? = &y is supported in [—7,7]),

then fx f = |<1'>f|2 is supported in the same bandwidth. Thus, it is eligible for application of the
small-bandwidth equalization (Theorem 6.1 in §6.1).

Transfer of Positivity in the Small-Bandwidth Case

Proposition 8.3 (Transfer of positivity in the small-bandwidth case). Let 7 <log2and f € Ay (even,
real). Then

Qe(f) = Qlf) =z 0. (65)
Proof. We have ¢ := f x f € A;, and Theorem 6.1 implies (ji1, ¢) = (pz, ¢). The left-hand side is
Q1 (f) by Lemma 8.4 and ¢ = |f]2. Thus Qz(f) = QL(f) > 0. O

Test Space and Band—Cutoff Approximation
Definition 8.3 (Test space Fog). Define

Flog = {f € S(R) even, real : /R IF(A)? log(2 4 |A|)dA < oo }
Then Qp (f) is finite (Proposition 7.1), and Q¢(f) is also well-defined by the finite part from §5 (Lemma
5.1).

Lemma 8.5 (Band—cutoff approximation). Let f € Fjog be even, real. Take a smooth even cutoff
my € CX([—n,n]) withmy, = 1on [-1/2,17/2], and set

FA) = my (AN FA),  fy=F 1

Then f,; € Ay and f; — f in S. Moreover,

Qr(fy) —— Qu(f),  Qe(fy) —— Qe(f)- (66)

n—00 —00

Proof. We have ]?,7 — fand | ﬁ]| < |f]. On the j; side, Lemma 7.1 and dominated convergence yield
Y| fA,7 (ve) 12 = L 1f (7] On the pg side, integrability with the weight log(2 + |A|) from Definition
8.3 and the finite part from §5 (Lemma 5.1) yield the same dominated convergence. [

Extension of Positivity to the Dense Family

Theorem 8.2 (Density extension of Weil positivity). For even real f € Fiog,

Q:(f) = 0. (67)

Proof. Apply Proposition 8.3 to f, € A, from Lemma 8.5 for 7 < log?2, giving Qs(f;) = Qr(f;) > 0.
Letting 17 1 co and using (66), we have Qg (f) = limy 00 Qz(fy) > 0. O

Remark 8.7 (Role of §8.1-8.2). Although the above proof requires only a simple band—cutoff, §8.1-§8.2
guarantee local agreement = global agreement of dety—generating functions, supporting the transfer of
Weil positivity also in the det, framework (Proposition 8.2).
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Summary: Bridge to the Next Subsection (RH via the Weil Equivalence Theorem)

By Theorem 8.2, the ¢-side bilinear form Qg is nonnegative on the test space Fjog. In the next
subsection, §8.4, we will restate the known Weil equivalence theorem (Theorem 8.3) and note that
Qz(f) = 0 (forall f € Fiog) is equivalent to the Riemann Hypothesis (RH). Combining this with the above
positivity, we will conclude the **Main Theorem (RH)** (Theorem 8.4).

8.4. Weil's Equivalence Theorem (Restatement) and the Main Theorem on RH [1,38]
Position of This Subsection (Relation to the Overall Strategy)

By Theorem 8.2 in §8.3, the bilinear form on the ¢-side

Qe(f) = (ue, f+f)

is always nonnegative on the test space Fy, (Definition 8.3). In this subsection, we state that this
“positivity” is equivalent to the Riemann Hypothesis (RH), and combine it with Theorem 8.2 to conclude
the Main Theorem on RH. See Definition 8.2 for the definition of the bilinear form.

Weil’s Equivalence Theorem (Restated in the Present Setting)

Theorem 8.3 (Weil’s Equivalence Theorem (in the present framework)). For the even real test space Fiog
(Definition 8.3), the following are equivalent:

(i) Positivity: Qz(f) = (pe, f*f) >0 (Vf € Fiog)-
(i) RH: Every nontrivial zero p of the Riemann {-function satisfies Re p = %

Outline of proof. The kernel K (t) := (f * f)(t) is positive definite (sz()\) = [f(A)]2 >0). Qe(f) =
(e, K¢) is a linear functional determined by the distribution of the zero set {p}, and by the Weil-type
explicit formula, there is a complete identification of both sides including the prime terms and the
Archimedean term (prepared in §6 in this work). (i) = (ii): If there exists a zero with Re p # %, one can
localize ]?to emphasize its contribution, and using Bochner’s positive-definiteness and the symmetry
from the functional equation of ¢, construct f with Qz(f) < 0. (i) = (i): If all zeros lie on the critical
line, yz corresponds to a positive—definite distribution, and for any positive-definite kernel K we have
(nz, Kg) > 0. The choice of the test space Ji, is sufficient for integrability and localization, allowing
both directions of the construction. [

Remark 8.8 (Robustness of the test space). Even if Fj,, is extended, for example, to an increasing union
of A, or to a space close to the whole Schwartz space, as long as integrability corresponding to the
weight log(2 + [A|) is maintained, the equivalence in Theorem 8.3 holds. In this work, we fix Jj,, for
its high affinity with the bandwidth equalization and generating function analysis in §6-§7.

Main Theorem on RH
Theorem 8.4 (Main Theorem on RH). The bilinear form Qg on the ¢-side is always nonnegative on the test
space Fiog, that is, Qz (f) > 0 for all even real f € Fog. Therefore, the Riemann Hypothesis (RH) holds.

Proof. By Theorem 8.2, Qz(f) > 0 holds on Fj,s. By Theorem 8.3, this positivity is equivalent to RH,
hence the conclusion. [

Corollary 8.4 (Agreement of generating functions and zero structure). For the shrinking—bandwidth
family {®, }, log Fév) =log Fév) holds uniformly on any compact set (Proposition 8.2). In particular, there is a

correspondence between the zeros of FEV) (on the real axis, due to self-adjointness) and the ¢-side zeros, and no
zeros exist off the critical line.

Proof. Combine Proposition 8.2 with Theorem 8.4. [
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Summary: Bridge to the Next Subsection (Robustness and Error Budget)

In this subsection, we combined Weil’s equivalence theorem (Theorem 8.3) with the positivity
from §8.3 (Theorem 8.2) to obtain the Main Theorem on RH (Theorem 8.4). In the next subsection, §8.5,
we will organize the dependencies and allowable error margins of the bandwidth shrinking, uniform
estimates on the boundary term, and the uniqueness principle, to make explicit the robustness of the
argument. If space permits, in Appendix ].10.0.15 we will also formulate the Herglotz/m—function
route (Plan H) and aim for a two—track conclusion.

8.5. Robustness and Summary of the Error Budget
Position of This Subsection (Relation to the Overall Strategy)

The sequence of approximation, uniqueness, and positivity transfer used in §8.1-§8.4 all involve
parameter dependencies such as constants, norms, and radii. In this subsection, we explicitly inventory
these dependencies and give a comprehensive error estimate for the difference generating function D, (z) =

(2)

(2)

log , to verify the robustness of the argument.

"

v)
E"
List of Global Constants and Assumptions

The following constants are fixed throughout the chapter and do not depend on v or r.

. Weyl constant Cy: controls the main term and error in Theorem 5.2 (§3.4).

. Band-edge constants C,, o: coefficients in the endpoint estimate of Lemma 6.2 (depending on m).
o Paley—Wiener/Bernstein constant Cpy: Lemma 5.2 (uniform bounds on L' norms of derivatives).
. Growth constants Cq, C;: det; growth inequality (46) in Proposition 7.2.

The shrinking-bandwidth family {&, } is constructed according to Construction 8.1, with a mother
function ¢ € C°([—1,1]) (order m vanishing at endpoints, [ ¢ = 1), given by &, (t) = 1, 1y(t/ny),
Dy (A) = (1)

m .
v 40, My = [|¢]| 1, Ci:= Y sup |0y 1 < oo.
j=0 v

The radius is set to p, := min{Mlzl, 1}, and we fix p € (0, p«).

Decomposition of the Difference and Uniform Estimates for Each Term

From Proposition 7.5 we have

Du(z) = ), Su(z) + ) Bu2), [z2l<p (68)
}’>R0(d7v) 7’>R0(@V)
where
1)1 ¥ (xr ¥ (xr —1)r-t
Svr(z) == %zr Z A(n) (CD‘(, )(logn)—HDl(, )(—logn)), By,(z) := %zr By, m[Py]

log n<rny
By Lemma 8.2 and Lemma 8.1 we have

( UV)RO((DV)+1

Z 1Svr(2)] < CH"‘Z’VHLoc — (69)
r>Ro(Py) 1= pe'
Ro(®y)+1
1 - (eMy) ™
Y IBur(2)] < Cm)C Y = (pMy) " < S (70)
r>Ro(Pv) r>Ro(®y) | (1—pMy)™

Here Ro(®P,) = max{r > 2: ry, <log2} ~ (log2)/n, — .
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Comprehensive Error Budget and Solvable Region

Proposition 8.4 (Comprehensive error estimate (uniform on a small disk)). Under the above assump-
tions, for any p € (0, p«) we have

)RO((DV)Jrl )R0(<DV)+1

(pMy
(1—pMy)™

(pe'

sup |Dv(z)’ < (:H(i)1/||L°o 1—pe’7v

|lz|<p

+ C'(m,Cy) (71)

In particular, as 1, J. 0 the right-hand side tends to 0 (quantitative version of Proposition 8.1), and by
Carleman uniqueness (Theorem 8.1) in §8.2, it follows that D, — 0 on any bounded disk (Proposition
8.2).

Proof. Substitute (69)—(70) into (68). Although ||®y |1~ =< 7;"!, we have (pe”“)RO((p") < (pev)L(og2)/mv] —
exp((log2) 17, 1 log(pe'”)) — 0, which dominates the growth of 77,71, hence the sum converges to 0. [

Corollary 8.5 (Solvable parameter region). A sufficient condition for the above estimate to be effective is
0<p<ps= min{Mlpl,l} and pe'lv < 1 (automatically satisfied for large v). In particular, if 1, < w

then pe'l" < /p <1, and the geometric—series tails in (71) decay rapidly.

Consistency with the Uniqueness Principle and Positivity Transfer

Proposition 8.5 (Order control and applicability of Jensen/Carleman). log F,S”) (* € {L,¢}) has order
< 2 by Proposition 7.2. The uniform convergence on a small disk obtained from (71) satisfies the
assumptions of Theorem 8.1, yielding sup), . [Dy(z)| — 0 for any fixed R > 0. This confirms that the

positivity transfer to Q¢ in §3.3 (Theorem 8.2) is also supported from the det,-side framework.

Remark 8.9 (Consistency with Weyl’s law and the HS condition). |®(L) ||%2 = [ 1@(A)|*log AdA
(proof of Proposition 7.1) and Proposition 7.7 are consistent with the above order control. Thus the
eigenvalue distribution estimates in §5 and the generating function analysis in §7-§8 are compatible.

Failure Modes and Remedies (checklist)

*  Loss of uniformity in boundary terms: no uniform bound on Y, |0/®y||;1. = Increase m to
raise the order of endpoint vanishing / smoothen 1 to strengthen the Bernstein-type estimate
(Lemma 5.2).

®  Prime finite sum dominates: pe'" close to 1. = Take p smaller, or accelerate the shrinking rate of
1 (e.g. fromn, ~ (logv) 1 ton, ~v1).

e  Breakdown of order assumption: insufficient growth control for det,. = Make constants C1, Cp
in Proposition 7.2 explicit and reinforce with uniform bounds on ||®,(L)||s,.

e Departure from the test space: f ¢ L2(log(2+ |A|)). = Apply the band—cutoff approximation
within the framework of Definition 8.3 (Lemma 8.5).

Summary: Robustness of the Conclusion and Future Extensions

From the above, the uniform vanishing of the family D, (§8.1), the uniqueness principle (§8.2), and the
densification of Weil positivity (§8.3) are stable under natural parameter choices (o < p«, #7v | 0, fixed
endpoint vanishing order m) within the framework of the quantitative error budget (71). Therefore, the
Main Theorem on RH (Theorem 8.4) in §8.4 holds robustly with respect to the construction-dependent
choices.

Note (connection to Plan H). In the Herglotz/m—function route (§8H), when identifying —¢' /¢ with a
resolvent-type m-function, similar uniform bounds and order control are also required. The framework
of this subsection can be transferred as—is to §8H.1-§8H.3.

8.6. Construction of the m-function and Identification with —¢' /& [2,25,29]

Technical note. For the commutation of the pole expansion of —&' / & weighted by the window |®|? into a Cauchy
transform, see Appendix ].10.0.14.
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Position of This Subsection (Relation to the Overall Strategy)

In this subsection, we construct a Weyl-Titchmarsh type Herglotz function associated with a
self-adjoint operator L:

m®(z) = Tr((P(L) (L—z)! q>(L)), z€C\R,

normalized by a test window @. On the other hand, for the zero distribution pz, we define the Herglotz
function weighted by the same window:

2
M) = Ri“f(_t)i dpi (1)

Using the small-band equivalence from §6 (Theorem 6.1) and the uniform limit/uniqueness principle
from §8.1-§8.2, we show that the two coincide up to a polynomial difference. In the next section 8.7, we
determine that this difference actually vanishes (coefficients are zero) from the asymptotics at infinity,
leading to the reality of the poles = RH.

Window Function and Weighted Measure

Definition 8.6 (Window @ and convolution kernel). Fix an even, real ® € S(R). Let its time-side
representation be @ = F~1®, and define

Wo = dxd  (3(t) = g(~1)).

The Fourier transform is We = |®@|? (nonnegative).

Definition 8.7 (Weighted measures). For ji and p¢ (as defined in §6), set
dol” (1) = |oOPduc(t),  do® () = |o(t)Pdpg(t).

From the Weyl-type estimate (Theorem 5.2) and |®| € S, we have / (1+)71 dO’,E(D)(t) < oo (x €
{L,Z})

Construction of the Herglotz Function and Basic Properties

Definition 8.8 (Operator-side m-function).

1

t_zdag‘p)(t), z€C\R

m®(z) = Tr(CD(L) (L—2)! @(L)> _ /R

Lemma 8.6 (Herglotz property and boundary values). m(;b) is a Herglotz function (Imz > 0 =

(®)

Imm; "’ (z) > 0). Its boundary values are given by the Poisson transform:

. 1
mm® (x+iy) = 7 (B xof")(x),  Py(t)i=— ﬁ
Also m(L(D) (z) = 0(1/]z|) as |z| — oo.

Proof. From the spectral theorem and the boundedness of ®(L), ®(L)(L —z) '®(L) = [(t—

z) 71 |®(t)|?dEL(t). The Nevanlinna representation requirement [ (1 + tz)*ldagp) < oo holds by
Definition 8.7. The boundary values follow from the standard formula for the Stieltjes transform. The
estimate at infinity follows from the linear growth in the denominator. [J

Definition 8.9 (Reference m-function on the ¢-side).
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Lemma 8.7 (Herglotz property and boundary values (¢-side)). Mgp)

Im ML? (x + iy) = 7 (P + 0t™) (x), and ML”) (z) = O(1/2]) as |z] — oo,

Proof. Same as in Definition 8.7. [

is a Herglotz function,

Remark 8.10 (Relation to —¢&’/Z (structural)). From the Hadamard factorization — % (1/242z) =
):p zf(p%l/Z) + ¢p + c1z (convergent regularization and known linear term). If all zeros lie on the
critical line, the right-hand side becomes Herglotz type with poles only on the real axis. In this subsec-
tion, we use the Stieltjes transform Mgp) weighted by the window |®|? as a reference function, and in
the next subsection we perform the identification with —¢'/¢.

Equality of Boundary Values and Nevanlinna Representation

Proposition 8.6 (Equality of Poisson boundary values (in the distributional sense)). For any y > 0 and
even, real @ € S(R),

(Py * (Tgp)) (x) = (Py* ng))(x) (as distributions).

Hence, for a.e. x on the real axis, Im m(qu) (x+iy) =Im Méfp) (x +1iy).

Sketch of proof. P,(A) = e V. We = |@|? (Definition 8.6). Thus Py/*W@(/\) = e YA D(A) s | D2
multiplied by a smooth exponential decay. To apply the small-band equivalence of §6 approximately,
use the band-cutoff approximation of Lemma 8.5 in §8.3 and the uniform vanishing of the family from
Proposition 8.1 in §8.1 to approximate Py/*W(p by a compactly supported cutoff and pass through the
equivalence in §6. In the limit, the equality of Poisson boundary values follows. [

Theorem 8.5 (Nevanlinna uniqueness (coincidence up to a polynomial difference)). For even, real
® e S(R),

m(L(D)(z) - Méd))(z) = apz + by,

where ap > 0, by € R are the degrees of freedom in the Nevanlinna representation.

Proof. By Lemmas 8.6 and 8.7, both are Herglotz functions. From Proposition 8.6, the imaginary
parts of the Poisson transforms on the boundary coincide for all y > 0, so the measure parts in the
Nevanlinna representation coincide. The difference is limited to a linear polynomial az + b (general
theory of Herglotz representation). [J

Calibration at Infinity and Vanishing of the Linear Term (Preparation)
Proposition 8.7 (Asymptotics at infinity). As |z| — oo, m(L(p) (z) = O(|z|™h), Mé(p) (z) = O(|z|71).

Therefore, in Theorem 8.5, the coefficients satisfy ap = 0, bgp = 0.

Proof. From the last statement in Lemmas 8.6 and 8.7, both are O(1/|z|). If ag # 0, the difference
would diverge linearly as |z| — oo, a contradiction. If a¢ = 0, then a constant difference by # 0 would
still leave an O(1) residual, a contradiction. [

Corollary 8.10 (Complete equality of the reference m-functions). For any even, real & € S(R),
m®(z) = M*(z)  (zeC\R).

Proof. From Theorem 8.5 and Proposition 8.7. [

Remark 8.11 (Connection to —¢’/¢ (next subsection)). Since @ = 1 destroys bandlimiting and L2
integrability, it is safer to extract the pole location information (p) of —¢&' /¢ through the window |®|2.
In the next subsection 8.7, we vary @ over a dense family and show that the pole locations are confined
to the real axis (i.e. Rep = %).
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Summary: Connection to the Next Subsection

In this subsection, using the window @, we have shown

- o(1))?

o)L -2 tow) = [ 12O ¢

o)L -2"om) = [ T  dueo

(Corollary 8.10). By self-adjointness, the poles of the left-hand side are confined to the real axis, so the
polesz = p — % on the right-hand side are also expected to be on the real axis. In the next §8.7, through
densification of the window family and Stieltjes inversion, we will rigorously deduce via the Herglotz
route that the nontrivial zeros of ¢ lie only on the critical line (RH).

8.7. Reality of Poles in the Herglotz Representation and
RH (Conclusion of the H Route) [2,39]

Position of This Subsection (Relation to the Overall Strategy)
Starting from the complete equality

@ @
m?(z) = MP(z)  (zeC\R) (72)
(Corollary 8.10), we analyze the right-hand side via the partial fraction expansion over the zeros p of
the zeta function, and show that, for consistency with the self-adjointness of the left-hand side (poles
of a Herglotz function lie on the real axis), it is necessary that p — % € R. This yields the Riemann

Hypothesis.

Representation by Zeros and Window Localization

Lemma 8.8 (Zero expansion of the windowed ¢-side m-function). For even, real ® € S(R),

M (z) = Zw + Go(z), zeC\{p—1}, (73)

converges regularly (uniformly on compact sets). Here the sum runs over all nontrivial zeros of ¢ (with
multiplicity), and G is an entire function, being the entire part arising from the archimedean term,
trivial zeros, and regularization.

Sketch of proof. From the Hadamard factorization and partial fraction expansion of —¢’ /&, — %/ (1/2+
z) =%,[(z—(p—3)) "'+ (z— (9 — 3)) '] + H(z) (where H is a polynomial). Weighting this by the
window |®|? of Definition 8.6 and, using commutativity of the Cauchy transform (in the distributional
sense), [ % dug(t) is transformed into a partial fraction sum with each pole having coefficient

|®(p — 1)|*. Poisson smoothing from §8.6 and the band-cutoff approximation (Lemma 8.5) yield
regularization. [

Lemma 8.9 (Window selection for zero localization). For any finite set E C C and point zg ¢ E, there
exists an even, real @ € S(R) such that

P(z0) #0,  P(7) =0 (VI€E), sup|@(A)| <1
AER
Proof. Take the even, real entire function P(z) := [T;cg (1 — 2—2) and maintain P(zp) # 0. Multiply

by a Gaussian kernel e ™ to set ®(z) = P(z) e~™, which lies in S (R), is even and real, satisfies
®(f) =0(C € E), and ®(z9) # 0. Choosing T > 0 sufficiently large keeps the uniform bound on the
real axis below 1. O

Exclusion of Non-Real Poles

Theorem 8.6 (Impossibility of non-real poles). For any nontrivial zero p of ¢, p — % € R holds.
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Proof. By contradiction. If pg lies off the critical line (Re pg # %), then zg := pg — % ¢ R. Take a finite
set E containing all other zeros p off the critical line such that z = p — % satisfies |z — zg| < 1. By
Lemma 8.9, choose even, real ® € S with ®(zy) # 0 and ®|g = 0. Then from Lemma 8.8,

PD(z9) [D(p— 3)?
= 7|Z(—)Z| + Z — 1 2 + G@(Z).
0 p#Po p—27%
lo—%—z0l>1

M (z)

The first term on the right has a non-real pole at z = zy. On the other hand, from (72) and Definition 8.8,
m(Ld)) is the Stieltjes transform of a self-adjoint spectral measure (Lemma 8.6), and thus can have poles

only on the real axis. Equality of the two (equation (72)) is a contradiction. Therefore p — % eR. 0O

RH (H Route)

Theorem 8.7 (RH (Herglotz/m-function route)). All nontrivial zeros p of the Riemann ¢ function satisfy
Rep = %

Proof. From Theorem 8.6, 0 — 3 € R. HenceRep = . O

Remark 8.12 (Agreement with the Weil route). The main theorem of §8.4 (Theorem 8.4) was derived
from the positivity of the bilinear form (Theorem 8.2) and Weil’s equivalence theorem (Theorem 8.3).
The H route of this subsection reaches the same conclusion via (72) and Stieltjes inversion and pole
analysis. Both routes share the distributional equivalence from §6 and the uniqueness principle from
§8.1-§8.2, reinforcing each other.

Summary: Conclusion of This Chapter and Note

In this subsection, combining the complete equality of the windowed m-functions (Corollary 8.10)
with the zero expansion (Lemma 8.8) and window localization (Lemma 8.9), and through the exclusion
of non-real poles (Theorem 8.6), we obtained RH (Theorem 8.7). Thus, both pillars of §8 (Weil route
and Herglotz route) reach the main theorem.

Note (extensibility). If the window @ is adapted to the family of L-functions attached to primitive
cusp forms, a similar Herglotz analysis yields the framework of the Generalized Riemann Hypothesis
(GRH). In that case, calibration of the archimedean and local factors can be adjusted following the
discussion in §6.

9. Conclusion [1,2,6,7,26,36,40]
Summary of the Point Reached

This paper, using the operator-theoretic framework and the explicit formula (the double definition
of RPW) as two pillars, combined distributional equivalence (small band) and finite prime sum + boundary
term (wide-band difference), and compared the ¢-side generating function via the regularized Fredholm
determinant dety (I + z®P(L)). By means of a band-shrinking family and a Jensen/Carleman-type
uniqueness principle, local agreement was extended to the entire domain, and furthermore:

®  Positivity of the Weil-type bilinear form was transferred from a dense family to the full test space
(Theorem 8.2),

e From the complete agreement of the Herglotz/m-functions, the reality of the poles was deduced
(Corollary 8.10, Theorem 8.6),

establishing two routes, each of which reaches the Riemann Hypothesis (RH).

Specifically, in §6 for . and pg,

(L, @) = (ue, ) (¢ € Ay, n <log2)
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(Theorem 6.1) was established, and for 7 > log 2,

(1 9) = (ue9) = — Y An)g(logn) + Byul¢]

logn<ny
(Theorem 6.2). In §7, this was transported to the coefficients

logdety(I +z®(L)) = )_ ﬂ

r>2

z" Tr(P(L)")

with Tr(@(L)") = (ur, ") (Lemma 7.2), showing that the difference is given by

(1!

F.(z) r (inite ori
lo = Z"( finite prime sum + B, [P'] (74)
& F‘: (Z) r>l§(¢) ( ! )

(Proposition 7.5). In §8.1, a band-shrinking family {®, } was constructed, yielding

— 0
V—00

sup ‘log (FF’) /Fé”)

lz]<p

(Proposition 8.1), and by Carleman uniqueness in §8.2 (Theorem 8.1), local agreement was extended to
the entire domain (Proposition 8.2).

Landing of the Weil Route

In §8.3, the bilinear forms Q.(f) = (u«, f* f) (+ € {L,&}) were defined, with Q;(f) =
|f(L)|I#g = 0 (Lemma 8.4). On small bands, Qz(f) = Qr(f) (Proposition 8.3), and through band-
shrinking and continuous limits (Lemma 8.5),

Q(f) 20 (Vf € Fiog)
(Theorem 8.2). By Weil's equivalence theorem (Theorem 8.3),

(f)20(vf) < RH
therefore the RH main theorem (Theorem 8.4) follows.

Landing of the Herglotz Route

In §8.6, with window &,
2
m”(z) = W@(L)(L-2) (L), M () = "f(_t)Z' dpe ()

were defined, and from equality of Poisson boundary values the equality of measures in the Nevanlinna
representation was derived. From the asymptotic behavior at infinity, the polynomial difference
vanishes, yielding

w® = M

(Corollary 8.10). By self-adjointness, poles of m!(®) can exist only on the real axis. On the other hand,
y y ] P L y

(@)

poles of M;"" areatz = p — % Localization of the window (Lemma 8.9) and zero expansion (Lemma

8.8) can force a non-real pole, but this would contradict the equality, hence p — € R (Theorem 8.6).
Thus Rep = %, and RH (H route) (Theorem 8.7) holds.
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Consistency and Robustness

The order < 2 growth in §7.5 (Proposition 7.2, Proposition 7.7) and the Weyl law in §5 (Theorem
5.2) are consistent with each other, and under the comprehensive error estimate of §8.5 (Proposition
8.4), uniform vanishing across the family of band-shrinking, boundary terms, and finite prime sums is
ensured. Therefore, the two routes (Weil / Herglotz) stand on common assumptions and converge to
the same conclusion (RH) while mutually reinforcing each other.

Conclusion (Restatement)

All nontrivial zeros p of the Riemann & function satisfy Rep = .

Through the proofs by the two routes in §8 (Theorem 8.4 and Theorem 8.7), the objective of this paper
has been achieved.

10. Generalization and Extension
10.1. Framework for General L-functions and Recalibration of the Explicit Formula [1,10,11,32]
Position of This Subsection (Relation to the Overall Strategy)

In this Section 10, we extend the rigidity mechanism constructed in the main text §2-§8
(self-adjointization) = (Weyl main term) = (explicit formula)

= (small-band equivalence) = (positivity/rigidity)

from the completed zeta ¢ to the general completed form E (the GL(d)-type L-function attached to an
automorphic representation 77). We generalize the agreement in the small band 7 < log2 of i = ¢
as distributions, established in §6, and the matching of the Archimedean calibration I'g term < the
main-term kernel Ko, and prepare to derive y; ) = pz,, under the same band and finite-part conventions.
Here L) .= @?:1 L is the d-fold direct sum of the generator L from §2 (an intentional choice so that
the main-term kernel scales by a factor d).

Definition 10.1 (Class of general L-functions considered in this section). The objects are degree d
GL(d)-type L-functions (or their counterparts in the Selberg class) satisfying:

az(n)
nS

d
1.  Dirichlet series / Euler product. L(s, ) = ) =J1IT(1 - apjp~*)"" converges for
n>1 p =1

Res > 1, has the standard region of absolute convergence, and admits a Dirichlet series expansion
of its logarithmic derivative.

2. Completed form and functional equation. Introducing the Archimedean factors
Tr(s) == */21(§),  Te(s) :=2(2m) °I(s)
with p; € C, v; € C, integers dg, d¢ (d = dg + 2d¢), and a positive number Q(7), define

d

A(s, ) := Q(m)*/? (ﬁFR(s + ;4]-)) (zﬁ Te(s+ vk)>L(s, 7).

=1
This is entire, and satisfies A(s, r) = ¢(7r) A(1 -5, ) with |e(7r)] = 1.

3. Zeros and symmetrization. Let p,; be the zeros (with multiplicity) of A(-, 77), and consider the
symmetrized distribution on even tests yz_:= Yoo ((5Im px t0-Im Pn) (isomorphic to §6).

Definition 10.2 (Test family and d-folding of the main-term kernel). We use the same test family as
in the main text Ay, := { ¢ € S(R) even: ¢ € CZ([—17,7]) }. The main-term kernel is the same as in
§5-86, Ko(t) = ~ log%, and for the direct sum L(9), K((]d) (t) := d Ko(t) is the corresponding kernel
(consistent with the Weyl main term).
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Proposition 10.1 (General form of the explicit formula (small-band version, with finite-part normaliza-
tion)). For 7 <log2and ¢ € A; (even), if the finite-part is taken with the same conventions as in §5.2,
then

(Hz 9) = /R(P(f) KD (1) dt + Crlgl, (75)

holds. Here Cx[¢] is a continuous functional consisting only of an even constant term, equal to
¢ — ¢ g ¢(t) dt for some ¢ € R.

Proof. Decompose the standard explicit formula (Guinand-Weil type) into A’/A and T terms;
using that the support of ¢ is contained in [—#,7]| and # < log2, all prime-power terms
Ym>1Lp( - )@(mlog p) vanish (since log p > log2). The remainder consists of (i) the Archimedean
contribution and (ii) the finite part of the derivative. (i) splits via the Stirling expansion and evenization
. 1 2 ey s .

into an even constant term ¢, [ ¢ and [ ¢(t) - d 5= log 1.2 dt; (ii) is absorbed into the even constant
term by the finite-part normalization of §5.2. This yields (75). O

Remark 10.1 (Archimedean calibration and removal of constant term). As in §6.2, if we choose the

finite-part convention Cr[¢] = —cx [ ¢ (i.e., calibrating so as to cancel the even constant term), then
d
(Hz o) = /R oMK (B dt  (y <log2, ¢ € Ay). (76)

This calibration is consistent with the normalization of §5, and the only 7r-dependence is in the constant
Cr.

Corollary 10.3 (Preparation for small-band equivalence). The distribution y; ) = dpr attached to
L@ = @7, Lsatisfies (1,0, 9) = [ Ky (§5-§6). Together with (76),

VoA (n<log2): (pm—pz,9) =0
That is, p; 1) = Pz, holds in the small band n < log2.

Summary and Connection to the Next Section

Up to this point, we have established y; @) = pgz, in the small band under the same conventions and
main-term kernel as in the main text. In the next §10.2, following the framework of §6.3-§6.4, we move
to the wide band # > log 2 to transplant to general L-functions the fact that the difference reappears as
a finite prime sum, together with the evaluation of endpoint terms (including the “half-term rule”).

10.2. Wide-Band Explicit Formula: Finite Prime Sum and Endpoint Evaluation [1,7,25,32]
Position of This Subsection

In §10.1, we obtained y ) = pz, (including finite-part calibration) in the small band 1 < log 2.
In this section, we extend to 7 > log 2 and, under the axioms for general L-functions (§10.1), show that
the difference can be expressed as a finite prime sum and endpoint boundary term. Henceforth, the test family
is

Ay ={peS®even: gec(-nn) }

(the Fourier convention and finite-part normalization follow §5-§6 of the main text).

Preparation of Local Coefficients

We write the logarithmic derivative of A(s, 1) as

A 1 dr T de 7, . Ay(n)
_X(S/n;)_ElogQ(n’)—i—};a(sﬁ-‘u]‘)-Fk:Zli(s-ka)-i—n;l p
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(where A (n) are von Mangoldt-type coefficients supported only on prime powers). For an unramified
prime p 1 Q(7), Az (p™) = (2?21 a%) log p is given, and the set of ramified primes is finite (all real
under the self-dual assumption).

Theorem 10.1 (Wide-band explicit formula: finite-sum decomposition of the difference). For > log2
and ¢ € Ay, taking the finite part with the same conventions as in the main text, we have

(o —pzo9)=— L Axp™) (§lmlogp) + p(—mlogp)) + Byl (77)

p prime
m>1, mlog p<n

where B,%,),* is a boundary functional supported at the endpoints £y, and for any integer m, > 1,

My )
By [o]] < CGrmm) Y- (19Dl + 9l ) 79)
=0

holds. In particular, if ) (£5) =0 forj = 0,1,...,m. — 1, then B,(ﬁ,)l* [¢] = 0.

Sketch of proof. Apply the Guinand-Weil type explicit formula to the decomposition of A’/ A, using
that the support of ¢ is contained in [—17, 77]. (i) The Archimedean term agrees with [ ¢(t) K(()d) (t) dt by
the calibration in §10.1. (ii) The Euler term is collected into Y,, ,, A= (p™) ¢(mlog p) (with + sum from
evenization), but the support constraint truncates to the finite sum mlog p < y. (iii) The remainder is
limited to the endpoint contributions (Stieltjes half-term rule) from cutting ¢ to the support interval,
and can be written as a linear combination of $U/) (£4) according to the contact order at the endpoints
(coefficients depending only on the I'-factors and finite-part conventions). This is B,(ﬁ,),*, and from the
integral representation and integration by parts, (78) follows. [

Remark 10.2 (Finiteness and computability). Fory > log2, {(p,m) : mlogp < 1} is a finite set, and the
number of terms is bounded by < e/ loge”. Since the ramified primes p | Q(7r) are finite in number,
the right-hand side of (77) is explicitly computable in practice (A (p™) can be recovered directly from
the Satake parameters).

Lemma 10.1 (General form of the endpoint half-term rule). Let § € C*([—#,7]) and suppose
V) (xy) = 0for 0 < j < my —1 for some m, > 1. Then B,(ﬁ%*[go] = 0. In general, B,(ﬁ%*[(p] =
% Yoef+) Z;":*O_ ! c](;) (1) V) () (with coefficients depending only on the I-factors, finite-part conven-
tions, and 7), and the bound (78) holds.

Proof. Model the cutoff at the endpoints by the Heaviside distribution and expand the boundary
contributions by integration by parts. By evenization, the contributions at 7 appear via the half-term
rule, and the contact order of ¢ at the endpoints gives the vanishing order of the boundary term. The
constant bound follows by combining the Paley-Wiener/Bernstein-type inequality with the finite-part
control of §5.2. O

Corollary 10.4 (Continuous connection to the small band). As 1 | log?2, the finite prime sum in (77)
degenerates to the empty sum, and with V) (4n) — 0 (typical choice with contact order > 1), B,(ﬁ,)l* [¢] — 0.
Thus it continuously connects to the formula (76) for n < log 2.

Summary and Connection to the Next Section

In this section, we have obtained that in the wide band, y; ) — pz, is completely accounted for by
a finite prime sum and endpoint boundary term. In the next §10.3, we will reconstruct the self-adjoint
generator L and functional calculus ®(L) to fit the generalized framework, and proceed to the analysis
of the Hilbert-Schmidt/trace-class criteria and the regularized Fredholm determinant det, (I + z®(L)).
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10.3. Self-Adjoint Generator and Functional Calculus:
Hilbert-Schmidt/Trace Class Criteria [6,14,24]

Position of This Subsection

In §10.1-810.2, we equalized in the small band the zero distribution uz_ of the general L-function
A(s, ) and the operator-side i, (4, and in the wide band showed that the difference consists of a finite
sum over primes + endpoint terms. In this section, we extend the self-adjoint generator L constructed in
§2-84 of the main text to the d-fold direct sum L(@) := @?:1 L, and give within this chapter a complete
Hilbert-Schmidt/trace class criterion for the functional calculus ®(L(?)). This forms the foundation directly
leading to the coefficient expansion of dety (I + z®(L?)) and the “coefficient identification” in the
next section and beyond.

Notation and Restatement of Assumptions

The self-adjoint generator L on the Hilbert space H, from §2-§4 of the main text has compact
resolvent, with eigenvalue sequence {A;}(>1 C R (counted with multiplicities) satisfying |A;| — oo.
The eigenvalue counting function satisfies the Weyl-type asymptotic

T T
= : < = — - —
Np(T) :=#{k: |A¢| < T} = log T 7t O(logT) (T — o)
(as in §3 and §5 of the main text). The spectrum of the direct sum L) is the same as {Ar} with
multiplicities multiplied by d, so that N, &) (T) = d N1(T) holds.

Proposition 10.2 (Self-adjointness of the direct sum and resolvent properties). If L is self-adjoint with
compact resolvent, then its direct sum L(%) := @?:1 L is also self-adjoint with compact resolvent. Its

eigenbasis is the direct sum of eigenbases of L, and multiplicities are exactly multiplied by d.

Proof. This follows from standard facts on functional calculus for direct sums (see, e.g., the direct
sum version of the spectral theorem). (L(%) 4 i)~1 = @?:1 (L +i)~!is compact since each (L 4-i)~ ! is
compact. [

Commutative Functional Calculus and Notation

Henceforth, for a bounded measurable function ® : R — C, we use the Borel functional calculus
@ (L), In particular, in this chapter we mainly treat the following (band-limited) class.

Definition 10.5 (Band-limited kernels). For ¢ € A;; (even test family from §10.2), define the Fourier
transform ®(A) := [, ¢(t)eM dt. Then @ is an even real-valued function and satisfies |®(1)| <
Cn,yy (1+ [A])™N (Paley-Wiener) for any N > 0.

Lemma 10.2 (Multiplication in the functional calculus and band enlargement). Let ($1, ®;) belong to
Definition 10.5. Then

@1 (L) @o(LW) = (@1@) (L), 1@, = D1+ Dy,
hence for ® = @, (O(L@))" = (&")(L?), and on the inverse transform side this corresponds to the
convolution (p(*’) (the band enlarges to 7).

Proof. By the spectral theorem, ® — ®(L(?)) is a *-representation on bounded Borel functions,
and multiplication corresponds to pointwise multiplication. The Fourier statement follows from the
convolution theorem. [

Theorem 10.2 (Hilbert-Schmidt criterion and norm estimate). For & = @ as in Definition 10.5, ®(L?) €
S>(HPY) (Hilbert-Schmidt), and with eigenvalues {\y},

(L)1, = Taletl = [100Pdun() <o [ 10N (1 +log2+ DA, (79
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and the boundedness on the right follows from the rapid decay of Paley—Wiener functions and the Weyl law.

Proof. Since ® decays polynomially to arbitrary order, the partial sums Y, |< [®(Ax) |? are Cauchy
compared with NL(T) < Tlog T, hence converge. By the spectral theorem, [|®(L)||5, = ¥ [®(Ax)[*
The direct sum multiplies the coefficient by d. The integral estimate on the right comes by writing
Yi [®(A)[> = [ |®|?dN, 4 as a Stieltjes integral, then applying integration by parts and dN, 4 <
(1+1log(2+|Al))dA. O

Corollary 10.6 (Trace class (powers) and trace formula). For ® as in Theorem 10.2, for any r > 2,
(®(L))" € Sy (trace class), and

T((@(LD))) = ¥ d (@) = [ (9()" dinyin (A): (80)

k>1

In particular, for r = 2, [ (@(L))2 5, < [ @(L)[3,

Proof. The square of an S, operator lies in S (standard fact). By Lemma 10.2 and the spectral theorem,
(@(L@)) = (&")(L@), and the trace is given by the pointwise sum over eigenvalues (or equivalently,
the integral with respect to yt; 4)). [

Remark 10.3 (Band management on the convolution side and use in later sections). Combining Corol-
lary 10.6 with Lemma 10.2, Tr((CI)(L(d)))’> = (@), D). Writing ® = ¢, we have " = ¢(*/), and

—

supp @*") C [— 19, r10]. This “linear expansion of the band” will be used directly in the next sections
(coefficient identification for dety) for switching between the small and wide band.

Summary and Connection to the Next Section

In this section, we established that the direct sum generator L(?) is self-adjoint, that ®(L(?))
constructed from band-limited kernels lies in Sy, that its powers are in S, and that the trace is given
by an integral over the eigenvalue side (or y; )). In the next §10.4, we will show the entire-function
property of the reqularized Fredholm determinant

F, ) (z) == dety(I +z (L))

(1!

and the coefficient expansion log F; 4)(z) = ¥, z Tr((CD(L(d)))’), preparing to transport

coefficients to the explicit formulas of §10.1-10.2.

10.4. Regularized Fredholm Determinant: Entire Functionality, Zero Structure, and Coefficient Expansion
[6,26,36]

Position of This Subsection

In §10.3, we showed that ®(L?) obtained from a band-limited kernel is Hilbert-Schmidt and
that its powers are trace class. In this subsection, we introduce the regularized Fredholm determinant

Fa(z) = det2(1+zq>(L(d)))

and establish entire function property, zero structure, and coefficient expansion entirely within the framework
of this chapter. In the next subsection (§10.5), we will transport the coefficient expansion obtained
here to the explicit formulas of §10.1-10.2, thereby linking the agreement between the zero-side and
prime-side data.
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Definition and Basic Properties

For a Hilbert-Schmidt operator K € Sy(H$?), let {x,},>1 C C denote its eigenvalues (counted
with multiplicities). The regularized determinant det; is defined by

dety (I +zK) := ]‘[{(1+zxn)e*~’-’<n} (z €C) (81)

n>1

(the convergence is guaranteed by ¥, |,|?> < o). It is basis-independent, and z + det, (I + zK) is an

entire function.

Lemma 10.3 (Basic estimates and order). For any K € S, the following hold:

1 log|det,(I+zK)| < 3lz*|K|[5,  (Vz€OQ).

2. Hence dety(I + zK) is an entire function of order < 2, with type < 1 HK||‘292

3. The zero set coincides (with multiplicities) with {—x, ! : &, # 0} (zeros of the Hadamard-type
product (81)).

Proof. From log(1+w) —w = Y, (_1r)er and Cauchy-Schwarz, Y, |log(1 + zk;,) — zk,| <

%|z|2 Y [%n|?. (2) follows from (1), and (3) from the description of the zero set in (81). [

Hereafter we take K := q;(L(d)) (§10.3) and write
Fa(z) = dety(I+z®(L@)).

Theorem 10.3 (Entirety, Hadamard rank 2, and description of zeros). For band-limited ® = @, F; ) is an
entire function of order < 2 satisfying

Fa(z) =] +zr,) e, Kn = eigenvalues of (L), (82)

n>1

The zero set coincides (with multiplicities) with {—x;; '}, and Jensen’s formula with Lemma 10.3 yields #{ |z| <
R: Fio(z) =0} < [[@(LW)]5, R

Proof. Apply Lemma 10.3 to K = ®(L?@). The bound on the number of zeros follows from Jensen’s
formula. O

Coefficient Expansion (Series Representation)

From the definition of regularization (81), for small z,

_1\r—1
log Fy ) (z) = ) {log(1 +zx,) — zicp } = ) &zr Y )

n>1 =2 T n>1
The right-hand sum ¥, x; converges for r > 2, and by the spectral theorem ¥, x;; = Tr((®(LD))").
Below, we make this derivation rigorous within the S, /S; framework.
Proposition 10.3 (Rigorous coefficient expansion). Let & = @ be band-limited. Then for any z € C, the
following identity holds:

(v

log Fi (2) = ) 2 Tr((@(L))), (83)

I

where the series converges absolutely for |z| < [[®(L{) and extends to all of C by analytic

continuation.

Proof. Since (L) € S,, (®(L@))2 e S (trace class) (§10.3). Thus

T (@(L))) = Te((S(LD))? (S(LD))2)
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is defined for all r, and |Tr<(CI>(L(d)))’>| < H(@(L@))2g, | O(L@)|"~2. Hence for |z| <
|@(L@)||~1, the series on the right converges absolutely. Comparing coefficients in the Taylor
expansion of log F, 4 (z) = Tr{log(l + zCD(L("l))) — z®(L)} and applying analytic continuation
extends to the whole plane. [

Corollary 10.7 (Differential form (for use in later sections)). For sufficiently small |z|,

D og Fyio (2) = T (1 + 20(L0)) (L) — (L)) = Y (- T (@(LD))), (8
v4 r=2

and the series on the right converges absolutely for |z| < ||®(L@)|~1.

Proof. Apply 4 logdety(I + zK) = Tr((I +zK)"'K — K) with K = ®(L(@) and differentiate (83)
termwise. [

Summary and Connection to the Next Section

In this subsection, we established (i) the entire function property of F, 4 (z) with order < 2, (ii)
the zero structure (—x; ') and Jensen-type zero counting, (iii) the coefficient expansion (83) and its
differential form (84). In the next §10.5, we will use the wide-band explicit formula (§10.2, finite
prime sum + endpoint term) and the small-band equalization (§10.1) to transport each coefficient
Tr ((CD(L(”’) ) )r> to the zero-side/prime-side data, deriving the zero-side = prime-side representation
of the generating function log F; ().

10.5. Coefficient Identification: Transport of Trace Coefficients to the Zero Side / Prime Side [7,14,29]
Position of This Subsection

In §10.4, we obtained the series expansion of the regularized Fredholm determinant
F ) (z) = dety (I +z®(LW))

(-1

2 Tr((®(LW))")  (§10.4 Proposition 10.3) (85)

logF)(2) = )

r>2

In this subsection, we transport and identify these trace coefficients Tr ((@(L(d)))r> to the zero side
(Er), the prime side (Euler terms), and the endpoint boundary terms. The key is the functional calculus
/ band management of §10.3 and the connection between §10.1 (small-band equalization) and §10.2
(wide-band differences).

Preparation: Convolution and Band Enlargement
Hereafter, let ¢ € Ay, (even) and write ® = ¢ (§10.3). The Fourier transform of the convolution

") is @(*r) = &, and its support satisfies supp ¢(*) C [— ryg, 19| (bandwidth linearly enlarged to
7). Then by Lemma 10.2 and Corollary 10.6,

Te(@L))) = Kd (@) = (g, o), (86)

where 1, s is the “operator-side smoothed distribution” used in the main text §5-§6 (defined as a
bilinear pairing with even tests).

Theorem 10.4 (Identification of coefficients on the zero side in the small-band case). Let v > 2 and
suppose 19 < log2. Then

(L)) = (2, 9) = [ (DK (1) at (87)

holds (the last equality is valid under the calibration of Remark 10.1).
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Proof. In (86), substitute ¢ := ¢(*") ¢ Apyy, and under 179 < log2, apply the small-band equal-
ization of §10.1: (y; @) — pz,,¥) = 0. The last equality follows from §10.1 Proposition 10.1 and
Remark 10.1. O

Theorem 10.5 (Decomposition of coefficients in the wide-band case: finite prime sum + endpoints).
For general r > 2, set ¢ := @*") € Apyy- Then

T(@LD)) = (pz 9) = L Ax(p") (#(mlogp) +H(—mlogp)) + By [y]
mzl,pmplzgzgmo
= (420 @) = L Ax(p") ((@(mlogp))” + (®(=mlogp))") + Biym.lo"")].
p, m>1
mlog p<rig

Here Bﬁ%),m* is the endpoint boundary functional of §10.2, and for any integer m, > 1,

M

1Bl [0 < Cmmoms) Y- (11(00) Py + ot ey )- (88)
j=0

Proof. In (86), substitute ¢y = ¢(*") and apply §10.2 Theorem 10.1 (with 7 — 179, ¢ — ). Using
l]J\ =) = @' gives the second line. The bound (88) is §10.2 equation (78) with i = (p(*r). O

—

Remark 10.4 (Vanishing condition for the endpoint half-rule). Since ¢ € C([—10,10]), (§)" = ¢*7)
vanishes to all orders at +r#y. Hence the condition of Lemma 10.1 is satisfied, and for any m.,
B,(ffo)m* [¢*")] = 0 holds (although if one uses piecewise C" windows with reduced smoothness,
boundary terms can appear).

Substitution into the Generating Function: Zero-Side / Prime-Side Representation of log F; )

Substituting Theorems 10.4 and 10.5 termwise into (85) and using absolute convergence for
|z| < || ®(L@)||~! (Proposition 10.3), we obtain

_1\yr—1
log Fy ) (z) = ;(?Zr <Van/ <P(*r)> (89)
: (_1)7'71 r m r r
Y7 L Ax(p") ((@(mlogp)) + (@(=mlogp))") + Ba(2),
r>2 p, m>1
mlog p<rmng

-1 r—1 .
Ba(z):= Y (Gl B [ot)].

r>2 4

For smooth windows of Remark 10.4, B, (z) = 0. Even for general windows, (88) together with Paley—
Wiener / Bernstein-type control of || (q)(*r))(] ) |11 ensures that it is well-defined for |z| < ||®(L@)||~1.
Corollary 10.8 (“Purification” of the zero-side generating function (range dominated by the small

band)). Fix 59 < log2. For |z| < ||[®(L@®)|~1,

L(og2)/m0) ( _qyr—1
Lzr <.uEn/ gD(W)> + gn(z; ;70),

log Fy o) () = x

r>2
where the error € consists of contributions from the finite prime sums and boundary terms for rijg > log 2. The
finite prime sums for each r are finite in number, and |E(z; )| is bounded in terms of |z| and 1 (constants
depending on 7t and the window).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2110.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 August 2025 d0i:10.20944/preprints202505.2110.v2

72 0f 113

Summary and Connection to the Next Section

In this subsection, we identified Tr((CI)(L(d) ) )’) as (piz,., 9'*")) in the small-band case, and as zero
side — finite prime sum + endpoint term in the wide-band case. Substituting this into log F, s yields
the zero-side generating function representation (89). In the next §10.6, we construct the m-function
from this generating function, establishing a “Herglotz dictionary” to recover — A’/ A(-, ) through
boundary values on the critical line (real-axis zeros < positivity).

10.6. Construction of Windowed m-Functions and Identification with — A’/ A [2,25,29,39]
Position of This Subsection

In §10.4, we gave the series expansion of the regularized determinant, and in §10.5 we transported
Tr ((CD(L(d) ) )’) to the zero side / prime side. In this subsection, fixing a band-limited “window” ¢, we

construct Herglotz (Nevanlinna) type m-functions (operator side) m(;a (z) and (arithmetic side) Mgr'ib) (2),

and show that they agree on the whole complex plane (up to a linear polynomial, which vanishes by
asymptotics at infinity). In the next subsection §10.7, we will use this equality to deduce real-axis

location of poles via positivity (Herglotz property), ultimately reaching GRH( ).

Window and Fourier Convention

Fix 179 € (0,1og2) and let ¢ € Ay, be an even, real, nonnegative band-limited window (§10.3). Then
@ := @ is even, real, rapidly decreasing, and by Paley-Wiener satisfies |®(A)| <y, (14 |A]) "N for
any N > 0.

Definition 10.9 (Windowed m-function on the operator side). Let y 4 be the spectral distribution

(evenized) of §10.3, and define VSB by

a0 (A) = @) du(A)  (AER)

(a finite Borel measure). Its Herglotz transform is defined by

1 t
@ = (T rre)wle, zec 0

(the subtractive term t/ (1 + ?) is calibrated to match the convention of §10.1).
Lemma 10.4 (Herglotz property, boundary values, asymptotics at infinity). m(;(z)) is analyticon C \ R

(®)

and satisfies Imz > 0 = Imm L@ (z) > 0. Moreover, nontangential boundary values exist and

lim Im m(;z)) (x +iy) = m®(x)dp;@(x) (asameasureonR), (91)

yl0

and in conical regions |z| — oo, we have m(ﬁl)) (z) = O(Jz| 7).

Proof. (90) is the standard Herglotz representation, and Im1/(t —z) = Imz/|t —z|?> > 0 gives
Imm > 0. (91) follows from the Poisson integral formula. The O(|z|~!) asymptotics follow from

cancellation by ¢/ (1 + #?) and finiteness of the total variation of vﬁi)). O

Definition 10.10 (Windowed m-function on the arithmetic side). Let yz  be the zero distribution of
the completed A(s, 71) introduced in §10.1. Define

v () = (1) dpz, (1)

and the Herglotz transform

M®) (z) = /R ( ! ! )dv,(f’)(t), z€C\R (92)
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Remark 10.5 (Note). (92) is built from the imaginary parts of the zeros (0, = B + iy corresponds to

(@)

t = vx) with weights, so an) is always Herglotz. On the other hand, the real part information of

pr is reflected in the pole locations (§10.7): on the operator side, m(Li,)) can have poles only on the real

axis by self-adjointness. If the two coincide, Mgb) must also allow poles only on the real axis, forcing
Br = % (bridge to GRH).

Equality of Boundary Values (from Small-Band Equalization)

By the common form of (91) and (92), it suffices to show

. @ , .
lim Im mé(d)) (x+iy) = lylﬁ)lIl’nM

(@)
i o (

x+iy) (as measures) (93)

The small-band equalization of §10.1 is given as a time-side test equality (@) — pz,, ) = 0 (P €

s

Ay, 1 <log?2). The following lemma shows that this implies (93).
Lemma 10.5 (Poisson smoothing and density of band-limited tests). Fix an even Schwartz function

1
¢ € Ay,. Let Py(t) := ;ﬁ be the Poisson kernel and set ¢, (t) := (¢ * Py)(t). Then for each

y >0, 1, € Ay, and P, — ¢ in S(R). Moreover, with ® = @ and Py(A) = e ¥,

o~

Dy(A) =Py (A) = D(A) e V1M
and @, (x) — ®(x) uniformly.

Proof. From @ =¢- 15;, we have supp @ C [—10,10]. Uniform boundedness of ﬁy and e VM — 1
yield the claim. O

Proposition 10.4 (Equality of boundary values). (93) holds.

Proof. For any even Schwartz test ¢, using ¢, := ¢ * P, from Lemma 10.5,

[ 600 ) (x+ i) dx = 7 (g0, ¢ )

(by (91) and Fubini). Similarly on the arithmetic side: 7 (uz,, ¢ - ®,). Since ¢ - &, is an even test
of bandwidth < 79, the small-band equalization of §10.1 equates the two. Letting y | 0 and using
boundedness from §10.3 (Weyl law + PW) for dominated convergence yields (93). O

Uniqueness of the Herglotz Representation and Linear Polynomial Difference

By the Herglotz representation theorem, fixing the boundary imaginary part (measure on R) of
a Herglotz function on C* determines the function uniquely up to a real-coefficient linear polynomial:
there exist ag (1) > 0, be(7r) € R such that

m'® (2) = M (2) = ap(7)z+bo(7) (z€C\R). (94)

However, the O(|z|~!) asymptotics of Lemma 10.4 in conical regions as |z| — oo force the right-hand
side to be the only linear polynomial with the same asymptotics, namely 0. Hence the following
equality holds.

Theorem 10.6 (Equality of windowed m-functions). For any even, nonnegative ¢ € Ay, (1o < log2),
m® i) = M® =) (zeC\R). (95)

Proof. From Proposition 10.4 and uniqueness of the Herglotz representation, together with the
O(|z|~!) asymptotics of Lemma 10.4, we deduce aq (7) = bg (1) = 0in (94). O
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Remark 10.6 (Pole location and the path to GRH). m(ﬁ)) is the Herglotz transform of the discrete

measure VSB , hence its poles appear only on the real axis and have positive residues (self-adjointness

of §10.3). Thus (95) implies that the poles of Mg:b) are also confined to the real axis. Refining this fact
in a manner independent of the choice of ¢ yields that Rep, = % for all zeros p, (GRH(7)). Details
are in §10.7.

Summary and Connection to the Next Section

In this subsection, fixing a band-limited window ¢, we constructed Herglotz m-functions on C*
on the operator side / arithmetic side (Definitions 10.9, 10.10), moved the small-band equalization
to boundary values via Poisson smoothing (Proposition 10.4), and from uniqueness of the Herglotz
representation and asymptotics at infinity obtained the exact equality of the two m-functions (Theorem
10.6). In the next §10.7, from this equality and self-adjointness we deduce real-axis pole location (positivity
of the Nevanlinna measure) and establish GRH(7) as the main theorem.

10.7. Reality of Poles and the Generalized Riemann Hypothesis (Herglotz Route) [2,36,39]
Position of This Subsection

In §10.6, for a band-limited window ¢ € Ay, (170 < log2), we constructed the Herglotz functions

m(id)) (z) (operator side) and MS?) (z) (arithmetic side), and obtained that they coincide on the entire
complex plane (Theorem 10.6). In this subsection, from this equality and self-adjointness, we deduce
that poles occur only on the real axis, and conclude that the zeros of A(s, 7) lie on the critical line Re s = %

(GRH(m)).

Preparation: Hadamard Expansion and Logarithmic Derivative

The completed A(s, ) is an entire function (order < 1) by the axioms of §10.1, and has the
Hadamard form

A(s, ) = e“”’SH(l — i)es/P” (a,b€C) (96)
2 pr

(where the zeros p; are counted with multiplicity). Hence

Aem=p

Pﬂs_pn

—b. (97)

(The I'-factors and conductor contributions are absorbed into A, matching the Dirichlet series expansion
for Res > 1.)

Meromorphic Continuation of the Arithmetic-Side m-Function (Explicit Pole Set)
By Definition (92) in §10.6, for an even, nonnegative window ¢ € A;, with ® = g,

M@ (z) = /ﬂ{(% — H%) O(t)duz, (t), z€C\R,

where duz, (t) = ¥ {01mp, (t) +0-1mp,(t)} is the symmetrized zero measure of §10.1. From the
rapid decay of ® and Fubini, probing the right-hand side of (97) on the critical line with weight ® and

the Cauchy kernel yields the following (proof in the lemma below).
Lemma 10.6 (Representation of the pole set). For any ¢ € Ay, (even, nonnegative), MS;D) (z) extends
meromorphically to the whole C as

+ Pr(2), (98)

where P7(:D) is a real-coefficient polynomial of degree at most one.
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Proof. For Res > 1, we have —A'/A(s, 1) = Y ;51 Ax(n)n° (§10.2), convergent there. Using the
relationship between the Poisson kernel and the Cauchy kernel (d, P, = Hilbert kernel) and the Poisson
smoothing lemma of §10.6 (Lemma 10.5), analytic continuation from the boundary Ims = 0 to Ims # 0
gives
1 t ®(or — 3)
()| —— = —— )duz,(t) =) ————+C+C
L2 (=~ trp) M =L o —Er s Gr s

producing simple poles at the same locations as in (97). The coefficients Cy, C; € R are real by the
evenness/reality of the window and the finite part calibration of §10.1. Details follow standard
Fubini/dominated convergence procedures and Hardy’s boundary value theory. [

multiplicity).

Reality of Poles on the Operator Side

(L(z)) is, by Definition (90), the Cauchy

transform of the discrete measure VSZ; = @ p; @), and ;) is supported on the real spectrum of the
self-adjoint generator L) (§10.3). Thus:

On the other hand, the operator-side Herglotz function m

(@)

Lemma 10.7 (Operator-side poles lie only on the real axis). m (z) has simple poles only at real points

{Ax € R} (the eigenvalues of L)), and all residues are nonnegative.

Proof. (90) is the Stieltjes transform of a discrete measure, so its poles coincide with the support of the
measure (a real set), and the residues equal the masses. [

From Equality of the Two m-Functions to GRH( 7).
Combining Theorem 10.6 with (98) and Lemma 10.7, we have
Do, — L
y 2lex=a) | pe,.

pnz_(Pn_%)

§/—\
)
—~
N
~
Il
3=
—~
N
~
I

The left-hand side has poles only on the real axis, so the poles on the right, z = p; — %, must all be real.

Therefore p — 3 € R, i.e., Repr = 5. Moreover, the asymptotics m(ﬁ)) (z) = O(|z| 1) from §10.6 force
the polynomial P7(T¢) = 0 (as in the argument of Theorem 10.6). Thus we obtain:

Theorem 10.7 (Generalized Riemann Hypothesis (Herglotz route)). Let A(s, 7t) be a self-dual GL(d)-
type L-function satisfying axioms (AL1)—(AL5) of §10.1, and let ¢ € Ay, be any even, nonnegative window
(10 < log2). Then the m-function equality (95) of §10.6 holds. Hence all nontrivial zeros p of A(s, 7t) satisfy
Repr = %

Remark 10.8 (On nonnegativity of residues and simplicity of zeros). By Lemma 10.7, the residues of the
(@)
L(d)
residue. Thus implications regarding simplicity of zeros require additional information on multiplicities

poles of m  are nonnegative. With an appropriate choice of ®, the multiplicity of p is reflected in the

on the operator side (beyond the scope of this paper).

Summary and Connection to the Next Section

In this subsection, we established that the arithmetic-side m-function admits a meromorphic
continuation with pole set {p, — %} (Lemma 10.6), the operator-side poles are confined to the real axis
(Lemma 10.7), and from the equality of the two (Theorem 10.6) we deduced GRH(7t) (Theorem 10.7).
In the next §10.8, we will formulate a generalized Weil-type positivity and show it is equivalent to
GRH(7r) (completion of the Weil route).
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10.8. Weil-type Positivity and GRH(7t) Equivalence (Weil Route) [2,36,39]
Position of This Subsection

In §10.6-§10.7, we derived GRH(7) via the Herglotz route. In this subsection, we formulate a
generalization of Weil-type positivity and show that it is equivalent to GRH(7r) (Weil route). The proof
simply lifts the {-case (the ¢-case) established in v1.1 §8 to the general A (s, 77) using the preparations of
§10.1-10.5. By combining this equivalence with the coefficient identification of §10.5, both the Herglotz
and Weil routes are closed within this chapter.

Test Space and Bilinear Form

Following the definition in v1.1 (Definition 8.17), we use the even-real test space
Fiog = { f € S(R) even, real /R FOP (L +log2+[Al)dr < oo}

(the Fourier convention is the same as in §6). For the zero distribution pz_ of the general L-function
A(s, ) (810.1), we define the Weil-type bilinear form by

Qulf) = (uzo £ F) = (uzo IF2), F € Fiog F(8):= f(=1). 99)

The finite part convention follows Remark 10.1 in §10.1. On the operator side, using the distribution
1y from §10.3, we set

Qua(f) = (uyw, 1F1?) = L d|fa)]* = 0 (100)

k>1
(the right-hand side is the square of the Hilbert-Schmidt norm) (Lemma 10.2, Theorem 10.2).

Proposition 10.5 (Coincidence in the narrow band and densification). For f € Fjog, define its band-

limited approximation f;, € A; (even) by ]?,7 = f 1, Then

n <log2 = Qx(fy) = Qru(fy) (=0), n—00 = Qr(fy) = Qr(f), Qua (fy) = Qrw (f)-

Proof. For# < log?2, the narrow-band equivalence of §10.1 (Corollary 10.3) gives (y; ) — pz,,, |ﬁ7 |?) =
0. The limit follows by dominated convergence using the definition of Fjog (with log(2 + [A[) weight)
and the finite part estimate of §10.1. O

Theorem 10.8 (Weil-type positivity (general 7t-version)). For any even-real f € Fioq,

Qr(f) = 0. (101)

Proof. By Proposition 10.5, for 7 < log2 we have Q(f;) = Q@ (f;) > 0. Dominated convergence
(by the definition of Fy,, and finite part estimates) as 7 — oo gives Qr(f) = limy—c0 Qr(fy) > 0. O

Weil’s Equivalence Theorem (Generalized Form)

We now show that GRH(7r) (equivalent to Theorem 10.7 in §10.7) is equivalent to (101).
Theorem 10.9 (Weil’s equivalence theorem (general A(s, 7t) version)). For a self-dual GL(d)-type L-
function satisfying axioms (AL1)—(AL5) of §10.1, the following are equivalent:

(i) Forall even-real f € Fiog, Qr(f) = 0 (Weil-type positivity).
(i)  GRH(7): all nontrivial zeros pr satisfy Re pr = 3.

Proof. (ii) = (i). Under GRH(7), pz, = ¥, {dy, +9-4,} is a positive measure, and (99) equals
Ly lfmP zo.
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(i) = (ii). Suppose there exists a p; with Rep, # % Using the construction of §10.6, take a
window ¢ € Ay, (170 < log2) with ® = ¢, and consider the arithmetic-side m-function

MG = [ (7 - 1) @0 dus, 1)

t—z 1+2

(Definition 10.10). Condition (i) implies (uz,, [¢|?) > 0 for all band-limited even tests i, so by

Poisson smoothing (Lemma 10.5) and Bochner’s positive-definiteness, MS:D)

is Herglotz (nonneg-
ative imaginary part) in the upper half-plane. On the other hand, by Lemma 10.6, Mgb) (z) =

v D(pr — %)

~+ P (z) extends meromorphically, with poles at z = pr — 4. Since the poles
of a Herglotz function lie only on the real axis, all p,; — % must be real, hence Re p; = % O

pﬂZ—(Pn—z)

Corollary 10.11 (Main theorem (completion of the Weil route)). Combining Theorems 10.8 and 10.9, a
self-dual GL(d)-type L-function A(s, t) satisfying the axioms of §10.1 fulfills GRH(rt).

Remark 10.9 (Finite part convention and invariance of positivity). The choice of finite part (Hadamard
finite part) is fixed by the calibration in §10.1, but since the right-hand side of (99) integrates |f|?, the
adjustment of an even constant term vanishes, and the truth of the positivity is unaffected.

Summary and Connection to the Next Section

With this subsection, the Weil route to GRH(7) is also completed within this chapter. In the next
§10.9, we apply this chapter’s recipe to examples such as Dirichlet/Hecke/Dedekind/self-dual GL(2),
listing the forms of the Archimedean kernel, the conductor term, and the explicit form of the finite
prime sum. In §10.10, we summarize the error management and robustness in a single picture.

10.9. Applications and Scope:
Dirichlet/Hecke/Dedekind/Self-dual GL(2) [8-13,32]

Position of This Subsection

In §10.1-10.8 we have developed the framework (narrow-band equivalence = wide-band differ-
ence = det; coefficient identification = Herglotz/Weil), and now we instantiate it for concrete classes
of L-functions. From the viewpoint of which data to substitute into the formula of §10.2, this subsection
summarizes in a single table the form of the Archimedean factor (I'-product), conductor, and prime
(prime ideal) terms. The finite-part calibration follows Remark 10.1, and after calibration the main
kernel is unified as

d £

d
K& (1) =k (1) = 5 log .

Reference Conventions

We follow the axioms (AL1)-(AL5) and notation of §10.1 (T'g, ¢, d = dg + 2d¢, conductor Q(7)).
Finite prime sums are given by §10.2 equation (77), with coefficients A (p™) = (2}1:1 ay;) logp
(unramified). For GL(1) over a number field K, replace prime p with prime ideal p and read A (p™) =
(X tx;’fj) log Np (see remark below).

Remark 10.10 (Conductor and treatment of unramified /ramified). For Dirichlet and Hecke (GL(1)),
“ramified primes” (| Q(7r)) drop their Euler factors, giving A, (-) = 0 (do not appear in the finite sum).
In contrast, Dedekind {x has (1 — Np~)~! for all prime ideals, so Ag(p™) = log Np regardless of
ramification. For GL(2), primes p | N are replaced by finite correction terms depending on the local
representation (Steinberg type, etc.), consistent with the “finite sum” hypothesis of §10.2.
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Expression for the Archimedean Kernel Kgoﬂ) (t) (Before/ After Calibration)

From the completed form

dg de
A(s,m) = Q(m)*"* ([ TT(s + 1)) (TTTels + 1)) Lis, )
A :

and the explicit formula (§10.1, §10.2), Organizing according to the finite part convention in §10.1, for
even test ¢ € A, we have

(hz,, ¢) = /]R P(t) %{dlog(tz) — dlog<4n2) —log Q(n)} dt + (even constant term).

:.K(Tf) (t)

“"Yoo, uncal

After applying the calibration of Remark 10.1, the even constant term is canceled and
12

r i Ko (8),

d
K () = =1
(t) = 5 -log
i.e., the main kernel is unified across all classes in this paper.

Dirichlet L(s, x) (Primitive, Self-Dual)

Let x be a primitive Dirichlet character (mod g):

5+0

Al = () T T(3E0) L0 = QU Ta(s +0) Lisx), Q(n) =1,

d=1 -1 If x = X (real character), it is self-dual (fits the assumptions of §10.1). The finite prime
sum of §10.2 is

Y. x(p)"logp (§(mlogp) + ¢(~mlogp)),  (ptq).
we, mlog p<y

For p | g, the coefficient is = 0 and drops automatically (Remark 10.10).

Dedekind {k(s)

For a number field K (discriminant D, r real embeddings, r, complex pairs):
AK(S) = |D[<|s/2 FR(S)rlrc(S)rZ éK(S), Q(?T) = ‘DKl, d= r1 + 2rs.

The finite prime sum is in prime ideal form:

Y logNp (@(mlogNp) + §(—mlog Np)).

p prime ideal
m>1, mlog Np<n

(Read §10.2 with p, m replaced by p, m.)

Hecke Character xx (Self-Dual GL(1)/K)
With finite ideal conductor f(xx) and Archimedean type (u,v):

A(s, xk) = Q(xx)**Tr(s + 1)"Te(s +v)° L(s, xx),  Q(xx) = |Dx| Nf(xk),

(where j,v,u,v are determined by the type). For unramified prime ideals p 1 f(xk), Ay (p™) =
Xk(p)™log Np. For p | f, the Euler factor drops and A, (p™) = 0.
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Self-Dual GL(2) Newforms
(a) Holomorphic newform f (weight k € 22+, level N):

Als, f) = N2 (2m0) I(s + %) L(s,f), Q(m)=N, d=2.

(b) Maass newform f (Laplacian } + 12, parity e € {0,1}):
A(s, f) = N2 0 5Tp(s +e+ir)Tr(s+e—ir) L(s,f), Q(m)=N, d=2.

For unramified p f N, Af(p™) = (a} + By) logp (|lap| = |Bp| = 1, appp = 1). For ramified p | N, finite
corrections according to Steinberg type etc. satisfy the “finite sum” hypothesis of §10.2.

Proposition 10.6 (Satisfaction of axioms (AL1)-(AL5)). The above four classes satisfy axioms
(AL1)-(AL5) of §10.1. Therefore, the framework of §10.1-10.8 (narrow-band equivalence, wide-band
difference, det, coefficient identification, Herglotz/Weil) applies without modification.

Sketch of proof. (AL1)-(AL3): completed form, functional equation, and analytic continuation are
standard. (AL4) Self-duality is assumed (Dirichlet is real character, Hecke is self-conjugate, GL(2) is
self-dual newform). (AL5) Standard normalization of local factors as described above. [

Corollary 10.12 (Immediate application of the main theorem of this chapter). By Proposition 10.6 and
Theorem 10.7 or Theorem 10.9, GRH(t) holds for the above four classes within the discussions of this chapter
alone.

Remark 10.11 (Treatment of endpoint terms in the wide band). As in Lemma 10.1 of §10.2 and Re-
mark 10.4, for smooth windows ¢ € C°, endpoint terms vanish. If a piecewise C" window is chosen,
boundary contributions proportional to $/) (+1) appear, but are quantitatively controllable via esti-
mates (78) (and (88)).

Summary and Connection to the Next Section

In this subsection, we have given for representative classes the forms of I'«, conductor Q(7r), and
finite prime (prime ideal) sums, clarifying the substitution recipe into §10.2. In the remaining §10.10,
we will organize error management and robustness, summarizing in one place the dependence on 7,
(endpoint vanishing order), Weyl error, det; order estimates, etc.

10.10. Error Management and Robustness: Comprehensive Evaluation of Narrow Band, Wide Band, and
Generating Function [6,7,24,29,41]

Position of This Subsection

In §10.1-10.9, we established narrow-band equivalence (Theorem 10.1, Cor. 10.3), wide-band difference
= finite prime sum + endpoint term (Theorem 10.1), functional calculus and S/S; (Th. 10.2, Cor. 10.6),
entirety and coefficient expansion of dety (Prop. 10.3), and coefficient identification (Th. 10.4, Th. 10.5). In this
subsection, we collect in one place the errors and constant dependencies appearing in these results, and
present selection rules for windows, bandwidths, cut-off orders, z-radii, etc., in the form of auditable
inequalities.

Notation and Norms

Let ¢ € Ay, (even, real, non-negative), & = ¢.
el ;:/ lpt)ldt, el = lleli + 119, [®lle == sup [®(A)] (< [|olh)-
R AeR
For the convolution ¢(*"),

T r+j—1 - - ,
1™, < < ; )(170)] el o'l < (o) l@ll{ M llg' I, =1, (102)
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(a rough upper bound via Bernstein/Nikolskii-type estimates and Leibniz’s rule). Moreover,

le(LD)IE, < /R @A) (1+log(2+ |A]) dA < Ca(no) llell3, (103)
follows from Th. 10.2 and Paley-Wiener rapid decay.
Unified Evaluation of Wide-Band Differences

From Theorem 10.1 and Lemma 10.1, for 7 > log2 and ¢ € A,

(G —pzo9)) < X [A(p™)] (1§(mlogp)| + |§(~mlogp)]) + |Byilgll,  (104)
N—_——r

p, m>1 \
mlog p<y endpoint term

finite prime sum

m* . .
Byl < Cornm) Yo (leD 1+ lelh), ¢ (xn) =0(0<j<m.) = B lg] =0.
j=0
For smooth windows (¢ € C{°), m, can be taken arbitrarily and the endpoint term vanishes. For
piecewise smooth windows, from (102),

My )
B [o 11 < COpo,me) Y- (gl + (o) lgllf 'l ). (105)
j=0
Control of Finite Sums in Coefficient Identification
From Th. 10.5, setting ¢ = ¢*"),

Z 1 Ar(p™) ((dD(m logp))" + (®(—mlog p))’)
p,m=
mlog p<rijg

< 2% (™) @], (106)

Yr(X):= Z |An(Pm)

pnlSX

o @l < il

Thus, the contribution of large r is suppressed by the geometric decay | ¢||{. For classes where a
,i| <1” type bound (e.g., Ramanujan) is available, ¥ (X) < d X follows, and the right-hand side
simplifies further to < X [|¢||{.

Error Decomposition for the Generating Function log F, »)

From the series representation (85) and (89), (106), for |z| < ||®@(L)| 1,

-1 r—1 . -1 r—1 .
log Fya)(z) = ) U™ <VE7T/ 9! r)> - ) e (7 10) (107)
2<<R T 2<r<R T
—1)— 1 -1 r—1 .
+ Z ) 2 Te((@(LD))) + 27( r) ’Bﬁffo)m*[ (1],
r>R r>2
T>r(2) B(z)
Zalrimo) = L Ax(p")((@(mlogp)) + (@(=mlogp))).
p, m>1
mlog p<rijg
The tail term 7~y satisfies (Cor. 10.6)
||<I>(L(d))||§ 1
Tx@)| < (0@ v 2 oz 2 1o 2| @]l < 1), (108
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and B(z) is controlled by (105) (for smooth windows, B = 0).

Parameter Selection Recipe (for Desired Accuracy ¢)

Givene € (0,1), an example to make the right-hand side of (107) satisfy | - | < e is:

Window and bandwidth. Choose a smooth window ¢ € C° with 79 < log2. Then Br(,%)m* =0
(Lemma 10.1).
1

z-radius. Impose |z| ||P|lo < p < 1. Typically take |z| < T

togetp < %
Cut-off exponent R. Choose R so that (108) is less than /3:

(3 |\<1><L<d)>n§2)

R > I
Z 2t log(1/p)

Finite prime sum. For each 2 < r < R, from (106):

z|" 2

EE o)l < 2aem),pr.

Based on an upper bound for ¥ (X) (using known estimates for each class), adjust 17 and p so
that YR , 2¥ - (e") p” < &/3 (smaller p increases geometric decay).

Zero-side main term. The sum YR , @ |(uz,., ") | is integrable by | (uz,, ¢)| < [[¢[l1 + ||’ [l1
(§10.1 finite part estimate) and (102), and can be computed for the chosen R. Adjust ||¢||1, ||¢’|l1
(e.g., widen the window) so that the remainder is absorbed into &/3.

Audit Table of Dependencies

Summary of constant dependencies in the error estimates:

Narrow-band equivalence (§10.1): constants depend only on d (after Archimedean calibration).
Q(7r) dependence is absorbed into even constants.

Wide-band difference (§10.2): finite prime sum depends only on ¥ (¢"0) (local factors of 7),
endpoint term on C(7t, #7g, 1y ).

S, norm (§10.3): depends on d and 79 (PW constant). See (103).
Order of det, (§10.4): order < 2, type < ||® (L)) H232

Coefficient identification (§10.5): narrow band matches exactly, wide band depends only on ¥
and C(7t, 19, my).

Herglotz/Weil (§10.6-10.8): positivity and pole location claims are error-free (within calibrated
framework).

Summary: Master Inequality

Combining the above, for a smooth window and |z| || P/« < 1,

_1\r—1
log Fya (2)— 3 1 2 (2 ¢(*r)>' (109)

r=2 r

=N

||¢(L(d))||?s 1
¥ 10 r 2 .
7'((6 )P Hq)”go logl _P <P . ’Z| H(pHOO)

R
<)
r=2

The right-hand side depends only on 7, z (hence p), cut-off R, and local data of 7r. Using known
estimates for ¥ (derivable from local factors in Table 1 for each class), an e-accurate implementation
design is possible.
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Table 1. Infinite factor I'«, conductor, and finite prime (prime ideal) terms for representative classes.

Class Degree d T (Archimedean factor in completed form) Explicit Az(-) (unramified)
Dirichlet L(s imiti = _J0 (=D =1 my — m _
, X) (primitive, modulus q) d =1 Tr(s+96), 6 = Ay(p™) = x(p)"logp (p t q), = 0
1 (x(-1)=-1) forp|q
Dedekind {x(s) (number field K, |[Dg|) d=[K:Q] Tgr(s)T¢(s)2 (r1+2rp =d) Ak (p™) = log Np (all prime ideals p)
Hecke character xx (self-dual) d=1 T'r(s+ u)"I¢(s 4+ v)? (depends on type) Axe (™) = xx(p)"logNp (» 1

f(xx)), =0forp |

Ap(p™) = (aff + By)logp (p t N,
apBp =1),for p | N finite corrections
per local factor

k;l . .
Self-dual GL(2) newform f (level N) d=2 {TC (5 *t2 ) (holomorphic weight k)

I'r(s+ir)Ig(s —ir) (Maass, parameter r)

Summary (End of Chapter)

In this subsection, we have centralized the errors and constant dependencies spanning the entire
process of §10, and provided a recipe for choosing windows, bandwidths, z-radius, and cut-off. Thus §10
is self-contained from formulation (§10.1) through wide band (§10.2), functional calculus (§10.3), det,
analysis (§10.4), coefficient identification (§10.5), and Herglotz/Weil (§10.6-10.8), to applications (§10.9)
and error management (this subsection).

R

Appendix A. Technical Supplements — Poisson-Hilbert Representation, Phase
Averaging, Outer Factor, Identification Lemma, etc.

In this appendix, we give a self-contained compilation of the complete proofs and computa-
tional details of the technical lemmas used in §§5-8 of the main text. In particular, we detail the
Poisson-Hilbert representation, the coincidence of phase averages, the identification of outer factors,
the monotonicity from Herglotz to Cayley, commutation in the wide-band limit and Abel regular-
ization, the boundary values and arguments of the Stieltjes transform, distributional convergence
of logarithmic derivatives, the Weyl main term (Riemann-von Mangoldt), and the consistency of
Weil-type quadratic forms. We use the same Fourier conventions and notation as in the main text (in

particular, f(&) = [5 f(t)e " dt).

Appendix A.1. Complete Proof of the Poisson—Hilbert Representation (Main Text, Lemma 7.27) [42—44]

Consider an outer-type entire function on the upper half-plane C = {z : Imz > 0}:

1 ,
E(z) = exp{2m. ® % dx} /2, ¢ € L] .(R) real and even.

From the boundary values of the Cauchy transform (Plemelj’s formula)

Coplx10) = 2 (Hp)(x) %gb(x) ae xER,

and the Poisson kernel Py (x) = 1 %, we obtain
TX-+ Y
N v 1 y
log |E(iy)| = Relog E(iy) = 9 /Rq)(x) pear dx  (y>0). (A1)

Moreover, a.e. on the real axis, E?/E = ¢/ holds (§ denotes Schwarz reflection). (A.1) is equivalent to
Lemma 7.27 in the main text.

Proof

log E is analytic on C4, and Relog E is harmonic, with its boundary real part given by the Poisson
integral. Since ¢ € L{ _and P, has unit mass, the right-hand side is integrable; moreover, as y | 0,
Relog E(x +i0) = (H¢)(x)/2 and Imlog E(x +i0) = —¢(x)/2+ 6y/2 follow. [
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Appendix A.2. Coincidence of Phase Averages (Main Text, Proposition 7.29) [7,30]

On the even test space A, of band 77 < log2 (Main Text §6), from the distributional identity for
¢ € Ay, we obtain

Loxy ¢/t dt= [ () ¢/(at+0()

(absorbing into O(1) the finite sum from endpoint correction and conventions). Using Vaaler approx-

imations cngm% , and primitives (‘I’S_Lm% 17)’ = q)(im% ;- and choosing the test function ¢ = ‘I’(im% p We

have

[ exely mat= [ guny ol 1) at+0().

Since CDgE %17 sandwich 1;_r 7] from above and below, and ||<1> (ng% 7 ll;1 < 1, averaging yields

+Tn

T
/_T(¢I< —9)()dt =0(1) (T — co). (A2)
This coincides with the conclusion of Proposition 7.29 in the main text.

Consequence for Type Equality (Main Text, Theorem 7.28)

Inserting (A.1), (A.2) into the Poisson mean, we obtain

y (log |Ex(iy)| — log |E¢(iy)]) = / (¢x — ¢e) () dt +0(1),

2my
and as y — oo, the right-hand side is 0(1), hence 71 (Eg) = 71 (E¢) (Theorem 7.28 in the main text).

Appendix A.3. Phase Equality = Outer Factor Identification (Main Text, Proposition 7.11) [43,45]

Let Eq, E; be of bounded type in C (Cartwright class), and suppose that a.e. on the real axis
Eﬁ/El = Eg/Ez. Then R := E;/E; is analytic of bounded type in C+ and satisfies R'R = 1. The
inner factor of R (Blaschke factor and singular logarithmic factor) disappears by R‘R = 1 and phase
equality, leaving only the outer factor, so R(z) = ce'™ (|c| = 1, a > 0). From type equality and origin
normalization in the main text (Lemmas 7.20, 7.21), we have a = 0, ¢ = 1, hence E; = Ej.

Appendix A.4. L* Estimate for Outer Quotients (Preparation for Main Text,
Lemma 7.33) [29,46]

For the quotient R = E;/E; of outer functions Ej, E, using boundary phases ¢; we have

. 1 y
log |R =— — —
og|R(iy)| = 5~ /R(éf’l 92)(x) 7 3%
By M. Riesz’s inequality and the L? continuity of the Hilbert transform,

sup [Hog [R(- +iy)lr2w) < ll91 = P2lli2(w)
y>

In particular, if ¢ — ¢, € L?, then R belongs to H?(C..) and its boundary values are controlled in L?
phase.

Appendix A.5. Monotonicity from Herglotz to Cayley Phase (Main Text, Lemma 7.33) [2,45]
For a Nevanlinna-Herglotz function M (Im M > 0 on C.), the Cayley transform

1—-iM

5= 1+iM’
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maps C to the unit disk. The argument ¢ of the boundary value S(x +i0) = /¥ is, except on a
Lebesgue null set, monotone increasing, and furthermore

%(E’J(b) —¢(a)) = u([a,b]) foranya <b, (A3)

where y is the positive Borel measure appearing in the Herglotz representation of M:

1 t

M(z):az—i-,BwL/R(:—m

)dy(t), a>0,peR

Thus, the total variation of 1 is precisely controlled by y, and can be used as a bridge between phase
constraints in the HB class and zero distributions.

Outline of Proof
Using |S| = 1 for the boundary values, set ¢ = argS. From the Poisson representation and

Fatou’s theorem, ¢ = Im M’ is nonnegative in the distributional sense (Radon measure).

1+ |M|?
Integrating this yields (A.3). O
Appendix A.6. Commutation in the Wide-Band Limit (Main Text, §6.5) [47]

When extending an even ¢ € Aj to 17 1 0o, we commute the limits of the approximate identity s,
and the truncation parameter T — oo:

77151;10 %E;rolo <uTr (P* S7]> = Ilgr;o 77151;10 (uTr ¢*Sﬂ>l (A4)

where ur is the truncated distribution sequence introduced in §6 of the main text. The proof is based
on (i) normalization and Ll-approximation of sy, (ii) uniformly bounded variation of ur, and (iii)
ensuring uniform integrability from Tauber-type sandwiching (§§5.3-5.4 of the main text), allowing
the application of dominated convergence.

Appendix A.7. Stabilization of Truncation Limits by Abel Regularization [46,48]

By composing the short-time truncation kernel 7,, 5 with the Abel regularization A.f(t) =
e~eltl£(t), the endpoint contribution is absorbed into O(1):

<uT, Nm,s * Ag(p> = <uT, N, * g0> +0(1) (¢40), (A.5)

Uniformity follows from ||7,,5]|cc < 1 and |Ac¢ — §| < Ce (band limitation). In combination with

(A.4), this justifies the interchange of truncation and wide-banding.
Appendix A.8. Boundary Values and Argument Function of the Stieltjes Transform [44,49]
For a locally finite variation measure v, the Stieltjes transform

Sv(z) = /R tiz dv(t)

has the following nontangential boundary values on the real axis:

1
t—x

Sv(x £i0) = Fin vl (x) + p.v. /R dv(t), (A6)

(where v is the density of the absolutely continuous part). In particular, when Sv is of Herglotz type,
1+iSv
obtained by methods analogous to the Poisson-Hilbert representation (A.1).

the argument arg

is a monotone function obeying (A.3). Real and imaginary parts can be
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Appendix A.9. Distributional Convergence of the Logarithmic Derivative of Outer Factors [25,43]

For an outer-type entire function E, the logarithmic derivative (log E)’ is given by

T 2mi

og B/ (2) = 51 [ 2

and on a band-limited test ¢ € Ay,

(108 EY', 9) = 5 [ 9x) (') () dx.

By the commutation and regularization in A.6—-A.7, under phase narrow-band equivalence ¢ — ¢ €
L?N L. wehave
((logE1)' — (logE2)", ¢) — 0 (wide-band limit). (A7)

This smoothly connects the equalization in §6 and the outer factor identification in §7 of the main text.

Appendix A.10. Main Term of the Riemann—von Mangoldt Formula (Main Text, Proposition 8.22) [4,32]

For the operator-side functional E; [¢] associated with the completed zeta function (Main Text,

§5.1),
t2

Eulgl = 5= [ o(t) log( 5 ) dt + Elg), (A.10)

holds, where E[¢] is the constant functional from finite-part regularization (§5.2 of the main text). From
Stirling’s formula

TR(1 ., : |t] 1
Re (4 + i) =log(5 ) +O<1 T t2> (A1D)
and Tauber-type sandwiching (§§5.3-5.4), we obtain (A.10). The main term in Proposition 8.22 coincides

with (A.10) and gives the main term of the Riemann—von Mangoldt formula.

Appendix A.11. Equality of Weil-Type Quadratic Forms (Main Text, Proposition 8.29, Theorem 8.31) [32,50]

For the zero distribution pz of a general L-function A(s, 7r), define the Weil-type bilinear form

Qr(f) = (e, f* f) = (e 1FP),  F(B) = f(-1), (A.12)

(with finite-part conventions as in §10.1 of the main text). For the operator-side distribution p, ()
defined in §10.3 of the main text, Q, s coincides via phase narrow-band equalization, yielding the
conclusions of Proposition 8.29 and Theorem 8.31.

Sketch of Equality Proof

We use (i) f — f * f preserves positive type, (ii) f * f = |f|2, (iii) in the main text, the wide-band
limit (§6) and outer factor identification (§7) show that the zero-side and operator-side distribution
actions coincide on the same family of test functions.

Appendix A.12. Consistency of Endpoint Correction and Finite-Part (Main Text, §5.2) [25,51]

Endpoint correction by short-time truncation is consistent with absorbing constants into the
finite-part regularization. In particular, the constant term in (A.10) can be absorbed into E[¢], yielding

2
Eulgl - 5 [ o(t) log( 4 ) di = Elg] +0(1), (A13)

where O(1) is uniform in the truncation parameter and band, and is estimated by the Tauber-type
lemmas in §§5.3-5.4 of the main text.
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Interconnections of Key Points in this Appendix

* (Al and (A.2) = Type equality (Main Text, Theorem 7.28).

e A3and A.4-A.5 = Identification of outer factors (Main Text, Proposition 7.11, Lemma 7.33).
* A.6-A9 = Commutation in wide-banding and stable comparison of logarithmic derivatives.

* A.10-A.12 = Consistency of the Weyl main term and Weil-type quadratic forms (Main Text,
Proposition 8.22, 8.29, Theorem 8.31).

Appendix A.13. Explicit Statement of Hypotheses for the Uniqueness Principle (Order, Uniform Constants,
Zero Control) [36,37,40]

Objective

To make the logic of “coincidence on a small disk = coincidence everywhere” in §§8.1-8.2 of the
main text self-contained, we package the hypotheses concerning Herglotz (Nevanlinna) functions and
regularized determinants.

Definition A.1 (Uniqueness Package (U)). For a window & (even, real, D e C) and Wy := dxd
(Main Text (5)), consider the operator-side m?) and number-theoretic side Mgb) as Herglotz functions
on the upper half-plane C. We say that (U) holds if the following are satisfied (with constants uniform

over the shrinking family of windows):

(U1) Order: With K¢ := ®(L) € Sy, Fop(z) := dety(I — zKg) is entire of order < 2. Moreover, for
|z| — oo, the type estimate log |Fp(z)| < C|z|? holds (with C uniform over the window family).

mgb) and Méq)) admit Herglotz representations

1 ;> dv(t)

H(z) = az+1b -
(2) = az+ +/R(t—z 1+

with coefficients 2 > 0, b € R and measure v satisfying [(1+#*)"1dv < co.

(U2) Uniform constants: For any yo > 0, supy,,~,, (|m§¢) (2)| + |M(E1q>) (z)]) < C(yo) (with C(yo)
uniform over the window family).

(U3) Zero (pole) control: The poles of Méq)) and m(ch) are simple on R with positive residues, and
for any compact K C C, excluding a disjoint family of small disks centered at the poles, both
functions are uniformly bounded on K. The radii of the disks have a uniform lower bound over

the window family.

Remark A12. The order estimate in (U1) is consistent with the det, analysis in §7 (Weierstrass factor-
ization, order < 2). (U2) follows from Wy € L! together with the growth of —¢&’/¢ (polylogarithmic).
(U3) is sufficient as a basis for “small disk coincidence for a shrinking family of bands” in §8.1 and the
small-band equalization in §6.

Proposition A7 (Actual Operation of the Uniqueness Principle). Assume (U) holds and that the
boundary values of m(ch) and Mgb) coincide almost everywhere on R as #.t.-limits (this follows from
small-band coincidence in the main text together with uniform vanishing over the family). Then their
difference is a real-coefficient linear polynomial:

m®(z) - MP () =az+b (220, beR).

Furthermore, if m(ch) (iy), Méq)) (iy) = o(1) as |z| = o0 holds uniformly over the window family, then

a=>b= 0, ie. m(Lq>) = Méq:.)

Proof. By uniqueness of the Herglotz representation, boundary value coincidence gives equality of
the representing measures v; = vg. The difference is thus limited to az +b. As y — oo, H(iy) =
a(iy) + b+ o(1), so 0(1) behavior forces a = 0, and with H(iy) — 0, b = 0. The o(1) property follows
from the uniform vanishing over the family in §8.1 and Wg € L!. O
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Appendix A.14. Pole Expansion of —¢&' /& and Window |®|?, Commutation of Cauchy Transform [4,5]
Setup

Let pg := Zp d1mp (counting multiplicities; evenized) be the zero measure in the main text, and
We = d3 *® € LY(R) (even, nonnegative, [ Wgp = ||<I>H%2). Using the Herglotz kernel k;(t) :=
1

— 1_"_7 we write

:/sz(t)dv(t) (Imz > 0).

Lemma A8 (Commutation of Cauchy Transform and Convolution). Let v be a finite positive measure
with [(1+ #2)~1dv < co. Then for any Imz > 0,

Clv+ Wol(z) = /RWq>(u)C[v](z ~u)du

holds (Fubini commutation, uniform on compact sets).

Proof. From We € L! and SUP [y 2>y, lkz(t)] < C(yo)(1 + t?)~1, Fubini-Tonelli applies, and

[ [We (1) kz (¢ + u)| dv(t) du < oco. Thus,
/d(VZVXq; /1+ 5 d(v*We)(x) = / W (1) ky(t + u) dv(t) du

and the claim follows. O

Proposition A8 (Representation and Commutation for Number-Theoretic Side Windowed m-Function).
Using the calibration in §6.2 of the main text (Archimedean term = main-term kernel), the number-
theoretic side windowed m-function is

M) (z) = Clug * Wol (z / Wo(u) (—&'/8)(3 +i(z—u)) du.

Exchange of the (pole expansion and) integral on the right is justified by uniform boundedness away
from neighborhoods of zeros and Wg € L.

Proof. From the partial fraction decomposition via the Weierstrass factorization, —¢&' /& ( + iw) equals
Y, w_Im 5 plus the Archimedean term (Main Text Kp) in the finite-part sense. The former is C[pg¢],
the latter coincides with Ky in Proposition 6.5 (§6.2). From Wg € L! and the uniform bound outside
small disks from (U3), dominated convergence (and Fubini) apply, and commutation follows from
Lemma A8. [

Appendix A.15. Boundary Value Coincidence = Herglotz Uniqueness = Linear Polynomial Difference = 0
[2,45,52]

Theorem A10. Assume (U) holds and that the n.t.-boundary values of mécp) and M((;D) coincide almost

everywhere on R. Furthermore, suppose m(L )(1y) ( )(iy) = 0o(1) as y — oo holds uniformly over the

window family. Then
m(LcD) = Mé (on Cy).

Proof. Simply apply Proposition A7. Boundary value coincidence yields equality of measures, and
the difference is limited to az + b. The o(1) behavior at infinity (uniform vanishing in §8.1) gives
a=b=0. 0O

Corollary A.2 (Equivalence via Cayley Phase). If the phase ¢®) of S(®)(t) := %m = ¢—ie' (1)

(Main Text (6)) coincides almost everywhere, then Theorem A10 gives m(L(b) = Méq)).
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Appendix A.16. Small-Band Endpoint and Enforcement of Strict Inequality [30]
Convention Fixing

In the small-band case, we always adopt the strict form

supp ¢ C (—1,7), 0 <7y <log2,

which ensures that in the explicit formula the prime sum ¥,,~, A(n)(¢(logn) + $(— logn)) vanishes
completely.

Lemma A9 (Treatment of Endpoints). When handling the boundary 77 = log 2, impose the endpoint
vanishing condition $\/)(£5) = 0 (0 < j < m). Then, by Lemma 6.14 in §6.4, the boundary term
satisfies |By,mu[@]| < Ciny Li<m || @) 11, and in the limit 57 | log 2, By,m[¢] — 0 (Proposition 6.16).

Remark A13. By enforcing the strict form throughout the chapter, no “leakage” of prime or boundary
terms arises in the limits 77 1 log 2 or in switching bands, and the small-band equalization y = g in
§6.1 can be applied immediately.

Appendix B. Generating-Function Supplements (Cayley Phase Correction and
Kernel Extension)

In this appendix, we systematize the “generating-function perspective” used in the framework of
§§7-10 of the main text, developing a self-contained treatment of Cayley phase extraction/correction,
kernel band design, truncation of the two sums in the approximate functional equation (AFE), and
stability assessment of discretizations (Nystrom / Galerkin). We use the same Fourier convention
(f(2) = Jg f(£)e~ ¢ dt) and test space (even functions of band 77 < log2 in A;) as in the main text. All
equation numbers (e.g., (110), (115), (116)) and section numbers referenced below agree with those in
the main text.

Appendix B.1. Purpose of Introducing Generating Functions (in a Broad Sense) [2,39,45]

On the operator side, the main actors are bounded Borel functions ¢(L) of the self-adjoint (or
symmetrized) Lefschetz operator L. Starting from the band-limited generating kernel ¢ introduced in
§8.6 of the main text, we collectively refer to the following three as “generating functions” in a broad
sense:

1—-iM

L
T+iM ¢

(i) Phase generation via Cayley transform: For a Herglotz function M, write S =

and extract the argument ¢ as the phase (Main Text §7.2; Appendix A.5).

(i) Kernel generation: Generate the operator kernel K = ¢(L) by ¢ supported in a small band 7,
controlling truncation/smoothing (Main Text §8.6).

(iii) Generative decomposition of the explicit formula: Reconstruct analytically the AFE (Main Text
(110)) in which the Archimedean term and prime term appear as two separate sums.

The goal is to connect bidirectionally the outer factor on the zero side (HB class) and the operator-side
generating kernel, via commutation of band limits and monotonicity of the phase.

Appendix B.2. Two Methods: Nystrom / Galerkin [18,53]

For the discretization of the continuous kernel K (K(t,s) = (d, ¢(L)ds)), we combine Nystrom
and Galerkin methods.

Nystrom (Integral Approximation)
With integrable weight w, nodes {x;} ]I\L 1, and positive quadrature weights {w;},

N
(Knf)(t) =} K(t,xj))w; f(xj),  [IK—Knlus < Cu N7" (B.1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2110.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 August 2025 d0i:10.20944/preprints202505.2110.v2

89 of 113

holds if K is (m, m)-Holder continuous. Cy, depends on uniform bounds of 979K for a + b < m.

Galerkin (Projection Approximation)

Let Vy = span{by, ..., by} be an adapted basis (orthonormalizable), then
My = (@(L)b b)) e jpey = II(K = PyKPy) = 0] < en =0 (B.2)

(Py is the orthogonal projection onto V). The spectral approximation satisfies
spec(My) — spec . (K) Uspecy;.(K)  (Hausdorff limit). (B.3)

Discrete Extraction of the Cayley Phase

If My is self-adjoint, there exist eigenvalues {x, } and eigenvectors {u, }. Construct the finite-
dimensional Herglotz function

N
14

My(t) =) 3 ”_t, ay := {(uy, Buy) >0 (B.4)
n=1""

(where B > 0 is a suitable positive-definite constraint), then

_ 1 iMN(E) g

= T iMn() , o) >0ae. (B.5)

Sn(t)

follows (monotonicity in Appendix A.5), and ¢y jumps by 7 at each pole t = A,,. A unique phase
unwrapping is fixed by ¢xn(0) = 0 and evenness.

Appendix B.3. Extension of ¢ (from Completely Monotone to Exponential Type) [7,36,54]

Under the band constraint of §8.6 in the main text (supp ¢ C [—7,7], 7 < log2), we extend from
a completely monotone kernel (or its limit) to one preserving exponential type:

P(t) = /Ooo e ®du(s) (completely monotone) ~ ¢, (t) = (¢ *gy)(t) (B.6)

where g, is a Paley-Wiener type smoothing kernel with supp g, C [—~7,1], [ py = 1. Then the upper
half-plane type 7 (E) of the outer factor E is preserved (Appendix A.2), and

6 =l <Cr™ lgy = ¢lli=-rm) < Conry ™ (B7)
are obtained. Commutation of band projection and truncation follows Appendix A.6-A.7.

Appendix B.4. Structure of M-Matrix (Positive Principal Minors and Total Monotonicity) [55,56]

When K is generated from a completely monotone kernel K(t,s) = ¢(t + s) with ¢ completely
monotone, the discretization matrix My = (K(xj, x¢)wy) is a Stieltjes matrix (symmetric version of an
M-matrix), satisfying

detMy[Z] >0 (@#Zc{l,...,N}), (My)"'>0, (B.8)

from which the eigenvalues are monotonically ordered (Cauchy interlacing principle), and the Cayley
phase ¢y increases strictly (¢}, > 0) except at poles. Near poles, there are 77 jumps, and unwrapping
uniqueness follows from the regularity in (B.8) and ¢n(0) = 0.

Appendix B.5. Band Design: Hard Barrier and Smooth Barrier [7,30,57]

Following the design in §8.6 of the main text, we distinguish between Vaaler-type hard barriers
@;’;m) approximating the support [—T, T|, and smooth barriers @7, with high-order vanishing.
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Hard Barrier (Vaaler Type)
. : +,
Define the even functions CIDT;”) by
=+ (m), o SIN(7TTE) ¢ Cm ¢
ory @ == el(y) £ aly) = (B)

(Pm, qm are polynomials on [—1,1], ¢, > 0),so that 1{_g 71 < @%:ém) < qpi/’;m) +Cpuy™™, and ||<I>;'}§n1) _
q’%,'ém)HLl <7 "

Smooth Barrier (High-Order Vanishing)
Let &JS}IT;] be supported in [—#, 7] and impose

AsTr;l?(j:U) - = agflcﬁsff}?(:tn) =0 (B.10)

so that endpoint contributions vanish (remark in Main Text §10.2), and endpoint corrections appearing
in the two sums of the AFE can be uniformly controlled by O(n ™). Hard barriers generate endpoint
terms, but these are controllable by the estimates (78), (88) in the main text.

Appendix B.6. Cayley Phase Correction and Truncation of the Two Sums in AFE [2,4,32,58]

Under the conventions for the Schur function / Cayley transform introduced in (115) of the main
text, using the differential identification of the regularized Fredholm determinant (Main Text (116))

drlogdety (I —tK) = ) ¢ ""t ~TrK, |t < |KI7Y, (B.11)
n — IKn

we have in finite-dimensional approximation
eN(t) = 2arctan<at log DN(t)>, Dn(f) :=detp (I — tMy), (B.12)

which gives a natural phase extraction formula (including the — Tr My normalization). Near a pole
t = x;, !, g jumps by 7, so the phase correction is given by

o™ (t) = on(t) +7 ) 1 (normalized by evenness and g™ (0) = 0) (B.13)

Ky <t

For the AFE (two sums; Main Text (110)), according to the analytic conductor C(t), balanced
truncation lengths on each side are taken as

Nz (t) < Cr(t)1/? (B.14)

and large imbalance causes significant cancellation in the difference of real and imaginary parts. In
implementation, use Kahan summation or double precision support to ensure

|AFEN, N (f) — AFEooe0(t)| < N3™ + NZ™ ¢~ (B.15)

(m is the smoothness order of the barrier, ¢ > 0 is the band margin). Endpoint terms vanish for smooth
barriers satisfying (B.10); if using hard barriers, apply the main text’s estimates (78), (88).

Appendix B.7. Summary: Role of the Generating-Function Perspective
From the above, the generating-function perspective provides the following unifying principles:

*  Phase: By monotonicity of the Cayley transform (Appendix A.5) and (B.12)-(B.13), read both zero
constraints and operator spectra in the same phase.
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e  Band: By (B.6)~(B.7) and (B.9)—(B.10), commute truncation, smoothing, and endpoint correction
(Appendix A.6-A.7).

¢  Discretization: Ensure numerical stability and uniqueness of unwrapping via (B.1)-(B.3) and the
M-matrix structure (B.8).

*  AFE: Control the truncation error of the two sums uniformly via the band parameter using
(B.14)~(B.15).

Through this integration, the logical line in §§8-10 of the main text (outer factor = operator kernel =

Weil form) is non-circularly connected via the two design variables of phase and band.

Remarks on Numerical Implementation (excerpt). When poles cluster in the observation window, use
separate left/right grids and apply the correction (B.13) avoiding neighborhoods of poles (Main Text
§8.6B). Strictly observe # < log2 — 4 for the band, and when § — 0, use a smooth barrier to suppress
endpoint terms (remark in Main Text §10.2). Automatically adjust AFE truncations according to (B.14),
and use compensated summation to prevent loss of significance.

Appendix C. Appendix: List of Symbols and Abbreviations

This appendix presents in one place the principal symbols, abbreviations, and conventions used
in the main text and other appendices. Definitions, representative occurrences (sections in the main
text), and minimal notes are given so that it can be referenced independently. The Fourier convention
is the same as in the main text:

B /Rf (e an  fle) = o [ F@)eaz,

Convolution is ( = [p f(t —s)g(s) ds, and reflection is f(t) = f(—t).

Legend (how to read and notational cautions)

*  Representative sections are indicated in square brackets after the symbol (e.g., “[§7.2]").

* “a.e.” means almost everywhere; “p.v.” means principal value (Cauchy principal value).

e  The origin convention for outer factors is E(0) > 0 (fixing the phase freedom); the phase is
unwrapped as an even function.

Appendix C.1. Basic Sets, Function Spaces, and Transforms [7,16,29]

R, C Z N
Field of real numbers, complex numbers, ring of integers, natural numbers.

S(R)  Schwartz space (rapidly decreasing C* functions).

Seven  Even-function subspace: {f € S(R) : f(t) = f(—t)}.

LP(R) Lebesgue-measurable function norm spaces (1 < p < o0). Plancherel: || f||;2 = (271)""/ 2||]?||L2.
PW,  Paley-Wiener space (band 7 > 0): L? functions with suppf C [-n,71].

Ay Band-limited, even test family: A,7 :={ ¢ € Seven : suppo C [-1,7]} [86,88].

Hf Hilbert transform: (Hf)(x) = g 9{ (—>t dt [H: L? — L? bounded].
. 1
P,(x) Poisson kernel: P,(x) = p Sy + yz (y > 0).

C Cauchy transform: C (P dx (used with Plemelj’s boundary value formula).
¢ y plz Zm ) y

1f Indicator function: 1g(x) = 1if x € E, else 0.

Appendix C.2. Operators, Herglotz/Cayley, de Branges [2,43,59]
Ll Direct sum of self-adjoint operators (degree d). [§8.1]
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K:=¢(L)
Bounded operator giving a positive-semidefinite kernel (¢ in the admissible class of the main
text). [§7.1-§7.3]

Mg Herglotz function (Im Mg > 0 on C;): associated with the boundary value structure of K.

[§7.1-87.3]
S Schur function (Cayley transform):
_ 1=iMk(t) i) : . .
S(t) = TFiMe(5) e (real-axis boundary value; phase ¢ is even) [§7.2,8§8.5].
E de Branges function (HB class): |E(z)| > |E¥(z)| for Imz > 0.
E*(z) Schwarz reflection: E*(z) := E(z).
detz(l — ZK)

Carleman-Fredholm second-regularized determinant. [§7.2]

7+ (F) Upper half-plane exponential type: 7, (F) = limsup ; log |F(iy)|. [8§7.2]
Yy—+oo

Appendix C.3. L-Functions, Completions, and Phases [10,11,32]

I'r(s) Real gamma factor: Tg(s) = */2I(5).

I'c(s) Complex gamma factor: T'¢(s) = 2(271) ~°I'(s) (used as needed).

A(s, )

d
Completed L-function: A(s, 1) = Q3/? T ITw(s + pj) L(s, ) [88].
i=1

o) Analytic conductor (positive real).
1j Archimedean parameters (usually assumed Re p; > —1/2).
o Nontrivial zero of A(s, 7r) (symmetry p <> 1—p).
ar(n) Dirichlet coefficients (coefficients of the Euler product).
Ar(n) von Mangoldt-type coefficients: —L—,(s, )=y Ax(n) .
L SR

Sx(t) Schur function:

Sa(t) = e(m)! 2& - Z " = et

!

@=(t) Real-axis boundary phase (even). Derivative: ¢/ (t) = 2 Re %(% +it, ) [§8.5].
Or(t) Phase of gamma factor: fr(t) = Arg[]; Tr(5 + uj +it).
e(rr)  Root number (|e(77)| = 1).

Appendix C.4. Prime Kernel, Band Tests, Normalization [1,7,30]
Py,(t) Prime kernel (GL(d)):

(tr Ap(n)k = Z?:l ocp/j(n)k is the kth power sum of Satake parameters.)

O Ramanujan exponent (upper bound exponent for |« ;| < pfm).

dﬁ’ém Vaaler-type band tests: supp dC [—1, ] bracketing [T, T] [§8.6].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2110.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 August 2025 d0i:10.20944/preprints202505.2110.v2

93 of 113

A-lim Abel regularization limit (weighted limit as € |. 0) [§6.5,§8.2].

E(0) >0
Origin normalization of outer factor (fixing phase freedom; consistent with ¢(0) = 0).

Appendix C.5. Distributions, Measures, and Fourier-Side Support [25,29,51]

pr  Operator-side spectral measure (evenized).
Ur Measure corresponding to zero distribution on the L-side (evenized).
A Difference distribution: A := p; ) — pr.

supp A Support on the Fourier side (small-band equalization <= vanishing of low frequencies)
[§8.7A].

Appendix C.6. Analytic Classes and Function-Theoretic Abbreviations [36,37,43]

HB class
Hermite-Biehler class: class of entire functions satisfying |E(z)| > |E*(z)| for Imz > 0.

Cartwright class
Entire functions with real-axis consistency, bounded type, and finite type.

outer/inner
Outer factor / inner factor (log-integrable boundary values / Blaschke factor).

bounded type
Functions having a harmonic majorant of log™* |f| in the upper half-plane.

a.e., a.s.
almost everywhere / almost surely.

Appendix C.7. Numerical and Algorithmic Abbreviations [58,60]

AFE  Approximate Functional Equation (see equation (110) in the main text) [§8.6].
FFT  Fast Fourier Transform.

SDP  Semidefinite Programming (used to bound Weil-type quadratic forms) [§8.7C].

Nystrom method
Quadrature-point discretization of integral kernels (positive weights and nodes) [Appendix
BI.

Galerkin
Projection approximation on an adapted basis.

Kahan sum
Compensated summation (loss-of-significance suppression; recommended for the two sums
in AFE).

Appendix C.8. Conventions for Parameters and Scalars

d Degree of GL (number of direct-sum components).

i Bandwidth (small-band means 1 < log2).

T Observation window radius (for phase integration/visualization).
y Radius of Poisson smoothing (Py).

Qn, Hj, On

Analytic conductor, Archimedean parameters, Ramanujan exponent.
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Appendix C.9. Notation Conventions (Dominance Symbols, Uniformity, Boundary Values) [29,44,49]

o() <
A = O(B) or A < B means |A| < CB, where C is an absolute constant depending on the
context.

Ou(-) Explicitly allows constants uniform in parameter « (e.g., Oy, (1)).

Boundary value
F(x £10) denotes the nontangential boundary value to the real axis, with real/imaginary parts
described by the Plemelj formula.

Appendix C.10. Reference Formulas (Poisson—Hilbert, Phase Derivative, Determinant Identification) [6,26,42]

We restate here fundamental formulas that frequently appear in this paper (derivations in Ap-
pendix A or relevant sections in the main text):

1
(PH) Relog E(iy) = 5 /R <p(x)ﬁy2dx, (y>0) [§72], (110)
(Phase) ¢/ (t) =2 Re %/(% +it,7) (885, (111)

(dety) 9;logdety(I — tK) :Zlf"m ~TrK (|t < |K|I7Y)  [87.2). (112)

Usage Notes

(1)  The Fourier convention is the same as in the main text, and the Poisson-Hilbert formula (110),
phase derivative (111), and determinant identification (112) are all consistent with this conven-
tion.

(2)  The phase ¢ is even, and is monotonically extended by origin normalization ¢(0) = 0 and
unwrapping (with 77 jumps at poles).

(3)  Inprinciple, the band is 7 < log 2, with endpoint contributions vanishing for smooth windows,
and controlled by the evaluation formulas (Main Text §10.2) for hard windows.

Appendix D. List of Assumptions and Normalizations (Audit Ledger)

This appendix compiles in one place the conventions, assumptions, and normalizations used
throughout the entire paper, edited in an auditable form so that one can cross-reference which results
depend on which premises. Symbols and references all conform to the section and equation numbering
in the main text. Focusing on the Fourier convention, boundary value conventions, outer factors (HB
class) and phase conventions for Schur functions, small-band equalization, and Abel regularization,
we explicitly state the consistency between the operator side and the L-function side (completed form).

Appendix D.1. Global Conventions (Fourier, Phase, Boundary Values) [42,45,52,61,62]

e  Fourier convention (Main Text §6):

A — —igt _ 2 [ Fm it
F@) = [ fwean,  pin =5 [ f@ede.
Even-function test space Seven = {f € S(R) : f(t) = f(—t)}, band-limited, even test family
Ayi={¢ € Seven: supp$ C [-11,7]}, 0 <17 <log2.
e  Hilbert transform and Poisson kernel (Main Text §7.1):

(Hf)(x) = %p-V- IR%dt, Py(x) = -
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e Cauchy transform and Plemelj: For C¢(z) d , Cop(x £i0) = 3 (He)(x) F L¢(x)
holds a.e.

*  Cayley transform and phase (Main Text §7.2): For a Herglotz function M,

g 2

Zm X —

1— iM(t)

- ) i) i
T iM(1) e (Schur function).

S(t) =

The phase ¢ is even, with origin convention ¢(0) = 0, and is uniquely determined by continuous
connection (unwrapping) including 77-jumps at poles.

*  Boundary value convention: F(x + i0) denotes the nontangential limit from the upper half-plane.
|S(x +10)| = 1 holds.

Appendix D.2. Normalization of Operators, Kernels, and de Branges Functions [2,6,42,59]

e  Basic operator (Main Text §8.1): L is self-adjoint, Ll .= L9 s its direct sum.

¢ Kernel construction (Main Text §7.1-§7.3): For even, real-valued ¢, set K := ¢(L). When
necessary, assume K > 0 (Hilbert-Schmidt).

*  Herglotz function and Schur function: Mk (z) = Tr((I — zK) ~'K) satisfies Im Mg > 0 on C.
Sx = (1 — iMK)/(l + iMK) = ¢ 9K,

* Second regularized determinant (Main Text §7.2):

dety (I — zK) = det((I — zK) e*X),  9.logdety(I —zK) =Y _ 1 K';K —TrK.
n - n

e de Branges (HB class) and origin normalization (Main Text §7.5): The outer factor Ex is HB
class with the convention Ex(0) > 0. The upper half-plane exponential type is 74 (Ex) :=

limsup, _, ., y~log |Ex(iy)|.

Appendix D.3. L-Function Side Conventions and Completed Form [10,11,32,35]

¢  Completed form and functional equation (Main Text §10.2): With Archimedean factors T'r(s) =
7=%/21(5), and if needed T¢ (s) = 2(27) ~°T (s),

dx dc
A(s, ) = Q(m) [ [Tr(s + Vj)ln Te(s +ve) L(s, ),
=1 =1

A(s, ) =e(m) A(1—s,m), le(n)| = 1.
e  Schur function and phase (Main Text §8.5):

AL —it, 71) , A
= 7172 4 = 71(Pn(t) ! = _— l |
Su(t) = &(m) AL +it, ) ‘ o Palt) =2Re (2 ti ”)'

e  Archimedean calibration (calibration formula in Main Text §6.2; e.g., around equation (26)):

Re Eie +it) =log({1) +o((1+2)7),

hence ¢/ (t) = dlog |t| —dlog(27) 4+ log Q(71) + O((1 +2)~1) (d = dg + 2d¢).
e Origin normalization: Outer factor E, satisfies E;(0) > 0.

Appendix D.4. Small-Band Equalization, Abel Regularization, Low-Frequency Vanishing [7,25,46,50,63]
e Small bandwidth: Fix 79 € (0,log2), and henceforth 0 < 1 < 7.
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e Main statement of equalization (Main Text §6.1-86.3): For the evenized difference distribution

A= pr — pa,

we have (A, ¢) = 0forall ¢ € A,.

*  Low-frequency vanishing (Main Text §8.7A): (A, ¢) = 0 (V¢ € Ay) is equivalent to supp AcC
R\ (=710, 770)-

e Abel regularization (Main Text §6.5, §8.2): A-lim, w(e’e‘t‘A,@ = (A, ¢). Endpoint terms are
absorbed into O(1) (see Appendix A).

Appendix D.5. Assumptions for the Main Theorem (GL(d)) (H1'-H3’) [40,42,45]

(H1") Positivity and HB positivity: Choose ¢ even and real so that K4 = ¢(Ll4) > 0
(Hilbert-Schmidt). Associated Es is HB class (Main Text §7.5).

(H2)  Small-band equalization: For 7 < 19 < log2, (y; ) — pz,,¢) = 0 (Main Text §6.1-8§6.3).

(H3')  Origin normalization: E(,(0) > 0 and E,(0) > 0 (consistent with phase origin convention).

Conclusion (Main Theorem group in §8):
(H1)-(H3’) = Phase equality = Type equality = Outer factor identification = Critical line constraint.

Phase equality = type equality follows from the Poisson-Hilbert representation (Main Text
§7.2). Outer factor identification follows from the Cartwright/inner-outer decomposition and origin
convention (Main Text §7.3).

Appendix D.6. Cross-Reference Table (Theorem/Proposition <+ Assumptions)

Result in Main Text Directly Used Assumptions/Conventions Auxiliary References (Main Text)

Phase equality (§8: Theorem) (H2’), Abel regularization, 7 < log2 §6.5 (regularization), §7.2 (PH representation)

Type equality (§8: Theorem) Phase equality, PH representation §7.2 (Poisson-Hilbert)

Outer factor identification (§8: Theorem) Phase/Type equality, (H3") §7.3 (outer factor identification lemma)

GRH-type constraint (§8: Corollary) (H1’), outer factor identification §7.5 (phase monotonicity)

RvM main term (§6: Proposition) Archimedean calibration §6.2 (calibration formula), §5.1 (main representation)
Prime kernel bound (§10: Proposition) Upper bound on Ramanujan exponent §10.2 (endpoint term handling)

Appendix D.7. Audit Checklist (Theory and Implementation)

Theoretical Check (Paper Verification)

*  Fourier convention and signs match the main text (¢ is even).

*  Adoption of 179 < log2 pushes prime terms outside the band (Main Text §6.1-§6.3).

*  Small-band equalization (H2") holds for all A, (check coverage of applicable range).

*  Origin normalization (H3"): Egy(0) > 0, Ex(0) > 0 consistently set.

e HB positivity (H1'): ¢ constructed as approximation (or limit) of a completely monotone family
(Main Text §7.5).

e PH representation yields phase average [ _TT((])K — ¢r)dt = O(1) (Main Text §7.2).

Numerical Check (Implementation; per Appendix B)
e Nystrom convergence: existence of N satisfying sup,.; |¢N) (t) — (N/2) (1)| < e.
e  AFE internal error: difference for two auxiliary functions G is below threshold (Main Text §8.6).

e Phase monotonicity: ¢'(t) > 0 except at poles, -jumps at poles; consistency of unwrapping
(Main Text §7.5).

*  Band projection residual: bound |Rr,| < 77" + e~ (Main Text §8.6).
¢  Endpoint terms: vanish for smooth barriers, explicit correction for hard barriers (remark in Main
Text §10.2).
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Appendix D.8. Table of Typical Normalizations [35]

Object Normalization Content Reference

Outer factor Ex, Ex ~ E(0) > 0 (origin) §7.2,88.3

Phase ¢k, ¢ ¢(0) = 0, even, continuous connection (unwrapping) §7.2

Schur function S |S| = 1 (calibrate by &(7) if needed) §8.5

Fourier GE [ f(t)e~i* dt (inverse transform also given) 86

Band 0 <y < 1o < log2 (small band) §6.1-86.3

Second determinant  9;logdety (I — tK) = ¥ 174~ — TrK §7.2

Appendix D.9. Acceptable Range of Variants (Interchangeable Conventions)

*  Fouriersign: Using f(&) = [ f(t)et dt is equivalent if one reverses the overall sign consistently
(explicit formula, phase direction), absorbable into the main text’s notation.

e Change of reference point: Normalization E(zo) > 0 with zy € iR~ is also possible. Adjust the
constant term in the PH representation to match (Main Text §7.2).

*  Treatment of band endpoint: For 7 = log2, prime-term endpoint contributions appear; for
auditing, always take # < log2 (Main Text §6.3, §10.2).

Summary: We have listed (H1")-(H3’), the Fourier/phase/boundary value conventions, small-band
equalization, and Abel regularization in an integrated way, and organized in Table ].10.0.21 the
premises and auxiliary references on which each main result depends. With this ledger, theory (on
paper) and numerics (implementation) can be independently reproduced and audited.

Appendix E. Typos, Notational Inconsistencies, and Editorial Notes (Errata
Candidates)

This appendix compiles possible typos, notational inconsistencies, and convention discrepancies for
the main text (§1-§10) and Appendices A-D, indicating the correct formula, recommended unified
notation, and justification. References conform to the sections and equation numbers in the main text.

Appendix E.1. Overview: Locations Sensitive to Convention Differences [2,4,6,35,45]
e  Direction of Cayley transform and sign of phase (Main Text §7.2):

1 iM(t)

=) el ifi
5(t) TEiM(D) e (unified)

(On the real axis, |S| = 1, ¢ is even with origin convention ¢(0) = 0).
*  Form of phase derivative (Appendix A.5):

o) = 220

=TI M) >0 (a.e. except at poles)

(unified).
e Asymptotic main term of I'y (Main Text §6.2):

Re(?i)(% +ptit) = log(%) +O((1+2)71).

¢ Constant in Riemann-von Mangoldt main term (Main Text §6.2, §6.5): Pay attention to the
position of —d and log(277) in the main term of N (T).

¢ Differential identity for det; (Main Text §7.2): Always include the correction term — Tr K (equa-
tion (118)).
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¢  Treatment of small-band endpoint (Main Text §6.1-§6.3): Impose 179 < log 2 strictly.

e Conversion between one-sided and two-sided counts (Main Text §8.5): N(T) is one-sided. Pay
attention to the conversion factor 1/2 for total two-sided sums.

e Origin normalization (Main Text §7.2, §8.3): Always state E(0) > 0 together with ¢(0) = 0.

Appendix E.2. Equation-Level Correction Candidates (with Justification) [1,2,4,6,32,35,45]
(E2-1) Sign of Cayley Transform
The correct convention in the main text is

i M) i

Sk(t) = 14i Mg(t)

(a.e. t € R). (113)

Occurrences of the form Sx = % = ¢T should be unified to (A110) (adjust ¢pg — —¢x

accordingly).
Justification: M = Mk is Herglotz (Im M > 0 on C). The Cayley transform S = (1 —iM)/(1+iM)
maps to the unit disk and satisfies |S| = 1 at the boundary. Thus S = ¢~ with ¢ real (even).

(E2-2) Formula for Phase Derivative

The correct formula is

’ 2 M (¢ ’ f
Px(t) = 1—1—./\/lK1<((2)2' Mi(t) = ;m > 0. (114)

Misprints with denominator 1 — M (t)? should be corrected to (114).
Derivation: From S = (1 —iM) /(1 +iM) = e~ %,

s =M iM _ 2M’ _ iy
S 1-iM 1+iM  14+M2 9

hence ¢’ = 2M'/(1+ M?). Since K > 0 and self-adjoint, M(t) = Tr((I — tK) 1K) and M} (t) =
Tr((I — tK)"1K(I — tK) 1K) > 0, with the RHS sum given by the eigenvalue expansion.
(E2-3) Asymptotic of I'p
For Tg(s) = 7w 5/?1(5),
Re ﬁ(l +ptit) = 1og(ﬂ) + O(L) (i fixed) (115)
I'p\2 21 142 '

Derivation: Apply Stirling’s formula logT'(z) = (z — })logz —z+ O(1) (Jargz| < m—d) toz =
$(3 + p +it), take the real part to get Re(I"/T)(z) = log|z| + O(|z|~!). Since log |z| = log(%) +
O((1+#*)~1) and T (s) = 7~5/?T(s/2), we obtain (115).

(E2-4) Constant in Riemann-von Mangoldt Main Term

For the general GL(d) completed form, the main term of zero count N (T) is
T
Na(T) = — (410g T — dlog(27) +log Qx —d) + O(log T). (116)

Places with missing —d or incorrect log(277) should match (116).

Outline of derivation: Localizing the explicit formula with even tests, the gamma factor contribution
from (115) integrates to - (dlog T — dlog(27)) — = T. The conductor Qr gives - log Qr, and the
prime term contributes nothing in the small-band setting (Main Text §6.2, §6.5).
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(E2-5) Phase of Schur Function

LA —it, /)

= ¢~ 9n(t), 117
A +it, ) ‘ 117

Sx(t) = ()~
Occurrences with RHS e*¢7 should be corrected to (117). ¢ is even, normalized by ¢ (0) = 0.

(E2-6) Differential of Regularized Determinant and Phase

For the second regularized determinant,

9 log dety (I — 1K) = Tr( ; KtK) ~TK=) 1~ Y, (118)
- T,

n

where {x,} are the eigenvalues of K (with multiplicity). Forms missing the — Tr K term should be
corrected to (118).

d0i:10.20944/preprints202505.2110.v2

Derivation: From det, (I — tK) = det((I — tK) e'X), 9; log det, = Tr(—(I — tK) 'K+ K) = Tr(K(I — tK) 1) —

Tr K. Justify via finite-rank approximation and take limits (Main Text §7.2).

(E2-7) Treatment of Small-Band Endpoint
1o < log2 is required strictly. If 179 = log 2 appears, replace by

7o =log2—¢ (6>0)

and absorb endpoint contributions by Abel regularization or a smooth window (Main Text §6.1-§6.3,
§10.2).

(E2-8) Conversion Between One-Sided and Two-Sided Counts
N7(T) counts one-sided 7y € (0, T]. For places using the two-sided sum }, ¢(Imp) (with ¢ ~

111,
Y 1=131Y 1+00)

0<<T ly|<T

should be made explicit (Main Text §8.5).

Appendix E.3. Rules for Unifying Notation [32,35]

e Schwarz reflection: unify as f*(z) := f(z) (do not mix with f¥).
e Direct sum notation: LI/ := L@ ... @ L.
—_———
d times

e Conductor notation: analytic conductor is Q; Cr(t) is reserved for the t-dependent version of the
analytic conductor (AFE truncation length).

e Phase origin normalization: always state E(0) > 0 and ¢(0) = 0 together (avoid stating only
one).

Fourier convention: unify as f(¢) = g f(t) 7! dt; when quoting other conventions, note the
conversion.
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Appendix E.4. Correction of Typical Confusions: Checklist [1,4,64]
Item Common Mistake Correct Form / Justification
Fourier convention ~ f(¢) = [ fetietat f@) = [ fe~tdt (Main Text §6)
, _1+iM _1-iM g,
Cayley sign S = 1 _211\2//1 =e S = 1 ‘EII\% =e7'? ((A110))
ivati f= 2 f= 114
Phase derivative @ T @ 110 > 0((114))
I'r asymptotic Reyg(} +p+it) =log|t| —logm log% ((115))
RvM main term A (dlog T +1log Qx) — - -~ (116) (Main Text §6.2, §6.5)
det, differential dtlogdety = ) 175 (118) (include — Tr K)
Band endpoint 1o = log2 1o < log 2 (Main Text §6.1-§6.3)
Count conversion Missing 1/2 factor State factor 1/2 explicitly (Main Text §8.5)
Origin convention Only E(0) > 0 stated State both E(0) > 0 and ¢(0) = 0 (Main Text §7.2, §8.3)

Appendix E.5. Editorial Notes (Pitfalls in Implementation/Review) [4,6,30,32,35]

*  Phase unwrapping: In figures and tables, always use the continuous phase, absorbing principal
value jumps (£77) by +277 correction (Main Text §7.2, Appendix A.5).

*  AFE left/right balance (Main Text §8.6): Choose truncation length based on N < Cn(t)l/ 2 to
avoid loss of significance due to imbalance.

e  Management of endpoint contributions (Main Text §6.5, §10.2): For hard windows, residual
endpoint terms remain; use Abel regularization or smooth windows with high-order vanishing.

e detp and cyclic products (Main Text §4.3, §7.2): Justify exchange of traces/localization under
boundedness/integrable kernel assumptions, and do not omit — Tr K.

e Thorough origin normalization: Set E(0) > 0 and ¢(0) = 0 together, and verify repeatedly in
the text.

Summary: We have listed potentially critical typo candidates for Cayley transform, phase derivative,
I'g asymptotic, RvM main term, det, differential, band endpoint, and count conversion, and indicated
the correct forms. Following this table for a comprehensive check and correction of the manuscript
ensures stable consistency between theory and numerics.

Appendix F. Taxonomy of Alternative Kernels and Positivity (Recipe for
Completely Monotone Families)

This appendix presents a practical recipe for systematically designing the operator-side kernel
K = ¢(L) from completely monotone (CM) families and their extensions. We organize as follows: (1)
Positivity based on CM functions and Hilbert-Schmidt (HS)/Schatten class criteria, (2) the influence on
phase/type and design guidelines (monotonicity of Cayley phase; Main Text §7.2), (3) parameterization
and differentiation suitable for numerical implementation (optimization and sensitivity analysis). We
use the same Fourier convention as in the main text, f((’j )= [ f (t)e~i* dt, and assume L is self-adjoint
and nonnegative (L > 0).

Appendix F.1. Completely Monotone Functions and Positivity: Bernstein—Bochner Viewpoint [38,54]
Definition F1 (Completely Monotone (CM)). A C® function ¢ on [0, c0) is completely monotone if, for

allk e NU{0}and A > 0,
(—1)f®(A) > 0.

Theorem A11 (Bernstein Representation). ¢ is CM if and only if there exists a positive (possibly o-finite)
Borel measure v such that

P() = /0 e thy@d) (A >0). (119)
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Pushing (119) through the spectral theorem L = |, 0,00) MEL (A) gives

$(L) = /Ooo et y(dt) (strong limit; e 'L > 0). (120)

Thus, if ¢ is CM, then K = ¢(L) is automatically K > 0, directly connecting to the Herglotz/Cayley
framework in Main Text §7.1-§7.2. In general, ¢ > 0 (even if not CM) still gives ¢(L) > 0, but CM
property is advantageous in design since it guarantees monotonicity, an integral representation, and a

stable differentiation structure.

Remark A14 (Monotonicity and Tail Control). For CM families, ¢(0) = v([0,00)) > 0, ¢'(A) < 0
automatically, and the eigenvalue sequence k,, = ¢(A,) of K = ¢(L) has a monotonically decaying tail.
The monotonicity of Cayley phase ¢ (Appendix A.5; Main Text §7.2) depends on K > 0, so CM design
ensures it is satisfied.

Appendix F.2. Spectral Growth and Schatten Classes (Including HS/Trace) [6,14]
Assume a rough Weyl-type bound

NL(A):=TrEL([0,A]) < AY (A — o0, a > 0) (121)

(Main Text §6.2 calibration). Let S, denote the Schatten class (p € [1, o0)).
Proposition A9 (Sufficient Condition for Schatten Membership (Integral Test)). Let ¢ : [0,00) — [0, 00)
be nonincreasing. For any p € [1, 00),

JTeran = ¥ ey,

and in particular,
Pp(A) € (14+A)"° (A —=00) = ¢(L)€eS, if sp>a. (122)

At the boundary sp = a, p(A) < (14 A)"%/P(log(2+ A)) "1~ ensures ¢(L) € Sp, for any & > 0.

Proof. By partial integration and (121), L ¢p(A)? =< [~ ¢p(A)PdNL(A) < [T A*"1(14 A)~PdA. The
convergence condition is sp > «; at the boundary, assuming logarithmic decay gives convergence. [J

Important special cases.

For p = 2 (HS) require s > a/2; for p = 1 (Trace) require s > a. Example: ¢(A) = (c+ A) 7 gives
“HS: 0 > «/2, Trace: o > a.”

Appendix F.3. CBF Composition and Representative Examples (Matérn/Rational/
Heat-type) [65-67]

Definition F2 (Bernstein Function (BF), Complete Bernstein Function (CBF)). A function g : (0,c0) —
(0, 00) is a Bernstein function if ¢ € C*° and ¢’ is CM. In this case,

A “pay p(dt)
A)=a+bA ) =atbas [ -ty B
§(A) =a+DbA+ (0,00))l+ty( ) =a+bA+ (0,00)( e ) ;
Furthermore, g is CBF if it admits the Stieltjes representation g(A) = ¢+ dA + 0 %H o(dt)
0,00

(c,d > 0).

Proposition A10 (Composition Closure of CM with BF). If ¢ is CM and g is BF, then

¢ ogisCM.
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Proof. If p(A fo e~**v(ds) (Bernstein representatlon) and g is BF then for fixed s > 0, e=%8() is
CMin A (Bochner subordination). Hence ¢(g =Je —sg(A JisCM. O

Representative Examples and CM Property

e Rational type: ¢p(A) = (c+A) 7 (¢ >0, 0 > 0)is CM.

e Exponential type: ¢(1) = e=* (a > 0) is CM.

e Matérn (first order): p(A) = (1+aA)™" (x,v > 0) is CM (take g(A) = aA as BF in Proposition

A10).
¢  Heat-type (squared semigroup)' p(A) = / et w(dt) is also CM as an average of e~
0
(L? > 0), yielding K = ¢(L fe’tL (dt) > 0. In this framework, ¢(A) = (1 + aA?)~" can be
represented as
1 o0 2
1+ar?) ™ = —/ et e A gy,

Corollary E3 (HS/Trace Thresholds (Representative Families)).

1. Rational type p(A) = (c+ A)~7: HSif o > a/2, Trace if o > a.

2. Matérn (first order) p(A) = (1 +aA)™V: HSifv > /2, Trace if v > a.

3. Heat-type Matérn ¢p(A) = (14 aA?) "z since p(A) < A=, HS ifv > a/4, Trace if v > /2.

Appendix F.4. Hilbert-Schmidt Norm and Phase: Expansion Near the Origin [6,15]

For the Cayley phase in Main Text §7.2,

S(t) = m e, M(t) = Tr((I - tK) 1K),

we have the formal power series

(I—tK)'K= Y K™ —  M(t)= ) #" Tr K" (123)

m>0 m>0

converging for |t| < ||K||~!. Thus,

, 2M' (¢ " 2(M"(t)(1+ M?) —2M(M')?
o= 20, g = 2O S MO, (129
In particular, at the origin,
M(0) =TrK, M'(0)=Trk% M"(0)=2!TrK> (125)
hence
, 2 TrK?
¢'(0) = m (126)
3 2) _ 2)2
(0) = 4(TrK°) (1+ (TrK)?) — 4(Tr K) (Tr K?) ' 127)

(1+ (TrK)2)?

Design guideline: the HS norm ||I<||§2 = Tr K? is the dominant factor of phase slope ¢’(0), and Tr K*

appears in the curvature at the origin. By adjusting CM parameters (e.g., o, v, a), Tr K> and Tr K3 can
be varied to tune the phase rise.

Appendix F.5. Consistency with Bandwidth, Endpoints, and Normalization [7,30]

To align with the small-band equalization in Main Text §6.1-§6.3, use supp ¢ C [—17,7] (7 < log2)
for the observational test side. Endpoint contributions are treated per Main Text §10.2: eliminated by
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smooth windows (high-order vanishing at endpoints), or absorbed by Abel regularization for hard
windows. The design of the kernel itself (this appendix) and the observation (band projection) do not
commute, but by the limit interchange in Appendix A.6-A.7,

(W @xsy) = (1o @)

is justified (under the same conditions as Main Text §6.5).

Appendix F.6. Parameterization and Differentiation (Optimization and Sensitivity Analysis) [6,15,68]

For representative families, parametric derivatives are given in closed form. Let A > 0 be the
spectral variable, and K(6) = ¢(-;6)(L).

Rational Type ¢(A) = (c+A)77:

0cp(A) = = (c+ 1)L, drp(A) = —log(c+A) (c+A)"". (128)

Matérn (First Order) ¢(A) = (1 +aA)™":

dup(A) = —vA (1+ar)", dup(A) = —log(1 + ad) (1+ar)™". (129)

Heat-Type Matérn ¢(A) = (14 aA?)™":

dp(A) = —v A% (1+ar?)~v" 1, dup(A) = — log<l + mz) (1+aA2)™".  (130)
The operator derivative follows from the functional-analytic chain rule:
9pK(0) = (dp9)(L; ).
Sensitivity of Cayley phase:

dgM' (t) M(t)M'(t) 9gM(t)

@' (t) =27 M2 T A+ M(H)D?2

with M(™) (0) = m! Tr K"+ and 9gM (™) (0) = m! Yo Tr (K™~1(99K)K/) allowing design of slope/cur-
vature at the origin. In optimization, use trace cyclicity and the S, duality ||94K||s, < [|dg¢(L)||s,-

Appendix F.7. Implementation Guidelines and Numerical Stability [58,69]

*  Phase correction near poles: ¢ jumps by watt = «,; L. Choose initial condition Tmax < 1/Kmax SO
that the observation window [—T, T| does not intersect poles (safe side), and correct near poles
by splitting (left/right grids) plus unwrapping (Main Text §8.6B).

*  Bandwidth design: strictly enforce # < log2 — ¢ (§ > 0). For hard windows (Vaaler type), use
explicit estimates of endpoint terms; for smooth windows, advantage in endpoint elimination (see
Main Text §10.2).

*  AFE (two-sum) truncation: match left/right truncation lengths to analytic conductor C,(t) with
Ni(t) < Cr(t)1/2 (Main Text §8.6). Use compensated summation (Kahan) to mitigate loss of
significance from imbalance.

¢ Schatten management: at design stage, control parameters to satisfy threshold sp > « in Proposi-
tion A9 (HS means p = 2).
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Appendix F.8. Summary (Design Guidelines)

*  Ensure positivity: CM families or heat-type mixtures (averages of e~L/ e_tLZ) guarantee K =
¢(L) > 0 (Main Text §7.1-87.2).

e Schatten thresholds: under N;(A) < A%, design ¢(A) < (1+ A)~° to satisfy sp > a (HS:
s > /2, Trace: s > w).

e Phase design: origin slope controlled by Tr K2, curvature by Tr K> ((126), (127)); tune Tr K™ via
parameters (o, v, &).

e Implementation consistency: # < log2, eliminate endpoints with smooth window or absorb via
Abel regularization, base AFE truncation on N+ < C}r/ 2 (Main Text §6.5, §8.6, §10.2).

Appendix G. Concrete Construction of Window Functions / Bandwidth
Approximation and Error Control

In this appendix, we provide explicit constructions and precise estimates for band-limited test
functions (windows) used in the main text for small-band equalization (§6), regularized determinants
and phase extraction (§7), densification and AFE design (§8), and endpoint term control (§10). We
follow the Fourier convention from Main Text §6:

Fo= [ fmema, g = %/Rf()x)ei“d)\,

and convolution (f * g)(t) = [ f(u) g(t — u) du. The bandwidth is always 0 < 5 < log?2 (strict), and
we write the even/real band-limited test space as

Ap:={p € SR): ¢(t) = (1), supp$ C [-1, 7]}
(see Main Text §6.1-§6.3, §8.6).
Appendix G.1. Beurling—Selberg / Vaaler-type Approximation of Indicator Functions [30,70-72]

Basic Kernel and Bandwidth Preservation

For A > 0, define the normalized sinc

sin(At)

salt) = " S G) =1 ()

(with the convention that the endpoint value is 1/2; we will use only the a.e. equality). Let

Vi (8) := S0y /2(8) 8-y 12()-
Then, by the fact that the Fourier transform of a product is the convolution:

1

5= Y (germ) /2, p+7) /2] * Y= (=) /2, (0= 70) /2] (M),

T/;(A) - 27T

SO l/); is a trapezoidal mask supported on [—n, 1] (flat in the central region [—(y — 1), 17 — 71]).

Vaaler-Type Upper and Lower Approximations

Approximate the interval indicator 1_7, 7} from above and below within bandwidth 7 by

OF, (1) = (Y11 1) * Vy(8) (131)

—

(61,4 is an endpoint correction; see below (134)). CID%JI are even/real with @%{7] = 1[/,\TT] . 1/); + (S/T\,7 . )//;,

and supp CI%’,7 C [—n,1], hence CID%EJ7 € Ay.
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Proposition G.1 (L! gap and interior approximation). Let T > 1. There exists C > 0 such that

C c
0 < / OF 1 )dt < =, 0< / 1 pm —®7 )dt < = 132
< R( Ty~ Yrm)dt < 7 < R( 11— Pr,) dt < p (132)

Furthermore, for f € (=T, T),

1

1+ ndist(t, {+T}) ) (133)

oF, () =1+ o(

and once t leaves the endpoints, |d>:Ttﬂ7(t)\ < (1+q||t| -T2

Sketch of proof. (i) L gap. Since [ f = f(0), [(®F, —1_1,1) = V()1 1,7 (0) = T_1,7(0) +
J o1y *Vy. 1/)\,7(0) = o ((n+m) /24 (n — ) /2) = 5= is proportional to a positive constant, and the
optimal Vaaler approximation (optimized endpoint correction) keeps the difference at O(1~1). The
lower case is analogous.

(ii) Interior/exterior estimates. Vy is an L! approximate identity; if t is inside by distance d from an

endpoint, the L!-concentration of the convolution deteriorates by O((1 + d)~!). Outside, integration
by parts yields O((1 + 7| |t| — T|)72). O

Appendix G.2. Endpoint Correction Structure and Vanishing Order [30,64,71]

For hard barriers, CIDfTE,,7 has corners at £, producing endpoint terms in Main Text §10.2 (estimates
(78), (88)). To suppress them, set in the Fourier side:
— m ()
5170 = L oi(T,m) (80— 1) +6(A+1)) (134)
=0

(m € Nis the vanishing order), and choose ¢; so that

— (k)
@7, (£7)=0 (k=01,...,m) (135)

holds; then the endpoint contributions vanish to high order.

Proposition G.2 (Upper bound on endpoint term). If (135) holds, the endpoint term in Main Text §10.2
satisfies
End, [®F,] = Om((l + 17T)_m> (136)

(with constant depending only on m).

Sketch of proof. Integrate by parts m times the local Fourier integral near the endpoint, and use (135)
to kill the boundary term. Each integration yields (yT)~™. O

Appendix G.3. Smooth Windows and High-Order Vanishing [25,47,64]
A smooth window uses an even, smooth, compactly supported frequency mask m, € CZ°([—7,1]):

B0 = my() T (A) = my(a) 24T

(137)
(e.g., my(A) =0(A/n), 0 € CP([-1,1]),9 =1on [-1+46,1—4]). Then Ty = My * 1 _17) and 1ty is
rapidly decaying:

iy ()] < Cuo (L47t)™™  (VmeN),

so the exterior decays faster than any polynomial. If 1, vanishes to order m at the endpoints, (135)
applies and End;, [CD%H;;] = On((1+7yT)~™) (matching Main Text §10.2 Remark 10.22).
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Appendix G.4. Norm Control and Paley—Wiener [7,40,73]
Lemma G.3 (Basic norms). For T > 1,0 < 7 < log2, and ® € {qﬁ”, oY,

[l = 2T+0(n "), [ < 1+0(07 "), (| < 1+log(1+yT).

Proof. [® = o(0) = T);(O)T(O) + .-+ = 2T+ O(y~'). L*™ follows from Young’s inequality and
Vyllir = 14 O(y~1). For the derivative, @ (1) = iA®(A) and the support [—7,7] give the esti-
mate. [

Lemma G.4 (Paley—Wiener type). If ® € A;, then ® is an entire function of exponential type < 7, and
|®(x +iy)| < CoellV! (x,y € R).

Proof. Immediate from ®(z) = 5- qu D(A)eM2dA. O

Appendix G.5. Commutation of Poisson Smoothing and Abel Regularization [46,49,74]

The Abel regularization in Main Text §6.5 (A-lim, ) applies cut-off and smoothing first so the
limits commute.

Proposition G.5 (Commutation). Let F be a bounded variation measure (or a tempered distribution of
finite order). For any of the above windows P,

lim lim (F, e l@r,) = lim (F, @r,) (138)

holds.

Proof. e‘€|t|<I>T,,7 (t) is uniformly L!-integrable, and as & | 0, T — oo, the integrand converges F-a.e. to
@7, (t). Apply dominated convergence (for measures) / continuity of bounded linear functionals (for
distributions). Endpoint terms are uniformly controlled by Proposition G.2 at O, ((1 +#T)~™). O

Appendix G.6. Phase Average Testing and Cayley Phase Extraction [2,45,59]

For the Cayley transform S = (1 —iM) /(1 +iM) = ¢~ in Main Text §7.2, compare/identify
phases using the phase average

ot @r, (0t
(the phase is even, normalized by ¢(0) = 0). On the determinant side,
3 logdety (I — tK) = Z - _K”tK - ;Kn (139)
(Main Text (116)) gives
p(t) =2 arctan(&t logdety(I — tK) + Tr K), (140)
SO

/(pdDT,” =2 / arctan(at logdety(I — tK) + Tr K) O, (t) dt.

By choosing @, hard/smooth, endpoint contributions are absorbed via (78), (88) or Proposition G.2
into Oy ((14+7T)~™) +O0(n~1).

Appendix G.7. AFE (Two-Sum) Truncation and Bandwidth Matching [4,8,32]

In the approximate functional equation (AFE; equation (110) in Main Text §8.6), adjust the
left/right truncation lengths according to the analytic conductor Cr(t):

Nx(t) = Cr()V2.
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To match with window @7, choose T in the range
T =< 7 tlogCr(t),

so that the combined error of the Vaaler gap (132) O(~!) and endpoint term (136) is below the digit
accuracy of the AFE. Numerically, use compensated summation (Kahan) to suppress cancellation loss
from imbalance (Main Text §8.6D).

Appendix G.8. Testing Small-Band Equalization [5,50,63,75]
The statement in Main Text §6.1-86.3 is that for the distribution difference A = p; 1y — pz,,

(A ¢)=0  (VoeAy.
Using the explicit window family @7, € A; above,

lim (A, @7,) = 0, (141)

T—o0

and via Fourier transform,
(A, @1,) =0 (supp®@r, C [-1,7))

implies supp A C R\ (—7,7) (Main Text §6.3, §8.7A). Even with hard windows, (135) and Proposition
G.2 ensure endpoint terms vanish as T — oo.

Appendix G.9. Recipe: Window Family Selection and Error Budget [30,32,57,71,76]

*  Theoretical testing (for proofs): adopt the smooth window (137) with arbitrary endpoint van-
ishing order m. Endpoint terms vanish automatically (Main Text §10.2 Remark 10.22), and
Paley-Wiener (Lemma G.4) ensures exponential type < 7.

*  Visualization/experiments (clear view): use hard barrier (131) to create a window close to a
step function, adding endpoint correction (134) with m = 1,2 to fit (78), (88). Total error is
O(™") + Om((L+97T)™™).

e AFE matching: choose T =< 77’1 log C;; in accordance with N1 =< C}T/ 2 (Main Text (110)). Adjust 1,
m so that the Vaaler gap (132) is much smaller than the AFE error.

e  Phase extraction: extract ¢ using (139)-(140), monitor origin normalization ¢(0) = 0 and mono-
tonicity (Main Text §7.5 Lemma).

*  Small-band equalization: use (141) as the test, strictly enforce # < log2 to push prime terms
outside the band (Main Text §6.1-§6.3).

In summary, we have given a self-contained explicit design, error control, and commutation of band-limited
test functions consistent with Main Text (equations (78), (88), (110), (116) and Remark in §10.2).

Appendix H. Complete Expansion of Endpoint Terms and Constants in the Explicit

Formula
In this appendix, we rigorously decompose the Weil-type explicit formula for the completed GL(d)
L-function .
— 08/ — s/2p( 8
Ao = QI TTals+ ) L), Ta() =7 r(3)
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into (i) prime sum (discrete frequencies), (ii) Archimedean term, (iii) conductor term, and (iv) endpoint
contributions (half rule), and fully expand the handling of constants and endpoints. The Fourier
convention follows Main Text §6:

@)= [ o, 9 € Seven(R)

(evenness automatically symmetrizes under ¢ — —t).

Appendix H.1. Skeleton and Decomposition of the GL(d) Explicit Formula [1,11,32]

Theorem H.1 (Weil-type explicit formula (¢-side representation)). For ¢ € Seven, the sum over imaginary
parts 7y of nontrivial zeros p = % + iy satisfies

;fp(lmp) = Axlg] + Cxlg] + Pxlg] + Exlg], (142)
where
Arlg] = jr:zlqu;(t) Re ﬁé(; g+ it) d, (143)
Cale] = % /Rgoa) at, (144)
_ n;z \F ), (145)

with A (n) the von Mangoldt-type coefficients of —L'/L(s, ) = Y1 An(n)n~5, and the endpoint/pole
contribution is

Ex[p] == 5 9(0) + Endy[g]. (146)

Here my € {0,1} is the total order of simple poles at s = 1 and s = 0 of A(s, 7r) (for cusp forms m, = 0), and
End, [¢] is the finite sum from the half rule at the band endpoint (see H.3).

Proof sketch. The standard Weilian transformatlon regard ®(s) := [, ¢(t nitdt = ¢(logn) as a
Mellin kernel, take the vertical line integral of & * (s, 7) along Res = 2, and reﬂect to Res = —1 via the
functional equation. Residue calculus recovers residues at nontrivial zeros (p) and poles (s = 1,0),
and the Euler product logarithmic derivative yields (145). Evenness makes the complex conjugate
terms match, allowing combination via Re. The Archimedean factors appear as linear combinations of
I /Trin (143). O

Remark H.2 (Agreement with main term in the text). Applying Stirling’s expansion (Appendix A.10) to
(143) gives Re %ﬁ 3+ pj+it) = log 5 L O((1+ t?)71), and combining (143) with (144) yields

2171/ go(t){dlog(tz) - dlog(47r2) —l—loan} dt + O(H(PHLl((t}*Zdt))'

matching the calibration in Main Text §6.2.

Appendix H.2. Complete Expansion of the
Archimedean Term into “Main Term + Constant” [4,35]

Separation of Constants via Stirling
For fixed u € C,

%(1 +u +1t> = log% + Ry(t), Ru(t) = O(L)'
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based on the asymptotic (z) = I'(z) /T (z) = logz + O(1/z) for Rez > 0. Hence
_d dlog(2m) (rem)
Axlo) = 5 [ o(0togltjat — 2B EE [ gty dt + AT [g), (147)
Alrem) Ly ) ReR, (t)d
“2X e [ o(t) ReRy, (1)t
j=
Since Re Ry, (t) = O((1 + 2)~1),
(rem) / |§0(t)|
AT ol <apu 1112 dt. (148)
Combination with Conductor Term
Combining (147) with (144) gives
2 (rem)
Axlg] + Crlp 2 ){d10g(#) —dlog(47?) +1log Qr }dt + AL™[g],  (149)
exactly matching the main term kernel in Main Text §6.2.
Appendix H.3. Refinement of Prime Sum and Endpoint Contribution (Half Rule) [1,7,32,63]
Standard Form of the Prime Sum
Equation (145) becomes
lo ~
=-2) ) kg/f Re(trA (o) (p(klogp)>, (150)

pk>1 P
where A, () is the Satake matrix, tr A, (7)k = 2}1:1 ok
Proposition H.3 (Vanishing in small band). If supp ¢ C [—7, ] with < log2, then P,[¢] = 0.

Proof. Nonzero ¢(klogp) requires klogp < 5. The smallest case k = 1, p = 2 gives log2 > 7, a
contradiction; hence all vanish. [

Lemma H.4 (Half rule at band endpoint). If supp ¢ C [—#, ] and ¢ is discontinuous at A = £y but
has left/right limits, the Riemann-Stieltjes theory gives

[ @R = [ §dF + S(g) + F(-n) AEG),
[=11.1] (=11.17)
(AF(n) is the point mass). Applying this to (150) yields
Prle] = — Re(@(n) wo,x) + 0y(0),  wyr :=log2trAs(m), (151)

where O, (0) vanishes if 7 < log 3.

Remark H.5 (Suppressing endpoint contribution). If a smooth window (Appendix G) satisfies $(+1) =
0, the endpoint term in (151) vanishes. For a hard window, Appendix G’s endpoint correction
(vanishing order m) absorbs it as End;[¢] = O ((1+7T)™").
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Appendix H.4. Reduction to Concrete Families: {, Dirichlet, GL(2) [4,8,13,32]
(i) Riemann ¢

d=1, y1 =0, Qr = 1. From (149) and (150),

Zq) Imp) = 5 / {log 10g(4712)}dt Z Re @(logn)

n>2

(rem)
+ Ag [p] + EG"(O)/

the last (p(O) coming from the simple poles ats = 1,0 of A(s) = 7~*/?T(s/2){(s) (half rule for simple
poles). A ) is bounded as in (148).

(ii) Dirichlet L(s, x) (Primitive Character)

For parity a € {0,1}, A(s,x) = (q/7)6*"/20((s +a)/2)L(s, x). Here my; = 0 (primitive
nontrivial), Q, = g. Apply (149) and (150) directly.
(iii) GL(2) Cusp Forms

For Maass forms {y;} = {L$£ L ir}, for holomorphic weight k {uj} = ;1 kil} In both cases
my = 0; substitute into (149) and (150) to evaluate main and remainder kernels

Appendix H.5. Rigorous Handling of Band Tests Including Endpoints [7,30,47]
Test Design Principle

If supp ¢ C [—#, 7] and ¢(+n) = 0 (e.g. smooth window vanishing to high order at endpoints),
the endpoint term in (151) vanishes. For hard windows, Appendix G’s endpoint correction (moment
vanishing ¢¥) (£#) = 0) ensures End[¢] = On((1+7nT)™™).

General Form of the Stieltjes Half Rule
For a function F of bounded variation and ¢ with left/right limits,

1 1
Y = [ dF + o9(a) AF(a) + 59(0) AF().

[a.b]

Applied to prime truncation F(x) = Y logp<x * - » this yields (151).

Commutation with Abel regularization

Appendix G (Proposition G.5) shows that the limits ¢ — e~¢flp and T — co commute, keeping
endpoint term handling regular.

Appendix H.6. Summary

®  The Archimedean term A, and conductor term C,; decompose completely as

Axlp] + Cxlo] = 27r/ p(t dlog(tz) dlog<47'f ) +loan}dt + A(rem)[(p],

with Agrrem) controlled by the bounded kernel in (148).

®  The prime sum P vanishes for small band # < log2 (Proposition H.3); when touching the
endpoint 7 = log 2, it reduces to the finite correction from the half rule (151) (vanishes for smooth
windows).

e DPolesof A ats = 1,0 are aggregated as "= ¢(0) ((146)); for cusp forms this is zero.
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