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1. Introduction

Let  be a non-negative integer. Let (s;) and (0% ), k = 0,1,2,.. ., be sequences of complex numbers.
It is known that
- k(h o k(1
sn=13_ (-1 0 = ou=) (-1 Sk (1)
k=0 k k=0 k
Such sequences (si) and (o), as given in (1), will be called a binomial-transform pair of the first kind.
Consider two binomial-transform pairs of the first kind, namely, {(sx), (0x)} and {(¢), (%)},
k=0,1,2,.... We will establish the following convolution identity:

i (-1 * (Z) Sktp—k = i (—1)F (Z) Ok Ty—k-

k=0 k=0

Let (5;) and (0%), k = 0,1,2,..., be sequences of complex numbers. It is also known that

! _x(n " n
Su=) (—1)" 0 <= n=3_ |, |5 )
k=0 k k=0 k
Such sequences (5;) and (7%), as given in (2), will be called a binomial-transform pair of the second
kind. In this case we also call (%) the binomial transform of (5).
Given two binomial-transform pairs of the second kind, say {(5x), (o)} and {(¥), (%)}, k =
0,1,2,..., we will derive the following convolution identity:

kng (—1)F (Z) Sbnk = I:ZO (1) <Z> T 1.

Throughout, we will distinguish binomial-transform pairs of the second kind with an overbar on the
letter representing each sequence. We will use a Greek alphabet to denote each binomial transform
and the corresponding Latin alphabet to represent the original sequence.

We will also derive the following convolution of one sequence and the binomial transform of the

Y. (Z) SkTu—k = ), (Z) Tkbn—k-
k=0

k=0

other:
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Given a binomial-transform pair of the first kind, {(s¢), (¢x)} and a binomial-transform pair of the
second kind, {(¥), (%)}, k =0,1,2,..., we will derive the following convolution:

i <Z> Skfn—k = i (—1)k <Z> Ok ok

k=0 k=0

The convolution identities developed in this paper facilitate the discovery of an avalanche of new
combinatorial identities. To close this section, we present a couple of identities, selected from our
results, to whet the reader’s appetite for reading on.

We derived various general identities involving binomial transform pairs, such as

L () (= Lt () ()

i (—1)* (Z) n;ik;m bk = i (—1)F (Z) <k ;m) _1(Hk+m — Hi) Tt

k=0 k=0

and )
" oIn _ _ n efm\ (k+m\ "1 _
,;)(k)Hk*mt”"_H”’T”_ Ly (k)( m ) k Tk

where Hj is a harmonic number and m is a complex number that is not a negative integer.
We discovered the following convolution of harmonic and odd harmonic numbers:

£ () mon =& o () 2t (0 P)

k=0 k=1

We also obtained some identities involving Bernoulli numbers and Bernoulli polynomials, including

i (_l)k(D (%)anfk(y)Bk(w) = %Bml (1 - (Z;)n2>

k=0
L (@) (m= 50 ()

where x, y and w are complex numbers.
We found the following biomial convolution of Fibonacci and Bernoulli numbers, valid for # an

the following:

and

even integer:
L /n
Y (k> EB,_; =0.
k=0

We obtained the following polynomial identities involving, respectively, harmonic numbers and odd

» (Z) Htf = kizl (-1 (Z) Ly

k=0

E(fJos=E o (e () oo

k=1

harmonic numbers:
and

with the special values

£ ()n-Eor ()

k=1
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and
(- o= ()

2. Required Identities

In this section we will state some binomial transform identities which we will use for illustrative
purposes in the sequel. The identities are drawn mostly from Boyadzhiev’s book [2].

2.1. Identities Involving Binomial Coefficients
Binomial coefficients are defined, for non-negative integers i and j, by
i! L
. > .
(}) = =i =7
J 0,

i<j;

the number of distinct sets of j objects that can be chosen from i distinct objects.
Generalized binomial coefficients are defined for complex numbers r and s by

r\ I'(r+1)
(s) S T(s+1D)I(r—s+1)

where the Gamma function, I'(z), is defined for %(z) > 0 by

T(z) = /0 Yot lgr — /O ~ (log(1/6))* at,

and is extended to the rest of the complex plane, excluding the non-positive integers, by analytic
continuation.
In the identities below, 1 is a non-negative integer and x, ¥ and z are complex numbers.

Er () -0 e o
kio @(_”k(y;k) = (};:D @
kio(_l)nk <Z> <kiy> - (x ! n>’ 6)
knzo <Z> @ - (n:x>' (6)

and )
,E,(Z)(kiz)%iii) ?)

2.2. Identities Involving Harmonic Numbers
Harmonic numbers, H;, and odd harmonic numbers, Oy, are defined for non-negative integers n
by
nq n
Hn:k;%, O, = Zﬁ' Hp =0 = 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In the following identities, m and n are non-negative integers.
n
Cqye(M) A He
I <k>k+1_ n1’ ®)
& n 1/n+m\"!
2<_1)k<k>Hk+m:_E< m > ’ 1’17é0, (9)
k=0
k(" Hesm _ Hogm — Hy (n+m -1
k:o( ) (k)k+m_ m ( n ) , m#O, (10)
2 () ()= ()
> Hi = (Hp + Hy = Hyyn), (11)
= (k k m
w aek (1 (k+m m
Y (-1 K m (Hiym — Hm) = " (Hm — Hpn—n), (12)
k=0

and

n (1 B m *122n—1
k;o(_l) (k)ok——(n) — (13)

2.3. Identities Involving Bernoulli Numbers

The Bernoulli numbers, By, are defined by the generating function

k

b4 >z
eZlekgoBkﬁl Z<27T,

and the Bernoulli polynomials by the generating function

ze

Xz 0 Zk
e :l;)Bk(x)E, |z| < 2rm.

Clearly, By = Bi(0).
The first few Bernoulli numbers are

1 1 1 1
B0:1/B1:_§/B2:8/B3:O/B4:_%/B5:O/B6:E/B7:O/---/

while the first few Bernoulli polynomials are

_ _ .1 2 1 _ 3 3,1
Bo(x) =1, By(x)=x 5 By(x) =x"—x+ % B3(x) =x ¥ + 5%/
By(x) = x* —2x% + 4% — %, Bs(x) = x° — 2x4 + §x3 - %x,
1 1
_.6_n.5 4 2, L
Be(x) = x° — 3x +2x ¥ +42
An explicit formula for the Bernoulli polynomials is
Bl’l('x) = (n By
o D k) xk’
k=0
while a recurrence formula for them is
" n
Bu(x+1) =) ( )Bk(x), (14)
k=0 k
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or more generally,
Bu(x+y) (n) Bi(x)
—_— = . (15)
yn k;O k yk
From (14), we have
" (n
D (k)Bk = (=1)"B». (16)
k=0

2.4. An Identity Involving Fibonacci Numbers

The Fibonacci numbers, F;, and the Lucas numbers, L,, are defined, for n € Z, through the
recurrence relations
Fi’l:anl—’—F}’l—Z/(nzz)/ F():O/Fl:l;

and
Lp=L, 14+Ly o n>2), Lyp=2L1=1;

with
F,=(-1)"'F, L.,=(-1)"L,. (17)

Explicit formulas (Binet formulas) for the Fibonacci and Lucas numbers are
alt — ﬁn
a—p’

where & = (1++/5)/2 is the golden ratioand g = (1 —+/5)/2 = —1/a.
The generalized Fibonacci sequence, (G,), n =0,1,2, ..., the so-called gibonacci sequence, is a

F, =

n=uo"+p", nei,

generalization of F, and L,; having the same recurrence relation as the Fibonacci sequence but with
arbitrary initial values. Thus
Gn=Gu-1+Gna, (n>2);

with
an = G7n+2 - G—}’H—l'

where Gy and G; arbitrary numbers (usually integers) not both zero.
In the identity listed below, # is a non-negative integer, r and f are integers.

i‘, (_1)k<;{l> thllcljr = (_L;)r (GOLtn—r - th—r)- (18)
k=0 t

3. Identities Involving Binomial-Transform Pairs of the First Kind

Our first main result is stated in Theorem 19; we require the result stated in the next lemma.

Lemma 1. Let {(ay), (ax)}, k = 0,1,2,..., be a binomial-transform pair of the first kind. Let L be a
linear operator defined by L(x)) = aj for every complex number x and every non-negative integer j. Then
Li((1=x))) = a;.

Proof. We have

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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O

Theorem 1. Let n be a non-negative integer. If {(sx), (0x)} and {(tx), (%)}, k = 0,1,2,..., are binomial-
transform pairs of the first kind, then

© 0 (steos = o V(o 19

Proof. Let n be a non-negative integer. Let x and y be complex numbers. Consider the following
identity whose veracity is readily established by the binomial theorem:

L0 ()t = R () ta - 20

k=0

Let (tj),j =0,1,2,..., be a sequence of complex numbers. Let £x(xj) =t.
Operate on both sides of (20) with £ to obtain

L (=L o () a-y

where

Thus,

> (-t (Z)yktn_k -y (1)k(’;) 1=y @1

k=0 k=0

Let (s]-), j=0,1,2,..., be a sequence of complex numbers. Let Ey(yj) = s;. The action of Ly on (21)
produces

3 0 (Dsitans = X 0 (o

k=0 k=0

where

k .
o= £,(1-09 = L 1 (})ss

i=0

and the proof is complete.
O

Example 1. From (4), we can choose

—k —k
= () w= ()

and use these in (19) to obtain the following identity
n n
k(1 ]/_k _ k(1 y—k
L () (1L pee= R o) (50w @)

which holds for every binomial-transform pair of the first kind {(t), (1)}
As an immediate consequence of (22), we have the following polynomial identity in the complex variable t:

0BG

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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which can also be written as

Y. (—U"(’,Z) (y 1") A (’,Z) (yi;ff x) (11, 23)

k=0 k=0

which is valid for all complex numbers x, y and t.

Example 2. If we identify

— Hk+m o = Hk+m — Hy <k + Tl’l) -

* T krm m k

from (10), then, from (19), we obtain the following identity

i (—1)* (Z) % thk = i (—1)F (Z) <k ;m) _1(Hk+m — Hi) Tt (24)

k=0 k=0

which holds for any binomial-transform pair of the first kind, {(t), (tx)}, for every complex number m that is
not a non-positive number and every non-negative integer n.
In particular, using

Cue —1)r
b= —t 7= (—k)(GOLtk—r = Gik—r),
Lt Lt

obtained from (18), in (24) yields the following general Fibonacci-harmonic number identity:

L _x(n\mH,
I;)(_l)n k(k> ﬁLIt(Gt(nfk)er

6 n\ (k+m\ !
= Z (_1)k (k) < m ) (Hk+m - Hk)LIt( (GOLt(nfk)fr - Gt(nfk)fr)/' (25)
k=0

and, in particular,

Y (—1)nk (Z) M Fa = ) (—1)F (’Z) (k +mm> e —HOE, . (@6)

k=0 k+m k=0

with the special value

Y (1) (Z) —H",ij”‘ N <Z> ok 27)

k=0 k=0 (k+1)

Example 3. From (3) and (4), we can choose
_(y—k _(vy—k
= () -0
t_u o\ ! T_v—u o\ !
A )\k) e )\

Using these in (19), we obtain the following identity
- -1
_1\n—k n y— k u o)
kg( ! (k>< X )(n—k)<n—k)
4 -1
= N IEAYE A K\ (v—u v
=5 <k)<y—x><n—k>(n—k> , (28)

and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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which is valid for complex numbers x, y, u and v such that v is not a non-negative number that is less than n.
In particular, atv = n, we get

é)(_l)nk(y;k) <nuk> :Ié)(_l)k(z_:> <Z_Z> (29)

with the special value
v () (s = (v (30)
= k)\y—x x )

which is the binomial transform of the first kind of (4).

Example 4. From (9) and (13), we can identify

So(14+ Hy) —1 (k+m\ !
Sk = Hivm, UkaO(k+5;:)) < m ) ,

and

1— 60 (26 ' e
ty = Ok, Tk:k—i—&iﬁ(k) 2%~

Here and throughout this paper, b;; is Kronecker's delta having the value 1 when i = j and is zero otherwise.
Using these in (19) leads to the following harmonic number identity:

n « n
Z (_1)71— (k) HkerOnfk
k=0
_ Hy(2n IO = L (1) 220701 e\ T o (n— k) !
= n(n) 2 +k§1( U'\k) k= m n-k )+ GD
which is valid for every positive integer n and every complex number m that is not a negative integer.

In particular, we have the following alternating binomial convolution of harmonic number and odd harmonic
number:

> (-1t (’,Z) HO, = 1 (<1 (Z) M (2(:__,{" )> - (2)

k=0 k=1

Corollary 1. Let n be a non-negative integer. If {(s¢), (0x) } and {(t¢), (%)}, k = 0,1,2,..., are binomial-

transform pairs, then
n

L —k n k n
DICET (A LTSS pICEIL (g P )
k=0 k=0
Corollary 2. Let n be a non-negative integer. If {(s), (0x)}, k = 0,1,2,. .., is a binomial-transform pair, then
n n
Y (1 * (Z) sksn—k = 3 (1) (Z) OO —k- (34)
k=0 k=0
Remark 1. We deduce from (34) that if n is a non-negative integer, then
! n u n
Z <_1)k (k) Sksnfk = Z (_1)k <k> O—ko—nfk/ (35)

k=0 k=0

with each sum being 0 for odd n.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Example 5. Plugging sy and oy from Example 2 into (35) yields, for n a non-negative integer and m a complex
number that is not a negative integer,

L n\  m2HeomHy—kim
)3 (_1)k<k) k+ mk)+(n - kli:m)

k=0
3 A G I () INUAE R T A

and, in particular,

1 n\  Hp1H,_ o (—1)k n
» (_1)k(k) (k +k1+)1(n —ikcil) -L (k+1)%(n —k+1) (k) 7

= OE - -6

(G0 ()
LD ) -

which, upon setting x = n and y = n, in turn, yields
é (—1>"(Z>3(z> h (%) i EO () (AR ) ) (%) T
E@CE B t0IE - w

Setting y = —1 in (39) gives, after some simplification,

Eer(p) - e ()T G

identity (35) gives

and

i (‘Uk <Z>3 _ {0, if n is odd;

(=1)™2(3n/2)!((n/2)1) ">, ifn is even.

We therefore obtain

ké (- (D (nzk> (2: ~ kk) B {(()1—1)”/2(311/2)!((71/2)!)3, Z:Z Z Zj:ln )

Similarly, setting x = —1 in (40) gives

L) - £ (et

k=0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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from which we get

n n 1 14 (=1)
D (_1)k(k> G —k+ D)+ FD)n+2) (42)

upon using [7]

n -1
Y0 (y) = omE,

k=0
A sequence (si), k =0,1,2,..., for which
1 n
S, = Z (—1)"( )sk,
k=0 k

for every non-negative integer n will be called an invariant sequence.
A sequence (s¢), k =0,1,2,..., for which

—Sn = ki,) (—1)k (Z) Sks

for every non-negative integer n will be called an inverse invariant sequence.

Many invariant sequences are known (see e.g. Sun [5], Boyadzhiev [2]). Examples include
(Ly), (kEe1), (C12)/(), 0 # x ¢ Z*, ((2kk)/22k). Inverse invariant sequences include (Fy) and
(Hy/(k +1)). Here Ly is the k" Lucas number, F; is the k' Fibonacci number and Hj is the k"
harmonic number.

Corollary 3. Let (s¢) and (t), k =0,1,2,..., be two sequences of complex numbers. Let n be a non-negative
integer. If both sequences are invariant or both are inverse invariant, then

i (—1)F (Z) Sktn—k = 0, if n is odd; (43)

k=0

while if one of the sequences is invariant and the other is inverse invariant, then
& n
Y (—1)F (k) Sktp_x = 0, if n is even. (44)
k=0

Remark 2. The results stated in Corollary 3 were also obtained by Wang [8].

Example 7. If n is a non-negative odd integer and x is a non-zero complex number that is not a positive integer

that is less than n, then
1 n\ [/x/2\ /x\
k=0

4. Identities Involving Binomial-Transform Pairs of the Second Kind

Lemma 2. Let {(a), (&)}, k = 0,1,2,..., be a binomial-transform pair of the second kind. Let My be a
linear operator defined by M, (x/) = aj for every complex number x and every non-negative integer j. Then

Mx((l + X)]) = O_Cj.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. We have

<
=
—
—
—
+
sy
—_
I
<
=
N
1~
oy
= —.
N
=
-
~
I
1~
N o—
N~
<
=
—
=
-
N—

o~
Il
o

T
o

I
M“'
2N
=
?SI

Il
=y
=

O

Theorem 2. Let n be a non-negative integer. If {(5x), (0x)} and {(t), (%)}, k = 0,1,2, ..., are binomial-
transform pairs of the second kind, then

3 (-0 Jsitus = - (0o e
k=0
Proof. Write (20) as

3 (1 ()= L () aenta )

k=0

Let (fj),j =0,1,2,..., be a sequence of complex numbers. Let My (xf) = f]' .
Operate on both sides of (47) with M to obtain

3 0 () = -0 () e

k=0 k=0
where ]
_ LA
T = Ma((1+) >—l__20<l.)tz
Thus,
S D ()= Y (R (M) (1 )R 48
()= 1 08+t )

Let (5;),j =0,1,2,..., be a sequence of complex numbers. Let M, (y/) = 5;. The action of M,, on (48)
produces

é (=1 (Z) Stk = é (-1 (Z) Ok Tn—ks

where

and the proof is complete.
O

Example 8. Considering (15), if we choose
B Bi(x +
5 k(x) 5 r(x+y)

in (46), we obtain

3 (0 () Buni0h = 1 (-0F () Ba -t )

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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which is valid for complex variables x and y and any binomial transform pair {(5x), (0x) } of the second kind.
Many results can be derived from (49). To begin with, we have the following polynomial identity:

ké -1 <Z>ka”_k(x)tk - ,;0 (=1 <Z>]/an—k(X +)(1+ 1, (50)

which holds for complex numbers x, y and t.
Choosing

in (49) leads to

k=0
= 3 0N () /) Bl 4 )B4 ), 61
k=0
giving, in particular,
3 (-1 () Baa)Be(z) = X5 (0 ) Buelo 0B +-0), 62)
k=0 k=0
and ) .
3 (0 () /) Bunst) i) = Y- (0§ ) (/) By 9
k=0 k=0
Proposition 1. If n is a positive odd integer and y and w are complex numbers, then
Y k(M (V) _ny AN
L (-1 (,)(5) By k(y)Bi(w) = 2By (1— (2) ) (54)

Proof. A consequence of the fact that the right-hand side of (53) can be written as

[n/2] n 8 [n/2] " .
D <2k) (y/w)* By By — Y, <2k— 1) (v/w)* By _oks1Bak—1,
=0 =1

and the fact that B; is zero for odd j greater than unity. [

Example 9. Using the binomial-transform pairs
k
5 = (i), 0 = (x—;{— >, From (6), (55)

I =By, T = (—1)*By, From (16), (56)

I:Eo () ()= ,;0 () (7% ) B 7)

Corollary 4. Let n be a non-negative integer. If {(5), (0x) } is a binomial-transform pair of the second kind,

then . .,
Yo (—1)F <Z> SkSu—k = Y, (—1)F (Z) Ok Tn—k- (58)
=0 =0

and

in (46) gives

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Example 10. Using, in (58), the 5 and 0y given in (55), we have

é(_l)k@ @ (nik> - ,?i:()(‘”k(’;) ("Z") (x:i;k) (59)

which holds for every non-negative integer n and every complex number x.

Example 11. From (11) we identify the following binomial-transform pair of the second kind:

_ m _ k+m
k—(k)Hk/ ‘Tk—< . )(Hm+Hk_Hk+m)r (60)

which when used in (58) gives

£ ()7 s

= g ( ) <k ;’") <” ok m) (Hin + He = Heo) (o + Ho ok = Hy gim), (61

which is valid for every non-negative integer n and every complex number m that is not a negative integer.

Theorem 3. Let n be a non-negative integer. If {(5¢), (o)} and {(f), (%)}, k = 0,1,2, ..., are binomial-
transform pairs of the second kind, then

"o /n _ L AN

). SkTuok = ) Otk (62)
k k

Proof. Consider the following variation on (47):

f(@y (1+x) f()uy""x’% (63)

k=0

and proceed as in the proof of Theorem 2. [

Example 12. Using the binomial-transform pairs of the second kind

5, = (TZ) H, o — (k ;m> (Hy + Hy — Hiy), Equation (60),

and k
f = (i), T = (x—l: ), Equation (55) relabelled,

in (62) yields

EQEET B )t

By considering the binomial-transform pair of the second kind {(1), (2¥)}, k = 0,1,2,..., we
obtain a corollary to Theorem 3.

Corollary 5. Let n be a non-negative integer. If { (5), (0x) } is a binomial-transform pair of the second kind,

then
f (’Z) o = )n: <Z>2"k§k. (65)

k=0 k=0
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Remark 3. Identity (65) corresponds to Example 4 of Boyadzhiev [1].
Example 13. With (7) in mind, choosing
_ b _ k+x
= (5,) @=(i10) (66
in (65) yields
Lo\ (k+x\ & (n x n—k
G R ) &

for n a non-negative integer and x and z complex numbers.

5. Identities Involving Mixed Binomial Transform Pairs

Theorem 4. Let n be a non-negative integer. If { (sx), (0x)} is a binomial transform pair of the first kind and
{(%), (%)}, k=0,1,2,..., is a binomial-transform pair of the second kind, then

). (Z) sibpk =Y, (—1)F <Z> Ok Tn—k- (68)
k=0

k=0

Proof. Let M, (xX) = F; and Ey(yk) = 5.
Act on the identity

E (= () a vt

with M and £, in succession. [

Example 14. Use of the binomial-transform pair of the first kind {(Fy), (—F)}, and the binomial-transform
pair of the second kind {(By), ((—=1)*By)}, k = 0,1,2, ..., in (68) gives

" /n
Y. (k) FiBy— =0,

(69)
k=0

for n an even integer.

Similarly {(Ly), (—Ly)} and {(By), ((—=1)*By)}, k = 0,1,2,..., in (68) yields

i (Z) LB, =0, (70)
k=0

for n an odd integer.

Example 15. Use of the following binomial-transform pair (see Example 4):

So(1+Hy) —1 (k+m\
:H = -
Sk ktms Ok k+ oo m ’

in (68) leads to the following identity
T /n _ _ n o1\ (k+m 11 _
kg() (k) Hiymtn—k = HnTn — k:zl (_1) (k) ( m ) % Tn—ks (71)

which is valid for every binomial-transform pair of the second kind {(f), (%)}, k = 0,1,2,... and every
complex number m that is not a negative integer.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202505.1967.v1


https://doi.org/10.20944/preprints202505.1967.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2025 d0i:10.20944/preprints202505.1967.v1

15 0f 18

In particular, the following polynomial identity holds:

£ (et f () (17) 0

and can be recast as stated in proposition 2 by writing 1/t for t.

Proposition 2. If n is a non-negative integer, m is a complex number that is not a negative integer and t is a
complex variable, then

n n -1
Y () Heamtt = (148" H + Y (1)1 (" krm 1tk(1 + )"k (72)
i—o \k = k)\ m k
In particular, evaluation at m = 0 and m = —1/2, respectively, gives
n n
D (") Hit = ) (1) (") I (73)
=0 \k k=1 k) k

and

¥ (o= L (i) () Lk 74

k=1

with the special values

i (Z) Hy = i (—1)ftank (Z),lc (75)

(Mo~ - caps (1) (2 1 -

Hk—l/2 = ZOk - 210g2

k—1/2\ )2k 2k
k N k)
Corollary 6. Let n be a non-negative integer. If {(sx), (%)} is a binomial transform pair of the first kind and
{(%), (%)}, k =0,1,2, ..., is a binomial-transform pair of the second kind, then

i (Z) Okbn—k = i (—1)F (Z) SkTn—k- (77)

k=0 k=0

and

In deriving (74), we used

and

6. Polynomial Identities Involving Binomial Transform Pairs

We have already encountered the identities stated in the next theorem; they are variations on (21)
and (48).

Theorem 5. If n is a non-negative integer and y is a complex variable, then

> (Z) sut = ) (1) (Z) ok (1+1)5, (78)

= k=0
I:Z)O(—1>"(Z)s‘nky" = ké(—l)"(',:) 0 k(14 )" (79)

The implication of Theorem 5 is that every binomial-transform pair has associated with it a
polynomial identity.
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Remark 4. Identity (79) is equivalent to Boyadzhiev [1, Corollary 1].

7. Binomial Transform Identities Associated with Polynomial Identities of a
Certain Type

Polynomial identities of the following form abound in the literature:

n m

Y F)PE =3 (k) (1 — 1)1 (80)

k=0 k=0

where m and n are non-negative integers, t is a complex variable, p(k) and q(k) are sequences of
integers, and f (k) and g(k) are sequences of complex numbers.
The binomial identities stated in Theorems 6 and 7 are readily derived using the operators £, and

M.
Theorem 6. Let a polynomial identity have the form stated in (80). If {(sx), (0x)} is a binomial-transform pair
of the first kind, then
n m
Y f(B)sp) = Y 8(k)ay (81)
k=0 k=0
and
n m
Y K)oy = Y 8(k)s - (82)
k=0 k=0

Theorem 7. Let a polynomial identity have the form stated in (80). If {(5x), (%)} is a binomial-transform pair
of the second kind, then

Y (CD)PO 5,0 = Y 8()a (83)
=0 k=0
and ; .
kZ fK)Tp) = kz (—1)10g (k)5 (84)
=0 =0

Lemma 3. Sun [6, Lemma 3.1] If m, n and r are non-negative integers and t is a complex variable, then

3 o () ()= 8 e () (T e )

k=0 k=0

Example 16. In (85) we can identify

s = o () (0), s = () (1), 6

plk)=k+m—randg(k) =n+k—r. (87)

and

Using these in Theorem 6 gives
Z _(n\ (k+m z m\ (k+n
£ (O = B () (e
k=0 k=0

and

3 0 (1) (e = 1 0 (E) (T s )

k=0 k=0

for every binomial-transform pair {(sx), (0x)} of the first kind.
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8. Conversions Between Binomial Transform Identities

If a binomial transform identity involves a binomial-transform pair of the first kind, it is straight-
forward to convert it to an identity involving a binomial-transform pair of the second kind; and vice
versa. An identity involving {s(k),c(k)},k = 0,1,2,..., can be converted to that involving {5(k), 7 (k) }
by choosing s(k) = x* and o(k) = (1 — x)¥, replacing x with —x and then operating on the resulting
identity with M. Similarly, an identity involving {5(k),7(k)} can be converted to that involving
{s(k),o(k)} by choosing 5(k) = x* and 7 (k) = (1 + x), replacing x with —x and then operating on
the resulting identity with L.

Example 17. Let {(t), (%)}, k = 0,1,2, ..., be a binomial-transform pair of the second kind. Chen’s main
result [3, Theorem 3.1] (after Gould and Quaintance’s simplification [4, Equation (10)]) for non-negative integers

m, nand s is
i (m) <n+k+s>1{
n+k+s
= k s

! efn\ (mAk+s\
:Z(—l)n k<k>< s > Tm4k+s
k=0
b (—n)mtshs s — 1\ fmAn4+s—k—1\ "'
+k;0m+n+s—k< k )( n ) T ©0)

In order to convert (90) to an identity for the binomial-transform pair of the first kind, {(t), (%)}, k =
0,1,2,..., we choose ¥, = xk and =1+ x)k and replace x with —x to obtain

Ii) (—1)k <7I7:> (Vl +i<+ S> 71xn+k+s

k=0
S (=1 s—1\(m+n+s—k—1\""
_— 1—x)k.
+k§)m+n+s—k( k )( n ) (1—x)
Operating on the above equation with the linear operator L now gives

i (-1 (’Z) (n " ;( - s) 71tn+k+s

k=0

S R () (M)

k=0
= (=Dks s—1\(m+n+s—k—1\""
+k_20m+n+s_k< ' )( y ) . (91)
Example 18. Another example, Chen [3, Theorem 3.2] is
UL m>(n+k>_ n _k(n\ (m+k\_
Z bpk—s = Z (_1)71 Tn+k—ss (92)
k=0 <k s k=0 k s
whose corresponding version for a binomial-transform pair of the first kind is

L () (1= () (" s )

k=0
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Example 19. Gould and Quaintance [4, Theorem 3] gave the following identity involving a binomial transform

pair of the second kind:
i s\ (m+n+s—k\ ! te
= \k m m+n+s+1—k
s _ -1 _1\s—k=
_Z<s)<m+n+s k) (—=1)5 " 5 , (04)
= \k n m+n+s+1—k
which is valid for every non-negative integer s and all complex numbers m and n excluding the set of negative
integers.

The corresponding result for a binomial-transform pair of the first kind is

Zs:(_l)k s\ (m4n+s—k\ ! fr
P k m m+n+s+1—k
s _ -1 _1\s—k
:Z<S) <m+n+s k) (=1) "1, ' 95)
= k n m+n+s+1—k

Remark 5. An identity involving a binomial-transform pair of the first kind {sy, 01}, k =0,1,2,..., can
always be converted to a binomial-transform pair identity of the second kind {5y, 0y } by doing

Sk — (—1)k§k, 0% — O.
Similarly, conversion of a second kind transform pair identity to a first kind transform pair is achieved through

S — (*1)k5k, 0 — Ok.
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