Pre prints.org

Article Not peer-reviewed version

A “Asymptotic Freedom” Phenomenon
Emerges in Schwarzschild Spacetime

Based on a Special Lorentz Violation
Model

Jinwen Hu
Posted Date: 22 May 2025
doi: 10.20944/preprints202505.1729.v1

Keywords: Lorentz violation model; Schwarzschild spacetime; asymptotic freedom; black hole

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/3945129

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 May 2025 d0i:10.20944/preprints202505.1729.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

A “Asymptotic Freedom” Phenomenon Emerges in
Schwarzschild Spacetime Based on a Special Lorentz
Violation Model

Jinwen Hu

Department of physics and technology, Wuhan university, Wuhan 430060, China; 200731890025@whu.edu.cn

Abstract: In our previous work (i.e., Ref. [14]), we proposed a special Lorentz violation model, which
is characterized by that the maximum energy of a particle with mass is finite and proportional to its
rest mass rather than infinite predicted by the Lorentz model. In this paper, we continue to investigate
the impact of the Lorentz violation model on the curved spacetime. Firstly, we proposed a method
for obtaining the spacetime metric without external fields corresponding to this Lorentz violation
model. Then, we used this new metric to analyze the proper acceleration of a particle fixed in the
Schwarzschild spacetime. To our surprise, we found that when the particle is less than a certain
distance from the event horizon of the Schwarzschild black hole, the closer it is to the event horizon,
the smaller its proper acceleration becomes, and the proper acceleration drops to 0 when reaching
the event horizon. By analogy with the quark model in particle physics, we can also call this
phenomenon the ““asymptotic freedom” in Schwarzschild spacetime, which shows us a different
black hole.

Keywords: Lorentz violation model; Schwarzschild spacetime; asymptotic freedom; black hole

1. Introduction

The study of Lorentz symmetry breaking is a hot topic in current fundamental physics, which is
mainly driven by the quantum gravity[1-4], such as the well-known string theory, and which is also
proposed as a possible solution to some difficult problems in black hole. There are many kinds of
Lorentz violation models that have been proposed in the literature, among which the most typical
and widely discussed Lorentz violation model is the double special relativity model (DSR model),
which introduces another constant called “maximum energy or minimum length”[5,6] besides the
speed of light. The DSR model is usually expressed as E* = p* + m* + nL§p*E® + O(L§T E**3),
where L, denotes the “Planck length”, a is a positive integer and 7 is a real number[7]. Many
researchers have investigated the DSR model and demonstrated its ability to solve some challenging
problems in the ultra-high energy field[7-12]. However, the DSR model is not concise enough that it
contains many undetermined parameters, and the physical meaning of these parameters is not very
clear[13]. For this reason, in Ref. [14] we proposed another possible Lorentz violation model, which
contains only one parameter in the dispersion relation equation of particles. The most remarkable
feature of the Lorentz violation model proposed in Ref. [14] is that it naturally returns to the Lorentz
model at low and medium energy scale, but when the velocity of the particle is close to ¢ the energy
of the particle tends to a limited value (which is similar to the DSR model), rather than infinite
predicted by the Lorentz model. In order to clarify the purpose and viewpoint of this paper, here we
first briefly review the Lorentz violation model proposed in Ref. [14].

As one knows in special and general relativity that the speed of light occupies a central status,
so for most Lorentz violation models, the (local) speed of light is assumed to be variable. In this
context, in order to allow it is possible that the (local) speed of light can change between inertial
systems, in Ref. [14] it starts from a discussion of a general relationship between the speed of light
and the light source, i.e., it assumed that the speed of light observed by an observer moving with a
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velocity v relative to the light source is nc, where n is dimensionless and variable or invariable.
Obviously, due to the fact that many experiments at low or medium energy scale have verified the
theory of special relativity and general relativity, there must be some constraints on 7, that is,
n(v,c)=n(-v,c)=n(v,-c)=n(-v,-c) and n(v=0, c)=1 (The detailed reasons for this constraints can be seen in
Ref. [14]). The above assumption can be expressed in the following equations

x> +y* +z27 = (ct)? x4y 4z = (ct')’

x4y +2% = (nct')’ X+ yt 42’ = (net)’
y=y'=0 y=y'=0

z=2'=0 or z=2'=0 (1

where (x, y, z, t) corresponds to the inertial system S, and (x’, y°, z’, t’) corresponds to the inertial
system S’, and here for simplicity, we assume that the three spatial coordinates of the two coordinate
systems are parallel to each other, and the direction of v (i.e., the relative velocity between the two
inertial systems) is along the x-axis or x’-axis. The first formula of Eq. (1) represents that the light
source is fixed in S, so for observer in S, the observed speed of light is ¢, which corresponds to that
n(v=0, c¢)=1, while for the observer in S’, the observed speed of light is nc. Similarly, since S and S’ are
equivalent, when the light source is fixed in S’, so for observer in S’, the observed speed of light is c,
while for the observer in S, the observed speed of light is nc, which corresponds to the second formula
of Eq. (1).

From Eq. (1), the coordinate transformation between the two inertial systems moving relative
to each other with velocity v can be obtained

x'=y(x—vt)
‘Y
I'=y(t kz(v,c)x)

2)

where y(v,¢)=1/\1-v*/k* , k(v,c)= \/nvcz /(nc—c+v) . And n satisfies n(v,c)= n(-
v,¢)=n(v,-¢)=n(-v,-c) and n(v=0, c)=1.

From Eq. (2) one can obtain that if dx/df=c, then dx’/dt'=nc, and if dx’/d#'=c, then dx/dt=nc,
which in turn indicates that Eq. (2) is the solution of Eq. (1), and more importantly, it shows again

that the two inertial systems are equivalent.

Eq. (2) is highly similar in form to the Lorentz transformation (i.e., replacing ¢ with k in the
Lorentz transformation yields Eq. (2)), and it has been shown in Ref. [14] that Maxwell’s equations
are also covariant based on Eq. (2). At the same time, the dispersion relation of particles with rest
mass mo, and the spacetime metric, compared to the form as in the Lorentz model, are modified
accordingly as

2_ 2,2 52
E°=p°k”+E; @3)

ds* =—k*dT? +dX*+dY* + dZ* (4)

Where Eo=mok?, E=ymok?> denotes the particle’s total energy, p=ymov denotes the particle’s
momentum, and y=y(v,c), k=k(v,c). (T, X, Y, Z) denotes the coordinates of inertial system.

So next we have a question, what is the expression for n? Obviously, if n=1, then Eq. (2) returns
to the Lorentz transformation. However, we notice that if n takes the following expression, then when
v is close to ¢, the total energy of the particle will be finite rather than infinite predicted by the Lorentz
model

1 1-v?/c?
n= @(1 0 ) ©)

Where Q is a constant and its value needs to be determined by the experiment. As mentioned in
Ref. [14], we do not yet know the concrete value of Q because the current experimental energy is not
high enough, but it can be known from a large number of existing experimental results that Q=0.

Here we can re-draw the curve of n~v as in Figure 1.
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Figure 1. The curve of n(v)~v when taking Q = (1/ e)lo (set c=1). Since here it shows the global picture of the

curve, a transition arc at the corner is too small to show [14]. From here or Eq. (5) it can be seen that when v=1,
n=0.

n-1 can be viewed as the degree to which the speed of light observed by the observer in an
inertial systems moving relative to the light source deviates from c. As can be seen from Figure 1 that
n is very close to 1 over a large range of v. And it is because of this property of n that Eqs. (2)~(4) does
not violate a large number of existing experimental results conducted at low or medium energy scale.
In fact, the smaller the value of Q is, the higher the energy at which Eqs. (2)~(4) deviates significantly
from the Lorentz model, and when Q=0, n = 1, then correspondingly, Egs. (2)~(4) return to the case
as in the Lorentz model.

Thus, based on Eq. (5), both the time-space scaling factor y and the particle’s total energy E have

a limit,
lim y = lim ! =lim ! = {2an
v—oe v—e \/1—V2/k2 v—c¢ \/(l—v/c)(n+v) Q—l
n (4

2
lim £ = lim ymok” = E; = myc¢ 2InQ
voe voe [[-0.5(0-1)/InQ] | O-1

This is just the purpose the Lorentz violation model proposed in Ref. [14] that it makes the total

(6)

energy of particles have a limit rather than infinite predicted by the Lorentz model as v approaches
c. But the energy limit in Ref. [14] is different from which assumed in the DSR model, which considers
the total energy limit of different particles to be a constant (which often be referred to the Planck
energy or near Planck energy), while here as shown in Eq. (6), the total energy limit of a particle is
proportional to its rest mass.

Above we briefly reviewed the model in Ref. [14], all of which were discussed are on the basis
of inertial systems. So, what impact will this Lorentz violation model have on the curved spacetime?
It is the issue that this paper aims to discuss.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1729.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 May 2025 d0i:10.20944/preprints202505.1729.v1

4 of 8

2. Einstein Turntable

Let us first discuss the simple and famous case called Einstein turntable. It is well known that
Einstein turntable presents a non-Euclidean geometry structure (i.e., Lobachevsky geometry), and its
spacetime metric is [15]

ds’ =—(c’ —&’r’)dt’ +dr* +r’d0* + dz* + 2’ d Gdt %

Now we can follow the derivation process of Eq. (7) corresponding to the Lorentz model to
derive the spacetime metric of Einstein turntable corresponding to Eq. (2).

For a turntable rotating at a constant speed w, we can assume that the acceleration system x*=(ct,
7, 6, z) on the turntable and the inertia system X =(cT, X, Y, Z) at the center of the turntable have the
following relationship

X =rcos(6+wt)
Y =rsin(6+ wt) (8)
Z=z,T=t
Substituting Eq. (8) into Eq. (4) we can obtain
ds’ =—(k* =&’ r*)dt’ +dr* +r’d0* + dz° + 2> d 0dt

where v in k denotes the proper velocity and v=wr.

©)

It can be seen from Eq. (7) that when wr —¢, then goo—0, while for Eq. (9), when wr —c¢, then
g00—(1-0)/[2log(Q)-0+1]. In addition, it can be derived from Eq. (7) that the proper acceleration of a
particle fixed in the spacetime is a=w*r/(c2-w’?), for which when wr —¢, then ao tends to be infinite.
While for Eq. (9), we can obtain that when wr —c¢, aotends the following value

_5In0-40+6(n0)’ ~50InQ+20° ~20(nQ)* +2

lima, =

orsc 2(0-D2InQ-0+]) (10)

Eq. (10) shows us that for Eq. (2), when Q is not equal to 0 (Q=0 corresponds to the Lorentz

model), the proper acceleration in Einstein turntable can be avoided from being infinite, which is
mathematically singular.

Above, we can see that when Q is not equal to 0, a phenomenon different from which predicted
by the Lorentz model will occur. Then, what impact will it have on the classical Schwarzschild
spacetime? Obviously, the most important thing here is to obtain the Schwarzschild spacetime metric
corresponding to Eq. (2). Next, we will first introduce a method for obtaining this new spacetime
metric.

3. A Method for Obtaining the Spacetime Metric

As we know, Minkowski spacetime corresponding to the Lorentz model is a four-dimensional
spacetime. While, in Eq. (4) it adds a scaling factor k into the time dimension of the Minkowski
spacetime metric, then, mathematically, we can equivalently view Eq. (4) as a cross-section equation
in a five-dimensional spacetime, where, similar to the four-dimensional spacetime expression, the
five-dimensional spacetime is expressed as

ds’> =d(icT)’ +dX*+dY> +dZ*> +d¢* 1)

Where (is the fifth dimension, and the fifth dimension is equal to the other four dimensions.
And we know that if we take a cross-section in the above five-dimensional spacetime that deviates
from the plane formed by the origin and (T, X, Y, Z) by an angle 6, and is parallel to the axis (X, Y, Z)
at the same time (here, for a better understanding, one can also regard this five-dimensional space-
time as a three-dimensional space-time, and the three coordinate axes of the three-dimensional space-
time are (icT, X, ¢), then the above-mentioned special cross-section passes through the origin and the
X-axis, and deviates from the plane XOT by an angle 6), then the intersection equation of this cross-
section with the five-dimensional spacetime is

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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{dsz =d(icT)* +dX* +dY> +dZ* +d¢> 1)

sin&d (icT)+cosdg =0
Substituting the second formula of Eq. (12) into its first formula, it has
ds> =(1+tan”> 0)d(icT)* +dX* +dY’ +dZ* (13)

Comparing Eq. (13) with Eq. (4) we can obtain that 1+tan26=k2. And if we substitutes the
expression of n into k2 we will obtain that k2€[1, 2In(Q)/[2In(Q)-Q+1]], which means the solution of 6
is a real number. Due to Q~0, it means 6~0. And due to k2is not a constant, it means the above cross-
section is not a constant one but varies with the velocity of the inertial system. In addition, due to the
cross-section is parallel to the axis (X, Y, Z), the spatial part of Eq. (4) is the same as which in the
Minkowski metric.

Here we propose a method for obtaining the spacetime metric corresponding to Eq. (2), that is,
extending the four-dimensional spacetime corresponding to the Lorentz model into the five-
dimensional spacetime, and then obtaining a special cross-section equation of this five-dimensional
spacetime (So the cross-section is four-dimensional). So next we will use this method to obtain the
Schwarzschild spacetime metric corresponding to Eq. (2). Here it should be noted that the five-
dimensional spacetime proposed in this section may be merely an equivalent approach in
mathematics and has nothing to do with the real world.

4. A Different Schwarzschild Space-Time

As we know the outer metric corresponding to the Schwarzschild space-time in the framework
of Lorentz model is [15]
2M 2M . _ .

ds® = —(1-220)dt> +(1- 22 dr? +12(d 6> +sin’ 6dg?)
r r (14)
The above expression is presented in a cylindrical coordinate system (r, 6, ¢). And it can be also

presented in a rectangular coordinate system (x, y, z)
2M 2M

ds’ = —(1-==)dt’ +dx* +dy*> +dz" +
r

Pa-y
r (15)

Now our goal is to obtain the Schwarzschild spacetime metric corresponding to Eq. (2). First

(xdx + ydy + zdz)’

using the method in Sect. 3, we extend Eq.(15) into the five-dimensional spacetime in the way of
equalizing all coordinates
2M 2M
ds® = —(1-229d? + dP + dy* +dz> +d +— 20
r 3 2M
r(l=—>)
r

(xdx + ydy + zdz + (d ()’

(16)
where r=(x2+12+z2+{?)12,

Second, we will take a special cross-section in the above five-dimensional spacetime. Noting that
the cross-section is parallel to the axis (X, Y, Z), that is, the part related to spatial coordinates in the
new metric corresponding to Eq.(2) is the same as the spatial part in the original metric corresponding
to the Lorentz model, then based on Eq. (12), the corresponding spacetime metric will be

ds’ =—(1 —2—M)alt2 +d¥ +dy +dz +d + _ M (xdx+ ydy+ zdz)’
r 3, 2M
|
r

=—(k’ —2ﬂ)a’t2 +dY +dy’ +d7 + LMI (xdx+ ydy+zdz)’
r

7"3 (l — T)
=—(k* —2ﬂ)art2 +(1 —2—M)*1 dr* +1*(d6” +sin® @lg*)
r r (17)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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_ 2 _ _[2 2,2
where k(v,c) = \/nvc fne—c+v) , r X ry otz , and here v is the proper velocity of an
object moving freely along geodesics in the radial direction, and for the Schwarzschild space-time,

v=A2M /7.

Based on Eq. (17) we can obtain the proper acceleration ao of an object fixed in the spacetime.
However, its expression is rather long and we will not list it here (Some computing software, such as
MATLAB, can help us do these calculations). But we find that, based on the obtained proper
acceleration, there is

rll?}l a,=0 (18)

Eq. (18) shows us that when an object is fixed at the event horizon of the Schwarzschild black
hole (the location of the event horizon corresponds to the solution of g''=1-2M/r=0, and its solution is
r=2M), surprisingly, its proper acceleration is 0. This conclusion is quite different from which
predicted by the Lorentz model or general relativity. In general relativity, the proper acceleration of

the above object is M /(r*~/1—2M /1), which means when r—2M, the proper acceleration tends

to be infinite. And Figure 2 shows a comparison between the two results, where Q is taken as

1/ 6)106 as in Figure 1.

Eq. (18) and Figure 2 implies that it is possible that an object remain stationary at the event
horizon, which will undoubtedly have a significant impact on the black hole dynamics or
thermodynamics at present, and for the black hole thermodynamics we will discuss it in the following
article.

120 T T T T T

—Corresponding to Eq. (2)
—Corresponding to the Lorentz model

100

80| b

40

A ——

2M 22M 2.4M 2.6M 2.8M 3M
"

The proper acceleration

Figure 2. The comparison of the proper acceleration of an object fixed in Schwarzschild spacetime predicted by
Eq. (2) and the Lorentz model. It tend to be infinite at r=2M for the curve predicted by the Lorentz model, while
for the curve predicted by Eq. (2), it tends to 0 at ¥=2M. When r is much greater than 2M, the two curves basically

coincide.

5. Summary

In this paper, we extend the study of a special Lorentz violation model proposed in Ref. [14] into
curved spacetime, namely the classical Schwarzschild spacetime. In order to obtain the
Schwarzschild spacetime metric corresponding to the Lorentz violation model, we propose a method
of five-dimensional spacetime, and the four-dimensional spacetime metric we require is a special
cross-section of the five-dimensional spacetime. According to this method, we obtained a new
Schwarzschild spacetime metric. Then we analyzed the proper acceleration of an object fixed in the
Schwarzschild spacetime and were surprised to find that when the object approaches the event

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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horizon of the Schwarzschild black hole, the gravitational force it subjected to suddenly approaches
zero, rather than approaching infinity as predicted by the Lorentz model or general relativity. This
phenomenon is somewhat similar to the quark model in particle physics, and we can also refer to it
as the “asymptotic freedom” in black hole.

It should be noted that in this paper, the new Schwarzschild spacetime metric corresponding to
Eq. (2) is directly derived from the usual Schwarzschild spacetime metric. This method is only
applicable when there is no external field (for example, the energy-momentum tensor of vacuum field
without considering cosmological constants is 0), while when there exists an external field, such as
the Kerr-Newman metric corresponds to a non-zero energy-momentum tensor (i.e., the
electromagnetic field), then it is not applicable. This is because when there exists an external field, the
energy-momentum tensor of external field will should be modified at ultrahigh energy scale based
on Eq. (2), thus leading to the modification of the usual spacetime metric. In other words, we need to
first modify the external field at ultrahigh-energy scale, then with which obtain the corresponding
spacetime metric using the Einstein field equation, and further obtain the new spacetime metric
corresponding to Eq. (2) base on the method in Sect. 3. Therefore, this paper temporarily only
discusses the simple Einstein turntable (in fact, the modified form of the Einstein turntable metric
corresponding to Eq. (2) can also be obtained using the method in Sect. 3) and the typical and famous
Schwarzschild spacetime metric, as neither of them has an external field.

In our previous paper, it has been shown that a non-zero value of Q can avoid infinity in certain
cases [14,16], and this paper once again shows that a non-zero value of Q can avoid infinity in
Schwarzschild black hole. It should be emphasized again that if Q=0, the Lorentz violation model
mentioned in this paper will return to the Lorentz model. However, since the energy our current
experiments conducted is still not high enough to measure the value of Q, but a very small and non-
zero value of Q can indeed help solve some problems that are difficult to understand in today’s
physics.

In addition, From Eq. (10) and Eq. (18), it can be seen that since there is no infinity when v=c (i.e.,
r=1/w in Einstein turntable and r=2M in Schwarzschild spacetime), what will happen when v>c?
Unfortunately, we don’t know here either. This is mainly because we don’t know what the expression
of n is when v>c. If the expression of # is still the same as Eq. (5), then the interior of the event horizon
will be a completely different from which predicted by the Lorentz model. However, currently there
is no experiment or theory to tell us what the expression of # may be like when v>c. Therefore, this
article does not discuss the phenomena within the event horizon of the Schwarzschild black hole.

Data Availability Statement: No Data associated in the manuscript.
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