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Abstract: In this paper, we propose a novel alternating direction method of multipliers based on
acceleration technique involving two symmetrical inertial terms for a class of nonconvex optimization
problems with a two-block structure. To address the nonconvex subproblem, we introduce a proximal
term to reduce the difficulty of solving this subproblem. For smooth subproblem, we employ a gradient
descent method on the augmented Lagrangian function, which significantly reduces the computational
complexity. Under the assumptions that the generated sequence is bounded and the auxiliary function
satisfies Kurdyka-Lojasiewicz property, we establish the global convergence of the proposed algorithm.
Finally, the effectiveness and superior performance of the proposed algorithm are validated through
numerical experiments in signal processing and SCAD problems.
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1. Introduction

In recent years, nonconvex optimization problems have found widespread applications in science
and engineering. For instance, Mohammadreza et al. [1] investigated the optimization of local
nonconvex objective functions in time-varying networks based on the gradient tracking algorithm. And
then, the researchers had explored optimizing nonconvex objective functions in multi-node networks
under imperfect data exchange links. Zhang et al. [2] pointed out that traditional optimization methods
often lead to target feature compression and information loss in motor imagery decoding, thereby
reducing classification performance. Further, to address the high dimensionality and small sample size
characteristics of motor imagery signals, Zhang et al. [2] proposed a nonconvex sparse regularization
model constructed using the Cauchy function. This approach enables more accurate extraction of
target features across multiple datasets while effectively suppressing noise interference. In addition,
Tiddeman and Ghahremani [3] combined wavelet transforms with principal component analysis to
propose a class of principal component waveform networks for solving linear inverse problems, they
fully utilized the symmetry in wavelet transforms during the wavelet decomposition, ensuring the
effectiveness of image reconstruction. For more related works, one can see [4-6] and the references
therein.

It is well known that recovering sparse signals from incomplete observations is an important
research direction in practical applications. The core objective is to find the optimal sparse solution to
a system of linear equations, which can be formulated as the following model [7]:

. 1
minc|xfo + 5 Ax ~ b]|
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where A is the measurement matrix, b is the observed data, x is a sparse signal, ¢ > 0 is a regularization
parameter, and || - ||o denotes the ¢yp-norm. However, Chartrand and Staneva [8] pointed out that the
above problem represents a class of problems that are fundamentally difficult to solve. To overcome
this challenge, Zeng et al. [9] proposed a relaxed objective function by replacing the Iy regularization
with the I, regularization, the problem is transformed into a more tractable nonconvex optimization
problem. Therefore, adopting this modification becomes more reasonable in signal recovery problems,
which leads to the following two-block nonconvex optimization problem:

- po L g2 1
min cl[x[|7 + 2HAX b5, 1)
2

1
where [[x[} = ©J
2

reformulate the problem (1) as follows

1 e . . .
1 |xi|2. In general, we would consider introducing an auxiliary variable y to

min e} + 2 [y
12 )
st. Ax—y=b.

Zeng et al. [9] pointed out that the iterative soft-thresholding algorithm can be used to solve the
regularization problem, which was validated in context of problem (2). Meanwhile, Chen and Selesnick
[10] performed a performance validation of model (2) using an improved overlapping shrinkage
algorithm. In addition, further related works can be found in [11,12].

In statistical optimization, certain penalty methods exhibit limitations, such as vulnerability to
data circumvention and biased estimation of significant variables [14]. To address these issues, Fan and
Li [14] proposed the smoothly clipped absolute deviation (SCAD) penalty function. They developed
optimization algorithms to solve non-concave penalized likelihood problems and demonstrated that
this method possesses asymptotic oracle properties. Remarkably, with appropriate regularization
parameter selection, the results can achieve nearly identical performance to the known true model.
SCAD penalty problem proposed by scholars can be conceptually understood as

n
1
min Y I (|xi]) + 5 |yl?
gi ) 3)

st. Ax—y =0,

with A € R™" y, b € R™, x = (xq,%2, - ,x;)! € R" and the penalty function &, in the objective ,
we refer readers to (26) later. As shown above, problems of the forms (2) and (3) can be generalized to
the following nonconvex optimization problem:

min  f(x) + g(y)

4
st. Ax+y=1p, @

where f is a lower semicontinuous function from R"” to R, and g : R” — R is a differentiable function
whose gradient is L-Lipschitz continuous with L > 0. Here, A denotes a matrix in R”*", x € R" and
y € R™. Variants of model (4) have found applications in various fields, such as statistical learning
[15-17], penalized zero-variance discriminant analysis [18] and image reconstruction [19,20].

It is well known that the alternating direction method of multipliers (ADMM) has gained
widespread attention due to its balance between performance and efficiency. When the subprob-
lems are independent, ADMM exhibits a unique symmetry. In fact, with appropriately designed
update steps, this symmetry ensures that the convergence of ADMM is independent of the order in
which the subproblems are updated [21]. In recent years, as nonconvex optimization problems have
gained increasing attention, the convergence analysis of ADMM in nonconvex settings has become
a research hotspot. Hong et al. [22], recognizing the strong empirical performance of ADMM on
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nonconvex problems but the lack of theoretical guarantees, not only established the convergence theory
for nonconvex ADMM but also overcame the limitation on the number of variable blocks. Wang et al.
[23] demonstrated that incorporating the Bregman distance into ADMM can effectively simplify the
computation of subproblems, emphasizing the feasibility of ADMM in nonconvex settings. Ding et al.
[24] proposed a class of Semi-Proximal ADMM for solving low-rank matrix recovery problems. In the
presence of noisy matrix data, by minimizing the nuclear norm, they effectively addressed the issues
of Gaussian noise and related mixed noise. Guo et al. [25] provided insights into solving large-scale
nonconvex optimization problems using ADMM. For more related work, readers may refer to [26-29].

The inertial acceleration technique, derived from the heavy-ball method, utilizes information
from previous iterations to construct affine combinations [30]. Additionally, we observe that inertial
techniques can employ different extrapolation strategies during the optimization process to enhance
convergence speed. In their study of the general inertial proximal gradient method, Wu and Li [31]
proposed two distinct extrapolation strategies to flexibly adjust the algorithm’s convergence rate. Chen
et al. [32] investigated an inertial proximal ADMM and established the global convergence of iterates
under appropriate assumptions. In fact, Chao et al. [33] also discovered that embedding the inertial
term into the y-subproblem can significantly improve the algorithm’s convergence speed. Moreover,

compared to the standard inertial update step ¥ = x* + 5 (x* — x 1)

, Wang et al. [34] considered a
different update scheme, ¥¥ = x* + 5 (x¥ — ). This update step not only preserves the acceleration
effect of inertia but also reduces computational errors introduced by the inertial term updates.

Unfortunately, the work of Wang et al. only considered the inertial update step for x. Inspired by
the work in [34], we propose a novel symmetrical inertial alternating direction method of multipliers
with proximal term (NIP-ADMM). Building upon Wang et al.’s inertial update step, we introduce an
additional inertial update for y and incorporate §* into the x-subproblem update, this form of inertial
update ensures that the primal variables are treated equally, thereby achieving faster acceleration.
To simplify the computation of the subproblems, we introduce an approximation term in the x-
subproblem, which under certain conditions, allows the nonconvex subproblem to be transformed
into an approximate projection-type problem. Furthermore, since g(y) is convex, this property ensures
that ¢(y) is well-defined, this enables us to abandon the traditional ADMM update scheme and
instead adopt a gradient descent approach. This method requires only the computation of gradients at
each iteration, significantly reducing computational complexity. Consequently, it offers substantial
advantages when handling high-dimensional or large-scale datasets.

The structure of this paper is as follows. In Section 2, we review essential results required
for further analysis. We present NIP-ADMM and analyze its convergence in Section 3. Numerical
experiment and application to signal recovery in Section 4 highlight the benefits of the majorization
and inertial techniques. Lastly, in Section 5, we sent a conclusion.

2. Preliminaries

In this section, we introduce key notations and definitions that are essential for the results to be
developed and are utilized in the subsequent sections.

Assume (x,y) = xTy, ||x|| = /(x,x). If matrix Q is a positive definite (semi-definite positive)
matrix, then we have Q > 0 (Q > 0). Given any n X n matrix Q > 0 and a vector x € R", let
x]lo := v/xTQx be Q-norm of x. For the matrix G, we define Amin © and )Lmax( G as the smallest and
largest eigenvalues of GT G, respectively. If we denote f : R” — (—o00, 4+00], then the domain of the
function is defined as dom f = {x € R"|f(x) < +o0}.

Definition 1. Let S C R". Then the distance from point x € R" to S is defined as d(x, S) = inf,cs |ly — x|
In particular, if S = @, then d(x,S) = +oo.

Definition 2. For a differentiable convex function F : R" — R, the Bregman distance is defined by

Ar(p,q) = F(p) — F(q) — (VF(q),p —q),
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where p,q € R".

Definition 3. Assume f : R" — R U {+co} is a proper lower semicontinuous function.
(i)  The Frechet sub-differential of f at x € domf is denoted by df (x) and defined as:

Af(x) = {x € R" : lim inf LW =fB) =By =0 0}.

yExy=x ly — x|

Among others, we set df (x) = @ when x ¢ domf.
(ii) The limiting sub-differential of f at x € domf is written as df (x) and defined by

Af(x) = {x e R": I — x, f(xp) = f(x), £ € OF (x), 4 — x}.

Proposition 1. The sub-differential of a lower semicontinuous function f possesses several fundamental and

significant properties as follows:

(i)  From Definition 3, which implies that df (x) C df (x) holds for all x € R", and given that df (x) is a
closed set, df (x) is also a closed set.

(ii) Suppose that (x¥,y) is a sequence that converges to (x*,y*), and f(x*) converges to f(x*) with y* €
of (xk). Then, by the definition of the sub-differential, we have y* € df (x*).

(iii) If x* is a local minimum of f, then it follows that 0 € of (x*).

(vi) Assuming that g : R" — R is a continuously differentiable function, we can derive:

I(f +8)(x) = 9f (x) + Vg(x).

Definition 4. We consider the point (x*,y*, A*) to be a critical point of the augmented Lagrangian function
Lg(x,y, A) if it satisfies the following conditions:

ATA* € 9f (x*),
BTA* = Vg(y*),
Ax* + By* = b.

Definition 5 ([36]). (Kurdyka-Lojasiewicz property (KLP)) Let f : R" — R U {+co} be a proper
lower semicontinuous function. For p € of (of # @), if there exists ¢ € (0,+00), a neighborhood U of
p, and a function ¢ € Qg, here Q, is the set of the concave function ¢ : [0,G) — [0, +00), then for any
pe{pel| f(p) < f(p) < f(P)+c}, the following inequality holds

¢'(f(p) = f(p))d(0,9f(p)) = 1,

and we call that f satisfies KLP.

Lemma 1 ([35]). Suppose that the matrix B € R"*P is a non-zero matrix, and let up denote the smallest
positive eigenvalue of the matrix BBT. Then for each u € RP, the following holds:

1
PArull < —||Bull.
(| Por ||_VBH |

Lemma 2 ([36]). Assume B(x,y) = f(x) + g(y), where f : R" — RU {400} and g : R" — RU {+o0}
are both proper lower semicontinuous functions. Then, for any (x,y) € dom B = dom f x dom g, we can
obtain

9B(x,y) = oxf(x,y) x dyg(x,y).

Lemma 3 ([37]). (Uniformized KLP) Let ) be a compact set and Q, be the same as in Definition 5. If
a proper lower semicontinuous function f : R" — R U {+oo} is fixed at a point in Q) and satisfies the
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KLP at every point on ), and there exist ¢ > 0, ¢ > 0, and ¢ € Qg such that for any £ € Q) and
xe{x eR":d(x,Q) <o} N[f(X) < f(x) < f(R) + g], then the following inequality is satisfied:

¢'(f(x) = f(£))d(0,0f (x)) = 1.

Lemma 4 ([38]). If the function ¢ : R" — R is continuously differentiable, and V¢ is Lipschitz continuous
with constant L > 0, then for any x,y € R", the following result holds:

le(y) —e(x) = (Ve(x),y —x)| < élly — x|

3. Algorithm and Convergence Analysis

In this section, we first present the definition of the augmented Lagrangian function associated
with problem (4) as follows:

Le(x,y,A) = f(x) +8(y) + (A, Ax +y — b) + 5| Ax +y — b|2, (5)

where A denotes the augmented Lagrange multiplier, and 8 > 0 is a penalty parameter. Following this,
we propose the NIP-ADMM for solving the problem (4), the proposed algorithm is outlined below:

Remark 1. (i) In NIP-ADMM, the inertial parameters yj and 6 are both in (0,1], and S is a positive semi-
definite matrix.

(ii)  The update scheme for the y-subproblem adopts the gradient descent method, where VL is the gradient of
the function L with respect to y, and <y is called the learning rate.

(iii) The inertial structure we adopted employs a structurally balanced acceleration strategy. This update
strategy is mathematically symmetric, with the only distinction being the values of the parameters 1 and 6.

According to Algorithm 1, the optimality conditions for NIP-ADMM are obtained as

{ 0 € Af (x+1) — ATAK 4 BAT(AxK1 4 gk — b) + S(xkH1 — =), ©
6

0= Vg(y*) + A"+ pAX T +yf = b) — 2(y*H1 —y").

Before concluding this section, we present the following fundamental assumptions, which are
essential for the convergence analysis.

Algorithm 1 NIP-ADMM

Initialization: Input x', 3!, and A!, let #° = x!, and #° = y!. Given constants 77,6, , B. Setk = 1.
While "not converge" Do

1° Compute (75, 7*) = (K, %) + 0(xF — 251,0) + (0, y* — 7).

2° Execute arg min{Lg(x, 7*, A¥) + 3 ||x — 2|2 to determine x*1.

3° Calculate y* 1 = y* — V7, Lg(x*F1, yk, AF) .

4° Update dual variable AF*1 = A% 4 B(Axk+T 4 yk+1 ).

5° Letk =k+1.

End While

Output: output (x*+1, 1, AF+1) of the problem (4).

Assumption 1. (i) f : R™ — R U {400} is a proper lower semicontinuous function. g : R”> — R is
continuously differentiable, and Vg is Lipschitz continuous with a Lipschitz constant [, > 0.

(ii) Sisa positive semidefinite matrix.
(iii) For convenience, we introduce the following symbols:

= (xyA), =00, =@y A, &= % -B

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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i kel ke 1 L+p 28% 20E+L)?
B5 = (b, g, A, 2, o1 h1y) UO:E_TIB_%_ (éﬂ ) ’
(@) = £+ EE ot - e Lyt 4
(iv) To analyze the monotonicity of {L 5(5" )}, weset oy > 0.
Lemma 5. If Assumption 1 holds, for any k > 1, then
ﬁﬁ(xkﬂ,yk*l,)\k*l, Tk Ry ﬁﬁ(xk, Y, Ak, gkl gk ey
< Lo # 1 g — R ?
where 17 € (0,1] is the inertial parameter in Algorithm 1.
Proof. According to the definition of the Lagrangian function, one gets
ng(ka,ka,)LkH) _ Lﬁ(ka,ka,Ak)
(AR K, Apktl 4 gkt py %H/\k-s-l U ®)
and we also can know that
L (xFHL, yF+1 ARy Lo(xkH1, ARy
= () g() — W5y — )+ Bl
~Bad gy ©)
It follows from (6), (9) and Lemma 4 that
gy ) —g(y) = (A o)
< (V)P =)+ S I — I = (- )
= W (= B =y =) S I R - 0 =)
= (5 + B DI =y P+ (= a5y,
and we get
g”Aka k2 — gHAkarl +yf— b2
_ gHAka 2 - gH(Aka B 4 (o — )2
_ gHAka FyR )2 - g(”Aka Fy )2 4y — R
F(B(AXKHL 4 yf T ) kR
_ —§||3/k Y L U S e
Combining the above two formulas, one can declare
L, P, 4) — Ly 4 < (1P - %)Ily"“ AN (10)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since x**1 is the optimal solution to the subproblem with respect to x, one knows that
L™,y A8) — Lp(eh, g AF) < 2 = 24— 2k — 213
< Lt A g Lo e an
Noticing Algorithm 1 and (6) , one can see
(f —BIY =y = V() — A
Thus, it is natural to derive the following process:
V= AR = V() — Vs + (5 = )6 =) = (5~ B =y P
2Lt o= BRI~y 2 - BRI IR 12
Combining (8) and Equations (10)—-(12), one can draw the following conclusions:
La(xtH1, 1 AR+ 4 (C; )2 I/ — IR + ||xk+1 2
< Lyttt 2ty + EELE - pongzs Lyt
Lo ko gy — 2 (13
> s —oolly v
where ¢ = % —Band oy = % — inﬁ - % - W, and we obtain the desired conclusion. [

According to Assumption 1 with 0y > 0 and 7 € (0, 1], the monotonic non-increasing property of
the sequence {L5(¥)} is guaranteed.

Lemma 6. If the sequence ¥ := {x¥,y*, Ak} generated by the algorithm is bounded, then we have
I = 281 < oo

Proof. Since {Z*} is bounded, it is evident that {* is also bounded. Moreover, there exists an accumu-
lation point, let us assume it to be {*, and there exists a subsequence {( ;‘} of {Z¥} such that

lim inf Lﬁ(é ) > 5(5*), (14)

]—>oo

which implies that { ﬁﬁ(gkf )} is bounded from below. From Lemma 5 and the condition k > 2, it
follows that

: k1 k2, e 10 e e
Y oolly™ =yt P+ ) I =2
k=2 k=2

< 15(8) - Lp(0") (15)
Givenop > 0,60 € [0,1), and S is a positive semi-definite matrix, it is evident that one can derive
that
. k+1 k2 =107 0 a2
Yo oolly T =y ? <o, Y] [ — 2|7 < o0, (16)
k=0 k=0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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By the inertial relationship, the following conclusion can be obtained:
||xk+1 _ kaZ _ ||xk+l _ Xk _|_fk _ xk||2
— ka-i—l _ jk _|_9(xk _ J?k—l)”Z
< 2||xk+l _ JZkHZ —|—26||xk _ fkfl”Z/
Iyt = yHI2 = Ny = 7 -y
-k k _ k—
=y =g+ =7
<2y =g+ 2yt - g (17)

Combining (12), (16), and (17), we have

n n n
Z ka+1 . xk||2 < oo, Z ||yk+1 _kaZ < oo, Z ||Ak+1 o Ak||2,
k=0 k=0 k=0

thus, we have ||ZF1 — ¥[|2 < +oo. O

Now we give subsequential convergence analysis of NIP-ADMM.

Theorem 1. (Subsequential Convergence) The sequence {{*} generated by NIP-ADMM is bounded, and
assume S and S are the sets of cluster points of {{*} and {*}, respectively. Under the assumptions and the
conditions of Lemma 5, we have the following conclusion:

(i) M and M are two non-empty compact sets. As k — 0, it follows that d({¥, M) — 0 and d(C¥, M) — 0.
(i) {*eM < *c M.

(ii)) M C critLg.

iv) Th Lg(g* d Lg({*) = inf Lg(F) = lim Lg(EF).

(iv) The sequence {Lg(L")} converges, and Lg(L*) inf (L") Jim (L")

Proof. (i) Based on the definitions of M and M, the conclusion can be satisfied.
(i) Combining Lemma 5 with the definitions of {* and {*, we obtain the desired conclusion.
(iii) Let{ € M, then we obtain that a subsequence {%1} of {¢¥} can converge to {*. By combining

Lemma 5, as k — +o0, one has ||Z¥*! — ¢¥|| = 0, which implies lim % = Z*. On one hand,
j—+oo
noting that x**1 is the optimal solution to the x-subproblem, we have
f(xk+1) _ <)Lk,Axk+1> ﬁHAkarl b||2 ” k+1 —kH%
<) = (0 Ax) + Bllaw 4 7 — bl + Zler - . 9
From Lemma 6, we know that lim ||x**! — %¥|| = 0, and combining this with lim % =
k— o0 kj—+oo

lim 5! = 7*, we conclude that the equahty lim sup f(x xi 1) < f(x*) holds. On the other
—+o00

kj—+oo kj
hand, since f(-) is a lower semi-continuous function, we deduce that . lim f(x571) > f(x*), so
]‘—>+00
one gets
lim f() = f(x). (19)

kj—+o0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Moreover, given the closedness of df and the continuity of Vg, along with k = k; — +o0 and the
optimality condition of NIP-ADMM (6), we assert that

ATA* € oaf (%),
BIA* = Vg(y*),
Ax*+By* =D,

and {* € critLg as established in Definition 4.
(v) Let {* € M, and assume that there exists a subsequence {%} of {¢¥} that converges to {*.
Combining the relations (14), (19), and the continuity of g, we have

~

lim L,B(é ) Lﬁ(g*)

kj— oo

Considering that L(*) is monotonically non-increasing, it follows that L({¥) is convergent.
Consequently, for any {* € §, the relationship can be established as

ﬁ/g(é*) = 1nf Lﬁ(C ) = hm Lﬁ(gk) O

Based on the definition of the augmented Lagrangian function and the semidefiniteness of the
matrix S, the following can be defined with { k — (xk, yk, Ak ):

:AT()ka)Lk+1)+,8(yk+1fyk)+5(xkka+l),
5t = Vs(y' ) = V() + (A = A + BT — o)

1 2(e +L)?
+ *(]/k _yk+1) + ( ) (yk+1

ok
b B ¥,

€§+1 _ _(Akarl +yk+1 N b),

€§+1 _ S(ka _ xk),

ekl = gkt xk),
2(e+L)3

elg+1 _ 5 (1 — ).

Then, the following result can be obtained.

Lemma 7. Let (ef™, 5™, 5™t ekl ekt ekt be contained in 9Ly (C¥+Y). Then, there exists y > 0 and
k > 1 such that

d(0,0Lg(Z)) < (Il =yl + 15T = =)+ ly* =y Y - 7).
Proof. By the definition of ﬁﬁ(-) and (k= (xk, yk, Ak gk k=1 yk_l), we can derive that
axtﬁ(§k+1) :af(xk-‘rl) o AT)Lk+1 + ‘B(Axk"'l o yk-i-l . b),
. 2(e + L)?
ByLa(TFH) =Vg(y 1) — A1 4 p(AdtT — g _p) 4 u(yk+l — ),

B
aAtﬁ(gk-‘rl) — _ (Axk-‘rl +yk+1 o b), aftﬁ(€k+1) _ S(fk+1 . xk)[

deLp () = — S — 2, ayLg(dtt!) = —W(y"“ — ).
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Combining the above expression with the optimality conditions of NIP-ADMM (6), which means

611<+1 :AT(Ak _ Ak+1) + ‘B(yk-i-l _ ]?k) + S(}Zk _ xk'H),
1 =V ) = Vglh) + (F = A 4+ B ) + o - )
+ 2(8?)2(%” — "), (20)
€I3<+1 — (A g g, elfrl = §(FFH1 — 1K),
e = g(ght k), ekt = 2(e '; L)? (T — o).

It is easy to see from Lemma 2 that (671(+1,€]2(+1,€§+1,€Z+1,€]5(+1,€]g+1) € Bi}g(ékﬂ). Moreover,
since g(-) has a Lipschitz continuous gradient with respect to L, we get

Vg™ — VeIl < LIyF™ — ¥,

therefore, according to (20), there exists a positive real number 1p; such that

H (el1c+1r€12(+1r€§+1/€Z+1/€]5(+1/€Z+1) H <y (”/\k-&-l . /\k” + ||yk+1 . ng

=y ).
Furthermore, combining this with (12), we know that there exists ) > 0 and k > 1 such that:
IS = AR < (" = M+ Iy =y,
thus, by selecting i = max{¢y, ¢»} and k > 1, we can further conclude that

0L < (e ek, e e, k)|

S R VAR A B VAl
this concludes the proof. O

Theorem 2. (Global convergence) Suppose the sequence {{*} generated by NIP-ADMM is bounded, and the
assumptions hold. If Iiﬁ is a KL function, then

e R
Moreover, the sequence {{*} converges to a critical point of Lg.

Proof. From Theorem 1, we know that klim ﬁ/g((fk ) = i/g(é*). For any (* € M, the proof process needs
—» 00
to consider the following two cases:

(i) For any kg > 1 and given that ﬁﬁ(é (ko)) = ﬁﬂ(é*), it follows from Lemma 1 and Lemma 5 that
there exists a constant K > 0 such that

K([l* = 212 4 [ly™ " = yF1?) < Lp(Z*) - Le(@) < Ly(E) — Lo ().

It is clear that K = min{ao, #
%F=1| < +c0. Combining (12) and (17), it follows that [|xf*1 — x¥|| < 4-c0 and ||AFF1 — AK|| < +co.
Finally, for any k > ko, we conclude that ||¥*1 — Z¥|| < 400, and the result holds.

/\min<s) } As a result, we have ||ykJrl — yk|| < 400 and ||xk _
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(ii) Assume that for any k > 0, the inequality ng(ék ) > Lﬁ(é*) holds. Since
Jim d(E% ) =0,
it follows that for any €1 > 0, there exists k1 > 0 such that for all k > k;, we have:
d(Z, M) < ey

Moreover, noting that

Jim Le(Z¥) = Lp("),
it implies that for any € > 0, there exists k, > 0 such that for all k > k5, the inequality holds:

Lg({*) < Lg(Z*) + €2
Hence, given €1 and €3, when k = max{ky, k» }, we have

4@ M) < e, Lp(l) < Lp(h) < Lp() + e

And, based on Lemma 3, the following holds for all k > k, it can be deduced that
¢ (Lp(@") = 1p(8"))d(0,0L(C")) = 1.
Furthermore, using the concavity of ¢, we derive the following;:
P(Lp(8*) = Lp(Z")) — @(Lp({*) — Lp(5*)) = ¢/ (L(E*) — Lg(Z))
x (Lp(@) = Lp(EM).

Noting the fact that ¢’ (tlg (wh) — L B (w*)) > 0, together with the conclusion obtained in Lemma
7, we can infer that

(Lp(Z*) — Lp(8*)) — @(Lp(Z*) — Lp(Z)
¢'(Lg(Z¥) — Lp(5*))
< i) k1, Tk+1) (21)

Lo(t) — Ly < £

where I, i x 1] represents q)(Lﬁ(ék) - Lﬁ(é*)) - (p(L/g(ékH) - Lﬂ(é*)), and Tji ;4q] represents
[y Y — k|| 4 [k — &5+ (ly* — v+ [y — 7¥]|. Combining Lemma 5, we can rewrite
(21) as follows

Pl — 22+ Iy = 71 < T e i@ Ty (22)

where (22) can be equivalently expressed as

21[] 1 1
k wk— k ik
V2l = 2R 2t g < 2 T

By applying the Cauchy-Schwarz inequality and multiplying both sides by 6, we obtain

ke 2\ 2 29 1
oI = £+ 141 = 17) " <\ [2ET

N—

@l I+ 1K)
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Then, by further applying the fundamental inequality, we can deduce that

N—=

1 1
(I = 1 g ) <2mdy

[kk+1] 7

@], [k+1,k]

18
STirs1) + Twn[(p],[k+l,k}

=y =yl = 2+ -y
+ Iy =7+ 1Z¢H[<p],[k+1,k}
2y — 7+ 20l = 7+ [ -
+y =72+ Tn[go],[kJrl,k]' (23)

Next, summing up (23) from k = p + 1 to k = z and rearranging the terms, one gets

Z zZ
5 % I =N X I - g <8l gl P -

k=p+3 k=p+3
+ [P — 2P| =3y - 7
_ ||yz+2 _ }72+1H _ ||xz+1 _ XZ-HH
18y

=5 Higllp1z41)

Furthermore, as 0 < (p(L,g(ék) —L ﬁ(é*)) and m approaches positive infinity, we can conclude that

—+o0
Yo Gl = = 7)) < o,
k=p+1
which implies
—+o00 —+o0
Yo lF =2 < oo, Yl = 7 < o,
k=0 k=0

Based on the relationship between (12) and (17), we can assert that

+o0 +o00 +o0
Z ||xk — xk*1|| < +oo, Z ||yk —yk*1|| < +oo, Z ||)\k — )\k*1|| < —+oo.
k=0 k=0 k=0

This demonstrates that {¢¥} forms a Cauchy sequence, which ensures its convergence. By
applying Theorem 1, it follows that {Z¥} converges to a critical point of L B
O

4. Numerical Simulations

In this section, we demonstrate the application of NIP-ADMM in signal recovery and SCAD
penalty problems. To verify the effectiveness of the algorithm, we compare it with Bregman modifi-
cation of ADMM (BADMM) proposed by Wang et al. [23] and inertial proximal ADMM (IPADMM)
proposed by Pi et al. [32]. All codes were implemented in MATLAB 2024b and executed on a Windows
11 system equipped with an AMD Ryzen R9-9900X CPU.
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4.1. Signal Recovery

In this subsection on signal recovery, we consider the previously mentioned model (2).
1
min cf x| + = ||y
Iy + 5 Il 4)
st. Ax—y =09,
1

where [|x[|7 = YL, |xi|%, and A € R™", b € R", y € R", x € R". To evaluate the effectiveness

2
of NIP-ADMM, we compare it with BADMM [23] and IPADMM [32]. We construct the following
framework to solve problem (24). We set S = ¢y — BA " A, where I denotes the identity matrix.

(2, 7°) = (5, vF
( ( AT,\k+[3AT(]7k+b)+(301_ﬁATA)xk),2c>,

&)
Y =y =y A= (AT = b)),
Ak+1 /\k + ﬁ(Axk+1 ykJrl _ b)

) +0(xF —71,0) +7(0,yF — 7,

Here, H(-, -) represents the half-shrinkage operator proposed by Xu et al. [39], which is defined as

H(x,e) = {he(x1), he(x2), - - ,he(xn)}T,

where the function h,(x;) fori =1,2,- - - ,n is defined by

3
he(x;) = le <1+cos (narccos(g(’g)_z)>), |x;| > We%,

0, otherwise.

In this setup, the entries of matrix A are drawn from a standard normal distribution, with each
column adjusted for normalization. The starting vector x is initialized as a sparse vector, containing
at least 100 non-zero components. The values ¥, 7, x%, A" are set initially to zero. To simulate the
observation vector with added noise, we generate b using b = Ax + v, wherev ~ N (0, 10731 ). For
the regularization parameter c, we compute

c=0.1]|ATh| .

Based on Assumption 1, the parameters are chosen as f = 3 and ¢y = 10. The error trend is
depicted as log,o([|x¥ —x*||) and log;q(||y* — y*||). At the (k + 1)-th iteration, the primal residual is
expressed as r*+1 = Axk+1 4 k41 _p while the Dual residual is represented as s*1 = BAT (x*+1 — xK).
Termination occurs when both conditions are met: ||7**1|, < /7 x 107* +1073. max(||Axk ll2, ||yk||2)

and [|s*1|, < /1 x 107* + 1073 - || ATA¥||5. During the experiments, to satisfy Assumption 1, we set
v = 0.3. Table 1 shows that when m = n = 1000, selecting the inertial parameter values 8 = 0.8 and
n = 0.75 produces satisfactory results. Therefore, in subsequent experiments, we also adopt 6 = 0.8
and # = 0.75. The metrics include the number of iterations (Iter), CPU running time (CPUT) and the
objective function value (Obj). To better present the experimental results, we retain two decimal places
for Obj and four decimal places for CPUT.

The numerical results consistently demonstrate the superior performance of NIP-ADMM com-
pared to BADMM and IPADMM (see Table 2): for m = n = 1000 , NIP-ADMM shows faster conver-
gence in terms of both objective value and error reduction (see Figure 1); for m = 3000 and n = 4000,
the inclusion of the inertial term further highlights its effectiveness (see Figure 2); and for larger-scale
models with m = n = 6000, it is proven that NIP~-ADMM is more suitable than BADMM and IPADMM
for handling large-scale problems (see Figure 3).
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Figure 1. Comparison of convergence when m = 1000 and # = 1000: (a) The objective value when m = 1000 and
1 = 1000. (b) log ||x* — x*|| and log ||y¥ — y*|| under m = n = 1000.
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Figure 2. Comparison of convergence when m = 3000 and n = 3000: (a) The objective value when m = 3000 and
1 = 3000. (b) log ||x* — x*|| and log ||y¥ — y*|| under m = n = 3000.
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Figure 3. Comparison of convergence when m = 6000 and n = 6000: (a) The objective value when m = 6000 and

1 = 6000. (b) log ||x* — x*|| and log ||y — y*|| under m = n = 6000.
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Table 1. This is a table caption. Tables should be placed in the main text near to the first time they are cited.

0 1 Iter CPUT(s) 0 1 Iter CPUT(s)
0.2 0.2 75 2.2392 0.6 0.7 54 1.6014
0.3 0.2 78 2.3039 0.8 0.8 49 1.4583
0.3 0.3 69 1.9476 0.8 0.75 49 1.4309
0.5 0.5 60 1.7622 0.85 0.85 56 1.6445
0.6 0.6 56 1.6516 0.9 0.9 84 24614

Table 2. Comparison of iteration effect between NIP-ADMM, IPADMM and BADMM.

m n NIP-ADMM IPADMM BADMM
Iter CPUT(s) Obj Iter CPUT(s) Obj Iter CPUT(s) Obj

1000 1000 49 1.2698 19.36 78 2.1407 18.46 90 23407 20.14
1500 2000 44 49152  23.17 72 8.4978 2212 76 8.5387  23.69
3000 3000 40 15.0464 21.02 57 22.3823  20.56 73 274115 21.18
3000 4000 55 34.0601 23.21 98 62.8206 23.11 76 48.3825 23.22
4000 5000 36 40.6110 24.02 53 61.7431 23.09 65 744521 24.03
4500 5500 40 61.7638 24.05 45 71.7627 23.79 67 102.6028 24.06
6000 6000 40 88.7702 24.99 48 108.3045 24.56 63 135.8133 25.00

4.2. SCAD Penalty Problem

We note that the smoothly clipped absolute deviation (SCAD) penalty problem in statistics can be
formulated as the following model [14,31]:

n
1
min Y I (|xi]) + 5 |yl?
;1 ) (25)

st. Ax —y =,

with A € R™*" b e R™, y € R", x € R" and the penalty function % (-) in the objective is defined as:

KG, Y S K,
he(8) = | =52, k<O <ex (26)
%, 0 > cx,

where ¢ > 2and x > 0, being the knots of the quadratic spline function. In the reference signal recovery
subsection, we similarly set (x) = 3 ||x[|% and ¢(y) = 0, where S = uI — BAT A. For the problem (25),
the x-subproblem can be expressed as

A = argmin{ T gu(lxil) — (75 Ax) + §llAx = = b + Hlx — 22, 41,
2
ﬁAT(y‘k+b+%—Afk) }

X
K

= argmin{Z?_1 ge(|xil) + 5

On the one hand, the x-subproblem can be equivalently formulated as:
) 1 ”

min ¢ ) ge(lxil) + 5 llx —ql* -

=1

xeR" i
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On the other hand, under the condition that 1 + v < ¢, we can update x using the following rule
[31]:
sign(q;)(|qi| —xv)+, l7:;] < (1+v)x,
. (c —1)g; — sign(q;)xv
c—1—v
Gis 1qi] > cx,

, (T+v)x < |gi] <cx,

where (-) represents the positive part operator, which is defined as (x); = max(0, x), applying
NIP-ADMM to solve the problem (25), one yields that

—AT)Lk-l-‘BAT(]7k+b)+‘u0fk—ATAfk ||2}
]/l 7

Mot

= argmin{ ¥ gu(|i]) + §x -
Y=y — (- AT = pAXH —yF b)),
)Lk+1 _ )\k _ ﬁ(Aka 7yk+1 _ b)

Similarly, the update scheme of BADMM can be represented by the following procedure:

) B
pan’ :argmm{Z?_lgxﬂxiD"'ZHX_ u

Yl = ﬁ(ﬁ(“‘xkﬂ —b) _Ak),
A+L — 2k _ ‘B(Akarl _ yk+1 _ b)

k
AT(yk+b+%—Axk)+ﬂxk ”2 }

Utilize the IPADMM to address model (25) and derive the following iterative scheme:

(fk,y_k, )‘\k) _ (xk,yk, Ak) + 9(xk _ xkil,yk _ ykfll)\k _ Akfl)”

xk+1

— AT BAT (F*+b) +pox*—AT Az ||2}

= argmin{ ¥ gu(|i]) + §x - -

Ak+1 _ )_tk _ 'B(Akarl _ ]7k _ b),
yk+1 — ]/k _ ,),(yk _ )\k+1 _ ﬁ(Akarl _ yk _ b))

In this experiment, we generate a random m X n matrix A, and perform row and column normal-
ization. Here, we choose to generate a vector z of dimension n with a sparsity ratio of 1,%0. The vector
b is represented as the sum of Az and a Gaussian noise vector with zero mean and variance 0.001.
The initial variables x¢ and y( are set as zero vectors, serving as the starting point for optimization.
To improve numerical efficiency, in this experiment, we set ¢ = 5 and x = 0.1. Under the condition
that Assumption 1 is satisfied, we configure v = 0.1, = 12, and p = 100 for NIP-ADMM and other
algorithms. The stopping criterion for the updates is set as

max{ |41 — ]|, <1 =)} < 1072

In Table 3, we set m = n = 1000. The results in the table support our choice of the inertial
parameters 7 = 0.9 and 6 = 0.9. Under these conditions, the NIP-ADMM requires the fewest iterations
and the least running time. Therefore, we selected the inertial parameters 7 = 0.9 and 6 = 0.9 for the
experiments.

To further investigate the convergence behavior of the algorithms, we plot the update curves
of the objective function (left figure) and the iteration error (right figure) against the number of
iterations for each algorithm under three different dimensions (see Figures 4-6). The numerical results
demonstrate that NIP-ADMM achieves nearly the same performance as IPADMM and BADMM but
with significantly fewer iterations.

In Table 4, we present the test results of NIP~ADMM, BADMM and IPADMM under different
dimensions. Although there are slight discrepancies in the Obj values between the two methods, by
focusing on the metrics of Iter and CPUT, it is evident that NIP-ADMM demonstrates a significant
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advantage over BADMM and IPADMM. This advantage becomes even more pronounced in higher-

dimensional scenarios.
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Figure 4. Comparison of convergence when m = 1000 and # = 1000: (a) The objective value when m = 1000 and
= 1000. (b) log ||x* — x*|| and log ||y — y*|| under m = n = 1000.
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Figure 5. Comparison of convergence when m
n = 1500. (b) log ||x* — x*|| and log ||y* — y*|| under m = n = 1500.
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Figure 6. Comparison of convergence when m = 1000 and n = 1000: (a) The objective value when m = 3000 and

1 = 3000. (b) log ||x* — x*|| and log ||y* — y*|| under m = n = 3000.
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Table 3. Numerical results of NIP-ADMM with different 6, .

0 1 Iter CPUT(s) 0 1 Iter CPUT(s)
0.2 0.2 196 2.0092 0.6 0.7 149 1.5017
0.3 0.2 187 1.9122 0.8 0.7 134 1.3693
0.3 0.3 181 1.8690 0.8 09 133 1.3503
0.4 0.5 170 1.7650 0.9 0.8 127 1.3467
0.5 0.5 159 1.6438 0.9 0.9 126 1.3100

Table 4. Comparison of iteration effect between NIP-ADMM, IPADMM and BADMM.

m n NIP-ADMM IPADMM BADMM
Iter CPUT(s) Obj Iter CPUT(s) Obj Iter CPUT(s) Obj

1000 1000 121 1.3366 1091 213 23065 10.55 182 19632 10.55
1000 1300 115 1.9246 1296 211 35724 1248 174 29611 13.13
1500 1000 130 1.9270 892 228 3.2943  8.59 172 24709 749

1500 1300 140 3.0474 13.38 259 57832 1290 215 47147  11.88
1500 1500 125 3.6104 13.43 230 6.6865 12.81 196 54584 12.71
1800 1500 146 4.6432 13.47 257 8.0396 12.94 209 6.1925 11.83
1800 2000 115 5.8341 15.00 210 10.7513  14.29 182 9.1033  14.69
2500 2000 142 8.9043  14.95 250 15.6397 14.29 201 12.2370 13.07
2900 2700 134 15.3647 17.70 245 284289 16.71 203 229945 16.50
3000 3000 125 17.1686 17.20 217 341575 16.34 188 25.0864 17.22
3500 3000 128 20.2808 16.87 234 371725 15.84 194  30.6876 1594
3500 3500 123 24.5455 19.80 223 444163 18.69 200 39.2771 1943

5. Conclusion

The Purpose of this is to propose a novel symmetrical inertial ADMM with proximal term
for solving nonconvex two-block optimization problems. Under certain conditions, if the objective
function satisfies Kurdyka-Lojasiewicz property, the sequence generated by the algorithm globally
converges to a stationary point. In numerical experiments, we apply the algorithm to signal recovery
and SCAD penalty problems, and its superiority is validated. Notably, by continuously adjusting
the inertial parameters, we identify a set of parameters that enhances the convergence speed of the
algorithm.

Furthermore, we believe that future work could explore whether the convergence of the algorithm
can be guaranteed when the objective function is non-separable. Additionally, it would be worthwhile
to investigate whether introducing inertial terms into the y-subproblem and the multiplier A could
further accelerate the convergence speed of the algorithm.
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