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Abstract: The statistical mechanics of structured particles with arbitrary size and shape adsorbed on
discrete lattices presents a longstanding theoretical challenge, mainly due to complex spatial correla-
tions and entropic effects that emerge at finite densities. Even for simplified systems like hard-core
linear k-mers, exact solutions remain limited to low-dimensional or highly constrained cases. In this
review, we present a comprehensive analysis of theoretical approaches developed to describe adsorp-
tion phenomena involving structured particles (also known as multisite-occupancy adsorption) on
regular lattices. We examine classical models including the Flory-Huggins and Guggenheim-DiMarzio
theories, modern extensions such as an extension to two dimensions of the exact thermodynamic func-
tions obtained in one dimension, the Fractional Statistical Theory of Adsorption based on Haldane’s
fractional statistics, and the so-called Occupation Balance based on the expansion of the reciprocal
of the fugacity, and hybrid approaches like the Semiempirical model obtained by combining exact
one-dimensional calculations and Guggenheim-DiMarzio approach. For interacting systems, statisti-
cal thermodynamics is explored within generalized Bragg-Williams and quasi-chemical frameworks.
Particular focus is given to the recently proposed Multiple Exclusion statistics, which capture the
correlated exclusion effects inherent to non-monomeric particles. Applications to monolayer and
multilayer adsorption are analyzed, with relevance to hydrocarbon separation technologies. Finally,
computational strategies, including advanced Monte Carlo techniques, are reviewed in the context
of high-density regimes. This work provides a unified framework for understanding entropic and
cooperative effects in lattice-adsorbed polyatomic systems and highlights promising directions for
future theoretical and computational research.

Keywords: multisite-occupancy adsorption; lattice-gas models; statistical thermodynamics

1. Introduction

Understanding the statistical mechanics of structured particles with arbitrary size and shape in
external fields remains a major theoretical challenge, largely due to the complex entropic contributions
arising from particle configurations at finite densities. Even for simplified models, such as linear
particles with hard-core interactions on regular lattices, the problem is analytically intractable. This
difficulty stems from spatial correlations among allowed particle configurations, which complicate
the calculation of thermodynamic potentials. These correlations underlie various emergent collective
behaviors, including nematic ordering in systems of linear k-mers [1], and entropy-driven competition
in multicomponent mixtures. Exact solutions have been found only in a few special cases, such as
dimers on square lattices [2] and hexagons on regular lattices [3].

In continuum systems, this problem has been extensively studied. In three-dimensional colloidal
suspensions, Onsager famously demonstrated that elongated molecules undergo a phase transition
from an isotropic to a nematic phase [1]. In two dimensions, although continuous rotational symmetry
cannot be spontaneously broken, a Kosterlitz-Thouless transition occurs, characterized by a power-law
decay in orientational correlations [4,5].
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In contrast, the case of hard-core particles on lattices is less well understood. Early work by
Flory [6] and Huggins [7] initiated the study of rigid rods, or k-mers, modeled as linear arrangements
of k identical units occupying contiguous lattice sites. These rods interact solely through hard-core
exclusion, meaning that no site may be occupied by more than one unit.

The Flory-Huggins (FH) theory, developed independently by Flory [6] and Huggins [7], general-
izes the theory of binary liquid mixtures or dilute polymer solutions on lattices. In the lattice-gas frame-
work, the adsorption of k-mers on homogeneous surfaces is formally analogous to polymer—solvent
binary solutions.

Extensive efforts have been made to assess FH theory against experimental results, the theory
being completely satisfactory in a qualitative, or semi-quantitative way. There is no doubt that this
simple theory contains the essential features which distinguish high polymer solutions from ordinary
solutions of small molecules. Modified forms of the FH approximation have been also proposed. A
comprehensive discussion on this subject is included in the book by Des Cloizeaux and Jannink [8].

The FH statistics, given for the packing of molecules of arbitrary shape but isotropic distribution,
provides a natural foundation onto which the effect of the orientation of the ad-molecules can be
added. Following this line of thought, DiMarzio [9] developed an approximate method of counting
the number of ways, (), to pack together linear polymer molecules of arbitrary shape and of arbitrary
orientations. Accordingly, () was evaluated as a function of the number of molecules in each permitted
direction. These permitted directions can be continuous so that () is derived as a function of the
continuous function f(r) which gives the density of rods lying in the solid angle Ar, or the permitted
directions can be discrete so that (2 is the the number of ways to pack molecules onto a lattice. Based
on the detailed knowledge of the orientations of the molecules, the various types (nematic, smetic, and
cholestic) of liquid crystals were argued for and the reasons for their existence were ascertained. In the
case of allowing only those orientations for which the molecules fit exactly onto the lattice is that for
the case of an isotropic distribution the value of () reduces to the earlier result by Guggenheim [10],
now known as the Guggenheim-DiMarzio (GD) approximation.

In the 2000s, two novel approaches were proposed for describing multisite adsorption. The
first, developed by Ramirez-Pastor et al. [11], introduced the Extension Ansatz (EA) model for linear
adsorbates on homogeneous surfaces, based on exact one-dimensional thermodynamic expressions and
their generalization to higher dimensions. The second, the Fractional Statistical Theory of Adsorption
(FSTA) [12,13], incorporates the internal configuration of the adsorbed molecule as a model parameter.
FSTA generalizes Haldane’s fractional exclusion statistics [14,15], originally developed for quantum
systems, to describe classical polyatomic adsorption at gas—solid interfaces.

Comparisons with simulation data [11] have shown that the GD approximation agrees well at
low surface coverage, while the EA model performs better at high coverage. These insights led to
the development of the Semiempirical (SE) Model for Polyatomic Adsorption [11,16], a hybrid model
combining exact 1D results with GD approximations, weighted appropriately.

More recently, the Multiple Exclusion (ME) statistics framework was introduced to describe
classical systems in which particles access spatially correlated states [17,18]. ME statistics accounts for
situations in which multiple particles simultaneously exclude access to a common state, an intrinsic
feature of non-monomeric particles on a lattice. The uncorrelated limit of ME statistics recovers both
the Haldane-Wu and FSTA formalisms. This approach was further extended in Ref. [19] to mixtures
of particles with arbitrary shapes and sizes, allowing for analytical expressions of thermodynamic
quantities in terms of coverage and species densities.

Despite the number of studies dealing with the adsorption of polyatomics on discrete lattices,
there are many aspects which are still outstanding. While the problem can be easily and precisely
defined, exact solutions for adsorbed correlated particles, such as k-mers, have historically proved
elusive, with results being limited to one-dimensional substrates [20] and a few shapes in dimensions
greater than one. The classic example of such a model is the lattice-gas of dimers (k = 2) [2,21-28]. A
review on the entropy of fully packed dimers on planar lattices may be found in Ref. [29].
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The inherent complexity of the k-mer problem is further increased when attempting to obtain
approximate solutions for the thermodynamic functions of systems that, in addition to allowing
multiple site occupancy, also involve lateral interactions among adsorbed molecules and/or surface
heterogeneity. In this context, simple solvable models of adsorption on homogeneous surfaces serve
as valuable foundations for developing alternative approaches to more complex cases involving
interacting adsorbates [30,31] and heterogeneous surfaces [32-37].

In this work, we present a comprehensive overview of foundational and recent theoretical devel-
opments in the modeling of structured particle adsorption on regular lattices (commonly referred to as
multisite occupancy adsorption). We focus on how particle geometry and size affect the configurational
entropy of the adsorbed layer, an aspect that has rarely been systematically treated in thermodynamic
models. Understanding entropic effects in polyatomic systems is particularly relevant for applications
such as alkane and hydrocarbon adsorption, which are key to petrochemical separation technologies.

The paper is structured as follows: Section 2 examines the thermodynamics of one-dimensional
lattice gases composed of interacting and non-interacting linear particles, covering both single-species
and mixture adsorption, including monolayer and multilayer regimes. Section 3 presents theoretical
approximations for non-interacting polyatomic species in two dimensions, including the FH and
GD models, the EA extension of one-dimensional results, the FSTA framework based on fractional
statistics, the Occupation Balance (OB) approximation, and the SE model. Adsorption of single and
multicomponent species is discussed in both monolayer and multilayer contexts. Section 4 explores
two-dimensional lattice gases of interacting structured species via mean-field and quasi-chemical
approaches. Intermolecular interactions give rise to possible phase transitions. Section 5 introduces
the ME statistics framework for classical lattice gases of arbitrarily shaped particles, generalizing the
formalism of multiple exclusion statistics presented in Ref. [18]. Section 6 extends ME statistics to
multicomponent systems, analytically describing the exclusion spectra in terms of lattice coverage
and species densities. This appears as a suitable framework to address complex lattice gases mixtures
where spatial state correlations are significant to understand their phase behavior. Section 7 discusses
applications of the main theoretical models developed in this review, comparing model predictions
with Monte Carlo simulations and experimental data. Section 8 focuses on computational methods.
The statistics of polyatomics is also a very demanding problem from a computational point of view.
Whereas for monomer particles (k = 1) the thermal equilibrium is quickly reached using standard
adsorption—desorption MC algorithms, the relaxation time for large particles increases very quickly as
the density increases. Consequently, MC simulations are very time consuming at high density and
produce artefacts related to non-accurate equilibrium states. In order to cope with these difficulties,
efficient MC simulations based on cluster moves were developed in the literature. The use of these
techniques has made it possible to investigate the behavior of the system at high densities. In Section 8,
the main computational algorithms of interest for the study of adsorption problems involving multiple-
site occupancy are presented. Most of these algorithms have been used throughout the present work.
Finally, Section 9 presents our conclusions and future perspectives.

2. Thermodynamic Functions of Lattice Gases of Polyatomics in One Dimension:
Exact Solutions for Single Species and Mixtures

In the last decades, the advent of modern techniques for building single and multi-walled
carbon nanotubes [38—42] has considerably encouraged the investigation of the gas-solid interaction
(adsorption and transport of simple and polyatomic adsorbates) in such a low dimensional confining
adsorption potentials.

The design of carbon tubules, as well as of synthetic zeolites and aluminophosphates such as
AIPOy4_5 [43] having narrow channels, literally provides a way to the experimental realization of
one-dimensional (1D) adsorbents. The 1D character of adsorption in troughs of surface crystal planes
of TiO, has also been reported [44].
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Many studies on conductivity, electronic structure, mechanical strengh, etc. of carbon nanotubes
are being currently carried out. However the amount of theoretical and experimental work done on the
interaction and thermodynamics of simple gases adsorbed in nanotubes is still very limited [45-48].

For theoretical modelling purposes, the adsorption potential within the narrowest nanotubes
can be matched to a homogeneous 1D lattice M of adsorption sites (1D lattice-gas approach). This
is, of course, an approximation to the state of real adsorbata in nanotubes which is justified because
thermodynamics and transport coefficient can be analytically resolved in these conditions. This is of
much qualitative value and may be thought feasible for monoatomic species strongly bonded to the
nanopores’s wall, as well as for polyatomics where the distance between their building units do not
seriously mismatch the separation between adsorption potential minima for single units.

In this section, we present the exact solution for the thermodynamics functions of non-interacting
linear chains (k-mers) of arbitrary length adsorbed in a infinite 1D space (Section 2.1.1). The thermo-
dynamic functions are further extended to binary mixtures (Section 2.1.2) and multilayer adsorption
(Section 2.1.3). Sections 2.2.1 and 2.2.2 are devoted to interacting single and multicomponent species,
respectively.

2.1. One-Dimensional Model of Non-Interacting Structured Particles
2.1.1. Exact Solution for Rigid Particles on a 1D-Lattice: Single Species

Let us assume a one-dimensional lattice of M sites with lattice constant a (M — oo) where periodic
boundary conditions apply. Under this condition all lattice sites are equivalent hence border effects
will not enter our derivation.

N linear k-mers are adsorbed on the lattice such a way that each k-mer unit (monomer) occupies
one lattice site and double site occupancy is not allowed as to represent properties in the monolayer
regime. The only interaction between different rods is hard-core exclusion: no site can be occupied
by more than one k-mer’s unit. Since different k-mers do not have additional interactions between
each other, all configurations of N k-mers on M sites are equally probable; henceforth, the canonical
partition function Q(M, N, T) equals the total number of configurations, Q(M, N), times a Boltzmman
factor including the total interaction energy between k-mers and lattice sites, Ex(N)

Q(M,N,T) = Q(M,N) exp [— EI’;IEI,}]) ] (1)

Since the lattice is assumed homogeneous, Ex(N) = kegN, where ¢ is the interaction energy
between every unit forming a k-mer and the substrate.

Q(M, N) can be readily calculated as the total number of permutations of the N indistinguishable
k-mers out of n, entities, being n,

ne = number of k —mers + number of empty sites
= N+M—-kN=M-(k—1)N. ()

Accordingly,

Q(M,N) = ( " ) _ M= (k= N}t

N NI[M — kNJ!

(a particular solution for dimers was presented in [49]).
In the canonical ensemble the Helmholtz free energy F(M, N, T) relates to Q(M, N) through

BE(M,N,T) = —InQ(M,N, T) = —InQ(M, N) + BkeoN, 4)

where f = 1/kgT.
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The remaining thermodynamic functions can be obtained from the general differential form [50]
dF = —SdT — I1dM + pdN, (5)

where S, Il and p designate the entropy, spreading pressure and chemical potential respectively, which,

by definition, are
oF oF oF
5= (5) 0 ) o (59), ©

Thus, from Equations (3) and (4)
BF(M,N,T) = —{In[M — (k —1)N]! —In N! — In[M — kN]!} + BkeoN, (7)
which can be accurately written in terms of the Stirling’s approximation

BE(M,N,T) = —[M— (k—1)N]In[M — (k—1)N]+ [M — (k—1)N]
[NInN — N] + [(M — kN) In(M — kN) — (M — kN)]
= —[M—(k—1)N]In[M— (k—1)N]+ NInN
+(M —kN)In(M — kN) + BkeoN. ®)

_|_

Henceforth, from Equations (6) and (8)

S(Alfl;N) — M= (k—1)N]In[M — (k — 1)N] = NIn N — (M — kN) In(M — kN), ©)
BIT = In[M — (k — 1)N] — In[M — kN, (10)

and
B1 — key) = mkMN + (k- 1)ln{1 (k- 1)]\1\2] —kln[l _ ’m 11)

Then, by defining the lattice coverage 6§ = kN /M, molar free energy f = F/M and molar entropy
s = S/ M, Equations (8)—(11) can be rewritten in terms of the intensive variables 8 and T,

Bf(6,T) = —{ [1— (k_kl)e] ln[l — (k;”e] — %m% — (1—9)1n(1—9)}, (12)

SIE? = {1 = (k_kl)e} ln[l — “‘;1)9} — %m% —(1-6)In(1-9), (13)
1-EDg
exp(pIl) = W (14)

and

Crexp[B(n —keo)] = (15)

(1-0)"
where Cy = k.

The Equation (15) is the exact, so-called, isotherm equation for k-mers in one dimension which
should be regarded as a generalization of the well-known equation

_0
(1-0)"
(where pp; holds for Flory-Huggins’s approximation) developed by Flory [6] and Huggins [7] for poly-

Crexp[B(pr — keo)] = (16)

mer solutions when the solvent is monomeric with unitary molar volume. This is indeed isomorphic

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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with the case analyzed in the present work, where the empty sites of the lattice formally correspond to
the solvent’s monomers in Flory’s solution.

The explicit forms for the molar free energy and entropy from Flory-Huggins’s approximation
are,

=gt m() ] -a-oma-a - )

d
an exp [7 (kil) 9]
exp(Bllf) = iz (18)

An extensive comparison between the exact isotherm Equation (15) and Flory-Huggins’s equation,
along with MC simulations is shown in Figure 1. The simulations were developed using the scheme
presented in Section 8.1.1 for one-dimensional lattices with M = 1200 sites, m’ = 10° MCSs and
m = 10° MCSs. Since the lattice is assumed homogeneous, ¢y is arbitrarily chosen equal to zero
without losing generality. Flory-Huggins’s approximation agrees fairly well with the exact result for
very small k-mers (typically k < 3); however the disagreement is significantly large for larger chains.

1.0

o o
(@)} [oze]

6, coverage

pu*, chemical potential

Figure 1. Surface coverage 6 = kN /M versus relative chemical potential fu* = Bu + In Cy. Comparison between
adsorption isotherms for k-mers in one dimension from Flory-Huggins’s approximation (dashed line) and exact
solution (solid line) from Equation (15) for dimers, 4-mers, 10-mers and 100-mers (curves from top to bottom).
MC simulation for k = 2 and k = 4 in one dimension are shown in full circles.

Concerning other thermodynamic functions such as the free energy, entropy and spreading
pressure, their exact forms present appreciable quantitative as well as qualitative discrepancies with
Flory-Huggins’s approach. Particularly, the exact molar configurational entropy s(0) behaves already
quite differently for very small k-mers (dimers, trimers, etc.) at all coverage (see Figure 2). The overall
behavior can be summarised as follows: in the limits § — 0 and 8 — 1 the entropy tends to zero.
For very low coverage s(6) is an increasing function of 0, reaches a maximum at 6,,, then decreases
monotonically to zero for 6 > 6,,. The position of 6, which is 6,, = 0.5 for k = 1, shifts to higher
coverage as the adsorbate size k gets larger. The maximum can be readily obtained from the condition
asai%”b:e,,, =0

Thus, from Equation (13) we get

k—1
(1-9)"-2{1—(";1)9} —0, (19)

which is a polynomial of k" order with unique solution 6,, for allk > 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This represents a major distinction between the exact solution and the Flory-Huggins’s approach
since in the latter, the larger the chain the more the maximum in the entropy shifts to lower coverage.

An even more remarkable behavior comes from Flory-Huggins’s approach for the molar entropy
in one dimension which reaches negative values for all k > 1. The range of 6 where sf;(f) becomes
negative broadens as k increases. In the nomenclature of random mixing of polymer solutions, the
difference As(0) between s(6) and the entropy of the pure polymer, rather than s(6), is considered.
koo — 0for all 8. On the other hand, in the
Flory-Huggins’s approach it tends to a limiting concave curve from above for k — oo [50]. In either

Rigorously, this difference is expected to behave as As(6)

case, the qualitative discordance is remarkable.

08 ——mr—
0.6 | k k=1 §

L :2 4
04 [ §

0.2 f'k: 10 R\

0.0 ’C\j ~~~~~~~~~~~~ L N
N— -0.2 B k=100 \\\\ . \\\ ]
0] L AN AN .
04 ~ SO

0.6 __ Exact S

O/k,

08l ]

-1.0 I . 1 . 1 . 1 . 1 .
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. Molar entropy s(0) /kp (in units of kg) versus surface coverage. Comparison between exact results (solid
line) and Flory-Huggins’s approach (dashed line) for monomers (k = 1), dimers (k = 2) and polymers (k = 10 and
k = 100). Curves from top to bottom (the case k = 1 is common for both results).

Further comparison is carried out in Figure 3 for the spreading pressure which is a monotonically
increasing function of 6 over the range [0, 1].

40 ——r—————————
35 )
30 |
25|
Q 20}
et
10 |

T

0.5 F
0.0 : : : : .
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3. Spreading pressure I1(#) in units of 1/ versus surface coverage. Comparison between exact results
(solid line) and Flory-Huggins’s approach (dashed line) for monomers (k = 1), dimers (k = 2) and polymers
(k =10 and k = 100). Curves from top to bottom (the case k = 1 is common for both results).
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2.1.2. Exact Solution for Rigid Particles on 1D-Lattice: Binary Mixtures

The previous formalism is extended to a binary mixtures of species of different size, s-mers and
k-mers. It is considered a one-dimensional lattice of M sites with lattice constant a (M — o0) and
periodic boundary conditions. Ns s-mers and Ny k-mers are adsorbed on the surface in the monolayer
regime and without lateral interactions between the adparticles. A s-mer(k-mer) is assumed to be a
linear molecule containing s(k) identical units, with each one occupying a lattice site; hence exactly s(k)
sites are occupied by a s-mer(k-mer) when adsorbed. Under these conditions, the canonical partition
function Q(M, N;, Ni, T) can be written as

(20)

Q(M, Ny, Ny, T) = Q(M, Ny, Ny) exp [—E“‘]N")]

kgT

where Q) (M, Ns, Ny) is the total number of configurations, and E(Nj, Ny ) is the total interaction energy
between the adsorbed particles and the lattice sites.

Q(M, N;, Ni) can be readily calculated as the total number of permutations of the N; indistin-
guishable s-mers and N indistinguishable k-mers out of . entities, being 1,

n, = number of s —mers + number of k — mers + number of empty sites
= Ns+N¢+M—5sN; —kNy =M — (s —1)Ns — (k — 1) Np. (21)
Accordingly,
[M—(s—1)Ns — (k— 1)Ng]!
Q Ns, Ni) = 22
(M, N5, Ni) N!N(![M — sN; — kNi]! 22)
On the other hand, E(N;, Ni) can be written as
E(Ns, Nk) = €sN; + €Ny, (23)
where €; represents the adsorption energy of a i-mer (i = s, k).
From Equation (4), it results
ﬁF(M/ NS/ Nk/ T) - _an(Mr NS/ Nk/ T)
= —InQ(M, Ns, N;) + BesNs + Ber Ny, (24)
with § = 1/kgT.
The chemical potential of the adsorbed species i, y; 445, can be calculated as [50]
oF ) .
. = P — 1] = S,k . (25)
Hiads (E)Nl- N]-’s { ) }
From Equations (22-25) it follows that
s—1 k—1 6
Bitsaas = (s— 1)11‘1[1 - ( s >95 - (k)gk:| +ln?s
—sIn(1 — 65 — 6) + Pes, (26)
and
s—1 k—1 6
,B,”k,uds = (k_ 1)1n|:1 - ( s )95 - <k>9k] +ln?k
—kIn(1 — 65 — 6)) + Bex, (27)

where 0; = iN;/ M represents the partial coverage of the species i {i = s, k}.
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At equilibrium, the chemical potential of the adsorbed and gas phase are equal. Then,
Hs,ads = Hs,gas, (28)
and
Hkads = ]"k,gusz (29)

where s gas (i, gas) corresponds to s-mers (k-mers) in gas phase.
The chemical potential of each kind of molecule in an ideal gas mixture, at temperature T and
pressure P, is

ﬁ,us,gas = ﬁ]lg +InXP, (30)

and
Bt gas = Bj + In X P, (31)

where ;42 and ;42 (Xs and Xj) are the standard chemical potentials (mole fractions) of s-mers and k-mers,
respectively. In addition,

, 3/2
Byl — _ml(W:szT) keT|  {i=sk}. (32)

Then, equating Equation (26) with Equation (30) and Equation (27) with Equation (31), the partial

adsorption isotherms can be obtained,

e=omfi- (o (H)o] +m

— sIln(1—6; —6;) + pds =0, (33)
and
s—1 k—1 0
(k — l)ln{l - ( - )95 - <k>9k] —l—ln?k
— kIn(1—6s —6;) + pPr =0, (34)
where
B®; = Be; — Bp? —In X;P {i =s,k}. (35)
Figure 4 shows the total and partial adsorption isotherms for a monomer(s = 1)-dimer(k = 2)
binary mixture adsorbed on a one-dimensional lattice with €1 /kpT = —2 and €, /kgT = —4. Symbols

represent simulation data' and lines correspond to theoretical results from Equations (33-35) for s = 1
and k = 2. A remarkable agreement is obtained between exact and simulation data.

The adsorption process can be explained as follows. For low values of the chemical potential,
dimers are preferentially adsorbed. As the chemical potential increases, the amount of adsorbed
monomers also increases, and a competition between monomers and dimers is stated. This behavior
is clearly reflected by the dimer partial isotherm (65, solid circles): at low 1 /kpT, 0 is an increasing
function of the chemical potential, goes through a maximum around y/kgT ~ —2 (6 =~ 0.72), and
finally tends asymptotically to zero for higher values of y/kgT. In this limit, the lattice is basically
filled with monomers. This behavior is known as Adsorption Preference Reversal (APR) [51].

1" The simulations have been performed for chains of M = 1200 sites and periodic boundary conditions.
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Figure 4. Total and partial adsorption isotherms for a monomer-dimer binary mixture adsorbed on a one-
dimensional lattice with €1 /kgT = —2 and €2 /kgT = —4. Symbols and solid lines represent MC and theoretical
data, respectively.

In Refs. [51,52], it was shown how the competition between two species in presence of repulsive
mutual interactions can be responsible for the displacement of one species by the other. The results here
demonstrate that the APR phenomenon is the result of the difference of size (or number of occupied
sites) between the adsorbed species, basically an entropy driven adsorption reversal phenomenon.
Thus, to introduce repulsive lateral interactions in the adsorbate, as done in Refs. [51,52], can be
rationalized as an effective way of taking into account geometric or steric effects by means of energetic
arguments.

We will return to this point later when we apply the theoretical results obtained in this section to
model the experimental behavior observed in a methane-ethane mixture adsorbed in a zeolite.

2.1.3. Multilayer Adsorption in the Presence of Multisite Occupancy: Exact Solution for 1D Substrates

Multilayer adsorption has been attracting a great deal of interest since long ago [53-55,67] and
the progress in this field has gained a particular impetus due to its importance for the characterization
of solid surfaces. Various theories have been proposed to describe multilayer adsorption in equilib-
rium [56-60]. Among them, the Brunauer—- Emmet-Teller (BET) model [60] is one of the most widely
used and practically applicable.

The BET model assumes monomer-like particles occupying one lattice site. Once adsorption in
the first layer has taken place, further adsorption can occur on top of the adsorbed particles. No lateral
interactions are accounted for, and the adsorption energy of sites in the second layer and upper layers
is assumed in general to be constant and different from the one in the first layer. This basic model has
been extraordinarily useful in practice for determining the surface area and adsorption energy of solid
materials due to the simplicity of its resulting adsorption isotherm, as well as the small number of
parameters involved in it and the physical significance of them.

In order to maintain the simplest model that accounts for multisite-occupancy in multilayers
we define it in the spirit of the BET’s original formulation. The adsorbent is a homogeneous one-
dimensional lattice of sites. The adsorbate is assumed as linear molecules having k-identical units
(k-mers) each of which occupies an adsorption site. Furthermore, i) a k-mer can adsorb exactly onto an
already adsorbed one; ii) no lateral interactions are considered; iii) the adsorption heat in all layers,
except the first one, equals the molar heat of condensation of the adsorbate in bulk liquid phase. Thus,
c=q1/9; =q1/qwithg; =q (i =2,..,00) denotes the ratio between the single-molecule partition
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functions in the first and higher layers. The fact that k-mers can arrange in the first layer leaving
sequences of | empty sites with I < k, where no further adsorption of a k—mer can occur in such a
configuration (as shown in Figure 5) makes the calculation of entropy much elaborated than the one
for monomer adsorption.

HKXAKXAAXXX XXX X XXX

Figure 5. Cartoon representing the lattice gas model of k-mer adsorption in the multilayer regime (the case
of trimer adsorption is depicted). Adsorption sites are represented by crosses on the adsorbent’s surface. The
adsorbate molecule is represented by black beds connected by solid bonds.

For a lattice having M adsorption sites, the maximum number of columns that can be grown up
onto itis ny; = M/k. Let us denote by O (1, M) the total number of distinguishable configurations
of n columns on M sites. If an infinite number of layers is allowed to develop on the surface, the
grand partition function of the adlayer in equilibrium with a gas phase at chemical potential u and

temperature T, is given by
nM:M/k
EAM) = ), Qu(n M) &"(A), (36)
n=0

where A = exp(p/kgT), it and T, are the fugacity, chemical potential and temperature, respectively,
and kg is the Boltzmann constant. In addition, (0 (n, M) can be written as

[ M—k=1n ] M- (k—1)n]!
O (n, M) = l " 1 = W, (37)
and - - \
A) = i—1yi _ ii— M ) 38
() l;ohq Ci;q oy (38)

is the grand partition function of a single column of k-mers having at least one k-mer in the first layer.
The summation in Equation (36) cannot be carried out directly for k > 1; therefore, we follow the
standard procedure of determining the term which makes the maximum contribution.
Thus, by using the Stirling’s approximation Inn! = nlnn — n,

In[Qy(n, M)&") = [M— (k—1)n]In[]M — (k—1)n] —nlnn — (M —kn)In(M —kn) +nIng, (39)

and
o{In[Qy (n, M)¢"]}

— _(k—1)In[M — (k —1)n] +KIn(M — kn) +In (g) —0, (40

B k
ln{ [A/%J %[M (k- 1)11]} -0, 41)

it leads to the following nonlinear equation

(M—kn)* = Z[M — (k—1)n]* L. (42)

EatTIN
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By resolving (M — kn) = (n/&)Y*[M — (k — 1)n] =17k from Equation (42) and replacing it in
Equation (36), one obtains

INE(A, M) = fm{g[m (kl)n]}. 43)

In Equation (43), it is tacit that 7 in the right hand term is the one corresponding to the maximum term
of the grand partition function in Equation (36). Accordingly, Equations (42) and (43) are the basic
relationships form which the thermodynamics of k-mers in the multilayer regime will be derived.

The thermodynamic functions are straightforward from the formalism of the grand canonical
ensemble. Therefore,

o Jdln=
n-A( - )T,M, (44)
s :kBT(aln“> 1 kInE, (45)
aT M,l/{
alnE>
e = — 7 (46)
( B ) ma

where 7, s and e are the number of adsorbed particles, entropy and energy, respectively. From the
usual definition of surface coverage of a lattice, 0, (the ratio of the occupied sites to the total lattice
sites) it arises that

ki kA (9InE
= (55 ) @

In the case of adsorbed monomers (k = 1), (M /n) = (1 + ¢) from Equation (42) and

InE(A, M) = MIn(1+¢). (48)
From Equation (44)
__,(dnE A
n—/\( A )T,M_1+§M, (49)

where &' = d&/dA = cq/(1 — Aq)?, and, finally, the surface coverage holds

_ cqh
0= M~ A+ c=Drql’ (50)

which corresponds to the well-known BET isotherm equation.

2.1.4. Multilayer Adsorption of Dimers

In this section, we deal with adsorption of the simplest polyatomic model molecule, namely, a
homonuclear dimer. On one hand, this case bears theoretical interest because it represents a qualitative
advance with respect to the existing lattice gas models of multilayer adsorption, in which the entropic
effects of the adsorbate size are explicitely accounted for. On the other hand, since most of the
nonporous solids surface characterization is experimentally carried out through nitrogen adsorption,
a more accurate description of the adlayer equilibrium may ultimately lead to more reliable values
of physical parameters, such as the adsorption energy and surface area, that are determined from
experiments.

For dimers, the Equation (42) reads

(M—2n)2 =—-(M-n)=

g [(M —2n) + ). (51)

NRSTIN
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By denoting z = (M — 2n), Equation (51) can be rewritten as
2
» n_ M
z-——z——=0. (52)
¢ ¢

Only one of the solutions of Equation (52) remains for physical reasons (z > 0),

2 2
)

From Equation (43)
- _ M _T(M-n)g
InE(A,M) = > In {n}
= ];/Iln{(M—Zn)g—i—C}, (54)
which, from the definition of z and Equation (53), results
M 1 V1+4
ma, M) = (L viTae) (55)
2 2 2
The mean number of adsorbed particles 7 is [Equation (44)]
O+
no= %A o+ il (56)

(brer i)

Finally, after some algebra, the adsorption isotherm becomes

_ 1 (1-Agq) 1"
"—u—m{l‘{@c—lw“] } 7

Considering that Ag = P/cPp; and replacing it in Equation (57), Py has the meaning of the Henry
law’s constant, as it arises from the limit of 6 for P — 0.

In order to compare this isotherm equation with the BET’s, we assume that the gas phase is ideal
and the state of the adsorbate in the second and higher layers is the same as in the bulk liquid (7 = g;,
q; denoting g the molecular partition function of the liquid). Thus,

A = A3P/kgT, (58)
where A3 = (h?/2mmkpT)'/? and
p kgT
cPy = i ABT? =D, (59)

m, P and Pj being the molecular mass of the adsorbate, the gas pressure, and the saturation pressure of
the bulk liquid, respectively.

Then, /
. 1 (1—P/P0) 1/2
0= (1—P/Po){1_ [(4c—1)P/P0+1] } (60)
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The adsorption isotherm Equation (60) is shown in Figure 6a,b for small, medium and large values
of the parameter c, in comparison with the BET isotherm

cger P/ Py

0= (1—=P/Py) (1+ (cger — 1) P/ Py)

(61)

1.2 1

0.9 H

0.6 1

0.3 1

0.0

‘0.00 ' 0.65 ' 0.10 ' 0.115 ' 0.120 ' 0.125 ' 0.30
P/P,

10 T T T T T T T T

= = i
0.0 0.2 0.4 0.6 0.8 1.0

P/P,

Figure 6. Adsorption isotherms for different values of the parameter c. The solid line represents the isotherm for
dimers obtained in the present work [Equation (60)], and the dashed line does for the BET’s isotherm (monomers).
The pairs of curves from bottom to top correspond to ¢ = 0.1,1,5 and 100, in the range 0 — 0.3 of P/ Py in Figure 6a)
and 0 — 1 of P/ Py in Figure 6b).

The predicted isotherm is type-II for c >> 1 and type-III for c << 1, as expected. It should be
pointed out that appreciable quantitative as well as qualitative differences with BET isotherms appear
for all values of c (see, for instance, that the isotherms always intersect).

The new adsorption isotherm can be presented similarly to the linearized form of the BET equation.
If 0 = v/vy,, where v and v, denote the adsorbed volume and the monolayer volume, respectively, it
then follows from Equations (60) and (61) that
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P/Ry __P/RJ, 1-p/r) 172\ o
o(1—P/Py)  om | {(4c—1)P/P0+1] ’ (62)
and
PR 1 (oD g (63)

v(1—P/Py)  CBET UmBET  CBET UmBET
Equation (62) is not a linear function of P/ P as the one arising from the BET isotherm [Equa-
tion (63)]. Equations (62) and (63) are compared in Figure 7. Their behavior shows a significant
quantitative disagreement in the range 0 — 0.3 of relative pressures. These results indicate that the
analysis of experimental isotherms of N and larger molecules by means of the dimers isotherm Equa-
tion (63) would lead to values of the parameters ¢ and v;, appreciably different from the BET ones.

o
~

=]
(o8}
1

o
to
1

<
—
1

(P/Py)/[v(l-P/Py)]

.0.00 | 0.65 | 0.10 | O.I15 | O.I20 | O.I25 | 0.30
P/P,

Figure 7. [ P/Py]/[v (1 — P/DPy)] versus P/Py for vy, = 1 (in arbitrary units), and ¢ = 100, 10,5 (curves from
bottom to top). Solid and dashed curves represent the same models as in Figure 6.

By expanding the right hand of Equation (63) in powers of P/ Py around P/ Py = 0, the first order
approximation leads to
P/Py 1 (Bc—1)
v(1—P/Py) " 2cop 2¢vp

P/P,. (64)

By matching the linear forms of Equations (62) and (64), it gives ¢ = cppr/3, and v;;, =
(3/2)vy ger- In fact, the value v, = 1.5 vy, g7 is consistent with the fact that multiple site occu-
pation of N; on graphite would lead to surface areas 1.22 times larger that the BET values, as discussed
long ago in Ref. [61]. Ultimately, the rigorous treatment of multilayer adsorption considering the
polyatomic nature of the adsorbate, is indicating that the surfaces area that can be obtained by using
the isotherm Equation (60), would result significantly larger than the BET area, consistently with much
evidence about that the later generally underestimates the real surface area when nonspherical probe
molecules are used. However, the influence of the nonlinear terms of Equation (62) will ultimately
lead to a different relationship between c, cgeT, v and vy, per, when fitting of experimental data is
carried out.

The nonlinear behavior of isotherm Equation (60) at low pressure matches also a distinctive
characteristic of many experimental isotherm. Although, there are many potential sources for such a
nonlinearity (e.g, lateral interaction and surface heterogeneity), the present results are showing that
the entropic contributions coming from the adsorbate structure are not nonnegligible even though
lateral interactions and surface heterogeneity are not accounted for in the model.
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2.2. One-Dimensional Model of Interacting Structured Particles
2.2.1. Exact Solution for Laterally Interacting Particles on 1D-Lattic e

Now, we address the general case of interacting linear k-mers adsorbed on homogeneous one-
dimensional lattices. As in previous sections, the linear molecules contain k identical units, each of
one occupying one site when adsorbed. Two k-mers interact through their ends with an interaction
energy that amounts w when the ends are nearest-neighbors. The distance between k-mer units is
assumed in registry with the lattice constant a; hence exactly k sites are occupied by a k-mer when
adsorbed. Without any loss of generality, the interaction energy between a chain unit and a lattice site
it is assumed to be zero.

Let us assume N linear k-mers adsorbed on M sites with interaction energy w between nearest-
neighbors k-mer ends. In this lattice the coverage is given by 6 = kN/M. We can now think of
a mapping L — L’ from the original lattice L to an effective lattice L’ where each empty site of L
transforms into an empty one of L', while each set of k sites occupied by a k-mer in L is represented by
an occupied site in L' [62]. Thus, the total number of sites in L' is

M' =M+ (k—1)N, (65)
and the coverage of L'
(k-1)
k

The canonical partition functions Q(kN, M, T), Q'(N, M/, T) in the original and effective lattice
must be equal. Thus,

0 =N/M = (0/k)/[1 - 6]. (66)

for |~ o)
Q(kN, M, T) = {%exp[ "ol Q'(N,M,T {;exp s (67)

where {X} and {X'} refer to a sum over all possible configurations in L and L’ respectively.
Accordingly, the Helmholtz free energies per site in L and L', f and f, respectively, are related

through
FIN,M,T) = k}f} n[Q(KN, M, T)]
kgT ,
= o MQ(NM,T)]
M !/ !
= 3/ (N.M,T)
f(kN,M,T) = ﬁf’:{1+[(k;1)9”f’(N,M',T). (68)

This relationship makes complete the mapping from the original problem of k-mer adsorption
on L to an effective Ising-like one (monomer adsorption) on L’. f’ can then be written in terms of the
probability y of having two nearest-neighbor sites occupied in L', by means of the cumulant variation
method [50,63], as

f(AI:I]”T) = wy—kgT[0'In6' + (1-6")In(1—-6") —yIny]
— kgT[-2(6' —y)In(6' —y) — (1—-20" —y)In (1 — 20" —y)]. (69)
For each set of values ¢/, T, y is obtained by minimizing f’. Thus,

> 1/2
v=0-(5)+| T -va-0a] 70)
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where A = [1 —exp(—w/kgT)]~!. In the infinite temperature limit w/kpT — 0, A ~ kT /w and
Y~ 0 + O(w/kpT), as expected for a totally random distribution of units on the lattice. For infinitely
repulsive interactions w/kgT — o, A — land y = 0if ¢ < 1/2. (i.e, no two nearest-neighbor
occupied sites are present on the lattice), or y = 26’ — 1if 8’ > 1/2. For infinitely attractive interactions,
w/kgT — —o0, it yields y = ', as physically expected.

By using the relationship between 6" and 6 [from Equation (66)] in Equation (70), and replacing
Equation (70) in Equation (69), the exact form of f is obtained

£0,T) = w[i —a} —kBT{ilni—k (1—6)In(1—0) —Zalnoc]

- kBT{[sz} ln[ia]ﬂ@oc)ln(l@ac)}, (71)

where & is given by

O 20(1-9) B k=1) 1% 4 0\
“_k[l—@e—kb} and —{{1—k6} —kA(G—G)} . (72)

The coverage dependence of the chemical potential and the entropy per site s are straightforward
from Equations (5), (6) and (71),

whT=k(2%) = Wk T k(b =146+ 0+ (k—1)n|1— ¥V p
99 )y 1 k
+ (k=1)Ink—Ink(b+1-6)—-90], (73)
[ of 0.0
S/kB__<aT>M,N = ElnE—l-(l—Q)ln(l—Q)—Zalnoc
0 0
- [k }ln{k(x}(lea)ln(letx), (74)
and finally the specific heat at constant volume
2 201 g\2 2
Co/kp = —(aJ;) = 4671 -9) . {] exp [w} (75)
oT M,N ka [1 _ (k;1)9 + b} kBT kBT

The Equation (73) represents the exact form for the adsorption isotherm of interacting adsorbates
(k-mers) in one dimension. For non-interacting adsorbates (w = 0), Equation (73) and Equation (74)
reduce to Equation (15) and Equation (13), respectively.

The coverage dependence of the chemical potential (adsorption isotherm), molar entropy and
specific heat are shown in Figures 8-10 for various k-mer’s sizes and interaction energies [attractive
(w < 0) as well as repulsive (w > 0)]. Solid lines and symbols correspond to theoretical results and MC
data, respectively. The simulations were carried out following the scheme described in Section 8.1.1,
using one-dimensional lattices consisting of M = 1200 sites, with m’ = 10° MCSs for equilibration
and m = 10° MCSs for data collection. In all cases, MC simulations in the grand canonical ensemble
(shown in symbols) fully agree with the predictions from Equations (73)-(75) (shown in solid lines).
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Figure 8. Adsorption isotherms for interacting (repulsive as well attractive) dimers and 10-mers; (a) k = 2,
w/kgT = —10; (b) k = 2, w/kgT = 0; (c) k = 2, w/kgT = +10; (d) k = 10, w/kgT = +10. The full circles
represent results from Monte Carlo Simulation in the lattice-gas model. Comparison between experimental
isotherm of CHy from Ref. [64] (open triangles, T = 77.35 K; open diamonds, T = 96.50 K) and theoretical
isotherm [from Equation (73)] of dimers in the lattice-gas approximation (full triangles, T = 77.35 K, w = 0.61
Kcal/mol; full diamonds T = 96.50 K, w = 0.61 Kcal/mol).
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Figure 9. Entropy per site, s(), versus lattice coverage, 6, for interacting (repulsive as well attractive) dimers and
10-mers; (a) k =2, w/kgT = —10; (b) k =2, w/kgT = —2,(c) k =2, w/kgT = +10; (d) k =2, w/kgT = +2; (e)
k=10, w/kgT = +10; (f) k = 2, w/kpT = 0. Symbols and lines represent MC simulation data and theoretical
results, respectively.
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The adsorption isotherms for attractive k-mers become more steeped the stronger the lateral
interaction. No significant qualitative changes are observed as the k-mer size increases. However,
the curves have a pronounced plateau at § = k/(k + 1) for strongly repulsive interactions, which
smoothes out for already w/kgT = +2. This type of isotherm has been reported for Kr and CHy4
adsorbed in AIPO4 — 5, where, very likely, the mismatch between the equilibrium separation of
the intermolecular interaction and the lattice constant along the nanochannels give rises to repulsive
interactions. MC simulations of alkanes adsorbed in AIPO4 — 5 show that double-steeped isotherms are
the consequence of a rearrangement of molecules within the tubules in such a way that, although ads-
ads interaction energy increases (in absolute values) upon rearrangement, ads-adsorbent interaction
energy diminishes, giving a net repulsive effect in the adsorption isotherm as well as in the isosteric
heat of adsorption [65,66]. In Figure 8 experimental isotherms of CHy/AIPO,; —5at T = 77.35 K and
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T = 96.5 K from Martin et al. [64] are shown. The plateau at the coverage 6 = 2/3 is the beginning of
a relocation of methane within the unit cell of AIPO4 — 5 in order to step from 4 to 6 molecules per
unit cell. From simulation studies [65] it arises that the isosteric heat of adsorption increases from zero
coverage up to § = 2/3. This increase is mainly due to attractive interactions between neighboring
methane. This attraction favours very much the adsorption of pair of methane molecules as small
clusters (dimers). The structure of this quasi-one-dimensional phase is essentially determined by
the local minima in the gas-solid potential. In order for the full coverage to be attained a relocation
of molecules within the unit cell must occur. In the high density phase, even though the ads-ads
interactions increase, the gas-solid interaction energy decreases owing to the stronger repulsion in
the new equilibrium positions, giving a net repulsive decrease in the isosteric heat. The full triangles
and diamonds in Figure 8 correspond to theoretical adsorption isotherms of dimers at the same
temperatures that ones in the experimental results. The value of the nearest-neighbor interaction
energy w = 0.61 kcal/mol was taken be equal to the decrease of the isosteric heat at 6 = 2/3 from the
molecular simulation of Ref. [65]. Since CH, presumably adsorbs as a entire unit on the adsorption
sites of AIPO4 — 5 (thus corresponding to monomer adsorption rather than dimer adsorption), the
experimental isotherm are much steeped at low and high coverage than the ones for dimers as expected.
However fair agreement of the slope and broadness of the plateau is observed. The main reason of the
comparison is to highlight that the physical nature of the plateau both in experiments and the model
are the same, other than the matching of CH, to dimer adsorption in this case. Additional isotherms
for dimers with stronger interactions are shown in circles.

+— 0.5 T T T T T T T T . 0.04
S (a) ()
= 04 0.03
La .
=03
8 0.02
8—4 0.2

& 0.01
e 0.1
~
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Figure 10. Specific heat in units of kp (at constants volume) versus 4kgT/|w| at § = 0.5. (a) monomers (k = 1); (b)
dimers (k = 2); (c) trimers (k = 3); (d) 10-mers (k = 10). The cases (a) and (b) correspond to the left hand side axis
and the cases (c) and (d) correspond to the right hand side axis.

It is worth noticing that although the double-steep isotherm may be indicative of a second order
phase transition (as speculated in Ref. [64]), they may be not for an adsorbate whose size is comparable
to the nanotube diameter that behaves as a one-dimensional confined fluid. It is well known that
no phase transition develops in a one-dimensional lattice when weak coupling between neighboring
particles exists [50]. Since our model of adsorbed k-mers is isomorphous to a one-dimensional Ising
model it will not present phase transition either. This is clearly seen in Figure 10 where the smooth
dependence of the specific heat on temperature is depicted for various k-mers.

The general features of the coverage dependence of the entropy per site are shown in Figure 9.
The agreement between theory and MC simulation is remarkable for weak as well as strong lateral
interactions regarding the intrinsic difficulties of entropy calculation for polyatomic species at low
temperatures. For attractive interactions s is symmetrical with a maximum at § = 0.5 for interacting
as well as for non-interacting monomers (k = 1). For interacting k-mers (k > 1) the maximum
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shifts to higher coverage (6 > 0.5). However, given a ratio w/kgT < 0 the maximum shift to higher
coverage such a way that the larger k the more apart the maximum gets from 6 = 0.5. This result
differs from the one-dimensional limit of non-interacting k-mers (w/kpT = 0) in the Flory-Huggins’s
approximation [6,7,50] for which the maximum of s shifts to lower coverage as k increases. Given a
k-mer size the stronger the interaction the smaller the shift of the maximum from § = 0.5. For repulsive
interactions, the entropy develops a local minimum at # > 0.5, which gets sharper as the ratio w/kgT
increases and shifts to higher coverage as the k-mer size increases. In all cases the minimum traces to a
non-degenerate ground state where k-mers structure is an ordered sequence leaving one empty site
between nearest-neighbor particles. None of the minima correspond to a second order phase transition
as expected for particles with short-ranged interactions in one dimension.

The specific heat, from Equation (75), is compared with MC simulations at 8 = 0.5 (see Figure 10).
A continuum variation of ¢, /kg on T is observed with a maximum that lowers and broadens as the
k-mers size increases; accordingly no phase transition develops as expected.

2.2.2. Exact Solution for Binary Mixtures of Interacting Polyatomics on 1D-Lattices

Let consider a binary gas mixture formed by k-mers and I-mers which can be adsorbed occupying,
respectively, k and [ sites arranged linearly on a homogeneous one-dimensional lattice. Different
energies are considered in the adsorption process: (1) €k (€;), constant interaction energy between
a k-mer (I-mer) unit and an adsorption site, (2) wy; lateral interaction energy between two nearest-
neighbor units belonging to a k-mer and an I-mer (idem for wyy and wy;). We denote Ny, to the number
of kI pairs, in which a k-mer’s unit is a nearest-neighbor of an /-mer’s unit (idem for Ny and Nj;) (see
Figure 11).

The total energy of the system when Ny k-mers and N [-mers are adsorbed keeping a number
Nik, Nip and Ny of pairs of nearest-neighbors is

E(Nk, Ni, N, Njj, Ny) = Nikey + Nijlep 4 Nygwige + Nyjwy; + Nigwy. (76)

The problem can be solved exactly in the special case of monomers mixtures on a one-dimensional
lattice and due to two i-mers just interact with each other through their ends we can solve the problem
of binary mixtures of i-mers through an effective lattice.

Let us assume Ny and N linear k—mers and /—mers are adsorbed on a 1D lattice L of M sites,
with the lateral interactions explained above. In this lattice, the partial concentrations are given by
0 = kNy/ M and 6; = IN;/ M. Following the strategy introduced in Section 2.2.1, we can now mapping
L — L’ from the original lattice L to an effective lattice L/, with M’ sites, where each empty site of L
transforms into an empty one of L', while each set of x sites occupied by an x-mer in L is represented
by an single x-site in L/, like can see in the Figure 12.

a b c d e f
0 000 010 B0 0 ®:0® 6:60-6 0000

Figure 11. Schematic representation of a lattice-gas of dimers (I = 2, blue circles) and trimers (k = 3, red circles)
adsorbed on a one-dimensional lattice. The figure shows different types of pairs of sites: a) 00, b) /], ¢) Ik, d) Ok, e)
kk and f) 01.
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Figure 12. Rules for the mapping L — L/, from the original lattice of polyatomics L to an effective lattice of
monomers L.

The total number of sites in L' is

M =M— (k—1)Ng— (I - 1)N,.

(77)
Then, the partial concentrations of L’ are
N, 0y/x
6, = — = , (78)
k— I—
L2 L )

with x = k, I. The canonical partition functions Q(kNy, IN;, M, T), Q' (Ni, N;, M/, T) in the original and
effective lattices must be equal. Thus

Q(kal lNl/ M/ T) = Ze_ﬁE(r) = Q/(Nk/ NIIM/I T) = E e—‘BE(rl)/ (79)
{r} '}

where I and I” refer to a sum over all possible configurations in L and L, respectively, and g = kgT,
being kp the Boltzmann constant.

Accordingly, the Helmholtz free energies per site in L and L/, f and f, respectively, are related by

ﬁf(ka, ZNZ,M, T) = —% In Q(ka, ZNI,M, T) =

-y Q'(Ng, N;, M', T) = M,Bf/(Nkr N;, M, T),
and, taking M’/ M from Equation (77),
k—1 -1
Bf (0 61) = [1 — O~ 791} Bf' (6 6p)- (81)
The chemical potential of each adsorbed species can be calculated from the free energy F = —In Q,
IpF ) (3ﬁf )
= —_— = k A 7 82
;B]’lk,llds (aNk NI,M,T aek QI’T ( )
and 9BF 26
= _— = l _ . 83
ﬁ]’ll,ads ( aNl ) Nk,M,T ( 801 ) Qk,T ( )

On the other hand, the chemical potential of each kind of molecule in an ideal gas mixture, at
temperature T and pressure P, is

ﬁ,ux,gas = ﬁ]lg +In X, P, {x =k, l}, (84)

where X, is the mole fraction, and yg is the standard chemical potential of the x-mer.
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At equilibrium, the chemical potential of the adsorbed and gas phase are equal, iy ;05 = P gas-
Then,

ﬁyk—l-lnXP—k(a‘[sf) (85)
aek 9[,
and
ﬁﬂl—l—lnXlP—l( ﬁf) (86)
891 ek,

Using Equation (81) and by simple algebra, the RHS in Equations (85)-(86) can be written in terms of
the free energy in L',

3ﬁf R

k—1 1—19]aﬁf’(9,;,9;)
1

+x[1— p O — 7 0, {x=k1}. (87)

Equations (85) and (86) represent the partial adsorption isotherm expressions and, using Equa-
tion (87), they can be calculated from the exact form of Bf'(6;,6;) derived in the framework of the
quasi-chemical theory,

o, 6 0A (0.A A\ AL (9A
Il gl ! . k
Bf(6,,0]) = (1+9,+9,)A+ 29,1 (29;>+A1 ( ) 29,1 <29/>
r 9/ 9/ 9’ Gl
+ <1+2(9/+29/>A+1—29,’C—29{}ln[<1+26,+29,>A+1—29;€—295]

(g5 ()0l
((g)a-2 5 (g )

+6,In0, — 020> — (—1+ 6, +6])In(1— 6, —6))
+6,In 6] — 20,6 In(6;6]) — 6> In 6>

+260,(—1+ 6}, + 6]) In[—0,.(—1 + 6, + )]
+20)(—1+ 6, + 6;) In[—0;(—1 + 6, + 6))]

~(—1+ 6+ 62 In | (—1+ 6 +67)?], (88)

where
—ePvol 0] — 2020/ + 206V 020) — 20,0/% + 2¢F 0,0/
(—1+ePv) (6] +6])?
N \/eﬁwe,'gegz{eﬁw(ze,g +20) —1)2 — 4[072 + (6) — 1)6] + 6.(26) — 1)] }
(=1 +eP) (6] +6))2

(89)

In order to test the theory, let us consider an equimolar monomer—dimer mixture. For simplicity,
we set wy, = wy = wy = w. The gas phase is considered as an ideal gas mixture of particles with
masses kg and [my. The molecule shapes are contemplated only in the adsorbed phase. Then, the
standard chemical potential for the i-mer becomes

W = —%kBTlnm,-—kC: —%kBTlni—i—C’, (90)
where C and C’ are constants which can be taken equal to zero without any lost of generality.

Figure 13a shows the adsorption isotherms for attractive lateral interactions, whereas Figure 13b
shows the repulsive case. Theoretical results have been compared with MC data obtained for one-
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dimensional lattices of M = 1200 sites under periodic boundary conditions. According to the scheme
described in Section 8.3, equilibrium is reliably achieved after discarding the initial m’ = 10° MCSs.
Then, the next m = 10° MCSs are used to compute averages. In both cases, the smallest species fills the
monolayer monotonously until completion, while the largest one is present only in a limited range of
pressures. In the attractive case as the absolute value of the lateral interaction increases (i) the isotherms
are shifted towards smaller values of pressure and (ii) a greater number of dimers is adsorbed on the
surface. The adsorption is more favorable when the interactions are more attractive. The opposite
occurs in the repulsive case, as the lateral interaction increases the isotherms are shifted towards larger
values of pressure and less dimers are adsorbed. It can be observed in the monomer isotherms that a
plateau corresponding to an ordered structure begins to appear, for the strongest interaction cases. It is
well known that this is not the case of a phase transition, since it corresponds to a one-dimensional
problem. It is worth mentioning that, as in the 1D case the theory reproduces the exact solution, it
would be very useful to apply this approach to alkane mixtures adsorbed on systems like zeolites
(with one-dimensional channels) or nanotube bundles.

1.0

0.8

0.6 1
Hkl -
0.4 1

0.2 1

0.0 -

4
In P
Figure 13. Partial adsorption isotherms for the 1D case, k = 1, ] = 2 and different values of the lateral interaction
as indicated. Symbols correspond to MC data whereas lines represent the theoretical results.
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3. Thermodynamic Functions of Lattice Gases of Polyatomics in Two Dimensions:
Analytical Approaches for Single Species and Mixtures

The adsorption of gases on solid surfaces has been actively investigated since the beginning of
the past century. However, the theoretical description of equilibrium and dynamical properties of
polyatomic species adsorbed on 2D substrates still represents a major challenge in surface science [37,
50,53,67,68]. The inherent difficulty common to processes involving the adsorption of k-mers (particles
that occupy more than one lattice site) is to calculate the configurational entropic contributions to the
thermodynamic potentials properly, which means the degeneracy of the energy spectrum compatible
with given number of particles and adsorption sites.

The model is the same as in Section 2, except that the sites form a two-dimensional array instead
of a one-dimensional lattice. Accordingly, the adsorbate molecules are assumed to be arranged in two
type of configurations: i) as a linear array of monomers, which we call “linear k-mer"; and ii) as a chain
of adjacent monomers with the following sequence: once the first monomer is in place, the second
monomer occupies one of the y nearest-neighbor of the first monomer. Third and successive monomers
occupies one of the v — 1 nearest-neighbor of the preceding monomer. This process continues until k
monomers are placed without creating an overlap. We call this feature “flexible k-mer".

From an analytical point of view, the problem in which a two-dimensional lattice contains isolated
lattice points (vacancies) as well as k-mers has not been solved in closed form and approximated
methods have been utilized to study this problem. Six of these methods are described in the next
Sections 3.1 and 3.2.

3.1. Two-Dimensional Model of Non-Interacting Structured Particles: Historical Developments

An early seminal contribution to the problem of k-mers adsorbed on homogeneous surfaces was
the well-known Flory-Huggins approximation (FH), due independently to Flory [6] and to Huggins [7],
which is a direct generalization of the Bragg-Williams approximation in the lattice model of binary
liquids in two dimensions [50]. Modified forms of the Flory-Huggins approximation have been also
proposed. A comprehensive discussion on this subject is included in the book by Des Cloizeaux
and Jannink [? ] and Ref. [50]. It is worth mentioning that, in the framework of the lattice gas
approach, the adsorption of pure linear molecules is isomorphous to polymer mixture adsorption
(linear polymer-monoatomic solvent). Guggenheim soon proposed another method to calculate the
combinatory term in the canonical partition function [10]. Later, in a valuable contribution, DiMarzio
obtained the Guggenheim factor for a model of rigid rod molecules [9]. We call this theory the
Guggenheim-DiMarzio’s approximation (GD).

In the next two Sections 3.1.1 and 3.1.2, we reproduce the calculations developed by Flory and
Huggins (FH approximation), and Guggenheim and DiMarzio (GD approximation).

3.1.1. Flory-Huggins Approximation (FH)

Onsager [1], Zimm [69] and Isihara [70,71] made important contributions to the understanding of
the statistics of rigid rods in dilute solution. These treatments are limited in their application because
they are valid for dilute solution only and because they are not applicable to systems of non-simple
shapes. The Flory-Huggins (FH) theory, due independently to Flory [6] and to Huggins [7], has
overcome the restriction to dilute solution by means of a lattice calculation. The approach is a direct
generalization of the theory of binary liquids in two dimensions or polymer molecules diluted in a
monomeric solvent. It is worth mentioning that, in the framework of the lattice-gas approach, the
adsorption of k-mers on homogeneous surfaces is an isomorphous problem to the binary solutions of
polymer-monomeric solvent.

Let us consider the number Q(Nj, N, M) of possible configurations of N, polymers (k-mers) and
Ni molecules of a monoatomic solvent on a lattice with M sites and connectivity . Q(Ny, N, M) is
just equal to the number of ways of arranging N, polymer molecules on M sites, for after we place the
polymer molecules in the originally empty lattice, there is only one way to place the solvent molecules
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(i.e., we simply fill up all the remaining unoccupied sites). Imagine that we label the polymer molecules
from 1 to N; and introduce them one at a time, in order, into the lattice. Let w; be the number of ways
of putting the i-th polymer molecule into the lattice with i — 1 molecules already there (assumed to
be arranged in an average, random distribution). Then the approximation to Q(N;, Np, M) which

we use is N
1 2

QO(Ny, Np, M) = ﬁnwz‘- 1)
20521

The factor (N,!)~! is inserted because we have treated the molecules as distinguishable in the
product, whereas they are actually indistinguishable.

Next, we derive an expression for w;_;. With i polymer molecules already in the lattice, the
fraction of sites filled is 6; = ki/ M. The first unit of the (i + 1)th molecule can be placed in any one
of the M — ki vacant sites. The first unit has  nearest neighbor sites, of which (1 — 6;) are empty
(random distribution assumed). Therefore the number of possible locations for the second unit is
(1 —6;). Similarly, the third unit can go in (y — 1)(1 — 6;) different places. At this point we make the
approximation that units 4,5, ..., k also each have (7 — 1)(1 — 6;) possibilities, though this is not quite
correct. Multiplying all of these factors together, we have for w; 1,

wi1 = (M—ki)y(y—1) 21— 6)"!
' 7_1 k—1
= MA—M)<<M) , (92)

where we replaced y by v — 1 as a further approximation.
Now we will need

Np—1

Ny _
lnsz‘ = Nz(kl)ln(lyzwl> +k Z In(M — ki). (93)
i=1 i=0

We approximate the sum by an integral:

X

Q

21r1 kd—l Inud
M—"—f/
/0 ( i)di e udu

= %MhM—M—MmM+NQ (94)

From Equations (91-94), we find

MMMWMW:—MmM+M—MhM+M+MhM—M+M&—MﬂM&U}(%

All results presented here can be straightforwardly applied to the corresponding k-mers adsorp-
tion problem, with Np = N (number of k-mers) and Ny = M — kN (number of empty sites). Then, by
rewriting (N7, Np, M) in terms of N and M, we get

an@LM)——JﬂnN—(M—kNﬂnMA—kNy—W—lﬂv+bﬂnMAJWk—lﬂnF7&lq.@@

The partition function can be written as

Q(M,N,T) = Q(M, N) exp(—BkeoN), 97)
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where ¢ is the interaction energy between every unit forming a k-mer and the substrate. By using
Equations (4-6), and writing the thermodynamic functions in terms of the intensive variable § =
kN /M, it results

, 0, 0 k-1 —1
S(kBIY) = —%lnz —(1-6)In(1-0)+ (>Gln(’ye>, (98)

and

exp[B(p — keo)] = (99)

k(y -1 (1 -0)f

The last equation is the classical adsorption isotherm in the framework of the Flory-Huggins's
approximation, which was developed for flexible polymers.

In the following, we will introduce appropriate modifications in the formalism, in order to obtain
the adsorption isotherm corresponding to linear k-mers. The concept of linear k-mer is trivial for
square and triangular lattices [see Figure 14a and b, respectively]. However, in a honeycomb lattice,
the geometry does not allow the existence of a linear array of monomers. In this case, we call linear
k-mer to a chain of adjacent monomers with the following sequence: once the first monomer is in
place, the second monomer occupies one of the three nearest-neighbor of the first monomer. Third
monomer occupies one of the two nearest-neighbor of the second monomer. i-esime monomer (for
i > 4) occupies one of the two nearest-neighbor of the preceding monomer, which maximizes the
distance between first monomer and i-esime monomer. This procedure allow us to place k monomers
on a honeycomb lattice without creating an overlap. As an example, Figure 14c shows a available
configuration for a linear tetramer adsorbed on a honeycomb lattice. Once first, second and third
monomers were adsorbed in positions denoted as a, b and ¢, respectively, there exist two possible
positions for adsorbing fourth monomer, d and e.

Then, in the case of linear k-mers,

v e k-1
where two modifications have been included with respect to Equation (92): i) the number of possible
locations for the third and successive units is (1 — 6;), instead of (1 — 6;), as it was considered for
flexible k-mers, and i7) a factor 1/2 is inserted because we have treated the extremes of the k-mers as
distinguishable, whereas they are actually indistinguishable. Under these considerations, the desired
Flory-Huggins thermodynamic functions of linear k-mers result

s(,v) 6, 6 k—1 0. v
i == (1-0)n(1-0) - <k>9—k1n(2). (101)
and
4
Pl —keoll = T (12_ o (102)

The validity of the last equation is restricted to the range k > 2. Note that Equation (102) does not
reproduce the Langmuir isotherm for monomers [50].
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Figure 14. Linear tetramers adsorbed on (a) square, (b) triangular and (c) honeycomb lattices. Full and empty
circles represent tetramer units and empty sites, respectively.

3.1.2. Guggenheim-DiMarzio Approximation (GD)

The Flory-Huggins (FH) statistics, originally developed for packing molecules of arbitrary shape
with isotropic distribution, provides a natural foundation for incorporating the effects of molecular
orientation. Building on this idea, DiMarzio [9] proposed an approximate method for calculating the
number of configurations, (), in which linear polymer molecules of arbitrary shape and orientation can
be packed. When only orientations that allow the molecules to fit exactly onto the lattice are permitted,
the isotropic case yields a value of () that coincides with that obtained earlier by Guggenheim [10].
This limiting case is referred to as the Guggenheim-DiMarzio (GD) approximation. The foundation of
the GD approach is outlined in this section.

Let us place N straight rigid rods (linear k-mers) onto a cubic lattice. We will assume that only
the three mutually perpendicular base vector directions in which the rigid rods lie. The number of
molecules that lie in the direction i will be denoted by N;(i = 1,2,3). We ask for the number of ways,
Q({---N;---}, Ny, M) to pack the N molecules such that Nj; of them lie in the direction i and there are
Np holes. The advantage of allowing only those orientations for which the molecules fit exactly onto
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the lattice is that for the case of an isotropic distribution the value of () reduces to the value obtained
previously by Guggenheim [10].

Let us place N1 molecules, one at a time, onto the lattice in orientation 1, and then the N, molecules,
one at a time, in orientation 2 and then place the remaining N3 molecules, one at a time, in orientation 3.
In order to estimate the number of ways to place the (j; + 1)th molecule onto the lattice, given that
j1 molecules have already been placed, we must know the probability that k contiguous sites lying
in this orientation are empty. Here the subscript reminds us that we are discussing type 1 molecules.
Consider a contiguous pair of sites arbitrarily chosen except for the fact that the line determined by
the centers of these sites lies along orientation 1. Label the sites A and B. Site A has a probability of
being empty equal to the fraction of sites that are unoccupied by molecular segments since site A can
be thought of as chosen arbitrarily. If site A is empty, the ratio of the number of times it adjoins a
polymer to the number of times it adjoins a vacant site is 2j; /2(M — kj; ), where M is the total number
of sites in the lattice. Notice that in writing this expression for the ratio we counted only those pairs of
contiguous sites which lie along orientation 1. The pairs which lie along orientations 2 and 3 are of no
consequence as far as the nearest-neighbor statistics along orientation 1 are concerned.

The above ratio is also the ratio of the number of times a polymer adjoins site A (presumed empty)
to the number of times a vacant site adjoins site A. Thus the probability that site B is empty given that
site A is empty is

2(M —kjp)
2(M+kj1)+2j1° (103)
We see that v;, , 1, the number of ways to place the (j; + 1)th molecule onto the lattice, is
it ystop )
, 2(M—kjp) 151
1= (M- .
Vi1 = (M= k) 2(M +kj1) + 2j1 (104)

The total number of ways to place N; indistinguishable molecules onto the lattice in this orientation is

Hf-fLBl V4l MI(M —kNy +Np)! (M —kNp + Np)! 105
(N1)! (M —kNp)!M!(Ny)! — (M —kNp)!(Np)! (105)

Note that this result so far is equal to the exact number. That is to say, the number of ways to pack the
molecules is the number of ways to arrange Nj linear molecules and Ny holes on a linear lattice [see
Equation (3)].

In order to count the number of ways to pack the N, molecules in the second orientation, given that
we have already placed the N; molecules, we need to know the statistics for those pairs of neighboring
sites whose centers are connected by a line in this direction. The number of these kind of nearest-
neighbors to polymer molecules is 2kNj + 2j, where j is the number of polymer molecules in the
second orientation and the number of these kind of nearest-neighbors to holes is 2M — (2kNj + 2kjs).

The first segment of the (j, + 1)th molecule can go into the lattice in (M — kNj — kNy) places. The
expectancy that a site is unoccupied when it is known that the adjacent site in the direction in which
the molecules lies is unoccupied is

2(M — kN — kja)
2(M —kNy — kjp) +2(kNy +jo)

(106)
We therefore have for v},

(M — kNy — kjp) k=1
(M — kN1 — kj2) + (kN1 + j2)

Vj2+1 = (M - kNl - k]z) (107)
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The total number of ways to pack these indistinguishable molecules is

N,—1
IT,%0 v+ _ (M —KkNy)!(M —kNz + N,)! 108)
(Np)! (M — kN — kNp)IMI(Np)! -
By an exactly analogous reasoning process we obtain for vj, 1,
Vi1 = (M —kN;y —kN; — kj3) (M — kN — kN, — kjs) o (109)
B+l = LN TR (M —kNy — kN, —kjs) + (kNy + kNa £ J3) |
N3—1

IT;20 Vist1 (M —kNj — kNp)!(M — kN3 + N3)! 110)

(N3)! (M —kN; — kN, — kN3)!M!(N3)!

The product obtained from Equations (105), (108), and (110) gives the total number of ways to pack the
molecules

(M — kNy + Nj)!
(M — kNq)!(Nq)!

(M — kNy)!{(M — kN; + No)!
“ (M —kNj — kN2)IMI(N, )!
(M —kNy —kN)!(M — kN5 + Ny)!

(M — kNy — kN — kN3)IMI(N5)!

T4 M— (k= 1)N]! a1
(NI (N (M)

Q(NOINllNZ/ N3/M) -

As remarked before, this expression is exact when all the molecules are in one direction. Equa-
tion (111) has the proper symmetry requirements. It is invariant under the permutation of the N;. For
the case Ny = N, = N3 = N /3 we obtain

o _ {No+ (2kN/3) + (N/3)1Y (112)

No![(N/3)1]3(M!)?

Equation (111) can be generalized for a lattice of connectivity 7. If ones uses a mole fraction for
molecules that are parallel to one another and a volume fraction for molecules that are perpendicular (it
is assumed that the base vectors of the new space are orthogonal) then the appropriate generalization
of Equation (111) is
IT/7[M — (k= 1)N;]!

R N T ATV

(113)

where 7/2 is the dimensionality of the space. Again, if we allow N; = (2/)N (and Ny = M — kN)
then Equation (111) reduces to the well-known Guggenheim’s factor

M! [{M—kN+[(7—2)k+2]N}!r/2.

M —kN)! M! (114)

Q(M,N,7) = (g)NN!(

By operating as in previous sections, configurational entropy per site and adsorption isotherm
can be obtained from Equation (114)

M=

5(6,7) _ {v_(k—l)e} ln[v_ (k—1>9} S0l i ema—e) + (0-2)m7, )

kp 2 k 2 k k k

and
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y o1 2] k-1
k5 exp[B(p —keo)] = 1_of (116)

3.2. Two-Dimensional Model of Non-Interacting Structured Particles: More Recent Approximations
from Our Group

More recently, four new theories to describe adsorption with multisite occupancy have been
introduced. The first, hereafter denoted EA, is based on exact forms of the thermodynamic functions of
linear adsorbates in one dimension and its generalization to higher dimensions [20,72,73]. The second,
which is called the fractional statistical theory of the adsorption of polyatomics (FSTA) [12,13], is based
on a generalization of the formalism of quantum fractional statistics, proposed by Haldane [14,15].
The third, called as Occupation Balance (OB), is based on the expansion of the reciprocal of the
fugacity [73-75]; and the fourth is a simple semi-empirical adsorption model for polyatomics (SE),
which is obtained by combining exact 1D calculations and GD theory [11].

EA, FSTA, OB and SE are presented below: EA, Section 3.2.1; FSTA, Section 3.2.2; OB, Sec-
tion 3.2.3; and SE, Section 3.2.4. Finally, Section 3.2.5 includes a brief reference to Multiple Exclusion
Statistics, which will be further developed in Sections 5 and 6.

3.2.1. Extension to Higher Dimensions of the Exact Thermodynamic Functions in One Dimension (EA)

We address the calculation of approximated thermodynamic functions of chains adsorbed on
lattices with connectivity  higher than 2 (i.e. dimensions higher than one).

In general, the number of configurations of N k-mers on M sites, (M, N, v), depends on the
lattice connectivity . Q(M, N, y) can be approximated considering that the molecules are distributed
completely at random on the lattice, and assuming the arguments given by different authors [6,8,33,34,
50,76] to relate the configurational factor (M, N, y) for any 7y with respect to the same quantity in
one dimension (7 = 2). Thus

Q(M,N,v) = K(7,k)NQ(M, N, 2), (117)

where (M, N, 2) can be readily calculated from Equation (3) and K(7, k) represents the number of
available configurations (per lattice site) for a k-mer at zero coverage. K(1, k) is, in general, a function
of the connectivity and the size/shape of the adsorbate. It's easy demonstrate that,

K(v,k) =

v/2 for linear k—mers
(118)

[’y('y - 1)("’2)} /2—m'  for flexible k—mers

The term m’ is subtracted in Equation (118) since the first term overestimates K(1, k) by including
m' configurations providing overlaps in the k-mer. Equation (118) is valid for k > 2 (K(vy, k) = 1 for
k=1).

In this way, the entropy s and the adsorption isotherm corresponding to an adsorbed
molecule/surface geometry result,

S(i’;) - {1 . (k_kl)e] ln{l - (kzl)e] - %m% —(1-6)In(1—0) + %an('y,k), (119)

and

kK (7, k) exp[B(n — keo)] = (120)
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Equations (118-120) provide the basic thermodynamic functions for non-interacting polyatomics
in lattices with general connectivity .

3.2.2. Fractional Statistics Thermodynamic Theory of Adsorption of Polyatomics (FSTA)

We present the basis of the phenomenological fractional statistic thermodynamic theory of ad-
sorption of polyatomics [12,13] from a novel conceptual framework inspired in the formalism of the
recently developed Haldane’s Statistics [14,15], on a generalization of the Pauli’s Principle. For the
sake of simplicity we contrive our formulation to adsorption in a homogeneous adsorption field. FSTA
is based in the following conceptual framework: the interaction of one isolated molecule with a solid
surface can be represented by an adsorption field” having a total number G of local minima in the
space of coordinates necessary to define the adsorption configuration (we can think of G being the
total number of a equilibrium states for a single molecule).

Depending on the typical size of the particle in the adsorbed state and on the adsorption configu-
ration, some states out of G are prevented from being further occupied upon adsorption of a molecule.
We characterize the mean number of states excluded per molecule upon adsorption by the quantity g,
being a measure of the “statistical interactions" as it will be shown latter. The parameter g (or better
the function g in general) is the fundamental phenomenological parameter of the theory that turns
to have a precise physical meaning in either lattice and off-lattice systems; it can be obtained from
thermodynamic experiments and relates straightforwardly to the configurational state of the adsorbed
particle. Essentially, the configurational entropy of the system will be characterized by the parameter g
making either the statistical as well as the thermodynamic properties of complex adsorbed polyatomics
much simpler and understandable. Because of possible concurrent exclusion of states by two or more
particles ¢ depends in general on the density. Thus, § = ¢(N) in general.

Let us assume (N — 1) identical particles within a fixed volume V containing G equilibrium states.
The number of states available to the Nth particle when added to the volume is [14]

N-1
dy=G— ) g(N') =G —Go(N). (121)

N'=1
This is basically the definition proposed by Haldane [14] as a generalization of Pauli’s Exclu-
sion Principle, from which the Haldane’s Statistics follows (so called Quantum Fractional Statistics).
Accordingly, we propose to describe the general class of physical system addressed here by means
of a generalized statistics with g(N) > 1 for which the number of configurations of a system of N

molecules and G states is

(dn+N—1)!  [G—Go(N)+N—1]!

W(N) = [N!(dy —1)1]  {N![G — Go(N) — 1!}

(122)

It is clear that, for particles that exclude only one state g(N) = 1 and Go(N) = (N — 1) VN,
and W(N) reduces to the one expected for fermion-like particles, W(N) = G!/[N!(G — ) ]
the other hand, no exclusion at all, i.e. g(N) = 0 VN, the boson-like form of W(N), W
(G+ N —1)!/[N!(G — N)!] is recovered.

In general, configurational entropy per site and adsorption isotherm of non-interacting adsorbed
polyatomics can be obtained from Equation (122),

S(Z'Bw — —%lnnJral—k[l—Go(”)‘F”}1“[1_@0<”)+n]
alk [1—Go(n)] In[1 - Go(n)], (123)

2 This adsorption field is usually represented by a lattice of adsorption sites although in the case of particles or molecules
composed by more than one elementary unit there is not a one-to-one correspondence between an equilibrium state and a
lattice as will be made clear latter.
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and .
n[1— Go(n) + n] (G-1)

1- Go(”)]cé

where n = N/G is the density (n finite as N, G — o), which is proportional to the standard surface

exp[B(u — keo)] = (124)

coverage 0, n = af), 0 being either the ratio N/N,; or the ratio v/v,,, where N (v) is the number of
admolecules (adsorbed amount) at given y, T and N, (v;,) is the one corresponding to monolayer
completion. In addition, Go(n) = limy e Go(N)/G and G} = dGy/dn. Hereafter we examine
the simplest approximation within FSTA, namely g =constant °, which is rather robust as it will
be shown below. Considering that Gy = gn and G, = g, a particular isotherm function arises from
Equation (124),

_ _ -1
explB(y — keo)] = L1 [ff(feg];)]g : (125)

Equation (125) has well-known adsorption isotherms as limiting cases. Namely, for spherical particles
(or single-site occupation in the lattice fashion of the adsorption field) which exclude only one state
(one minimum), ¢ = 1 and Equation (125) corresponds to the Langmuir isotherm [50]. On the other
hand, it can be demonstrated that Equation (125) reduces to the rigorous isotherm of non-interacting
chains adsorbed flat on a one-dimensional lattice [see Equation (15)] if g equals the number of chain
units (size) k. This is already a simple example of the underlying relationship between the statistical
exclusion parameter ¢ and the spatial configuration of the admolecule.

Finally, we shortly mention some examples out of a whole variety of adsorption configurations
that the proposed formalism allows to deal with. Let us consider adparticles composed by k elementary
units in which k’ out of k units of the molecule are attached to surface sites and (k — k) units are
detached and tilted away from them. For a lattice of M sites, 6 = K'N/M. Thus,m =1, ¢ = 1 and
a = 1represents the case of end-on (normal to the surface) adsorption of k-mers. Instead, m =1, g = K
and a = 1/k represents an adsorption configuration in which k’ units of the k-mer are attached to a
one-dimensional lattice and (k — k) units at the ends are detached. On the other hand, for a molecule
with k units, each of which occupying an adsorption site, k¥’ = k and G = M m, where m is the number
of distinguishable configurations of the molecule per lattice site (at zero density) and depends on
the lattice/molecule geometry. Then 1/a = k m. For instance, straight rigid k-mers adsorbed flat on
sites of a two-dimensional lattice with connectivity v would correspond to m = /2, g = ky/2 and
a = 2/ (k). Introducing these values of ¢ and a in Equation (125), the adsorption isotherm for linear
k-mers adsorbed on a two-dimensional lattice with connectivity - can be obtained,

26 11 _gkr=2) (%771)
exp[B(p — keg)] = kﬂr[ il —k;]’zj ' (126)

3.2.3. Occupation Balance Approximation (OB)

As it is well-known, the mean number of particles in the adlayer N and the chemical potential u
are related through the following general relationship in the grand canonical ensemble

N=A\ M , (127)
oA M

where A = exp(Bu) and Z is the grand partition function. By solving A ! from Equation (127)

4 1[9InE(M,A) R(M, M)
1—7 S —— = —
A _N{ oA LI N 7 (128)

3 Itis worth to note that in general adsorbed molecules may adopt different configurations as the density increases. In this

case the values obtained for g from experiments will depend on the pressure range analyzed, according to the general form
of Equation (124). In turns, a relates to the low density limit § — 0, By =~ In aé.
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where the quantity R(M, A) can be proven to be the mean number of states available to a particle on M
sites at A. If Y;(M, N) and R;(M, N) denote, the total number of configurations of N distinguishable
particles on M sites, and the number of states available to the (N + 1)th particle in the ith configuration
[out of Y;(M, N)], respectively, then

Y;(M,N)
Yi(M,N+1)= )  Ri(M,N). (129)
i=1
The total number of configurations of (N + 1) indistinguishable particles on M sites, G;(M, N + 1)
can be obtained from Equation (129),

Ye(MN) p.
GMN+1) = NHMN+D Y ' Ri(MN)

(N+1)! (N+1)!
N' Gt(%N) ( ) 1 Gt(%N) ( )
= — Ri(M,N) = —— R;(M, N). (130)
N+ H N+1 &5

In the last arguments, we consider that for each configuration of N indistinguishable particles there
exist N! configurations of N distinguishable particles.
The average of R;(M, N) over a grand canonical ensemble is

_ 1 Nm Gt
R(M,A) = (Ri(M,N)) = = ), {ANZRI-(M,N)}
= N=0 i=1
1 Ny, —1
= = (N+1)ANG;(M,N +1)
= N=0
—1 Np , \]
= )‘H Y ANN'GH(M,N') = N, (131)
E N A

as already advanced in Equation (128). N’ = N + 1, N, being the maximum number of particles that
fit in the lattice, and R;(M, N,,) = 0.

The advantage of using Equation (128) to calculate the coverage dependence of the fugacity A can
be seen by dealing with adsorption of dimers in the monolayer regime. R[M,A(N)] = R(M, N) for
dimers (occupying two nearest neighbor lattice sites) is, at first order*, R(M, N) ~ yM/2 — (2y — 1)N,
where the second terms account for the mean number of states excluded by the adsorbed dimers on a
lattice with connectivity . Thus,

lim A1~ fim M2 @ =DN v
M— o0 M—oo N 0

where limp_, 2N/ M = 6.

The term (27 — 1) overestimates the number of excluded states because of simultaneous exclusion
of neighboring particles. Then, the approximation can be further refined by considering the mean
number of states that are simultaneously excluded by N dimers, L(M, N). It is possible to demonstrate
that, in general, R(M, N) = yM/2 — (2y — 1)N + L(M, N) for linear k-mers.

For dimers, L(M, N) is the average number of occupied nearest-neighbor. Due to it is not possible
to obtain exacts solutions for L(M, N), we approximate

—(2y-1), (132)

L 8) ~ NN =D 700, (133)

4 If it is assumed that each dimer is independent from the neighboring ones, each dimer excludes (2 — 1) states out of total
YM/2
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where N(N — 1)/2 is the number of possible pairs for N indistinguishable particles.
Considering a system of two adsorbed dimers on a square lattice (y = 4), we can write
. a(M2)+20(M2) 18
L(M,2) = = , 134
(M,2) Gi(M,2) 2M —7) (134)

where G;(M,2) = M(2M — 7). In addition, g1 (M, 2) = 14M and g>(M, 2) = 2M, are the number of
states with one and two occupied nearest-neighbor. Finally, we can write

lim A~ = lim 2M_7NTL(M’N)
M—o00 M—o00 N
.1 _ 9N(N-1)
~ lim = |2M—-7N+——
Mot N T eMi7)
% —7+ Ze +0(6?). (135)

Finally, by considering that the terms neglected in Equation (135) are O(#?), it becomes

A1 = % 74 Ze + ab? (square lattice), (136)

and the constant a = 3/4 can be determined from the limiting condition A — oo for § — 1. Similarly,

A= g -5+ %9 + %02 (honeycomb lattice), (137)
and
2 7
Al = g —11+ 29 + 692 (triangular lattice). (138)
The entropy per lattice site can be evaluated in the limit T — oo as follows
Fpa= b gy [BSMNTDT 2 [ds(0) (139)
kBT N B kB M, T—c0 oN M,T N kB do
then
5(9) - 1 /9 / /
=3 /0 InA(8) de. (140)
From Equations (136-138) and (140) we obtain
s() 0 (1-90) (A—0)
ks 2 [InC—1In6 —2] 7 In(1-6) 5 In(A—9)
+ (B;Q)IH(B+9)+§InA—§InB, (141)

where A = 2(v/7/3—1),(3/2) (ﬁ - 1) and (15/7) (m/s - 1),- C =3/4, 2/3and 7/6; B =
2(vV7/3+1),(3/2) (\@ + 1) and (15/7) (VST%/S + l) for square, honeycomb and triangular lattices,
respectively.

3.2.4. Semi-Empirical Adsorption Model for Polyatomics (SE)

In this section, we propose an approximation of the adsorption isotherm for non-interacting
k-mers on a regular lattice, based on semi-empirical arguments, which leads to very accurate results.
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We start from Equation (128), which is called Occupation Balance, and approximate R by using a
variant of the method developed by Flory to obtain ()(Nj, N;) as a function of the w;’s [Equation (91)].
Thus, R(M, A), can be written as,

R = (1M) ﬁpi. (142)

2 i=1

Equation (142) can be interpreted as follows. The term between parentheses corresponds to the
total number of linear k-uples on the surface. These k-uples can be separated in three groups: full
k-uples (occupied by k-mers), empty k-uples (available for adsorption) and frustrated k-uples (partially
occupied or occupied by segments belonging to different adsorbed k-mers). Then, an additional factor
must be incorporated, which takes into account the probability of having a empty k-uple. We suppose
that this factor can be written as a product of k functions (P;’s), being P; the conditional probability of
finding the i-th empty site into the lattice with i — 1 already vacant sites (the i sites are assumed to be
arranged in a linear k-uple). In the particular case of i =1,

Pr=1-9, (143)

which represents an exact result.

Now, let us consider the simplest approximation within this scheme, namely, P; = P; for all 7.
Then, from Equations (128-143), it results that

4 _ Rk M ak(1-6)F
A== = == 144
N 2kN " 26 (144)

Equation (144) reduces to the FH adsorption isotherm of non-interacting linear k-mers adsorbed flat on
homogeneous surfaces. This is already a simple example out of a whole variety of multisite adsorption
models that the proposed formalism allows to deal with.

In general, the P;’s can be written as

Pi=(1-06)C, (145)

where a correction factor, C;, has been included (being C; = 1 and C; — 1 as § — 0). From Equations

(142-145), we obtain
7 S -
M- O T]C M1 - 0)kCk1, (146)
i=2

and )

k k-1
= (H Ci> , (147)
=2

being C the average correction function, which is calculated as the geometrical mean of the C;’s. Then,
from Equations (128) and (146), the general form of the adsorption isotherm of linear k-mers can be

obtained: _
A= W (148)
or
B(1 — keg) = ln(i> — kIn(1—0) — ln(%) — (k—=1)InC. (149)

It is interesting to compare Equation (149), obtained in the framework of the OB formalism,
with the corresponding ones from the main theories of adsorption of linear polyatomics described in
previous sections. For this purpose, we rewrite Equations (102), (116), (120) and (126) in a convenient

form
0

B(1 — keg) = ln<k) —kIn(1—6) — m(%) FH (k>2), (150)
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,B(y—keo)zln<i)—kln(l—G)—ln(g)+(k—1)ln[1— - GD, (151

B(i — keg) = ln<i> —kIn(1-6) ~In(2) + (k—1)In [1 - (k_kl)e] EA,  (152)

and

B — keg) = ln(z> - %’Y In(1-6)~In(7) + ("27 - 1) In {1 - e(kvk;z)} FSTA.  (153)

As it can be observed, FH, GD and EA have already the structure of Equation (149). In the case of
FSTA (and its simplest approximation to linear k-mers), an identical structure can be obtained after
simple algebraic operations. From this new perspective, the differences between the theoretical models
arise from the distinct strategies of approximating C. These arguments can be better understood
with an example: EA and GD provide the exact solution for the one-dimensional case. Then, the
comparison between Equation (149) and the adsorption isotherm from EA (or GD with ¢ = 2) allows
us to obtain:

k—1

Cl=1- TG (v =2). (154)

The result in Equation (154) is exact. Moreover, it can be demonstrated that C; = C for all i [9].

On the other hand, previous work [11] (comparisons between theoretical models and simulation
results in two-dimensional systems) shown that GD fits very well the numerical data at low coverage,
while EA behaves excellently at high coverage. Once the equations are written as in Equations (152)
and (151), it is clear that the differences between EA and GD can be only associated to the average
correction function C. These findings, along with the structure proposed for the adsorption isotherm
[Equation (149)], allow us to build a new semi-empirical adsorption isotherm for polyatomics (SE),

Bln— kep) = ln(i)—kln(l—e)_ln(g>
)
ko
o= Din {1 - <k_kl)6} (155)

+(1—9)(k—1)1n[1

The last equation can be interpreted as follows. First line includes three terms, which are identical in
both EA and GD. Second and third lines represent a combination of the average correction functions
corresponding to GD and EA, with (1 — 6) and 6 as weights, respectively.

3.2.5. Brief Introduction to Multiple Exclusion Statistics

In the following Sections 5 and 6 we review a comprehensive statistical framework to describe
the thermodynamics of classical lattice gases formed by rigid particles with arbitrary size and shape,
focusing particularly on the behavior of linear k-mers on a square lattice. This framework extends the
recently proposed multiple exclusion (ME) statistics [17] to multi-component systems, capturing the
complex spatial correlations inherent to structured-particle configurations. A generalized density of
states formalism is introduced, parameterized by state exclusion correlation parameters that account
for both self-exclusion and cross-exclusion effects between different species. First, the ME statistical
mechanics for a single particle species [18] is going to be reviewed, with a rigorous derivation of
the generalized entropy, Helmholtz free energy, and chemical potential functions. The theory will
be then applied to isolated species of k-mers on the square lattice, rationalizing the emergence of
an entropy-driven isotropic-nematic transition for large enough k, with no transition observed for
k < 6. Analytical expressions for thermodynamic potentials are obtained as functions of the mean
lattice occupation, revealing the critical role played by state exclusion multiplicity and the density
dependence of the available states. The thermodynamic quantities derived from this formalism showed
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remarkable agreement with Monte Carlo (MC) simulation results across all density regimes, validating
the ME statistics approach.

Building on this foundation, a more refined formulation of the ME statistics to mixtures of
different species presented in Ref. [19] wil be also shown. This provides a more robust approach to
lattice gases with various symmetry axis so that the effect of state cross-exclusion between particles
differently oriented can be finely quantified.

Particularly, for the k-mer problem in square lattice two particle orientations apply, modeling
horizontal and vertical k-mers as two distinct but interrelated species. The formalism embodies
cross-exclusion effects explicitly and introduced a generalized density of states capable of accounting
for spatial correlations between different species. Analytical solutions for the Helmholtz free energy
surface Bf (11, ny) are derived, providing access to equilibrium occupation paths, phase coexistence
regions, and order parameter behavior. Importantly, the theory predicts two distinct phase transitions
for large k (k > 7): (i) a continuous isotropic-to-nematic transition at intermediate coverage, driven by
the entropy gain associated with increasing orientational order increasing the multiple state exclusion
as compared to isotropic configurations with excessively large state exclusion but less efficient multiple
exclusion , and (ii) a first-order nematic-to-isotropic transition at high coverage, associated with the
breakdown of nematic order due to geometrical constraints near lattice saturation since a isotropic
configuration has a larger entropy at saturation than the vanishing one for a full aligned nematic phase.
This, system, will then be addressed in detail along with other applications of the analytical models
treated in this review.

The model also accurately predictes critical densities and chemical potentials for both transitions,
in close agreement with existing MC simulation data and shed light about the transitions order,
particularly for the still controversial nature of the the high-coverage nematic-isotropic transition ghich
was identified as weakly first-order, consistent with recent MC observations.

A novel aspect of this work is the introduction of the state exclusion frequency functions ¢;;(6) and
the cumulative exclusion spectrum functions G;;(6), which offer a thermodynamic characterization of
phase transitions in terms of the coverage dependence of state exclusion.

The ME statistics in general, an particularly the mixtures formulation, provides a unified, self-
consistent, and predictive formalism for lattice gases of structured particles. This framework not only
explains the nematic ordering transitions observed in k-mer systems but also lays the groundwork for
studying more complex systems, such as rods on triangular or cubic lattices, particles with additional
symmetry axes, or mixtures of different particle shapes and sizes. Future work will explore these
generalizations, aiming to connect exclusion statistics formulations with broader classes of phase
transitions in soft condensed matter and statistical physics.

3.3. Two-Dimensional Model of Non-Interacting (k-Mers—I-Mers) Binary Mixtures

In this section, the adsorption of a binary mixture of straight rigid k-mers and straight rigid
[-mers on two-dimensional lattices is considered. The k(I)-mers are assumed to be composed by k(/)
identical units in a linear array with constant bond length equal to the lattice constant a. Without
any loss of generality, we assume that | < k. The substrate is modeled by a two-dimensional array
of M sites (M — o0) and connectivity 7y, where periodic boundary conditions apply. Under this
condition, all lattice sites are equivalent, hence border effects will not enter in our derivation. The
k(I)-mers can only adsorb flat on the surface occupying k(I) contiguous lattice sites. In addition, double
site occupancy is not allowed as to represent properties in the monolayer regime. Since different
particles do not interact with each other, all configurations of Ny k-mers and N [-mers on M sites are
equally probable. Then, the canonical partition function Q(M, N, N;, T) equals the total number of
configurations, Q)(M, N, N;), times a Boltzmann factor including the total interaction energy between
adparticles and substrate E(N, N;),

(156)

Q(Mr Ni, Nj, T) = Q(M, Ng, Nl) exp [—E(M<’I\IZ):| .

kpT
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On the other hand, E(Nj, N;) can be written as
E(Nk, N;) = exNi + €N}, (157)

where €; represents the adsorption energy of a i-mer (i =k, I).
In order to calculate Q) (M, Ni, N;), different theories can be used. Some examples are presented
in the next sections.

3.3.1. EA Approximation

As previously discussed for single species [6,8,33,34,50,76], the number of configurations of Nj
k-mers and N; I-mers on M sites, O(M, Ni, N}, ), depends on the lattice connectivity -, and can be
written in terms of the same quantity in one dimension (7 = 2). Thus,

Q(M, Ni, Ni,v) = Ki(7, k) MKy (7, )N Q(M, Ny, N;, 2), (158)

where Q(M, Ni, Nj,2) and K;(7, i) (i = k,I) can be obtained from Equations (22) and (118), respectively.
Accordingly,

M — (k—1)Ng — (I = 1)N]!

_ Ni N |
Q(M,Nk,Nl,’}/) Kk(’)/,k) Kl(’)/,l) Nk!Nl![M—ka—lNl]! (159)
From Equation (4), it results
IBP<M/Nk/Nl/r)// T) = _an(M’ Nk’ Nl”)/’ T)
= —II’IQ(M, Ng, Nl,’)/) ~|—ﬁ€ka—|-ﬁ€lNl, (160)
with = 1/kgT.
The chemical potential of the adsorbed species i, ; 545, can be calculated as [50]
oF ..
war= (35 ) ik (161)
i,ads oN; Nj’s
From Equations (159-161) it follows that
k—1 -1 0
Blitase — ) = IKelr )+ (k=11 (52 o (17 )a +1n
—kh’l(l - Gk - 91), (162)
and
k—1 -1 0
Blnas — ) = k() + (= Din1= (53 o= (157 )] +m
—IIn(1— 6, —6)), (163)
where 6; = iN;/ M represents the partial coverage of the species i {i = k,}.
At equilibrium, the chemical potential of the adsorbed and gas phase are equal. Then,
Mkads = Hk,gass (164)
and
Hiads = Mi,gass (165)

where iy ¢45 (11,as) corresponds to k-mers (I-mers) in gas phase.
The chemical potential of each kind of molecule in an ideal gas mixture, at temperature T and
pressure P, is
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Biik,gas = PHj +In XD, (166)

and
Bl gas = P1j +1In X, P, (167)

where .”12 and y? (X and X;) are the standard chemical potentials (mole fractions) of k-mers and /-mers,
respectively. In addition,

, 3/2
Buf) = —lnl<2mzlszT> kBT] {i=kl} (168)

3.3.2. GD Approximation

In this section, the factor Q(M, Nk, N;) will be obtained using the DiMarzio’s lattice theory [9].
Let’s start calculating the number of distinct ways to pack Nj rigid rods onto a lattice with d allowed
orientations (directions),

[T, [M — (k— 1)N,]!
(M — kN (MO T (N i)t

O (M, {Ni}a) = (169)

where Ny ; is the number of k-mers lying in the direction i and Ny = Z?Zl Nj i is the total number of
k-mers on the surface.

Now, using the DiMarzio counting scheme, the number of ways to place the (j; + 1)th [ type
molecule onto the lattice (the subscript reminds us that we are discussing the orientation 1), given that
j1 I molecules have already been placed in the direction 1 and Nj type k molecules have already been
placed, is seen to be [77],

M—kNg—1j -1

—(k=1)Ne1 = (I =Dj

Vir1 = (M =kNg = 1j1) | 5 (170)

The total number of ways to place N, ; indistinguishable molecules onto the lattice in this orientation

is,

50 Vit (M —kNQ!M — (k—1)Ngy — (I — 1)Ny1]!
(Nia)t (M= kNg = INp )M — (k= 1) Ny |INjp

171)

Similar expressions can be obtained for the other orientations and total numbers of ways to place N;
hard rod molecules type I when Nj type k have been place in the surface is,

(M = kNI, [M = (k= 1)Ng; — (I = 1)N, ]!
(M = kN = IN)! T [M = (k= 1)Ng J{(N)t

O (M, {N; }q) = (172)

Them the product obtained from Equations (169) and (172) gives the total number of ways to pack the
molecules in the mixture:

144 [M — (k— 1)Ni,; — (1 — 1)N;,!

Q(M,{N;}4, {N, = .
(M, (N IR ) (M — kNg — TN MY T (N i) N

(173)

Equation (173) is exact when all molecules live in one direction [78]. For the case of an isotropic distri-
bution of molecules, i.e., Ny(;); = (2/7)Nj(), then the appropriate generalization of Equation (173)
is,

Q(M, Nk/ Nl) =

M {[M(kl)ZNk(ll)zN’]!}g. (174)

(M —kN¢ — IN))! M! NN,
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In the canonical ensemble, the Helmholtz free energy F(M, Ni, N;, T) relates to (M, Ni, Nj)

through,
=—In Q(M, Nkr Nl) + ﬁG(Nk, Nl)
The chemical potential of the adsorbed species i, y; 545, can be calculated as [50],
oF .
Hiads = <aI\Ii)Nj {l,] = k,l} (176)
From Equations (174-176) it follows that,
k—1 -1 0
,B(.uk,ads _ek) :(k_ 1)111[;/ - ( 2 )9k — ( ] )91] —|—ln<kk>
y (177)
—kIn(1— 6 — ) — kln(i),
and
k—1 -1 6
Blnass — ) = - in| T - E 25— Vg (%)
(178)

(1= 6c—6;) ~1n(7),

where 6; = iN;/M represents the partial coverage of the species i {i = k,I}. At equilibrium, the
chemical potential of the adsorbed and gas phase are equal. Then,

Hkads = Hk,gass (179)

and
Miads = Mi,gass (180)

where i o4s (11,gas) corresponds to k-mers (I-mers) in gas phase and can be obtained using Equations
(166-168).

3.3.3. SE Approximation

We will start by applying concepts previously introduced in Section 3.2.3 for the mixtures problem.
In the grand canonical ensemble, the mean number of i-mers in the adlayer N; and the chemical
potential y; 445 are related through the following general relationship,

) Jdln E(M, )Lk, )\l)

N; = A, o {i=k1}, (181)
1 M

with A; = exp [B(Miqas — €i)]. As in Refs. [73,75], the solution of Equation (181) for A; gives us the
balance of occupancy for the system,

ot RilM, A A

i N; {i=k1}, (182)

where R;(M, Ay, Aj) can be interpreted as the number of states available for adsorb a particle of species
i when the chemical potentials at the surface are py 545 and p; 445. These states can be written as,

Ri(M, Ay, Ay) = (%M) 17 {(i=k}. (183)
j=1
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The term between parentheses corresponds to the total number of i-uples on the surface. These i-uples
can be separated into three different groups: (1) full i-uples (occupied by i-mers); (2) empty i-uples
(available for adsorption), and (3) frustrated i-uples (partially occupied or occupied by segments
belonging to different adsorbed i-mers). However, the additional factor represents the probability of
having an empty linear i-uple. As in Ref. [11], we suppose this probability can be written as a product
of i conditional probability functions, P; that represents the probability of finding the j-th empty in the
lattice with j — 1 already vacant sites. The first of these functions, j = 1, represents the probability to
find an empty site when already exists N = Nj + Nj, adsorbed molecules on the lattice,

Pr=1-09, (184)

in which 6 = 6 + 0; is the total surface coverage and 6; = iN;/M is the surface coverage of each
species i.
Furthermore, the P; functions can be written as [11],

Pj=(1-0)C (185)

where C; are undetermined correction functions, that must satisfy, C; = 1 and Cj — las 0 — 0. From
Equations (183) and (185), we obtain

i
Ri(M,Ag, ) = %M(l —0)'TIC = %M(l —g)ici—1, (186)
j=2
and

C= (ﬁ q) - {i=k1}, (187)
j=2

being C, the geometric mean of the Cj’s. Now, the adsorption isotherms can be easily calculated from
Equations (182) and (186),

1 y.(1=9)C] _
=TS ik, (188)
or,
B(Hi ads — €i) —111(91') —iln(l—e)—ln(l) —(i-1)InC  {i=kI}. (189)
1,ads 1 i 2 7

In general, the calculation of the adsorption isotherms requires the knowledge of an analytical
expression for C [see, Equation (187)]. Now, let us consider the simplest approximation within this
scheme, namely, C =1, for all k and I. Then, from Equation (189) we obtain,

B ads — €1) _1n(€f> —iln(1—6) — ln(%) {i=k1}. (190)

Equation (190) represents the Flory-Huggins (FH) limit [6,7] for the adsorption of noninteracting binary
mixtures of linear species adsorbed on homogeneous surfaces. For single adsorption, Equation (190)
reduces to the classical Flory-Huggins isotherm for non-interacting linear adsorbates on homogeneous
surfaces [11].

In the case of EA and GD approximation, the comparison between Equation (189) and Equations
(162), (163), (177) and (178) allows us to obtain:

k—1)

=_ [ _(
C=[1-

0, — u ; 1)91 (EA), (191)
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and
co 1o k=26 (1-1)26 (GD). (192)
As it was shown in the case of single-component adsorption, an excellent approximation can be
obtained by combining exact calculations in 1D and the GD approximation with adequate weights [11].
Extending these arguments to the case of multicomponent adsorption and using the structure proposed
in Equation (189), a new semiempirical adsorption isotherm for mixtures of polyatomics can be built:

B(#iads — €i) =1n<9ii> —iln(1-16) — 1n(%)
_(1—9)(i—1)1n[1_(_] .

(k—-1)
k

-1
—G(i—l)ln[l— Gk—( )61], i={k1}.
The last equation can be interpreted as follows. The first line includes three terms that are identical
in both EA and GD. The second and third lines represent a combination of the average correction
functions corresponding to GD and EA, with (1 — ) and 0 as weights, respectively.

3.4. Multilayer Adsorption in the Presence of Multisite Occupancy: Theoretical Approach for 2D Substrates

In this section, an analytical approach to the multilayer adsorption isotherm of polyatomic
adsorbates on 2D surfaces is proposed. The adsorbent is a homogeneous lattice of sites. The adsorbate
is assumed as linear molecules having k-identical units (k-mers) each of which occupies an adsorption
site. As in previous Section 2.1.3, (i) a k-mer can adsorb exactly onto an already adsorbed one; (ii) no
lateral interactions are considered; and (iii) the adsorption heat in all layers, except the first one, equals
the molar heat of condensation of the adsorbate in bulk liquid phase. Thus, c = gq1/¢q; = g1/ with
gi =¢q (i =2,..,00) denotes the ratio between the single-molecule partition functions in the first and
higher layers.

For a lattice having M adsorption sites, the maximum number of columns that can be grown up
onto it is 1,.x = M/k. Let us denote by () (n, M) the total number of distinguishable configurations
of n columns on M sites. If an infinite number of layers is allowed to develop on the surface, the grand
partition function, &,,,;, of the adlayer in equilibrium with a gas phase at chemical potential  and
temperature T, is given by

Mmax
Sl = Z Q) (”/ M) (:n/ (194)
n=0
where ¢ is the grand partition function of a single column of k-mers having at least one k-mer in the

first layer. Then,

N iy N iy Chmad X
¢= i;ql‘? Ml = ngq)‘mul -1 " 1y (195)

where A,,,; = exp(u/kpT) is the fugacity. In addition, it is possible to demonstrate that x = A9 =
P/ Py is the relative pressure [37,79].
On the other hand, the grand partition function of the monolayer, &0, can be written as
Nimax
Bmon = Y O(n, M) Ao, (196)
n=0

in this case, 1 represents the number of adsorbed k-mers and A, is the monolayer fugacity.
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By comparing Equations (194) and (196) and from the condition,
)\mon = C
cP/ P, P 1
1=P/Py Py 1+chuon (197)
we can write the monolayer coverage, 0,0, as
k ~ k d ln Emon k d 11’1 Emul
0 = = Z_Tmon = ¢ —=" 198
mon Mn M mon < Do T M‘: dC M,T, ( )
where 7 is the mean number of columns. In addition, the total coverage, 0, can be written as
k ~. k d 11’1 E 1
f=—N=—A —_—m , 199
M M mul ( d)\mul )M,T ( )

where N is the mean number of adsorbed k-mers. After some algebra the total coverage can be written
in terms of the monolayer coverage,

o _ Kk, (dInE,, g
T oM™\ TTdE ) A
97’101’1
S — 200
(1—P/D) (200)

Finally, the theoretical procedure can be described as follows:

1) By using 6,0, as a parameter (0 < 6,0, < 1), the relative pressure is obtained by using Equa-
tion (197). This calculation requires the knowledge of an analytical expression for the monolayer
adsorption isotherm.

2)  The values of 8,0, and P/ Py are introduced in Equation (200) and the total coverage is obtained.

The items 1) and 2) are summarized in the following scheme:

Omon + Amon (Omon) + Equation (197) — P/ Py = Omon + P/Py+ Equation (200) — 6  (201)

By following the scheme presented above, we can obtain a solution for multilayer adsorption of
k-mers on two-dimensional lattices.

As it is well-known, from an analytical point of view, the problem in which a two-dimensional
lattice contains isolated lattice points (vacancies) as well as k-mers (with k > 1) has not been solved
in a closed form. However, different approximate methods have been developed to study this topic.
Among them, the Occupation Balance approach (OB) [73] is one of the most accurate approximation
to this problem. In the simplest case of k = 2, the monolayer isotherm for non-interacting dimers
adsorbed on a honeycomb lattice can be written as,

1 3

/\mon =
Omon

4 2
-5+ §9m0n + 59,2,10” (honeycomb lattice). (202)

For other connectivities, the adsorption isotherms result,

4
Amon ™+ = I 7+ Zﬂmon + 29,%10,1 (square lattice), (203)
mon
and 6 23 7
Amon + = I 11+ gemon + 89,%10,1 (triangular lattice). (204)
mon

The relative pressures for honeycomb, square and triangular lattices are obtained inserting
Equations (202-204), respectively, into Equation (197). On doing so, we obtain
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L 3Omon 5 (honeycomb lattice), (205)
Py 9c+ (3—15¢)0mon + 462, + 2¢05,0n
r_ 40mon 5 (square lattice), (206)
Py 16c¢+ (4 —28¢)0mon + 9c62,,,, + 3cO50n
and P 60
mon (triangular lattice). (207)

Dy 36¢ + (6 — 660)0mon + 23¢02,, + 7c030n

The set of Equations (205-207) and Equation (200) provide a theoretical solution to study multi-
layer adsorption of dimers on two-dimensional lattices. This treatment, in which the entropic effects
of the adsorbate size are accounted for, bears theoretical interest because it represents a qualitative
advance with respect to the existing models of multilayer adsorption.

In order to extend the study to adsorbates larger than dimers, we will start from EA model in
Ref. [73]. The resulting equation for the adsorption isotherm at monolayer is [20,73]:

k—1 k—1
A _ gmon [1 - 7( % )gmon}
KRR K (1= Ben)F

(208)

where v is the connectivity of the lattice and K(7, k) represents the number of available configurations
(per lattice site) for a k-mer at zero coverage [see Equation (118)].

By using Equation (208) and following the scheme described above, the multilayer isotherm for
k-mers adsorbed on a lattice of connectivity 7 results,

k-1
P Omon |:1 - (k;kl)emon]
— = . (209)
Py

~ k1
KK(7,k) (1 = on)* + Oion |1 — 52201100

4. Two-Dimensional Lattice Gases of Interacting Polyatomics

The introduction of intermolecular forces brings about the possibility of phase transitions [80-83].
Among the common types of phase transitions are, condensation of gases, melting of solids, transitions
from paramagnet to ferromagnet and order-disorder transitions. From a theoretical point of view,
when nearest-neighbor interactions are present, an extra term in the partition function for interaction
energy is required. With this extra term, only partition functions for the whole system can be written.
Ising [84] gave an exact solution to the one-dimensional lattice problem in 1925. All other cases are
expressed in terms of series solution [50,85,86], except for the special case of two-dimensional lattices at
half-coverage, which was exactly solved by Onsager [87] in 1944. For the one-dimensional lattice, there
is no evidence of phase transitions. Close approximate solutions in dimensions higher than one can be
obtained, and the two most important of these are the Bragg-Williams approximation (BWA) [50] and
the quasi-chemical approximation (QCA) [50,88]. Both show phase transitions in two-dimensional
systems and the BWA incorrectly predicts a phase transition for a linear lattice. These leading models,
along with much recent contributions, have played a central role in the study of adsorption systems
in presence of lateral interactions between the adatoms. One fundamental feature is preserved in all
these theories. This is the assumption that an adsorbed molecule occupies one adsorption site. In this
section, we generalize BWA and QCA in order to include multisite-occupancy [30,31].

4.1. Mean-Field Approximation for Interacting k-Mers Adsorbed on 2D Substrates

The Bragg-Williams approximation is the simplest mean-field treatment for interacting adsorbed
particles, even in the case of multisite occupancy [30]. In this context, the canonical partition function
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Q(N, M, T) for a system of N k-mers adsorbed on M sites at a temperature T, considering nearest
neighbor lateral interaction of magnitude w between adsorbed molecules is given by,

Q(N,M,T) = Y Q(E;)e PE(NM), (210)
{Ex}

where Q)(Ey) is the number of configurations of N k-mers on M sites with energy Ej. If a mean-field
approximation is introduced at this point

Q(N, M, T) = e PE(NM) 3™ 0 (Ey) = e PRINMIO(N, M, 7), (211)
{Ex}

where Ex(N, M) is the mean total energy of the system assuming that the kN occupied sites of the
lattice are randomly distributed over M sites. On the other hand, Q(N, M, ) depends on the spatial
configuration of the k-mer and the surface geometry. Even in the simplest case of linear k-mers, there
not exist the exact form of Q(N, M, 7) in two (or more) dimensions. However, as it was discussed in
Section 3, different approximations have been developed for (N, M, v). In this case, we will calculate
Q(N, M, ) in the framework of EA model [Equation (120)].

On the other hand,

Ex(N, M) = kNey + AN(IE\Z/I\] )w (212)

where the first and second terms in the RHS of Equation (212) account for the k-mer—Ilattice and
k-mer—k-mer interactions, respectively; and A = [2(y — 1) + (k — 2)(y — 2)] is the number of nearest
neighbor sites of an adsorbed k-mer (in a linear configuration).

Hence, the canonical partition function Q(N, M, T) can be written as

[M — (k—1)N]! ef(kNeO+%)\kNV2w)/kBT

Q(N, M, T) = K(v, k)N NITM kN (213)
The Helmholtz free energy F(N, M, T) is given by:
BF(N,M,T) = InQ(N,M,T)
= InQ(N,M,vy)— BkNey — fﬁw/\kN—2
= In[M— (k—1)N]! —=InN! — In[M — kN]! + NInK(7, k)
—BkNey — fﬁw)\kﬁ2 (214)

The Helmholtz free energy per site can be obtained as a function of coverage and temperature,

k—1 k—1 0.6 0
BF(6,T) = —[1—k@]ln{l—k9}+k1nk+(1—9)ln(l—9)—kan(’Y,k)
0 ! A & 215

Accordingly, s is given by

0 k-1 k-1 6. 0 0

and the isotherm equation takes the form

CkK(’)/, k) exp [,B(‘u — keo)] = (1 — G)k ePAWo (217)
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where C; = k.

4.2. Quasi-Chemical Approximation for Interacting k-Mers Adsorbed on 2D Substrates

Here, we address the general case of interacting adsorbates assumed as linear molecules in the
framework of the quasi-chemical approach [30]. As in the previous section, two different energies are
considered in the adsorption process: 1) €y, constant interaction energy between a k-mer unit and an
adsorption site and 2) w, lateral interaction energy between two nearest-neighbor units belonging to
different k-mers. Then, the canonical partition function can be written as [50]:

Q(N,M,T) =) Q(N, M, Nn) exp[—B(wNi1 + kNeo)] (218)
Nip
where Nj; is the number of pairs of nearest-neighbor units belonging to different k-mers and
Q(N, M, N11) is the number of ways to array N k-mers on M sites with Nj; pair of occupied sites.
As it is usual in the case of single-site occupation, it is convenient to write the canonical partition
function as a function of Ny;, being Ny; the number of pairs formed by an empty site adjacent to a
occupied site. For this purpose, we calculate the relations between Nj;, Np; and Ny (being Ny the
number of pairs of empty nearest-neighbor sites):

2N11 + Not1 +2N(k —1) = vkN, (219)

2Noo + No1 = y(M —kN), (220)

where “number of 01 pairs" = “number of 10 pairs" = Np; /2. In the case of k = 1, the well-known
relations for single-site occupation are recovered [50].
Now, the canonical partition function can be written in terms of Ny,

Q(N/ M, T) = exp[_lBN(keo + AW/Z)] Z Q(N/ M, N(]l) exp(ﬁwN()l /2)/ (221)
Nos
and A = (y —2)k+ 2.
By using the standard formalism of the QCA, the number of ways of assigning a total of
[YM/2 — N(k — 1)] independent pairs’ to the four categories 11, 10, 01, and 00, with any number 0
through [YyM/2 — N(k — 1)] per category consistent with the total, is

[YM/2 — N(k —1)]!
[(No1/2)1*[v(M — kN) /2 — No1 /2]{[AN/2 — Ny /2]t

Q(N, M, Ng) = (222)

This cannot be set equal to Q)(N, M, Ny; ) in Equation (221), because treating the pairs as independent
entities leads to some unphysical configurations (see Ref. [50], p. 253 ). Thus () overcounts the number
of configurations. To take care of this, we must normalize ():

Q(N, M, Ng1) = C(N, M, 7) O(N, M, Nyy), (223)
and
Q(N,M,’)/) = ZQ(NIMIN()]) = C(N/M/’Y) Z Q(N/M/NOl)' (224)
No No

Once Q)(N, M, v) is approximated in some of the forms given in Section 3, C(N, M, ) can be obtained.

5 The term N(k — 1) is subtracted since the total number of nearest-neighbor pairs, yM/2, includes the N(k — 1) bonds
belonging to the N adsorbed k-mers.
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In order to calculate C(N, M, 7y), we replace LNy Q(N, M, Ny1) by the maximum term in the sum,
Q(N, M, N§;). By taking logarithm in Equation (222), using the Stirling’s approximation and operating,
it results,

InQ(N,M,Ny) = [yM/2— (k—1)N]In[yM/2— (k—1)N] — Ng; In Ng; /2
—[')/(M — kN)/Z — N01/2] ln[’y(M — kN)/Z — NOl/Z]
~(AN/2— Np1/2) In(AN /2 — Ngy /2). (225)

By differentiating the last equation with respect to Ny

2 N3,
Setting 0% (N, M, N01) = 0 and solving for Né*l, the value of Ny in the maximum term of Q,
. YAN(M —kN) A2N?
_ — AN — 227
Nor M —2(k—1)N AN B’ @27)
and
B=M-2(k—1)N/7. (228)
Then,
- B/2)!
Q(N, M, Ny) = — (vB/2) —, (229)
[(AN72= B8] (vB/2— AN+ 50 )1 (41
and, by simple algebra,
~ B! v
QO o) = . 2
(N, M, N ) {(B —AN/y)!(AN/y)!} (230)
Equation (230) allows us to calculate C(N, M, ),
Q(N, M,
C(N,M,vy) = H
Q(N, M, Nm)
_ | 117
= Q(N,M,7) {(B AN/;?‘()‘NM)‘} . (231)

Now, InQ(N, M, T) [see Equation (221)] can be written as

InQ(N, M, T) = —BN(key + Aw/2) + ln{ Y C(N, M, y)Q(N, M, No1) exp(BwNo1 /2) } (232)
Nos

As in Equation (224), we replace Y, C(N, M, 7)Q)(N, M, Nyp ) exp(BwNo1 /2) by the maximum term
in the sum, C(N, M, 7)Q(N, M, N§;') exp(BwN¢ /2). Thus,

CN, M, )Y (N, M, Ni) exp(BwNGi /2) + C(N, M, )N, M, Ng7 ) exp (BN /2)Bw/2 = 0,

(233)
and -
(N, M, N
M = —pw/2. (234)
Q(N, M, Nj{)
From Equations (226) and (234),
(B — AN — N ) (AN — Ngi) = N exp(—pw) (235)
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and
[1 — exp(—pw)|Ng* — yBN + (7B — AN)AN = 0. (236)
Solving Equation (236) we obtain®
Not _ 1—+/1—4A(1—AN/vB)(AN/7vB) (237)
YB 2A '
where A =1 — exp(—pw).
Finally, the canonical partition function can be written in terms of N,
B— AN/ AN/ )7
QIN,M,T) = exp|—pN(key+Aw/2)]N, M,7) | ¢ /;? (AN/7)
Q(N, M, N§;) exp(BwNg; /2) (238)
As in the previous section, we will use the following expression for Q(N, M, ),
— !
(N, M,7) = K(q iV B AT B! (239

NI(B—AN/7)!

which is an extension to two dimensions of the exact configurational factor obtained in one dimension
[Equation (120)]. In the particular case of rigid straight k-mers, the simplest approximation provides
K(v, k) =7v/2(k > 2).

Introducing Equation (239) in Equation (238), taking logarithm and using the Stirling’s approxi-
mation, it results

INQ(N,M,T) = —BN(keg+ Aw/2)+ NInK(y,k) + pwNg; /2
+(B=AN/y+N)In(B—AN/y+N)—NInN
+(y—1)(B—AN/9)In(B—AN/7y) +ANInAN /vy
—yBInB+vB/2InvB/2 — Nii InNg; /2
—(YB/2—AN/2 = N§/2)In(YB/2 — AN /2 — N§i /2)

—(AN/2 = N /2) In(AN/2 — N§i /2.) (240)

From Equation (247), the Helmholtz free energy per site, f(N, M, T), can be obtained as a function
of surface coverage and temperature,

BAOT) = —inK(yk)+ peod+ po( . — o)
v (k-1 [17(’%)9}2/7(1—9)2(%1)/7[%7(;%1)9}
_[2_<k>9]1n ~ 21 —
1 “r(k)e} (3(1-6) —a]

A/2

(241)

6 The solution N3 /4B = (1+ +/---) /2A is discarded for physical reasons.
01 phy
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where « is NE 2 6(1—6)
01 i -
o7 (242)
2”3 [y (o]
and
k—1\,]> A v
b={ L (*=)e 7A9(1— o)L . (243)
2 k
The coverage dependence of the chemical potential arises straightforwardly from Equations (6)
and (241)
A/2
2\ 2(k-1) o (1=0F T Vlk—(k—1)0] " [4f — ]
Kk (2) " explBlu—keo —wr/2)] = Syern

% - te-no)] 13- -7 (3)

The configurational energy per site, 1, can be calculated as

kNeo . Nif  kNe (AN N5‘1*>

T M TY"M T M oM 2M
A6
= eb+w (Zk — oc) (245)

In addition, f = u — Ts and the entropy per site, s, can be obtained from Equations (241) and (245)
as

C 2ok 1-2(52)e] (31 -6) —a]
0 (20)" 31— 0) - ]2
Clep- (kT)]“)” yurn/ (4 o]
3002 "
+2alnd -2 (246)

4.2.1. General Expression of the Thermodynamic Functions in Terms of the Configurational Factor
Q(N,M,7)

In previous Section 4.2, a theory for adsorption of interacting polyatomic molecules based on the
well-known QCA was presented. The approach was obtained by combining (i) the exact analytical
expression for the partition function of non-interacting linear k-mers adsorbed in one dimension and
its extension to higher dimensions, and (ii) a generalization of the classical QCA in which the adsorbate
can occupy more than one adsorption site. In this section, we generalize the theoretical framework
developed in the previous section to allow for the inclusion of any configurational factors associated
with the adsorption of non-interacting k-mers [31].

Let us start from Equation (238). Taking logarithm and using the Stirling’s approximation yields:

INQ(N,M,T) = —BN(Aw/2+keo) + BwNii/2+ANInAN/7y
—YBInB + (vB/2)In(yB/2) — Ny In Ng; /2
+7(B—=AN/7v)In(B—AN/7)
—(yB/2—AN/2 =N /2)In(yB/2 — AN/2 — Ni; /2)
—(AN/2 = N /2) In(AN/2 — N /2) + In Q(N, M). (247)
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The Helmholtz free energy persite, f(N, M, T) = F(N, M, T)/M[BF(N,M,T) = —InQ(N, M, T)],
can be obtained from Equation (247), as a function of surface coverage, 8 = kN /M, and temperature,

Bf(6,T) = ﬁi(A;) +k€0) _)‘ih‘ii* {7—2<k;1>9} 1n{1—,zy<k;1>9}
T3 (Pl (] atn(i )
S LN

L St D VN BN B Sk A VL
+[2<k>92k1n2 )0

—InT (248)
where & and b can be obtained from Equations (242) and (243), respectively,
I =Q(N,M)"/M, (249)

The equilibrium properties of the adlayer can be obtained from Equation (247) along with the
differential form of F in the canonical ensemble

dF = —SdT — I1dM + udN (250)

where S, IT and y represent the entropy, the spreading pressure and the chemical potential, respectively.

Thus, the coverage dependence of the chemical potential, [: (0F/oN) M,T] , arises straightfor-
wardly from Equations (247) and (250)

Aw AB 20 20
Bu = ,B<2 +k60>—)tlnck—2(k—l)ln<1—C—i-ck>
c 0 ck c
+(k—1)ln(2—9+k>+ck1n(1—6)—Zln{z(l—())—zx]
A AB olnT

The expressions obtained in this section allow for the introduction of any of the configurational
factors associated to adsorption of non-interacting k-mers (Flory-Huggins factor [6,7], Guggenheim-
DiMarzio factor [9,10], FSTA factor [12,13], semiempirical factor [11], etc.). Accordingly, the main
thermodynamic functions are now explicitly written in terms of Q) (or I'). The new theoretical scheme
allows us to deal with adsorbates of arbitrary shape and size.

4.3. Quasi-Chemical Approximation for Interacting Mixtures Adsorbed on 2D Substrates

In this section, the adsorption problem of interacting binary mixtures of polyatomic species
is addressed. For this purpose, a new theoretical formalism is presented based upon (i) the exact
analytical expression for the partition function of non-interacting mixtures of polyatomics adsorbed in
one dimension and its extension to higher dimensions, and (ii) a generalization of the classical QCA in
which the adsorbate is a binary mixture of k-mers (species occupying k lattice sites) and [-mers (species
occupying I lattice sites).

Let us consider a substrate modeled like a regular lattice with connectivity . A binary gas
mixture is formed by k-mers and /-mers which can be adsorbed occupying, respectively, k and [ sites
arranged linearly on the lattice. Different energies are considered in the adsorption process: (1) e
(€7), constant interaction energy between a k-mer (/-mer) unit and an adsorption site, (2) wy; lateral
interaction energy between two nearest-neighbor units belonging to a k-mer and an /-mer (idem for
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wyk and wy;). We denote Ny, to the number of kl pairs, in which a k-mer’s unit is a nearest-neighbor of
an /-mer’s unit (idem for Ny, and Nj;) (see Figure 15).

Figure 15. Schematic representation of a lattice-gas of dimers (I = 2, blue circles) and trimers (k = 3, red circles)
adsorbed on a square lattice (c = 4). The figure shows different types of pairs of sites: a) kI, b) kk, c) I, d) 00, e) kO
and f) 10.

The total energy of the system when Nj k-mers and N; [-mers are adsorbed keeping a number
Nik, Nip and Ny of pairs of nearest-neighbors is

E(Ni, Ny, Nk, Nij, Nig) = Nikeg + Njlep + Ngwyge + Nyjwyy + Nigwyg. (252)

The canonical partition function for a two-dimensional system can be written as

Q=Y YY) g(Nk Nj; Nix, Ny, Njg; M)
Ny Nip Ny (253)

x exp[—B(Nikey + Nile; + Nywyy + Nyjwy + Nigwyg)],

where N (N)) is the number of molecules adsorbed on the surface of the species k (), g(Nk, Nj; Ny, Njj,
Ni; M) is the number of ways to array Ny k-mers and N I-mers on M sites keeping Ny, Nj; and Ny,
pairs of occupied sites.

In a similar way to the QCA for only one species (Section 4.2), here we calculate the expressions
relating Ny, Nij, Ny, Nio, Nig and Noy:

’)/ka = 2Ny + Nig + Nor + Z(k — 1)Nk/ (254)
YIN; = 2Nj; + Ny + No; + 2(l — l)Nl, (255)
(M — kN — IN) = 2Noo + Nog + Nor. (256)

The number of total pairs is
. M
Number of total pairs = 5 = Ni(k—1) = N;(1-1), (257)

where “number of Ok pairs” = “number of kO pairs” = Ny, /2 (the same for number of /0 and k! pairs).
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The number of ways of assigning a total of % — Ni(k—1) — N;(I — 1) independent pairs to the
nine categories 0k, k0, 01, 10, kI, Ik, kk, Il and 00 is

& (N, Ni; Nige, Nit, Niat, Nok, Noi, Noo; M) =
(7% — Ne(k—1) = Ny(1 = 1)]! (258)

COTCOTICE s

By taking logarithm in Equation (258), using the Stirling’s approximation and operating, it results

In §(Ng, Ni; Ny, Nig, N, Nok, Noi, Noo; M) =

[“Vé"l CNp(k—1) = N(I — 1)] 1n{7§4 — N(k—1) = Nj(I-1)

N N N (259)
— Noi 1n701 — Ny nTOk - leln% — Nik In Ny — Ny In Ny,
—NO()IHNO().

It is convenient to write § as a function of Ny, Nj; and Nji. For this purpose, we obtain Ny, Ny
and Ny in terms of Ny, Nj; and Ny, [using Equations (254-256)], and replace it in Equation (259), then

In §(N, Nj; Ny, Ny, Ny M) =

% Nk —1) = Ny(I— 1)] x h{”@w Nk —1) = Ny(I— 1)}

1
— [’)/ZNZ — 2Nll — le — 2(1 — 1)Nl] X ln{z[’)/lNl — 2Nll — le — 2(l — 1)Nl]}
1
— [vkNg — 2Ngk — Ny — 2(k — 1) Ny | % ln{z[’yka —2Njx — Ny — 2(k — 1)Nk]} (260)

N,
— le lnTrk — Nkk lnNkk — Nll In Nll

M
- [72+Nk(k—’yk—1)+N1(l—'yl—1)+Nll+le+Nkk]

M
xln{Vz+Nk(k—yk—1)+N,(l—yl—1)+N,I+N,k+Nkk}

&(Ng, Nj; Ny, Njij, Nig; M) cannot be set equal to ¢(Ny, Nj; Nik, Njj, Ni; M) in Equation (253), be-
cause treating the pairs as independent entities leads to some unphysical configurations (see Ref. [50]).
To take care of this, we must normalize § with a proportionality constant C(Ny, N;, M)

8(Nk, Ni; Nige, Nig, Nig; M) = C(Ng, Ny, M)§(Ni, Ni; Ny, Ny, Nii; M), (261)

and
Qo (Ne, Ny M) = Y)Y g(Ng, Ni; Nig,, Nyg, Nig; M)
Ny Nip Ny

= C(Ng, N, M) Y Y Y §(Ni, Ni; Niw, Nig, Nyg; M).
Ny Nip Ny

(262)

where Q. (N, Nj, M) is the number of ways to arrange Nj k-mers and N; [-mers on a lattice of M sites
and connectivity 7.
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For a one-dimensional lattice (y = 2), (0,—>(Ny, Nj, M) can be exactly calculated as the total
number of permutations of the Ny indistinguishable k-mers and N; indistinguishable [-mers out of 7,
entities, being 7,

n, = number of k — mers 4 number of ] — mers 4+ number of empty sites
Ny+N+M—kNy—INy=M— (k—1)Ny— (I - 1)N]. (263)

Accordingly,
M — (k—1)N; — (I -1)N;]!

O =
sz(Nk;NlrM) Nk!Nl!(M_ka_lNl)!

(264)

In general, there is not an exact expression for 0, (Ni, N;, M) in two (or more) dimensions’.
However, O (N, Nj, M) can be accurately approximated by applying the arguments presented in
the previous sections, which relate the configurational factor ) (Ni, N;, M) for any v, with the same
quantity in one dimension (7 = 2).Thus

Qy (N, Ni, M) = [K (7, )M (L (y, DN Qo (Ng, Ny, M), (265)

where K(vy, k)[L(vy, )] represents the number of available configurations (per lattice site) for a k-mer][I-
mer] at zero coverage. K(v,k)[L(7,1)]is, in general, a function of the connectivity and the size of the
adsorbate.

The terms K(v, k) and L(+y, ) take into account the degrees of freedom of the adsorbed particles
on the lattice of connectivity . Thus, in the particular case of straight rigid adsorbates, it follows that
K(7,k) = L(v,1) = /2 (k > 2). This scheme has been successfully used by many researchers [6,8,11,
16,20,33,34,73,76,89], and will be used in this paper as well.

Once O (N, Nj, M) is obtained from Equations (264) and (265), and as usual in the quasi-chemical
formalism, C(Ny, Nj, M) can be calculated using the maximum-term method [50] in Equation (262).
The method allows us to replace } n,, Y, X, Z(Ng, Nj; Nk, Njj, Nii; M) by the maximum term in the
sum, (Ni, Ni; Nii, Nji, Njij; M). From the condition V In (N, Nj;, Njx) = 0, we obtain

9In §(Nik, Nut, Nik)) - ln{l[’yka — 2N — Ny — 2(k — 1)Nk]} — In Nig
Ny 2
" (266)
—11’1[72~I—Nk(k—1 —7k)+ Ny (I —=1—7l) +N11+Nkk+N1k:| =0,
al“g(z\g‘zk\’,Nl”Nw —2 m{;[le, — 2Ny — N —2(1 — 1)N,]} —In Ny,
I
(267)
M
—ln[72+Nk(k—1 =)+ Ni(I-1-11) +Nll+Nkk+le] =0,

91n §( Ny, Ny, Nii.)

:ln{%['lel — 2N” — le — 2(1 — 1)Nl]} —In % -+ ln{%['yka — 2Nkk — le — 2(k — 1)Nk]}

M
—h‘l[%+Nk(k—1—’yk)+N1(l—1—’yl)+Nll+le+Nkk] =0,

(268)
and the corresponding values of Ny, Nj; and Ny, giving the maximum term in the sum in Equation (262)
can be obtained by solving the equations,

{[(7 = 2)k +2]Ng — 2N}, — N

Z‘\F‘< - 7
B a{yM/2+ [(1— Mk = 1Ng+ [(1— 7)1 = 1N, + Nji + Njj + N }

(269)

7 Even in the simplest case of single dimers on M sites, there not exist the exact form of (), in two (or more) dimensions.
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" 2
N — {[(v =21 + 2N, — 2N; — Ny} (270)
T alyM/2 4+ [(1— )k — 1N + [(1 — )] — 1IN, + N, + Nii + Njy }

K 2{aM/2+[(1— 1)k — 1N+ [(1— 1) = 1N, + N}, + N}, + N

Then, from Equations (262), (269-271), and by simple algebra, C(N, N;, M), and consequently
2(Ng, Nj; Ny, Njj, Nyg; M), can be calculated,

Q(Nkr Nl/ M)
YNy 2Ny 2N & (Nk, Ni; Nig, Nig, Nyg; M)
Q(Ni, N;, M)

= - . (272)
(N, NN, Ni, NG M)

C(Nker/M) =

Then

Q(Ny, N;, M)§(Ni, Nj; Ny, Nij, Nii; M)

§(Ni, Ni; Nig, Nij, Nij M)

8(Ng, Ni; Nig, Nii, Nii; M) = (273)

Now, the partition function can be written as

Q(Nker/ M) ~ —BE
Q= YY" Y &(Nk, Ni; Nig, Ny, Nig; M)e ™ PE. (274)
§(Ni, Ni; N, Nij, N M) N Niy Ny

The sum in Equation (274) can be solved by applying the maximum-term method again. Thus,

YN 2y 2y §(Nis Nis Nig, Nig, N M) e~ P(Nikex+Nile;+ N+ Nuwn+Nawia) can be replaced by §(Ni, Nj;
N,fk*,Nﬁ*,N,:‘l*,'M)e_ﬁ(Nkkek"’Nllel+Nl§:wkk+Nﬁ*w”+Nfl*wkl). The corresponding values of N}, N;i* and

N are obtained by solving the equations,

sk | 2
{[('y —2)k +2]N; — 2N — Njj }

N**E‘Bwkk — 7 (275)
“ 4{yM/2+[(1 = )k = 1Ne + [(1 = 1) = 1N, + Nj + Ni + Ny}
k% %k 2
Nﬁ*eﬁw” — {[(7 B 2)1 + Z]Nl — 2Z\III B Nkl } (276)
4{7M/2 +[(1 =)k —=1N+ [(1 =) —1]N, + lek* + Nﬁ* + Nl:l*}
Ni*ePwi — {[(’Y - 2)k + 2]Nk - ZNIjI: - Nljl*}{[('y - 2)1 + Z]NI - ZNlﬁ* - N;I*} (277)
Lk

- 2{yM/2+[(1 = 1k = 1Ng + [(1 = 1) = 1N + N + Nji* + Ni'}

In a similar way as done with the sum in Equation (262), expressions 275-277 were obtained by the
process of differentiating and equating to zero the term in the sum in Equation (274). Finally,

Q(Nk, Nj, M)&(Ni, Ni; Nt Niy*, Ny'; M)

© - §(Ne, Ni; N, Njj, Ny; M)
x exp|—B(Nike + Nile; + Nigwy + Njj*wyy + Nig'wyg ). (278)
The chemical potential of each adsorbed species can be calculated from the free energy F = —In Q,
Bikads = (gf\i) ot =k (%g{) ot (279)
and o 96
Phtaas = <8Nl) N, M,T - l(agl)ek,T, (250

where f = F/Mand 0, = xN,/M (x =k, I).
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On the other hand, the chemical potential of each kind of molecule in an ideal gas mixture, at
temperature T and pressure P, is

Bitxgas = BUS +In XcP,  {x =k}, (281)

where X, is the mole fraction, and 3! is the standard chemical potential of the x-mer.
At equilibrium, the chemical potential of the adsorbed and gas phase are equal, iy g3 = px,gas-

Then,
Bul +In X, P = k (ap—y) , (282)
and 5
By +InX;P = 1(”) . (283)
891 9k T

The theoretical procedure described in this section can be summarized as follows:

1)  Given the complete set of lateral interactions and temperature, the values of Ny}, Nj; and N} are
obtained by solving Equations (269-271).

2)  Once calculated Nj;, Njj and N;, C(Ng, N;, M) and g(Ny, Ni; Nk, Njj, Ngi; M) can be obtained
[see Equations (272) and (273)], and the partition function can be written as in Equation (274).

3)  The partition function Q is calculated by using the maximum-term method. For this purpose, N7,
Njj* and Nj* are obtained by solving Equations (275-277), and are introduced in Equation (278).

4) f = —(InQ)/Mis calculated, and the partial adsorption isotherms of the system are obtained
from Equations (282) and (283).

Points 3) and 4) are numerically (and simultaneously) solved through a standard computing procedure.

5. Latest Developments, Part I: Multiple Exclusion Statistics for Spatially
Correlated Single Species

Recently, it has been proposed that the complex problem of interacting particles with arbitrary
size and shape can be addressed using concepts from fractional statistics, extending them to classical
systems of particles with spatially correlated states [12]. This approach reframes the counting of al-
lowed configurations in terms of exclusion principles that go beyond Pauli-type constraints, providing
a new route to approximate thermodynamic functions in structured lattice gases.

We briefly revisit the foundational arguments and structure of the formalism for a single particle
species in a homogeneous external field. The generalization to mixtures of species will be presented in
the following section of this review (Section 6).

5.1. Multiple Exclusion Statistics Formalism

We consider the equilibrium of identical particles distributed over a set of states within a volume
V. These states are, in general, spatially correlated—meaning that the allowed equilibrium positions
(i.e., the state spectrum) are distributed over space with correlation lengths smaller than the size
of a particle®. As a result, a particle occupying a particular state not only excludes that state but
also prevents occupation of additional states due to the spatial extent of the particle relative to the
distribution of states.

In systems where each particle excludes a constant number g of states, this process has a classical
analogy to the quantum exclusion principle, as introduced in Ref. [14]. However, due to the spatial
arrangement of states (or the lattice topology, in the case of lattice systems), multiple particles may
simultaneously exclude the same state. This occurs, for example, in regular lattices with structured
particles spanning more than one site. We refer to this statistical phenomenon as multiple exclusion
(ME) of states, which significantly influences the entropy and thermodynamic behavior of the system.

8 Typical examples include lattice gases with excluded volume interactions, where particles occupy multiple sites depending

on their shape and size.
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Since ME is inherently configuration-dependent, we construct an approximate expression for the
partition function using a state-counting ansatz that captures the configuration-dependent ME while
allowing for analytical and numerical thermodynamic analysis. In the special case of configuration-
independent, constant statistical exclusion, ME statistics reduces to the well-known fractional statistics
introduced by Wu [15]. Our objective is to develop a thermodynamic framework to describe lattice
gases of structured particles through the lens of state exclusion, and to further extend it to mixtures of
hard-core particles of arbitrary shape and size on a lattice.

Consider N identical particles with access to G single-particle states within volume V, at tem-
perature T, and single-particle energy €y. The canonical partition function is given by Q(N,V,T) =
Y e PHiN) = W(N) e PNeo gN, where ;(N) is the Hamiltonian of the i configuration, § = 1/kpT,
W(N) is the total number of configurations, and g; the internal partition function.

Assuming particles exclude states among the G available, which are not independent (i.e., spatially
correlated), the number of configurations is approximated by W(N) = %, where dy = d(N)
is the number of states available to the N particle once the previous N — 1 have been added to the
system. This expression is exact when the states are independent and the exclusion is constant, as in
Ref. [15]. For correlated states, it is approximate, since dy generally depends on configuration.

A statistical ansatz has been formulated to evaluate dy and, in the thermodynamic limit, the
density of accessible states per particle d(n) = limy Gy00, N/Gon AN/ G, Where n = limy g0 N/G is
the occupation number.

Applying Stirling’s approximation Inx! ~ xInx — x, the Helmholtz free energy F(N,T,V) =
—kpTInQ = Neg — TS(N, V, T) leads to the intensive functions per state F (1, T) = limy g0 F(N, T,V)/G
and S(n, T) = limy g0 S(N, T, V) /G, with

BF(n,T) = Begn +d(n)Ind(n) +nlnn — [d(n) + n]In[d(n) +n], (284)
S(Z;T) = [d(n) +n]In[d(n) +n] —d(n)Ind(n) — nlnn. (285)

The chemical potential By (n, T) = (9BF /0n) takes the form
Bu(n,T) = Beg + Inn +d'(n) Ind(n) — [d(n) + 1] In[d(n) + n], (286)

or, alternatively, as a ratio between occupied and unoccupied states:

(287)

where d'(n) = dd(n)/dn, K(T) = e~P€g;, and P,(n) is the fraction of unoccupied states. For simplicity,
we assume q; = 1.

If the system exchanges particles with a reservoir at y and T, the time evolution of the occupation
number is % = PyWo—se — PeWe_so, where P, and P, are the probabilities of a state being empty or
occupied, and W,_., We_;, are the transition rates.

At equilibrium, % = 0, which implies

Wosve _ P plu—co) (288)

Wo~>0 Po

Since P, = n, Equation (287) yields the expression

py(n) = LA T (289)

which is approximate, as long as d(n) is not exact.
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We now define the exclusion spectrum function [17]
1—P,(n
G(m) = L= Tel), 290)

which gives the average number of excluded states per particle at occupation n°.

Additionally, the exclusion density function e(n) is defined through the excluded fraction £(n) =
1— Py(n), such thate(n) = d€(n)/dn. Then, e(n) measures the number of states excluded by inserting
a particle at occupation n.

The normalization & (n,,) = [, e(n')dn’ = 1 defines n,, = 1/g, where g is the number of states
excluded per particle at saturation. Thus, e(0) = fj corresponds to the exclusion caused by a single
isolated particle, and e(n,,) = 0.

From Equations (287) and (290), we obtain:

Em) 1 1

Gn) == =0~ e (291)
-1
e(n) = G(m) +ng'(n) = “EE=F, (292)

where p'(n) = du(n)/dn. These spectral functions provide a route to obtain detailed statistical
information about the exclusion spectrum from thermodynamic observables such as the adsorption
isotherm By (n), as will be further explored in Section 5.7. All quantities are expressed in terms of the
occupation number #, which facilitates interpretation in this framework. They can be converted to
lattice coverage 6 by the transformation 6 = ng.

5.2. States Counting Ansatz: Density of States

The exact configuration counting for a general problem of this nature remains an open challenge
in statistical mechanics and constitutes a demanding analytical task. Here, we introduce a self-
consistent thermodynamic approximation, based on a new ME statistics inspired by fractional statistics
ideas [14,15], to describe classical systems of a single species with spatially correlated states—such
as structured particles on regular lattices. We develop a general approximation for the density of
states d(n) that accounts for statistical correlations among states. Applications to the phase behavior of
the classical problem of k-mers on square lattices show that this ME formulation predicts simulation
results with remarkable accuracy. Additional results for squares and rectangles on square lattices have
also been discussed [18]. The extension to mixtures and more detailed treatment of k-mer transitions
have been recently addressed [19] which we summarize in the next section.

All thermodynamic and exclusion functions introduced in Section 5.1 are determined by the
density of states. We now present the approximation for d().

The state counting scheme for a single species is summarized as follows. Let G be the total number
of states available to a single particle within volume V. As we successively add identical particles from
1 to N, each occupies one state and excludes others. Importantly, the number of states excluded per
particle changes with N, due to spatial correlations among the states—resulting in multiple exclusion
(ME) as previously discussed.

The following recursion relations define the number of available states for the N th particle: dy = G,
dy =di — N, ..., dy = dy—1 — N1, where N} = 1+ G, represents the state occupied by the particle
plus G, the number of states excluded uniquely by the M particle [17]'°.

In the thermodynamic limit j =+ N, N, G — oo, and N/G — n, the exclusion G, depends only on
n. Along with the recursion, we introduce a counting ansatz to evaluate gcj, assuming QC]- =gcd i /G,

9 Note that G(n) includes the occupied state itself.

10 Gcj accounts only for the states excluded by particle j, not by particles 1,...,j — 1. The recursion can be interpreted as
representing the most probable configurations at thermodynamic equilibrium.
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where g is a system-dependent parameter called the exclusion correlation parameter''. Here, d i/G
represents the fraction of states still accessible to the j particle, and g d ;/ G resembles a mean-field-like
approximation over single-particle states.

Thus, the recursion becomes:

d| = G,
dy =dy — [1+gc(d1/G)],
dg = dz — [1 +gc(d2/G)]

— — 2 _ — -
=G(1-g/G)?—(1-g:/G)—1, (293)

dy =dn—1 — [1+ gc(dn-1/G)],
N—2 ,
dy = G(1 - gc/G)I\P1 - Z (1-g:/G)
i=0

In the limit d(n) = limy g e dn/G with n = limy g 00 N/G, retaining the first term of the
sum yields d(n) = e "¢ — n, which describes the fraction of states (relative to total G) accessible to a
particle at occupation .

More generally, d(n) takes the form d(n) = Cie~"8c — Con, where constants Cy, C; are determined
by boundary conditions: d(0) = 1 and d(n,,) = d(1/g) = ds at saturation. This gives C; = 1 and
Cy = g(e=8/8 — d), with d; being the state density at maximum occupation n,, = 1/g. Hence,

d(n) = e "8 — g(e_gf/g - Js)n. (294)

For systems where the entropy per state vanishes at saturation (i.e., S(11,,) = 0), such as symmetric
k-mers on a 1D lattice, one has d; = 0. However, in most structured-particle systems on lattices,
S(ny) > 0, and therefore ds > 0.

For independent particles with uncorrelated states, g = 0 and ds = 0, and Equation (294) reduces
to d(n) = 1 — gn, corresponding to Haldane-Wu fractional statistics for constant state exclusion g per
particle. While Haldane’s generalization of the Pauli principle was originally introduced for quantum
particles with 0 < ¢ < 1 [14], structured classical particles with excluded-volume interactions can
behave as super-fermions with g > 1.

To better illustrate how the ME framework generalizes known statistics, from Equations (289)
and (287), the ME distribution function n(y) can be written as

() e & (295)
n(p) = —,
P @) sl s =)
where & = ePl€0~#) and w(¢) = d(n)/n satisfies
¢ = [w(@) + 1) [w(@)] " (296)

In the limiting cases: for independent states (¢ = 0, ds = 0)and ¢ = 1, d'(n) = —1, so
& = w(&), and Equation (295) becomes the Fermi-Dirac distribution. For ¢ = 0, d'(n) = 0, & =
w(¢) + 1, recovering the Bose-Einstein statistics. For constant exclusion 0 < ¢ < 1, with d’'(n) = —g,

Equation (296) reduces to Wu’s equation & = [w(¢) + 1]'~8[w(&)]€, and Equation (295) yields the
Haldane-Wau fractional g-statistics [14,15].

11 In principle, one could consider g, = g.(n). The assumption g, = constant corresponds to a first-order approximation in

ME statistics [17].
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In general, for particles with spatially correlated states (as studied here), one finds g > 1, g. > 0,
d; > 0, and Equation (296) must be solved for n at a given chemical potential. In this work, we
alternatively compute y as a function of n directly using Equation (286).

5.3. Density of States Parameters

In this section, we examine the statistical and physical interpretation of the parameters involved
in the density of states function d(n), and discuss how these parameters are practically determined
through the relationship between lattice topology and particle structure (size and shape) via the
thermodynamic limits of the exclusion spectrum.

In Section 5.2, the constant ds was introduced so that the density of states satisfies the boundary
condition limy, ., d (n) = ds. Physically, d, represents the ratio between the number of states available
to a particle at saturation and the number of states available to an isolated particle. Generally, for a
phase of structured particles on a lattice at saturation, a finite number of configurations per particle
is expected, so d; > 0. The saturation entropy per state S, = limy,—y,, S (n) is related to ds via
Equations (285) and (294), yielding

S5s (Js+1>1n(55+1> —dglnd;—llnl. (297)
kg 8 8 8 &

The parameter d; (or alternatively, the saturation entropy S;) is the only free parameter of the
ME statistics needed to describe a wide class of complex lattice gases. However, in the analysis of the
k-mers problem on the square lattice (developed in subsequent sections), ds is not treated as a free
parameter. Instead, it is fixed for each value of k using Equation (297) to match the Monte Carlo values
of S reported in [90,91].

As an example, for k-mers on a square lattice, assuming that the entropy vanishes at saturation
(Ss = 0) implies d5 = 0. Within this minimal approximation, the ME formalism predicts an isotropic-
nematic (I-N) transition at intermediate coverage for k > 6. However, both the I-N and a high-density
nematic-isotropic (N-I) transition arise only for k > 7, even for small positive values of ds. This
behavior is latter discussed in the following section.

Next, we determine the exclusion correlation parameter g. from the lattice and particle character-
istics. For a given particle-lattice system, the total number of distinguishable single-particle states G
and the number of particles at saturation Ny, (i.e., the maximum number of particles that fit without
overlap) are first computed. Then, g = G/ Ny, gives the number of states excluded per particle at full
coverage. For instance, for rod-like k-mers on a 1D lattice with M sites, G = M, N;, = M/k,and g = k.
On a 2D square lattice with M = L2 sites, G = 2M (two orientations per site), and N,, = M /k, leading
to g = 2k.

Since each particle occupies one state, the occupation number n = N/G (i.e., fraction of occupied
states) relates to lattice coverage § = kN/M = 2kN /G = gn.

The exclusion correlation parameter g, can be determined from the configurational boundary
condition at infinite dilution. In this limit, G(n — 0) represents the number of states excluded by an
isolated particle, denoted fy. From the definitions of P,(1), £(n), e(n), and d(n) [Equations (289)~(294)],
we find that lim,,_,0 G(n) = lim,,_,0 £(n)/n = lim,_,ge(n) = fo, which gives

lim G(n) = Zg(e_gf/g - JS) +2g.—1=fo. (298)

n—0
This fundamental ME equation relates model parameters to the number of states excluded by
an isolated particle. Since fj is known for a given species on a lattice, Equation (298) can be solved to
determine g.. The solution has an analytical form:

g = 5 [1+ fo+25(W() )], (299)
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where W(z) is the principal branch of the Lambert function'” and z = — exp (—% - {—; - d~s).

Details of the Lambert function are given in the next section.

Moreover, limy,_,,,, G(n) = g+ O(ds), so the limits of G(n) at n — 0 and n — n,, provide full
characterization of state exclusion.

In 1D systems of ideal k-mers, we have ¢ = k, fo = 2k — 1 = 2¢ — 1, and d; = 0, which yield
8¢ = 0 for any k, reproducing the exact results of Ref. [20].

In contrast, for straight rigid k-mers on square lattices with G = 2M and N, = M/k, it follows
that n,, = 1/(2k) = 1/g, so ¢ = 2k. The number of excluded states is fo = k> +2k —1 = ¢?/4 +¢—1
for k > 2, while g = 1, fy = 1 for monomers (k = 1). Here, k2 accounts for exclusion across the particle,
and 2k — 1 for exclusion along it. The solution for g. becomes:

2

ge=gW(z) + 5+

+gds, (300)

N [0q

with z = —exp(—% -1 —d~s).

Statistically, g. originates from the ME state counting ansatz in Section 5.2. The exponential decay
term e8<" in d(n) becomes e8:%/8 in terms of lattice coverage § = gn. The ratio g/g. thus defines
the typical coverage at which the ME term in the density of states decays. For instance, in the k-mer
model discussed next, the isotropic-nematic transition occurs around the point where d(n) ~ e~15,
indicating that most of the single particle states are excluded and so are most of the isotropic-phase

configurations. Hence, the ratio g./g has a clear statistical and physical meaning.

5.4. Lambert Function

The Lambert function W(z), introduced in 1758 [92], is defined by the equation z = W(z)ew(z),
with notable values W(—1/¢) = —1, W(0) = 0, and W(z) — o0 as z — .
The solution of Equation (298), 2g(e8¢/8 — ds) +2g. — 1 = f; yields:

g = %[1 + fo+2g(Wi(z) —ds)], (301)

with z = —exp(—% — % — ~s), valid for 0 < d; < 1, fo>1and1 < g < 2(11?;95). The function

W, (z) denotes the principal (positive) branch. In particular, gc = 0 for g = Lt/

20 For k-mers in 1D,

g=k fo=2k—1=2¢g—1,whichresultsin g. = 0.
For equations of the form e = bx + ¢, with b, ¢ # 0, a substitution t = —ax — “—bc transforms it

_a,—ac/b t_
be a

a=-1/g,b=-1/g,andc = f[(’z—gl—i—tfs:%—k%—i—cfs,weobtain:

intote! =z = , with solution t = W(z), yielding x = — 7 — {. Specifically, for k-mers, setting

- 2

Qe = gW(_ef(g/Sle/Zers)) + & + g +gd~s/ (302)
8 2

valid for ¢ > 4, where WW(z) is the principal branch.

5.5. Entropy of k-Mers on Square Lattices: Orientational Phase Transitions

This section examines the phase behavior of straight rigid k-mers adsorbed on the square lat-
tice. This system was initially studied in Ref. [96], where Monte Carlo simulations provided strong
numerical evidence that nematic order emerges at intermediate densities for k > 7, beyond a critical
density 61.. Additionally, using high-density expansions, Ghosh and Dhar [96] offered a qualitative
description of a second phase transition, from a nematic to a non-nematic state, occurring at a critical
density 6. « 1 — k=2 for large k.

Building on the seminal work of Ghosh and Dhar [96], numerous studies have explored the phase
transitions in systems of long, straight, rigid rods on two-dimensional lattices with discrete allowed

12 WW(2) satisfies z = W(z)e"(®), with W(—1/e) = —1, W(0) = 0, and W(z) — o as z — oo. The function was introduced by
Lambert in 1758 [92], and it is present in various problems in modern physics [93-95].
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orientations [97-106]. These investigations showed that for k < k,,;;,, no phase transition occurs.
However, for k > k,;,,, increasing the density leads to three distinct phases: a low-density disordered
(isotropic) phase, an intermediate-density nematic phase, and a high-density disordered phase with
no orientational order. The threshold value k;, depends on the lattice geometry: k,,;, = 7 for
square [96,97] and triangular [98] lattices, and k,;;, = 11 for honeycomb lattices [99]. The intermediate-
density nematic phase, characterized by a large domain of parallel k-mers, is separated from the
low-density isotropic state by a continuous phase transition at a finite critical density 6;.. This first
transition, commonly referred to as the isotropic-nematic (I-N) phase transition, belongs to the two-
dimensional Ising universality class for square lattices [97], and to the three-state Potts universality
class for triangular [97] and honeycomb [99] lattices. In all three lattice types, the critical density
associated with the I-N transition, 6y, follows a power-law scaling of the form 6. (k) o k=1 [98]. The
existence of this first transition has also been rigorously proven [100].

While the second transition has been less understood, Ref. [101] suggested it is continuous for
k > 7, but more recent findings [106] argue it is first-order, showing MC evidence of phase coexistence
fork =9.

Let us now return to the case of square lattices, which is the subject of this section. For k = 7,
the first transition occurs at 8 = 0.745, n =~ 6/(2k) = 0.0532, and the second transition at § ~ 0.917,
n = 0.0655 [101,104].

We focus on the entropy as a function of density, as derived from ME statistics for both isotropic
and nematic phases as k increases. Two levels of approximation are considered: (i) a first-order
approximation, where g. is constant and the entropy of the isotropic phase at saturation is matched
to Monte Carlo (MC) values, i.e., 55 = Spic and ds > 0 is fixed using Equation (297). Additionally,
the effect of assuming vanishing entropy at saturation (Ss — 0, ds — 0) on the transitions and critical
coverages is discussed; (ii) a second-order approximation, where g. = g.(n) is a slowly decaying
linear function of the density, as discussed in footnote 11. In both cases, the phase transitions and
corresponding critical densities are predicted, with the first-order approximation yielding reasonable
agreement with MC data and the second-order approximation showing very accurate results.

The prediction of transitions and their critical points is obtained by analytically evaluating the
entropy per site as a function of n for a fully aligned (nematic) phase, Sy (1) = S(n), and for an
isotropic phase, S;(n) = 25(n), at the same occupation n. The factor 2 accounts for the two possible
orientations (states) per site in the isotropic phase, in contrast to one in the aligned nematic phase. The
entropy per site as a function of coverage 6 is presented in Figure 16 for k = 5, 6,7, and 8, based on
Equations (285), (294), (297), and (298).

For k-mers in a fully aligned nematic phase, the parameters are gy = k, fon =2k —1, Sgny =0,
dsny = 0,and g,y = 0 according to Equation (298). For the isotropic phase, we have g; = 2k,
fo1 = k> 42k —1, and S~s, 1 = Sme; d~s, 1 and g 1 are computed using Equations (297) and (298). The
entropy values S~5,1 = Syic are taken from [90,91,107] for k = 2 to 10, and for k > 10, §5,1 =k 2Ink
and the corresponding values of ds ; were reported in [19]. The critical coverages 6. are determined by
solving the equation 5;(6./g7) = Sn(6c/8N)-

This equation yields two solutions 8. ;_n and 6, y_j only for k > 7; for k < 7 there is no solution
other than the trivial equality at zero coverage. This behavior is shown in Figure 16.

In particular, for k = 6, Figure 16(b) shows that S;>Syfor0<h <1, indicating that the isotropic
phase is the only stable phase. The same holds for k < 6. Notably, for k = 6, the smallest entropy
difference occurs near 6 ~ 0.9.

For k = 7, there are two critical coverages: 6,;_n = 0.658 and 0. n_; = 0.954 in the first-order
approximation. This dual-transition pattern is found for all k > 7, consistent with the results discussed,
where a mixture of cross-excluding of differently oriented species is considered. Although the nature
of the transitions is not addressed here, there it finds that the [N transition is continuous, indicating
that this formalism does not matches a typical mean-field approach. For the sake of reference, in
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Bethe lattices with coordination g, a first-order transition occurs for k > 4 depending on g [? ] for this
nematic transition.
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Figure 16. Entropy per site vs. lattice coverage 0 for k = 5,6,7,8. Dashed lines: isotropic phase (I). Solid lines:
fully aligned nematic phase (N). First-order ME approximation through Equations (285), (294), (300).

In the second-order approximation, g.(n) is assumed to decay slowly with density as g.(n) =
gc — bgc0, with ¢.(0) = gc and gc(1) = g.(1 —b). For b = 0.22, the critical coverages for k = 7 are
0.,1-n = 0.746 and 6, y_1 = 0.920, which agree remarkably well with MC values 8;c ;_n = 0.745 and
Onmc,n—1 = 0.917 [101].

Figure 17 shows the variation of 6. with k. Ask — 00,0, n — 0and 6, n_1 — 1.

This model predicts a sequence of phases: isotropic at low/intermediate density, nematic at higher
density, and isotropic again at high coverage, in agreement with MC results for k > 7. Even assuming
vanishing saturation entropy, the ME formalism still predicts an I-N transition for k > 6, though no
N-I transition occurs.

Figure 18 compares ME results with MC data for k = 6 and 8, showing good agreement in both
phases, especially at intermediate coverage. Discrepancies at high density explain differences in By,
since it equals the derivative of entropy with respect to 6 (in kp units).
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Figure 17. Critical coverages 8, ;_n (lower branch) and 6, y_; (upper branch) as functions of k. Open squares:
first-order ME approximation. Solid squares: second-order ME approximation.
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Figure 18. Entropy per site vs. lattice coverage 6 for k = 6 and 8. Symbols: MC data [109]. Dashed: ME model
(isotropic phase) with ds = 0.007545 (k = 6), d; = 0.004316 (k = 8). Solid: ME result for nematic phase (ds = 0).
Dotted: empirical correction Sg. Inset: high coverage behavior for k = 8.

For 55 = 0, Equation (294) becomes exact only in 1D. In 2D systems, S (n — ) > 0 due to
allowed local configurations at high coverage [90,91]. Thus, d; = 0 underestimates entropy at high
density. This distinction is critical for understanding the N-I transition for k > 7, as seen in the inset of
Figure 18.

While ME already captures high coverage entropy via ds, an empirical correction improves
quantitative agreement. We define S (0) = S(0;ds = 0) + AS(6), where AS(0) = S 0% exp[(0 — 1)/ 7]
The term S; matches the MC saturation entropy, 8% ensures S(0) = 0, and the exponential captures
high coverage behavior.

Appropriate values of # < 1 and ¢ ~ 0.05-0.06 reproduce MC results in both isotropic and
nematic regimes. Since ¢y < 1, the correction is significant only very close to saturation. Saturation
entropy values are taken as Ss = Spc/2 = 0.1465,0.0795,0.0505, ... for k = 2,...,7, and S5 =
(Ink/k?)/2 for k > 7[90,91,107].

This empirical correction also accurately reproduces the entropy of more complex particles such
as trimers (straight or bent) and triangles on triangular lattices [110].

Concerning with the coverage dependence of the chemical potential from ME statistics, following,
we reproduce the results y(n) for two very different k-mer’s size, k = 2 and k = 10 as illustrative
examples in Figures 19 [18].

The variables are expressed in terms of coverage 0, via the substitution n — 6/g. For further
details on the simulations, see Refs. [17,101,111,112].
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Figure 19. Lattice coverage 0 versus By for k-mers on a square lattice. k =2: ¢ =4, fo =7, 8. = 1.42,d; = 0
(dashed line), ds = 0.0560 (solid line); k = 10: g = 20, fy = 81, ds = 0.00264, g, = 39 (dotted line). Symbols denote
MC simulation results: squares for k = 2, circles for k = 10.

In Figure 19, MC data for k-mers are compared with two analytical predictions. The dashed line
corresponds to the limiting case where entropy vanishes at saturation, i.e., Ss = 0, ds = 0. When
the correct value d; > 0 is used, the ME approximation (through Equation (294)) provides better
agreement with MC at high coverage, as seen in the solid line.

The discrepancy at high coverage for k = 2 between theory and MC is attributable to the behavior
of the entropy S(1) near n — n,, in Equation (285). A qualitatively similar result is obtained using the
empirical form Sg introduced in the previous section.

For k > 7, MC simulations show that k-mers undergo a continuous I-N transition at intermediate
0 [96], consistent with predictions from the ME model based on entropy comparison between nematic
and isotropic phases. Despite this, Equation (286) still gives a fair approximation for () if a value of
gc smaller than that from Equation (300) is used.

This is understood as follows: nematic ordering forms compact bundles of neighboring k-mers.
For a fixed particle number N, such alignment leads to more multiply excluded states and fewer total
excluded states per particle, effectively reducing the parameter g.. A simple illustration of this can be
made by comparing the number of states excluded when two k-mers are perpendicular vs. parallel
and aligned.

For instance, in Figure 19, the case k = 10 with g, = 39 yields a good fit to MC data. This value
of g is significantly smaller than the isotropic value g = 59 obtained from Equation (300) reflecting
bundled-like configurations of the lattice gas.

The MC simulation results presented in this section were obtained using the efficient algorithm
introduced by Kundu et al. [101,111,112] and described in Section 8.5. Simulations were performed
on L x L square lattices with periodic boundary conditions. The ratio L/k was set to 120, a value for
which finite-size effects were found to be negligible. Equilibrium was typically reached after 10" MCSs,
and observables were computed by averaging over 107 configurations.

lustrative results for (1) from ME statistics for squares and rectangles on square lattices were
presented and compared with fast-relaxation Monte Carlo simulations in Ref. [18]. A comprehensive
study of the various phases formed by rectangles on square lattices, and other hard-core lattice gases,
can be found in Refs. [111,113-115].

5.6. Exclusion Spectrum Functions

A singular outcome of this formalism is the thermodynamic characterization of the configuration
space or state exclusion spectrum through the exclusion per particle frequency function e(n) and
the cumulative exclusion per particle function G(n), referred to collectively as exclusion spectrum
functions.
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From Equations (291) and (292), both G(n) and e(n) can be expressed in terms of the density
dependence of the chemical potential, providing a thermodynamic description of equilibrium particle
configurations.

Illustrative results for G(0) and e(0) for k-mers, squares, and rectangles in the isotropic phase
are shown in Figures 20 and 21. Analytical results are shown as lines, and MC simulation data are
indicated with symbols: 2 x 4 rectangles (triangles), k = 6 k-mers (circles), 3 x 3 squares (diamonds),
and k = 2 k-mers (squares). The simulations were performed following the same scheme and using
the same parameters as those used in Section 5.5.

For k = 6 with g = 29.83, both G(0) and e(0) decrease rapidly with increasing coverage:
G(0) =47 — G(1) =12 and e(0) = 47 — ¢(1) = 0. In contrast, in a 1D lattice with g, = 0, the decay is
slower: G(0) =11 — G(1) = 6 and ¢(0) = 11 — ¢(1) = 0 (not shown in Figures 20 and 21 for clarity).

In the other cases shown: for 2 x 4 rectangles, G(0) = 46, G(1) = 16, ¢(0) = 46, ¢(1) = 0; for3 x 3
squares, G(0) =25, G(1) =9,¢(0) = 25,e(1) = 0; for k = 2 k-mers, G(0) =7, G(1) =4,¢(0) =7,
e(1) = 0. A good agreement is observed between analytical predictions and MC data for both G(0)
and e(0), particularly for e(0) = G(0) = fp. At saturation, G(1) = g, since each particle excludes on
average g states, and e(1) = 0, as all single-particle states are either occupied or excluded.

2 x 4 rectangle
k-mer (k=6) +
3 x 3 square

k-mer (k=2)

¢ 0 >

Figure 20. Exclusion spectrum function G(6) vs. lattice coverage 6. Lines: ME theory from Equation (291);
dot-dashed (k = 2), dashed (k = 6), solid (2 X 4 rectangles), dotted (3 x 3 squares). Symbols: MC data as indicated.
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Figure 21. Same as Figure 20, but for the exclusion per particle frequency function e(8).

As shown in Figures 20 and 21, ME statistics provides an accurate description of the exclusion
spectrum functions across the full range of 0. In particular, the results for k-mers show excellent
agreement for both small and large k. Moreover, particles with higher g tend to exhibit larger values
of G(0), regardless of shape. In contrast, ¢(f) captures more detailed configuration-specific features,
as evidenced in Figure 21. For instance, while isolated k = 6 k-mers exclude more states than 3 x 3
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squares, there exists an intermediate coverage range 0.54 < § < 0.85 where they exclude fewer states
per particle. This indicates local alignment among k-mers at high 6, reducing exclusion relative to a
disordered configuration.

These results confirm that ME statistics captures the thermodynamic signature of configurational
exclusion with remarkable accuracy across all densities. A more in-depth analysis of the exclusion
spectrum and its behavior near phase transitions is provided discussed in following sections.

5.7. Adsorption of Polyatomics: Relation Between Exclusion Functions, Thermodynamic Observables, and
Adsorption Field Topology

In this section, we explore potential applications of the exclusion spectrum functions defined in
Section 5.1 in connection with experimental thermodynamic measurements. This relation provides
insight into how adsorbed particles occupy and exclude states based on the spatial distribution of local
minima in the adsorption field—here generically referred to as the adsorption field topology.

The average exclusion spectrum function G (1) connects a configurational property, related to
the spatial correlation of states and influenced by particle geometry, to the density dependence of a
thermodynamic observable such as the chemical potential. From the relation

1 1 1

1
g(n):e(w/n:;—m:z_W’

(303)
or equivalently £(n) = 1 — [ne~P#/K(T)], it becomes apparent that these exclusion functions
can, in principle, be inferred from experiments via the dependence of y on n.

A more refined exclusion description is provided by the frequency function e(n) = d€(n)/dn.
Introducing (n) = ne P*, we have G(n) = [1 —(n)/K(T)]/n and e(n) = —ﬁ d(n)/dn. Hence,
the analytical or experimental form of (1) encapsulates the configurational exclusion information.
Thus, for a given shape and size of adsorbate molecule the number of states at very low coverage could
be determined and the spatial arrangement of the adsorption potential minima could be inferred, so
called here, the adsorption potential topology [18]. Additionally, the complete configuration changes
on density are embodied in G(n) and e(n) through {(n). A more detailed experimental analysis of
adsorption isotherms on well-defined particle-substrate systems is needed to assess the feasibility and
value of this configurational framework, though that lies beyond the scope of the present review.

6. Latest Developments, Part II: Multiple Exclusion Statistics Formulation
for Mixtures

In this section the ME statistical thermodynamics framework is extended to describe mixtures
of particles with arbitrary size and shape, each having a spectrum of topologically correlated states
and subject to statistical exclusion. A generalized distribution is obtained from a configuration space
ansatz recently proposed for single species, accounting for the multiple exclusion phenomenon, where
correlated states can be simultaneously excluded by more than one particle. Statistical exclusion on
correlated state spectra is characterized by parameters f;;, which are self-consistently determined.
Self- and cross-exclusion spectral functions e;;(1) and G;;(n) are introduced to describe the density-
dependent exclusion behavior. In the limit of uncorrelated states, the formalism recovers Haldane’s
statistics and Wu's distribution for single species and for mixtures of mutually excluding species with
constant exclusion.

The formalism is latter applied to k-mers on the square lattice, modeled as a mixture of two
orthogonally oriented, self- and cross-excluding pseudo-species. This approach offers a general
and consistent framework for entropy-complex lattice gases. It reproduces k-mer phase transitions
and provides access to configurational information through the exclusion spectrum functions. We
summarize here basis of this approach for mixtures and the relevant analytical predictions for rigid
k-mers on the square lattice are discussed in the section devoted to applications.
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6.1. State Counting Approximation and Density of States for Mixtures with Multiple State Exclusion

The general self-consistent formulation for the thermodynamics of mixtures consisting of an
arbitrary number of species in a volume V is summarized in the following subsections. Each species
are assumed to exclude accessible states to itself and to the others, a phenomenon intensified by spatial
correlations among the states—referred to as Multiple Exclusion Statistics (ME) [17]. This leads to a
particularly challenging statistical problem, especially in lattice models involving linear or arbitrarily
shaped particles.

Figure 22 illustrates ME through a ternary mixture of monomers, dimers, and tetramers. The
single-species theory of Ref. [18] was extended to mixtures and state density and exclusion distribution
functions were derived [19] in order to formulate an analytical thermodynamic model applicable to
k-mers on lattices with correlated spectra as well to other particle shapes.

/\L\

(b)

Figure 22. A schematic representation of a ternary mixture: a tetramer (blue), a dimer (red), and a monomer
(green). The dotted lines indicate examples of multiply excluded states within the spectrum of (a) tetramers, (b)
dimers due to tetramers and monomers, and (c) dimers via self-exclusion. This emphasizes the multiplicity of

state exclusions even at finite densities.

We define the self- and cross-exclusion parameters g;; and g;; based on the number of states
excluded per particle at saturation. Let G; be the total states available to an isolated particle of species
i and N; its number in V. The occupation number is n; = limy;, G, 00 Ni/G;, with n; ,, = N; ./ G; its
maximum, and g;; = 1/7; ,.

Cross-exclusion is rather more subtle-quantified by Sij = (Gi — Gij,m>/ Njm, where Gz‘j,m are
the non-excluded states of i when j saturates the system. Expressed in terms of fractions: g;; =
Al](l - Gl-j,m)/n]-/m, with Gij,m = Gij,m/Gi and Al] = GZ/G]

The canonical partition function is Z(N,T,V) = Wy __<(N)TT;_; qf\]ie_ﬁENief , where ¢; is the
energy per particle(eventually, due to an external field such as the interaction with the lattice)and
g; = 1 henceforth. The configurational term W; _(N) captures how particles distribute over their
respective sets of accessible states.

We define d;(N) as the number of states available to a particle of species i given occupation vector
N = (Njy, .., Ns) (and analogously for n ). Generalizing the form introduced in [18] for single species,

the configuration count is:
v [di(N) + N; —1]!

Wl,...,s(N):g NN ] (304)

Using Stirling’s approximation and defining BF = — In Z, the Helmholtz free energy becomes:

IBF(N) = ,BZNiei + Z [dl(N) h’ldl(N) + N;In N;
i i (305)
= (di(N) + N;) In(d;(N) + Nj)].
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In the thermodynamic limit, we define the free energy per state of species i as Bf;(n) =
Blimg, o F/G;. This leads to:

Bfi(n) = Bein; +d;Ind; + n;Inn; — (d; +
+3_Aji[Bejn; +djIndj + njInn; — (dj +n
j#i

n
in(dy 1), 9

where d;(n) = limg, e d;(N)/G;.
The entropy per state (in units of kp) follows from Equation (306):

Si(n) = (d; +n;)) In(d; + n;) — d;Ind; — n;Inn;
k (307)
ST AL+ ) Indy )~ dnd, i
J#

In general, d;(N) depends not only on the occupation vector but also on the microstates,
which are inaccessible analytically. Thus, we postulate a functional form based on average occu-
pations—sufficient for thermodynamic descriptions. The next section formalizes the derivation of
d;(n) based on a counting ansatz and pairwise exclusion analysis.

It is worth noting that the expression for Wy » _ s(N) is exact only if particles can occupy states that
are completely independent of one another. This is the case in the Haldane-Wu g-statistics framework
discussed in Ref. [18], where each particle excludes g states regardless of N or the specific configuration.
For a single species, this leads to d(N) = G — ¢N with constant g, while for a mixture, the generalized
form becomes d;(N) = G; — 1i_; g;;N; with constants g;;. In general, however, d;(N) in Equation (304)
is only approximate, since the actual number of available states for species i should depend not
only on N but also on the specific microscopic configuration of the ensemble; that is, it should be
configuration-dependent.

Yet, since exact configuration counting is intractable, we develop a general approximation for
d;(N) based on a state counting ansatz. In the thermodynamic limit, this approach yields the density
of states d;(n) as a function only of the average occupation numbers at equilibrium. This can be
interpreted as the effective density of states corresponding to typical equilibrium configurations which
contribute most significantly to the system’s entropy.

We now show the derivation of the functional form of d;(n). Let G; denote the set of available
states for a single particle of species i, with cardinality G; = |G;|. We define the tuple G = (G, ..., Gs),
whose components correspond to the total number of states for each species.

To quantify how the presence of other species modifies the state space of species i, we denote by
G} (N) the number of available states for a particle of species i when the system contains N particles in
total, satisfying G;(N) = G; when N; = 0 for all j. We first isolate the effect of species j on species i by
defining G;;(N;) = G} (N) under the condition N = (0, ...,0, Nj,0, ...,0), with only species j present.

The recursion relation introduced in Section 5 for single species can be extended to such pair
interactions. The function G;;(N;) is then defined recursively as follows:

Gij(0) = Gi, G;i(1) =G —Nio, Gjj(2) = G;j(1) = N1,

in general,
Gij(Nj) = Gjj(N; = 1) = Nin,—1, (308)

where /\/i/N], denotes the number of states of species i excluded by the N;-th particle of species j added
to the system.

Following the analogy with the single-species case, we posit that J\/i,Nj =14 G Here, the term 1
accounts for the exclusion of at least one state, while gcij represents the additional number of excluded
states due to spatial correlations between the state spectra of species i and j.
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The correlation term G,;; is defined by the state counting ansatz [17] as G;; = gcijGij(Nj) /G;.
Substituting this into the recursive definition yields:

8
Gij(l) =Gi— |:1 +gc1]G ] Gi|1- Cl])

Gij (.)]

Gi(2) = Gy(1) - [1 T g

and so forth. The general expression becomes:

8cij Ni=1 . 8cij !
G =G(1-%) " - L (1-%), (309)

valid for N]- > 2.
For convenience, we introduce in Equation (309) the rescaled exclusion parameters f.; =
(G]/GZ) gcij = Aji gcij/ and Similarly .Bl] = (G]/Gl) 81] = Aji gij/ where A]'i = G]/GZ and Aij = 1/Aji-
By retaining only the leading term of the summation in Equation (310) and taking the thermody-
namic limit Gi]-(n]-) = lim G;j(N;) / G;, with G;, G; — o0, Nj — o0, and N;/G; — nj, we obtain:

N —
~ . Gij(Ny) Beij
GZ](I’ZJ> = llg‘l Gi = hzn 1-— ?]
y l (310)
A 1 Beij
— 4ji gt G |
1=0,N;>2 Ci G

which yields Gij(n]') = e Peimj — Ajinj, in agreement with the approximation proposed in Ref. [17].
Here, G;;(n;) represents the fraction of states of species i that remain available in the presence of a
concentration 7; of species j, under the condition that all other species are absent (1, = 0 for k # j).
Statistically, this function encodes the depletion of the state spectrum of species i due to the presence
of species j, and can be interpreted as a pairwise statistical interaction function.

The function G;; j(n;) must satisfy the boundary conditions Gl]( —0) =1and G;; i(nj—njy) =
Gij,m To ensure thls we define constants C;;; and Cj;» such that Gl](n]-) =GCijpe ~Peijnj _ Cij2 Aijn;j.
Imposing the boundary conditions yields Cjj; = 1 and Cjj» = (eil3 cifm — Gij,m) /1. Therefore, the
final expression for the pair function becomes:

~ —Beiin; —Bein; = 1j
GIJ(TZ]) =e "I = [6 cyrm — Gij,m] . (311)
n jm

Because of the spatial self- and cross-correlations, state multiple exclusions occur for a given
microscopical configuration of the statistical ensemble (as shown in Figure 22), then, the total fraction
of states excluded to a given species i by the others species is not merely Y75, [1 — Gij(nj)] = Y Eij,
being E;; the fraction of states of i excluded by j at n;. Accordingly, the fraction of states for a particle of
species i when all the species are coexisting, namely G;, corresponds to the ratio between the number
of states in the intersection sets G = ﬂ]f’:lGi]- and the total number of states G;. Ultimately, the
total fraction of states for a single particle of species i at occupation n of all the species is given by
G; = Gi(n) = hmc,~—>oo,Nj/G]-—>nj ijéi‘G;f | / G;, which can be approximated by G; ~ H;:l Gij.
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Figure 23. Symbolic representation of the species i’s states set G; (whole framed area) whose elements are the
states accessible to species i when n; =0 for j =1,..,s,being |G;| = G; its cardinality. E;1, Ej5, ..., E;s represent the
sets of states of a particle of species i excluded by the particles of species 1, ..., s, respectively (shown generically
The states occupied by species i are represented by the set N; (oblique lines area). G;; = G; — E;; represents the

E;j j # i and E;; by the areas filled by vertical and horizontal lines), being

= E;; their cardinalities, respectively.

set of states for particles of species i not excluded by particles of species j. The intersection G/ = M:_; G;; is the set
of states for a particle of species i non-excluded by any of the species j = 1, ..., s (dark gray area), with cardinality
|G} | and fraction G; = |G}|/G; =~ H]S‘=1 Gij.

It is worth noticing that the fraction Gi]' can also be interpreted as the probability for a state of
species i being non-excluded by particles of species j. Accordingly, G;(n) = |G}|/|G;| represents the
probability that a state of species i is simultaneously non-excluded by all species. Then, assuming in a
first approximation that the pairs cross-exclusion events are independent, G;(1) can be written as

S
Gim)~[[Gj i=1..s, (312)
j=1

where the functions Gij are given by Equation (311).

In order to finally obtain d;(n) as defined in Equation (306) from G;(n) in Equation (312), and
by denoting Gjy = Gij(n; — 0) = [Tz G,'j, it is required that d;(n) satisfies d;(n; — 0) = G;y and
di(nf,) = 0", where n}, = n¥
are at densities ;.

(n) > n; is the maximum occupation of species i when other species

Introducing normalization constants C; ; and C; ; so that Gii(n;) = Ci1 ePeiitti — CisAjin;, and using
di(n) = ;:1 Gij(nj) = (Hj;éi Gij(nj)) Gii(n;), the boundary conditions are fulfilled by setting C;; = 1

and C;p = ePeiiin / ny,.. Then, the density of states reads

S
di(n) =] Gij(n}) (ef’f“”i — ePeiittim n’i’) , (313)
J#L im

fori=1,..,s, with G;j(n;) given by Equation (311).

The Helmholtz free energy for the generalized mixture on spatially correlated states can now be
computed from Equations (311), (313), and (306), providing the full thermodynamic behavior.

As will be discussed in the applications, the quantities 7}, can be predetermined in model systems
such as k-mer mixtures on regular lattices from the system symmetry '“.

13 This is a restrictive condition implying that the entropy of species i vanishes at its saturation 17 ,,.
d;(n},) = ds; > 0is discussed in Section7.8.3.
See Ref. [19] for a general procedure to determine n}, (n).

A more general condition

14
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Finally, note that the set cardinalities in this derivation do not depend on specific microstates, but
represent effective values for configurations at equilibrium minimizing the Helmholtz free energy at
given T and V (i.e., given G;).

The parameters f;; are consistently determined from particle and lattice properties (size, shape,
connectivity), and from thermodynamic boundary conditions by generalizing the analysis developed
introduced for single-component systems [18] .

6.2. Mixtures Statistical Thermodynamics

From the Helmholtz free energy in Equation (306) we derive the density dependence of the

oo = (U5 ) g = (o) o9

consequently, from Equations (306) and (314),

chemical potential By,

,Bpti(n) = Be; + 81d~1 In d;' +1Inn; — (aid;' + 1) In (d~1 + Tli)

s - - - - 315
+ZA]'i[aidjlnd]’—aidjln(d]'—l-ﬂj)] i=1,..,s, (315)

7

where, for the sake of shortness, the explicit dependence of d; on n is implicit in Equation (315) and
0; = (9/9n;) ni T We write Equation (315) more conveniently as

dj
dj + nj

S

[1

d; + ;] L j=Lj#i

n; Wl] 0;d;

K;(T) ePri = (316)

with K;(T) = q; e € for i = 1, .., s which straightforwardly give the chemical potentials fy; as a
function of the species state occupation numbers n = (1, ..., 1i5) , or specie’s density. The Equation (316)
also represents a system of s-coupled equations whose solutions are the species occupation numbers
11,1y, ..., 1 for given chemical potentials B1, Bta, ..., Bus.

By defining w; = d;/n;, Equation (316) can be rewritten as

. . s w: —A;idid;
eBlei—mi) — [wi + 1]aidi+l [a;i]*aidi - _{_ ] (317)
=i [
or N
eBei1) = [, 1] H - +1 , (318)
=1 ]

which are the coupled equations within the ME statistics from which the equilibrium distributions
n; = d;/w; can be determined.

It is worth noticing that Equation (318) reduces to Wu's distribution for fractional exclusion
statistics [15] when the species’s states are spatially uncorrelated. An alternative picture of what
the Wu's limiting case of spatially uncorrelated species’s states means here is that the numbers of
self-excluded and cross-excluded states per particle are constants in Wu’s formalism [15] and density
dependent in ME statistics.

6.3. State Exclusion Spectrum Functions: Determination of Exclusion Correlation Parameters

This section is devoted to determining the ME parameters f;; from the thermodynamic limits of
the exclusion spectrum functions, which quantify the average cumulative number of self-excluded
and cross-excluded states per particle as functions of the occupation numbers n. For model systems
where both the size/shape of the particles and the spatial distribution of accessible states (e.g., the
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lattice geometry) are known, the values of f;; can be determined within the ME statistics framework,
enabling a complete thermodynamic description.

Assume that speciesi = 1,...,s in volume V can exchange particles with a reservoir at temper-
ature T and chemical potentials y, ..., us. The time evolution of the mean occupation number n;
follows:

dnl-

ﬂ = PiOWi,o—n — Piowi,c—m/ 1= 1, e, S, (319)

where P;, and P, denote the average fractions of empty and occupied states for species i, and
Wi o—se, Wi e—s, are the respective transition rates. At equilibrium, dn;/dt = 0 and the detailed balance
condition gives W;, ¢/ W e = Pia/Piy = eP(ri=¢€i)_ Since Pjy(n) = n;, then from Equation (316), we
have P;, = nje~P(ri—€i), Substituting from Equation (316), we obtain:

ji0id)

, (320)

~ 7 A
[d; + n] %4

dj+nj
[dijodi i

dj

Py =

The generalized exclusion spectrum function is defined as &;(n) = 1 — P;,(n), which measures
the total average fraction of states excluded to a particle of species i at given occupations n (including
both self- and cross-exclusion). The cumulative number of excluded states of species i per particle of
species j, i.e., the spectrum function gij(n), is defined as:

Ei(n) 1—Py(n)
npooon

Gij(n) = (321)
Additionally, the rate of excluded states per particle due to self- or cross-exclusion is given by the

partial derivatives:

d&;(n dP;,(n
ejj(n) = ' alr(p ) = aln(‘ ) , (322)
] 11[#71]' ] n;;énj
Let ey = hmm—)O,nJ-#i:O eii(n), oji = hmm—)(),nl#:O eji(n)/ and e,; = limni—>0,nj7él—:0 ej(n), which
yield:
eoi = Coii + Y, Ajioji (323)
j#
From Equations (320) and (322), it can be shown:
oit = 2piie Pei Pl + 2y — 1. (324)
Solving for the self-exclusion parameters S;;,
1 _loii 1
Beii = 5 [1 + eoii +2BiiWV <—€ it Zﬁﬁﬂr (325)
where W refers to Lambert function (see Section 5.4).
For the cross-exclusion case
Coij = Peij 1 Bij (fﬁc"j/ﬁ"j - Gij,m)
(326)

+ Aji {,Bcji + Bji (fﬁcﬁ/ﬁﬁ - Gji,m)} :

For uncorrelated states (B.;j = 0), e,;; = 2g;; — 1 and e,;; = B;; + A;iBji, as in Wu's formalism [15].
The exclusion spectrum functions G;;(n) are related to density and chemical potential through

1 1 1 n;

Gii(n) = — — —— %W=a*@ﬂﬁa

PO e (327)
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Although this formulation links measurable thermodynamic quantities to exclusion spectrum
functions, its experimental application, especially for mixtures, requires further work. In dicussing
applications further on in Section 7.8, we illustrate how e,;; and €oij can be computed for k-mers on a
square lattice, their behaviour through the k-mers transitions and usefulness display and characterize
the order of transitions.

6.4. The k-Mers Problem as a Mixture Model: Basic Definitions

Preliminarly to applications of ME statistics, which we will discuss in Section 7.8, we introduce
here the problem of k-mers on square lattice of M sites rationalized as a mixture of two differently
oriented species.

As discussed in Section 5.5, the adsorption of straight rigid k-mers on square lattices for k > 7
exhibits two distinct phase transitions: (1) a continuous, entropy-driven isotropic-to-nematic (I-N)
transition occurring at intermediate surface coverage [96,101,104], and (2) a nematic-to-isotropic (N-I)
transition taking place at densities approaching lattice saturation [106].

In Ref. [18] k-mers on the square lattice has been modeled as a binary mixture of species aligned
along the horizontal () and vertical (V) lattice directions, denoted as species 1 and 2, respectively.
Both species occupy k consecutive lattice sites along their respective directions. According to our
definitions: G; = Go = M, A1 = Ay =1, N1y = Noyy = M/k, and ny , = 13,y = 1/k. The exclusion
parameters are B17 = Bax = P12 = Bo1 = k, and the saturation values satisfy GlZ,m = Gﬂ,m =0.

From Equation (313), the saturation occupations under coexistence are:

1 1
Mm(n2) = ¢ —m2, 1y (m) = ¢ —n. (328)
The self-exclusion at infinite dilution is ey11 = €22 = 2k —1 = 211 — 1, leading to B11 = B2 = 0.
For cross-exclusion, each k-mer excludes k? states orthogonal to its direction, of which 2k — 1 are shared.
Thus, €012 = €921 = k2 - (Zk - 1) = (k — 1)2
Using Equation (326), the cross-exclusion correlations are

1 _
Pez = P = 5 [eolz + 2k (—e 12/ Zk)}, (329)

where W is the Lambert function. Solving this yields B.12 = 11.63 for k = 6, 12 = 1741 fork =7,
Be1a = 24.10 for k = 8, and B1p = 84.26 for k = 14.

Based upon this elementary definition of the mixture parameter, the thermodynamic and exclusion
functions in the ME statistics, a much comprehensive treatment of the problem is given in Section 7.8,
leading to the entropy surface, equilibrium paths, density branches, order parameters, transition
critical points and state exclusion spectrum are obtained for various values of k.

7. Applications

In the present section, we analyze the scope and limitations of the theoretical models developed in
previous sections by comparing them with Monte Carlo simulations and experimental data available
in the literature.

7.1. Two-Dimensional Adsorption: Comparison Between Theory and Monte Carlo Simulations

In this section, adsorption isotherms are calculated for the theoretical models introduced in
Section 3 (FH, GD, EA, FSTA, and SE) and compared both among themselves and against Monte
Carlo simulations performed within the grand canonical ensemble framework [see Section 8]. These
comparisons are conducted for honeycomb, square, and triangular lattices.

Monte Carlo simulations were carried out on honeycomb, square, and triangular lattices of size
L x L, with L = 144,144, and 150, respectively, using periodic boundary conditions. This lattice size
ensures that finite-size effects are negligible. In addition, m’ = m = 10°® MCSs.
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We begin by discussing some fundamental features of the adsorption isotherms. Figure 24 presents
a comparison between the exact adsorption isotherm for monomers and the simulated isotherms for
dimers on honeycomb, square, and triangular lattices. As observed, the particle-vacancy symmetry,
which holds for monoatomic adsorbates, breaks down when k > 2. Furthermore, while the dimer
adsorption isotherms appear similar across the different lattice types, the curves shift to lower values
of (i — 2ep) as the connectivity vy increases. In other words, for a given value of B(u — 2¢p), the
equilibrium surface coverage rises with increasing y. This behavior can be explained using the
following relation:
Inf =1Iny+ B(u — kep) (330)

which is valid for linear k-mers at low concentrations [see Equation (149)]. As the chemical poten-
tial increases, this effect diminishes, and consequently, the slope of the isotherms decreases with
increasing 1.

Figure 24. Comparison between the exact adsorption isotherm of monomers and the simulation adsorption
isotherms of dimers on honeycomb, square and triangular lattices.

We now consider the case of linear adsorbates larger than dimers. For honeycomb lattices, k-
mers adsorb as described in Section 3.1.1. When a site is selected, there are six possible equilibrium
orientations for a single k-mer (k > 2) at extremely low coverage, resulting in a total number of k-uples
equal to 3M (i.e., v = 6), as is also the case for triangular lattices.

Based on these conditions, extensive simulations were conducted for linear adsorbates with k
ranging from 2 to 10. As illustrative examples, Figures 25(a), 26(a), and 27(a) compare simulation
isotherms with theoretical predictions for 6-mers on honeycomb, square, and triangular lattices,
respectively. In all cases, the theoretical models agree well with simulations at low coverages, but
deviate significantly as the surface coverage increases.

The discrepancies between simulation and theory can be quantified by the percentage reduced
coverage, defined as [73]

Osim = Oappr

Ag(%) = 100 (331)

Osim U
where 0, (02ppr) represents the coverage obtained by using MC simulation (analytical approach).

Each pair of values (6s;y, 0appr) is obtained at fixed p.
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Figure 25. (a) Adsorption isotherms of 6-mers on a honeycomb lattice. Symbols represent MC results, and lines
correspond to different approaches (see inset). (b) Percentage reduced coverage, Ag(%), versus surface coverage.

The symbols are as in part (a).
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Figure 26. As Figure 5 for a square lattice.
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Figure 27. As Figure 5 for a triangular lattice.
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Figure 28. Percentage reduced coverage versus concentration for k-mers adsorbed on a honeycomb lattice and SE
approximation. Symbols are indicated in the inset.
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12 1

A (%)

Figure 29. As Figure 28 for a square lattice.

| Triangular Lattice

Figure 30. As Figure 28 for a triangular lattice.

Figures 25b, 26b, and 27b show how Ay(%) varies with surface coverage for the different lattice
types. The performance of each theoretical model is as follows: the FSTA model (dashed line) shows
very good agreement with simulation results, with minimal discrepancies. Both the FH (dash-dot-dot
line) and GD (dash-dot line) models tend to underestimate the coverage across the entire range. The
EA model (dotted line) performs poorly at intermediate coverages but improves at high coverages.
With respect to lattice connectivity, the accuracy of EA and FSTA improves as -y decreases, while the
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opposite trend is observed for FH and GD. The behavior of the GD and EA models supports the
formulation of the semi-empirical (SE) isotherm (solid line) given in Equation (155). This trend is also
illustrated in Figures 28, 29, and 30, which show the percentage reduced coverage for the SE model as
a function of concentration for various values of 7y and k.

7 T T T T T T T T T

o (a) :

>
s

6] ®

O T T T T T T T T T
6 8 10

Figure 31. a) Average percentage reduced coverage Ay, as a function of k for different connectivities. b) As in
part a) for the maximum percentage reduced coverage Ay'®*. Hexagons, squares and triangles correspond to data
obtained for honeycomb, square an triangular lattices, respectively.

To better interpret the data shown in Figures 28-30, we consider two summary metrics: (1) the
average absolute difference between simulation and theoretical coverage, Af; and (2) the maximum
value of the percentage reduced coverage, A@™?*. These metrics are presented in Figure 31. Several
conclusions can be drawn: (i) theoretical models generally perform better on square lattices; (ii) both
Af and A9™@ remain nearly constant for k values between 2 and 8; and (iii) both quantities increase
for k > 8. Finally, since the values of Ay remain below 6%, the SE model can be considered a reliable
approximation for describing multisite occupancy adsorption, at least for the k values analyzed here.

7.2. Two-Dimensional Adsorption of Binary Mixtures: Comparison Between Theory
and Monte Carlo Simulations

In this section, we analyze the main characteristics of the theoretical approximations developed
in Section 3.3 in comparison with MC simulation results and experimental data.

We consider a gas mixture composed of rigid rods of lengths k and I, with each component present
in equal molar fraction in the gas phase. Adsorption occurs on a regular, homogeneous lattice with
connectivity 7 = 4 (square lattice) and 6 (triangular lattice). The parameters used in the HPTMC
simulations (see Section 8.3) were: M = 120 x 120, and m’ = m = 10° MCSs. For simplicity, we assume
the standard chemical potentials are zero and that the equilibrium constants K; = 1 for all species.
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The partial adsorption isotherms for v = 4, k = 6, and two values of | = (2,5) are shown in
Figures 32(a) and 32(b), respectively. Symbols denote MC simulation data, while the lines represent
various theoretical approaches as indicated.
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Oy k) |

0.4 1 0.4 -

0.2 + 0.2 +

0.0 ‘ocmcmeesfB0®”  Uhgaaan A— 0.0
-10 -5 0 5 10 -10

25
© .
< | | ~ ST TN
154 P \.
Q\/ X 20+ , \
) ] SRS ~ 7 \\
10 - g N D 4 g \
< ./_/ \-\ < /./ _ == . .\.
’ L 104 7 .- ~
54 / \'\'.. W) e N
/ i - 7 e \
/I -~ - - ___'-\\_'\ / e \|"
0 - T= T T T 0 = ’I . . . .

Figure 32. Adsorption isotherms for rigid molecules on a square lattice: (a) k =6and ! =2; (b) k =6and [ = 5.
(0)[(d)] Reduced coverage error Af(%) vs. the total surface coverage for the data in part (a)[(b)]. Symbols represent
MC results, and lines correspond to different theoretical approaches as indicated.

A characteristic feature observed in binary mixtures of polyatomic species is evident in both
figures: at higher pressures, the smaller species are displaced by the larger ones. This phenomenon,
known as adsorption preference reversal (APR), arises from entropic competition between adsorbed
species. A detailed investigation of the APR effect, focusing on the impact of molecular size difference,
is presented in Section 7.4.

In Figure 32(a), the most significant discrepancies between simulation and theoretical predictions
occur in the partial adsorption isotherm of the larger species. As clearly shown in Figure 32(b), the
magnitude of these deviations depends on the level of approximation used in evaluating C [11].

To quantitatively assess the agreement between simulation and analytical results, we use the
reduced coverage error defined in previous section [73],

Onic = Bappr

Ag(%) = 100 x '
Onvic

, (332)

where Oyic (Bappr) represents the value of the total coverage obtained by using the MC simulation
(analytical approach). Each pair (6nic, Oappr) corresponds to the same value of pressure P.

The results obtained from Equation (332) are shown in Figure 32¢,d. In Figure 32c, better agree-
ment is observed at surface coverage above 6 ~ 0.6, where only dimers are present, a case where
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all theoretical models perform well [16]. Conversely, for larger adsorbates, classical approaches fail
to accurately describe the adsorption behavior across the entire range of coverage, as illustrated in
Figure 32d. In contrast, the SE approximation yields satisfactory results, with errors remaining below
7% in both cases.

The same analysis presented in Figure 32 is repeated for triangular lattices, with the corresponding
results shown in Figure 33. In most cases, the error increases with lattice connectivity. However, the
SE approximation consistently yields an error below 7%, indicating that it is a highly reliable method
for modeling binary mixture adsorption with multisite occupancy, at least for the molecular sizes
considered in this study.
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Figure 33. Same as Figure 32 for triangular lattices.

To complete our analysis, we examine partial isotherms for mixtures with varying sizes of I,
keeping k = 6 fixed. For each pair (k, I), the discrepancies between theoretical predictions and
simulation results are assessed using the average error across the full coverage range, defined as

Rp = % 3" Ao (%), (333)
0

where R is the total number of isotherm points (or the number of replicas, as described in Section 8.3).

Figure 34 illustrates the dependence of Ay on the size of the [-mers and the lattice geometry for the
various theoretical approaches evaluated in this work. As shown, Ay increases monotonically with /,
indicating that the divergence between MC simulations and analytical models becomes more significant
for larger adsorbates. In contrast, the error associated with the SE approximation remains nearly
constant, around 1.8% for square lattices and 4.3% for triangular lattices. This excellent agreement
across all values of | highlights the robustness of the SE method and underscores the importance
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of accurately computing the correction function [Equation (187)] for understanding the adsorption
behavior of rigid rod mixtures.
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Figure 34. Average error Ay for fixed k and different values of I: (a) square lattice, v = 4 and (b) triangular lattice,
v = 6. The meaning of the lines is indicated in the figure.

Finally, to evaluate the applicability of the proposed model, we analyzed experimental data ex-
tracted from Ref. [116]. Specifically, adsorption isotherms of hydrocarbon mixtures—methane—ethane
and ethane—propylene—on activated carbon (AC-40) at 20°C were examined using the SE adsorption
model introduced in this work. Since the experimental data were reported as adsorbed amount (in
moles/g) versus pressure (in mmHg), the theoretical isotherms were reformulated in terms of pressure
P and adsorbed amount g to enable direct comparison and fitting.

Assuming equilibrium between the adsorbed phase and an ideal gas-phase mixture, the chemical
potentials ;) were related to the system pressure and molar fractions. Additionally, the coverage
was defined as 6 = g/ gmax, Where g4y represents the maximum adsorption capacity of the surface.

Following a common approach in the literature, a “bead segment” chain model was employed
in which each CH,, group (bead) occupies one adsorption site on the surface. Accordingly, each
hydrocarbon species C,,, was modeled as a rigid rod of length k() = m [117].

Within this framework, the experimental isotherms for methane—ethane and ethane—propylene
mixtures at 20°C and varying molar fractions were fitted using a single value of g,y and temperature-
dependent equilibrium constants ;) (T) as adjustable parameters. The results of the fitting procedure
are shown in Figure 35, and the corresponding parameter values are summarized in Table 1. A very
good agreement is observed between experimental data (symbols) and theoretical predictions (solid
lines).

While a more extensive analysis of experimental adsorption isotherms is still needed, these results
suggest that the SE theory provides a promising and accurate framework for describing the adsorption
thermodynamics of interacting polyatomic species.

Table 1. Parameters used in the fitting of Figure 35.
CH4/C2H6 C2H6/C3H6

Smax X 1072 (mol. / g) 0.41 0.41
Ky x 10° (mmHg™1) 35 0.48
K; x 10° (mmHg 1) 1.6 0.6
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Figure 35. Comparison between experimental and theoretical adsorption isotherms for a binary mixture:
(a) CH4/C2H6 and (b) C2H6/C3H6 adsorbed on a commercial activated carbon. Symbols represent experi-
mental data from Ref. [116] and lines correspond to results from Equation (193). The parameters used in the fitting
procedure are listed in Table 1.

7.3. Two-Dimensional Adsorption of Interacting k-Mers: Comparison Between Theory
and Monte Carlo Simulations

In this section, we analyze the main features of the thermodynamic functions derived from
the models presented in Section 4.1 (Bragg-Williams Approximation, BWA) and Section 4.2 (Quasi-
Chemical Approximation, QCA), in comparison with Monte Carlo simulation results for a lattice-gas
of interacting dimers on honeycomb, square, and triangular lattices. '°

As in Section 7.1, simulations were conducted on honeycomb, square, and triangular lattices of
size L x L, with L = 144, 144, and 150, respectively, using periodic boundary conditions. Moreover,
the lattice size L was carefully selected to avoid perturbation of the adlayer structure.

Representative adsorption isotherms obtained from Monte Carlo simulations in the grand canoni-
cal ensemble (symbols), along with their comparison to the QCA (solid lines) and BWA (dashed lines),
are shown in Figures 36, 37, and 38 for honeycomb, square, and triangular lattices, respectively.

For attractive interactions [Figures 36a, 37a, and 38a], as temperature decreases, a first-order
phase transition occurs, evidenced by the discontinuity in the simulated isotherms and the appearance
of characteristic loops in the theoretical curves. This behavior, experimentally observed in many
systems [80], corresponds to a low-coverage lattice-gas phase coexisting with a higher-coverage
“lattice-fluid” phase. The lattice-fluid can be considered as a diluted version of the registered (1 x 1)
phase where all lattice sites are occupied except for some vacancies.

This two-dimensional gas-to-liquid condensation closely resembles that of a monomeric lattice gas
with attractive interactions. However, for k-mers, the particle-vacancy symmetry (valid for monomers)
is broken, resulting in adsorption isotherms that are asymmetric with respect to 8 = 0.5.

15 In one dimension, the QCA reduces to the exact solution for interacting chains adsorbed flat on a one-dimensional lattice.

With respect to BWA, a characteristic Van der Waals loop appears in the isotherm under attractive interactions, erroneously
predicting a phase transition for 7y = 2. For strong repulsive interactions, the BWA deviates from the exact results and fails to
reproduce the plateau observed in the adsorption isotherm. These limitations can be better understood through the entropy
per site. The key assumption of the BWA is that both the configurational degeneracy and the average nearest-neighbor
interaction energy are treated as if molecules are randomly distributed across the lattice. As a result, the entropy per site
becomes independent of w and takes the form given by Equation (13).
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Figure 36. Adsorption isotherms for homonuclear dimers adsorbed on a honeycomb lattice with nearest-neighbor
interactions. Symbols, solid lines and dashed lines represent results from Monte Carlo simulations, QCA and
BWA, respectively. The dotted lines are included in the figure as a guide for the eyes. a) Attractive case: full
circles, fw = 0; open circles, fw = —0.5; open squares, fw = —1.0; open up triangles, Bw = —1.5; open diamonds,
Bw = —2.0 and open down triangles, Bw = —3.0. b) Repulsive case: full circles, fw = 0; full hexagons, fw = 2.0;
full squares, fw = 4.0; full up triangles, fw = 5.0; full diamonds, pw = 6.5; full down triangles, fw = 8.0 and full
stars, fw = 7.0. Inset: Adsorption isotherms from QCA for fw = 7.0 and different values of k as indicated.
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Figure 37. Adsorption isotherms for homonuclear dimers adsorbed on a square lattice with nearest-neighbor
interactions. Symbols, solid lines and dashed lines represent results from Monte Carlo simulations, QCA and
BWA, respectively. The dotted lines are included in the figure as a guide for the eyes. a) Attractive case: full circles,
Bw = 0; open squares, fw = —0.5; open up triangles, fw = —1.0; open diamonds, fw = —1.4 and open down
triangles, pw = —2.0. b) Repulsive case: full circles, fw = 0; full squares, pw = 2.0; full up triangles, fw = 4.0;
full diamonds, fw = 5.0 and full down triangles, fw = 7.5. Inset: Adsorption isotherms from QCA for fw = 7.5
and different values of k as indicated.

In the case of repulsive interactions [Figures 36b, 37b, and 38b], the isotherms exhibit more
complex features due to the formation of ordered structures in the adsorbed layer. These ordered
arrangements are indicative of subcritical behavior, where continuous phase transitions occur from
disordered to ordered phases [118,119]. At high temperatures, isotherms remain featureless, but at
low temperatures, they display distinct steps corresponding to the emergence of ordered phases. The
specific form of these steps depends strongly on the lattice connectivity. As the chemical potential y
increases and the surface coverage 6 spans from 0 to 1, two ordered phases are typically observed:
(1) a low-coverage ordered phase (LCOP), characterized by site occupancies of 5/9, 1/2, and 2/5
for honeycomb, square, and triangular lattices, respectively; and (2) a high-coverage ordered phase
(HCOP), with 2/3 site occupancy across all three geometries. Snapshots of the LCOP [part a)] and
HCOP [part b)] configurations for each lattice type are presented in Figures 39, 40, and 41. For a
detailed discussion of these phases, refer to Refs. [118,119].
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Figure 38. Adsorption isotherms for homonuclear dimers adsorbed on a triangular lattice with nearest-neighbor
interactions. Symbols, solid lines and dashed lines represent results from Monte Carlo simulations, QCA and
BWA, respectively. The dotted lines are included in the figure as a guide for the eyes. a) Attractive case: full
circles, Bw = 0; open circles, Bw = —0.5; open squares, pw = —0.75; open diamonds, fw = —1.0 and open up
triangles, pw = —1.5. b) Repulsive case: full circles, fw = 0; full squares, pw = 2.0; full up triangles, fw = 3.0;
full diamonds, fw = 4.0 and full down triangles, fw = 5.0. Inset: Adsorption isotherms from QCA for fw = 5.0
and different values of k as indicated.

Ordered Phase at =5/9  Ordered Phase at 6=2/3 QCA, 6=3/5

Figure 39. Snapshots of the ordered phases corresponding to repulsive dimers adsorbed on a honeycomb lattice.
a) Low-coverage ordered structure (LCOP); b) high-coverage ordered structure (HCOP) and c) LCOP-HCOP
mixture according to the predictions of QCA.
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Figure 40. As Figure 39 for square lattices.
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Figure 41. As Figure 39 for triangular lattices.

Under attractive interactions, both theoretical models yield qualitatively similar results, and the
isotherms from BWA and QCA are nearly indistinguishable. However, it is known that isotherms
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derived from fundamentally different approximations can appear deceptively similar [67]. To better
assess the accuracy of each model, we use the absolute error in the chemical potential, €*(6), which is
defined as

e’ (9) = |,utheor - .usim|9 (334)

where gy (Mneor) TEPresents the chemical potential obtained by using MC simulation (analytical
approach). Each pair of values (Mgjm, Hieor) is Obtained at fixed 6.

As an example, Figure 42(a) presents ¢*(6) for three representative attractive interaction strengths:
squares for fw = —3.0, triangles for pw = —1.5, and circles for fw = —0.5. Solid and open symbols
correspond to BWA and QCA results, respectively. In all cases, QCA outperforms BWA.
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Figure 42. Absolute error €%, versus surface coverage for adsorption isotherms of dimers. The symbology is as
follows: a) Squares, pw = —3.0; triangles, Bw = —1.5 and circles, Bw = —0.5. b) Squares, fw = 8.0; triangles,
Bw = 4.0 and circles, pw = 2.0. Full and open symbols correspond to comparisons with QCA and BWA,
respectively.

The corresponding analysis for repulsive interactions is shown in Figure 42b, which includes
Bw = 8.0 (squares), 4.0 (triangles), and 2.0 (circles). Again, solid and open symbols represent BWA and
QCA, respectively. Here, differences between the two models are both quantitative and qualitative.
While BWA fails to predict any ordered structures, QCA captures the formation of a pronounced
plateau at low temperature. This critical coverage, 924, appearing between the LCOP and HCOP,
depends on both lattice geometry and adsorbate size. The adsorbate configuration at 02 can be
interpreted as a mixture of LCOP and HCOP phases [see part (c) in Figures 39, 40, and 41].

The curves in Figure 42 correspond to a honeycomb lattice. However, the behavior of €?(0) for
square and triangular lattices is very similar (data are not shown here for sake of simplicity).

To quantify the overall deviation between theory and simulation across the full coverage range,
we define the integral error ¢’ as:

i 1
¢ = /O ¢ (8)d6. (335)

Figure 43 shows & for all lattice geometries and a broad range of Bw values. Several key conclu-
sions can be drawn: (1) In all cases, QCA provides a significantly better fit to the simulation data than
BWA. This is particularly true for repulsive interactions, where BWA shows large discrepancies, while
QCA remains the simplest yet effective model for describing multisite occupancy adsorption. (2) The
value of ¢’ increases with lattice connectivity. This may be attributed to a loss in accuracy of Q(N, M, )
as vy increases [73]. (3) There exists a broad range of interaction strengths (—1 < Bw < 4) for which
QCA matches the simulation data extremely well. Notably, most surface science experiments fall
within this range of interaction energies.
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Figure 43. Integral error €/, versus lateral interaction (in § units) for different geometries as indicated.

Therefore, QCA not only represents a clear improvement over the BWA in modeling k-mer
adsorption but also provides a solid theoretical framework and compact expressions for the interpreta-
tion of thermodynamic adsorption data of polyatomic species—such as alkanes, alkenes, and other
hydrocarbons—on regular surfaces.

7.4. Application of FESTA to the Adsorption of C3Hg and Oy in Zeolites 13X and 5A: Determination of the
Adsorption Configuration

One interesting application of the theoretical framework presented in Section 3.2.2 on a lattice
gas model involves the interpretation of experimental adsorption isotherms for propane [120] and
oxygen [121,122] in 13X and 5A zeolites, as well as in simulation-based systems. In our approach, we
employed Equation (125) under two main assumptions: (i) since ¢ =constant, if a single molecule
has m distinct ways to adsorb per lattice site at zero coverage, then the presence of an adsorbed
k-mer, occupying k' sites, effectively excludes g = mk’ states from being accessible to other molecules
[thus, a = 1/(mk")]; and (ii) the energetic contribution from adsorbate-adsorbate interactions is
accounted for using a mean-field approximation, as described in Section 4.1. This analysis highlights
the physical interpretation of the parameters g and 4, linking them to the spatial configuration of
adsorbed molecules and the geometric structure of the surface.

Because the experimental data are presented as adsorbed volume v, against pressure p, we rewrite
Equation (125) in the more convenient form:

_ (v/vm)[g— (g — 1)U/Um}g_1
(g —g(v/om)]®

exp [Bw(v/vm)], (336)

where 0 = v/vy, (vy, is the volume corresponding to monolayer completion); exp(By) = P/ Py; K(T) is
the equilibrium constant K(T) = exp (—pep); and exp [w(v/vy,)] is the mean-field term. In addition,
€p can be associated with the isosteric heat of adsorption Hy;.

Figure 44 presents the adsorption isotherms of propane (C3Hg) in 13X zeolite. Solid lines represent
theoretical predictions using the FSTA model, while symbols show experimental data from Ref. [120].
Following conventional modeling, alkane chains are treated as "bead segments," where each methyl
group corresponds to one adsorption site. Accordingly, propane is modeled as a trimer with k = 3.
Given that the propane molecule (6.7) is relatively large compared to the cavity diameter (11.6), it
likely adsorbs along a preferred orientation. Otherwise, accommodating 5-6 molecules per cavity
would be unfeasible. We thus assign ¢ = 3 (with X’ = k = 3 and m = 1, mimicking a 1D configuration).
The best fit to the experimental data over the full temperature and pressure range was obtained by
simultaneously optimizing K(T),v,, and w (see Table 2).
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Figure 44. Adsorption isotherms for C3Hg adsorbed in 13X zeolite fitted by FSTA. Symbols correspond to data
from Ref. [120] and lines represent theoretical results from Equation (336).

Table 2. Table of fitting parameters of data in Figures 44 and 46. HftSTA, Hsef P wFSTA and we*P are expressed in
kcal/mol (absolute values given). v, is expressed in molecules/cavity [(a)] and ccgrp/g. of adsorbent [(b)] for
data from Refs. [121] and [122], respectively. (c) and (d) represent experimental values from Refs. [121] and [120],
respectively; (e), simulation data from Ref. [123] and (f), C3 Hg — C3Hg interaction energy in the liquid phase [120].

System |k |m|g O HESTA T HGP [ wPSTA T we*? | D(%)
0,/5A4 [2]2]4]12®W —-1309® [ 310 [33709 | 072 | 054 | 5.60
C3Hg/13X |31 |3 5.75 694 |681@ | 127 [0500) | 2.08

Consistent with experimental findings, the resulting v, is slightly under 6 molecules per cavity.
A value of vy, (= 5.75) suggests that some molecules may partially span across the cavity windows.
Regarding the lateral interaction parameter w, its ratio to the known liquid-phase interaction energy e
for propane is about w/e =~ 2.5, indicating that each molecule interacts, on average, with 2.5 neighbors
at full coverage. This supports the approximation of a quasi-one-dimensional system.

Figure 45 also shows strong agreement between theory and experimental data for a system with
non-monotonic adsorption behavior. In this case, the derivative of the adsorbed volume with respect
to pressure was fitted, again yielding excellent correlation.

2.0
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Figure 45. Derivative of the adsorbed amount versus pressure (In p) for the same set of data plotted in Figure 44.
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To quantify model accuracy, we define the deviation D as the average relative discrepancy (in
i

percent) between theoretical (v},

) and experimental (Uéxp) data:

{100. } (337)
i=1

D= nzs z}iheo _ Uéxﬁ
For propane on 13X, D was found to be 2.08% (Table 2), which is within the bounds of experimental

i
Vexp

where i runs over the total set of data.

error, underscoring the robustness of the FSTA approach. In contrast, a previous model from Ref. [120]
required eight parameters to describe similar systems. Here, the complexity of polyatomic adsorption
is captured through a single, physically meaningful parameter g, reflecting the spatial configuration of
the adsorbate.

We now turn to the oxygen adsorption isotherms in 5A zeolite, shown in Figure 46. Symbols
denote experimental measurements, while lines indicate theoretical curves from Equation (336).
Experimental data were taken from two different sources in the literature, from Miller et al. [121]
and Danner et al. [122]. In the first set of data (empty symbols) [121], the amount adsorbed was
measured in units of the number of molecules per cavity. In the other case (full symbols) [122], the
amount adsorbed was reported in units of ccsrp per gram of adsorbent.

1.0

T'=144K
[)

° 2 0,/5A

0.8 1

0.6 T=203.15K

0

0.4 T'=233.15K

T'=297.15K

2 3
p (bar)
Figure 46. Adsorption isotherms for O, adsorbed in 5A zeolite. Empty and full symbols correspond to data from
Refs. [121,122], respectively. Lines correspond to the adsorption isotherm function of Equation (336).

The fitting process involved two steps: (i) based on previous numerical simulations [123], we
fix g = 4 (K = k = 2 and m = 2). Under these considerations, analytical isotherms in Figure 46
were obtained by multiple fitting the set of parameters K(T), v, and w as in Figure 44. The value
obtained for w is in excellent agreement with the simulational calculation of w in Ref. [123]. With
respect to vy, it was not possible from the work of Razmus et al. [124] to estimate v, in order to
compare with the one from Equation (336). However, v, was independently validated through a
second stage of fitting; (ii) the values of g, K(T) and w arising from (i) were fixed. Then, v,,, set as
to fit the experimental isotherm measured by Danner et al. [122], agrees with the monolayer volume
reported in Ref. [122]. The deviation between experimental and fitting curves was 5.60% (see Table 2).
Based in the consistency of this analysis, O, appears to adsorb flat with two possible orientations on a
two-dimensional layer defined by the cavity’s inner surface.

The isosteric heat of adsorption Hs; for both systems was derived from the slope of the plot of
In K(T) versus 1/T, as shown in Figure 47. The results, which are presented in Table 2, align well with
reported experimental values for propane in 13X [120] and oxygen in SA [124].
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Figure 47. Temperature dependence of equilibrium constant, K(T), arising from fitting. Squares, red circles and

black circle correspond to fitting from Refs. [120-122], respectively. H fts TA reported in Table 2 is the absolute value

of the slope of the solid line.

Finally, in order to illustrate the applicability and versatility of FSTA to describe systems more
complex than the one in the experiments analyzed here, we show in Figure (48) the fit (solid lines)
to numerical isotherms (symbols) of dimers, flexible trimers and flexible tetramers adsorbed flat
on a square lattice. Solid lines represent the best fitting to computer experiments in the crudest
approximation [¢ =constant, Equation (125)] to the general isotherm of Equation (124). The values
obtained for g in all cases are very consistent to the ideal value g = m k. It is worth mentioning that,
at this elementary degree of approximation FSTA is already more accurate than the classical Flory’s
theory [6] of adsorbed chains as well as the multisite-adsorption approaches of Refs. [20,33].

1.0
{ flexible tetramers
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flexible trimers
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Figure 48. Comparison between Monte Carlo simulations of dimers, trimers and tetramers adsorbed on square
lattices and theoretical isotherm from FSTA [Equation (125)]. g values from best fitting are indicated in the figure
for each case. Inset: Configurational entropy versus coverage for dimers adsorbed on square lattices. Symbols
represent simulation data and lines provide theoretical results for different values of g as indicated in the text.

For the case of dimers, the inset in Figure (48) shows a comparison between the configurational
entropy per site, s, versus coverage from simulation and the corresponding ones obtained from FSTA

[being S = — 9F and s = 5/ M] for different values of g. As it was calculated for the isotherm,
aT N.M

the best fit corresponds to ¢ = 3.74 (solid line). The three curves in dashed (dotted) lines correspond to
increments (decrements) of 2%, 4% and 6% with respect to g = 3.74. As it can be clearly visualized,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1029.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 May 2025 d0i:10.20944/preprints202505.1029.v1

90 of 133

small variations of ¢ provide notable differences in the entropy curves. Thus, the statistical exclusion
parameter g results highly sensitive to the adparticle’s spatial configuration. The more compact the
configuration of the segments attached to the surface sites the smaller g. For instance, g may vary from
g = 6 (g = 8) for straight trimers (tetramers), to ¢ = 18 (¢ = 72) for flexible trimers (tetramers).

In summary, the study presented in this section demonstrates how the concept of statistical
exclusion (g > 1) serves as a powerful tool to quantify the entropy associated with polyatomic
adsorption, effectively capturing both the configuration and interaction of adsorbates. Furthermore,
Equation (124) lays the groundwork for analyzing configurational changes as a function of coverage
[through configurational spectroscopy G'(N)] from thermodynamic data. Overall, FSTA offers a
compact and insightful framework for interpreting adsorption phenomena, from simple gases to
complex hydrocarbons on structured surfaces.

7.5. Adsorption of Methane-Ethane Mixtures in Zeolites: Reversal Adsorption Phenomena

The adsorption of molecular mixtures presents a significantly greater challenge than that of pure
components, both experimentally and theoretically. While the number of adsorbed molecules in a
pure gas system can be accurately determined by measuring the weight gain of the adsorbent sample,
studying mixtures requires additional experimental techniques to determine the composition of the
adsorbed phase. This complexity is one of the primary reasons for the scarcity of experimental data on
the adsorption of polyatomic mixtures.

Nonetheless, several simulation studies have investigated the behavior of hydrocarbon mix-
tures [125-132]. A particularly striking phenomenon has been observed in methane-ethane mix-
tures [125,126]: at low pressures, the adsorbed phase is dominated by ethane, but as pressure increases,
methane gradually displaces ethane. This inversion in adsorption preference has also been reported
in mixtures of linear hydrocarbons adsorbed in silicalite [127-132], as well as in carbon nanotube
bundles [133] and metal-organic frameworks [134]. In all these cases, selectivity shifts from favoring
the larger molecule at low pressure to favoring the smaller one at higher pressure—a behavior known
as Adsorption Preference Reversal (APR) [51].

From a theoretical standpoint, understanding the origin of APR is not straightforward. Within
the framework of single-site adsorption (where each molecule occupies a single lattice site), studies
by Ayache et al. [51] and Dunne et al. [52] have shown that competition between species under
repulsive lateral interactions can cause one component to replace the other in the adsorbed phase.
In their approaches, Ayache et al. [51] used a mean-field approximation, while Dunne et al. [52]
performed exact calculations. However, hydrocarbon molecules adsorbed on solid surfaces should be
regarded under the light of a multisite-adsorption model, in order to properly account for the effects
of configurational entropy (k-mer size and flexibility) on the thermodynamics of the adlayer. Entropic
effects arising from differences in molecular structure and density are expected to drive a range of
complex behaviors and phase transitions in such systems.

Understanding how molecular size and structure affect the thermodynamic properties of the
adsorbed layer is of fundamental importance in statistical physics. Furthermore, developing accurate
theoretical descriptions of these systems has practical relevance in designing and optimizing separation
processes in petrochemical applications. In this context, we present the first exact model for adsorption
of molecular mixtures in zeolites that accounts for multisite occupancy. Using a rigorous statistical
thermodynamic approach, we analyze mixtures of s-mers and k-mers (molecules occupying s and k
lattice sites, respectively) on one-dimensional substrates. Our results reveal that the APR phenomenon
emerges naturally from differences in molecular size (i.e., number of occupied sites) between the
two species.
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Following the line of Ref. [51], we start calculating the parameter A = exp [B(Py — Ps)], which is
obtained from the equilibrium equations [Equations (33) and (34) in Section 2.1.2]:

A = % exp | Blex — es) — Bl — )]

_ Kb (1—6,— ) (338)

(o (el

In order to understand the basic phenomenology, we consider in the first place a monomer-

monomer mixture (s = k = 1), with equimolar amounts of each kind of molecules in the gas phase
(Xs = Xk). Under these conditions, Equation (338) can be written as:

A =exp [Bler—es) = ) —1d)] = 375{ (339)

In this case, 65 /6y =const. Accordingly, the partial adsorption isotherms corresponding to the species
s and k do not intersect and the APR phenomenon does not occur. This situation is reflected in
Figure 49, where an equimolar monomer-monomer mixture has been studied for f(es — u?) = —2 and
Blex — yg) = —4. The inset shows a similar analysis, where the values of the adsorption energies per
particle were taken from Ref. [51]: Bes = —14.77 (¢s = —5.1 x 10729 J and T=250 K) and Be; = —21.81
(ex = —7.875 x 1072% J and T=250 K). In addition, the values of il and Bu) were obtained by using
Equation (168) (Section 2.1.2) with m; (my) equal to the molecular mass of methane (ethane). Thus,
ms = 16.04 uma, m;, = 30.07 uma (where 1 uma= 1.660531 x 10~%’ kg) [135] and, consequently,
Bu) = —26.77 and Bul = —25.83.
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Figure 49. Partial adsorption isotherms for an equimolar monomer(s = 1)-monomer(k = 1) mixture on an
one-dimensional lattice. Parameter values (figure): f(es — u0) = —2 and B(e; — yg) = —4. Parameter values
(inset): Bes = —14.77, B = —22.81, Bug = —25.83 and ﬁyg = —26.77.

The results presented in Figure 49 align with earlier studies on monomer-monomer mixtures [51],
where the occurrence of APR required introducing a complex set of lateral interactions.

We now turn to the more general case of an equimolar mixture composed of s-mers and k-mers.
As indicated by Equation (338), when both species have the same size (s = k), the individual adsorption
isotherms do not intersect, and the resulting curves resemble those observed in Figure 49.

However, when s # k, the system exhibits a broader range of behaviors that depend on both
the value of the interaction parameter A and the size relationship between the two species. Without
loss of generality, we consider the case where s < k. In evaluating the role of A, we rely on two
key physical assumptions regarding the adsorption of linear alkanes: the heats of adsorption (1)
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are attractive and (2) increase (in absolute value) linearly with the length of the hydrocarbon chain.
It is important to emphasize that these are not merely theoretical assumptions—they reflect well-
established experimental findings on the energetics of alkane adsorption in zeolites, supported by
extensive literature evidence [117,136-138].

Under these considerations, the argument of the exponential in Equation (338) is negative, A
varies between 0 and 1 and there exists a value of coverage, 8* (0 < 6* < 1), at which the partial
isotherms coincide (s = 6y = 6*) and, consequently, the APR phenomenon occurs. The value of 6*
can be obtained from Equation (338) by simple algebra:

EENCEOLS

The crossing point (y*,0*) separates two adsorption regimes. Thus, for u < u*, 0 is larger than 6;.
This tendency is reverted for y > u*, where 0; is larger than 6. Then, the existence of the point 6* is
directly related to the displacement of the species k by the species s, and, consequently, to the presence

(340)

of APR phenomenon.

This behavior is clearly illustrated in Figure 50, which examines a monomer—dimer mixture (s = 1
and k = 2) with equal concentrations of each species in the gas phase. The parameter values for Bes,
Bex, Byl and By are the same as those given in the inset of Figure 49. This monomer—dimer case is
particularly insightful because: (i) it represents the simplest model of binary adsorption involving
species of different sizes; (ii) it captures the essential characteristics of multisite-occupancy adsorption;
and (iii) it serves as a useful model for interpreting experimental adsorption of methane—ethane
mixtures in silicalite. Following a widely used approach, we adopt the bead-segment model, where
each methyl group is represented by a single unit (or “bead”) equivalent in size to one adsorption site.
Within this framework, methane and ethane are modeled as s = 1 and k = 2, respectively.
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Figure 50. Partial adsorption isotherms for an equimolar methane(s = 1)-ethane(k = 2) mixture on an one-
dimensional lattice. Parameter values: Bes = —14.77, ey = —22.81, Bud = —25.83 and ﬁyg = —26.77.

Given that ethane molecules possess a stronger affinity for the surface (higher adsorption energy),
they adsorb preferentially at low pressures. However, as pressure increases, adsorption of the smaller
methane molecules becomes more favorable, eventually displacing the previously adsorbed ethane.
As a result, the partial isotherms intersect at a critical coverage 6%, indicating the occurrence of APR
phenomenon. In this specific case, 6* = 0.4998.

The exact results presented here offer a significant contribution to understanding the APR mech-
anism, demonstrating that it naturally arises from size disparity (or more precisely, the number of
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occupied sites) between different adsorbed species. It's worth highlighting that in earlier theoretical
treatments, such as the monomer-monomer model presented in Ref. [51], reproducing APR required
a highly parameterized model involving six variables (adsorption energies for methane and ethane,
pairwise interaction energies among methane-methane, methane—ethane, and ethane—ethane, plus
temperature). This complexity led to poorly constrained parameters and only qualitative conclusions.
In fact, extremely small changes in parameter values (much smaller than typical experimental un-
certainties) produced vastly different predictions. For example, a mere 5 percent change in ethane’s
adsorption energy could determine whether APR appears or not in the model of Ref. [51].

Supporting this point, Equation (340) demonstrates that APR can emerge solely due to size
asymmetry (s # k), even in the absence of any energetic contributions or lateral interactions (Be; =
Ber = Pl = ,8;/12 = 0 and A = 1). This reveals that introducing complex lateral interactions in
previous models may be seen as an artificial or effective way to account for purely geometric or steric
effects through energetic means.

In summary, this study leads to two key conclusions: (1) the entropic effects arising from
the non-spherical nature of polyatomic adsorbates play a crucial role in surface phenomena and
cannot be neglected in comparison with monoatomic adsorption, and (2) failing to incorporate the
polyatomic nature of adsorbates into thermodynamic models can lead to a serious misinterpretation of
experimental data, particularly regarding phenomena like APR.

7.6. Alkanes Adsorbed in Carbon Nanotubes Bundles: Surface Area Characterization

The multilayer adsorption theory for polyatomic molecules, discussed in Section 2.1.3, is uti-
lized here to evaluate the surface area of a HiPco single-walled carbon nanotube (SWCNT) sample.
This analysis is based on adsorption isotherms obtained using a series of four alkanes—methane
through butane.

The SWCNT sample analyzed in this study was procured from Carbon Nanotechnology Inc.
(CNI). No post-processing was applied beyond evacuating the sample under vacuum (better than
1 x 107° Torr) for 72 hours before each measurement cycle. Although the purification method used
by the manufacturer may have opened some nanotube ends, these openings were effectively sealed
by chemical groups introduced during that same process [139]. To unblock these caps, heating to
at least 650 K under vacuum is necessary [140,141], a procedure not undertaken in this work. As a
result, internal adsorption was excluded, and the sample effectively behaved as a non-porous substrate.
Adsorption primarily occurred on the external surfaces of nanotube bundles and, to a lesser extent, on
large-diameter, defect-related interstitial sites [142,143].

The isotherms were recorded using a custom-built volumetric adsorption setup [144]. Low tem-
peratures were achieved using a helium closed-cycle refrigeration system, and temperature regulation
was maintained with two controllers. Pressure measurements were conducted using three capacitance
manometers, with upper limits of 1, 10, and 1000 Torr, respectively. These gauges were housed in
the room-temperature gas-handling system. Data acquisition and gas dosing were managed by a
LabView-based program developed in-house. All gases employed were of ultra-high purity, sourced
from Matheson Gas.

To determine the surface area, we calculated the product of the molecular area of the adsor-
bate [145-147] and the monolayer capacity of the substrate. The monolayer capacity was derived from
experimental adsorption isotherms using two approaches: the BET method [54,60] and the point B
method [148,149]. The specific surface area was then calculated by dividing the total surface area by
the sample’s mass.

The point B method involves plotting the adsorption isotherm as adsorbed amount versus
pressure on a linear scale. Initially, coverage increases steeply with pressure, eventually reaching a
pronounced inflection point. Beyond this point, coverage increases more gradually and linearly, until
multilayer adsorption begins. Point B is identified as the lowest pressure at which a linear extrapolation
aligns with this intermediate linear region between the completion of the first layer and the start of
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the second [148,149]. The coverage at point B corresponds to monolayer completion, as illustrated in
Figure 51. Generally, this method yields a slightly higher monolayer capacity than the BET equation.
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Figure 51. The adsorption isotherm for methane on single-walled carbon nanotubes is shown, with the coverage
(expressed in cm?® Torr/g) plotted on the Y-axis against the relative pressure on the X-axis. Initially, there is a
steep rise in coverage at low pressures, followed by a region where the coverage increases linearly with pressure.
The point at which the isotherm first diverges from this linear behavior (indicated by the arrow aligned with the
X-axis in the figure) is identified as point B. This point is interpreted as corresponding to the completion of the

monolayer.

Figure 52 shows the isotherms obtained for the HiPco nanotube sample using methane, ethane,
propane, and butane. Different temperatures were used for each alkane due to their differing adsorp-
tion energies. Methane requires low temperatures where other alkanes exhibit vapor pressures too
low for reliable measurement in our setup [150,151]. Conversely, the higher temperatures suitable for
measuring butane adsorption produce pressures for methane that are too high to resolve the monolayer
region effectively [151].
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Figure 52. Adsorption isotherms for methane (77.3K), ethane (165 K), propane (190 K), and butane (220 K)
adsorption on single-walled carbon nanotubes. The coverage in cm® Torr/ g (Y axis) is presented as a function of
relative pressure (X axis).

To ensure comparability across different gases, isotherm temperatures were scaled by each
adsorbate’s bulk critical temperature (T /T 3p), aligning the scaled temperatures across the data sets.
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Table 3 compiles the molecular areas of the alkanes used. They were obtained from published
neutron scattering results for alkane films adsorbed on graphite [145-147].

Table 3. Single-walled nanotubes samples and gases used in the isotherm measurements.

sample | type | weight (g) gas area/mol on graphite(?) | isotherm temp (K)
SWNTs | HiPco 0.1727 | methane 15.4 [145] 77
SWNTs | HiPco 0.325 ethane 21 [146] 165
SWNTs | HiPco 0.325 propane 28.8 [147 190
SWNTs | HiPco 0.325 butane 32.7 146 220

Figure 53 presents plots of the linearized BET equation for the four different adsorbates used. The

linearized BET equation is
(P/P)/[(1 = P/Py)] = 1/Cityy + [(C = 1)P/ Py} /Crty. (341)

In this context, P refers to the pressure at a specific point on the adsorption isotherm, P is the
saturated vapor pressure of the adsorbate at the isotherm temperature, n denotes the number of
molecules adsorbed at pressure P, 1, represents the monolayer capacity of the substrate, and C is a
constant that reflects the interaction strength between the adsorbate and the substrate.

—+— BET(Methane) —=— BET(Ethane)

1AW (PoiP)-1]

—ia— BET{Propane) BET(Butane)

1WI(POP)A]
1M (Po/P)-1]

Figure 53. BET analysis for the adsorption isotherms for methane, ethane, propane, and butane on single-walled

carbon nanotubes shown in Figure 52.

The BET equation is typically applied over a range of relative pressures from approximately
P/Py~0.05to P/ Py ~ 0.3 [54,60,149]. This is the pressure range used for plotting the isotherm data
in Figure 52, which yielded the results shown in Figure 53.

Figure 54 displays the specific surface area values for the HiPco nanotube sample, as determined
using both the point B method and the BET equation for different adsorbates. Notably, both methods
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reveal the same trend: as the molecular length of the adsorbate increases, the specific surface area
calculated for the same sample decreases. Within the range of molecule sizes examined, this decrease
is approximately 20% for each method.
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Figure 54. Specific surface area of single-walled carbon nanotubes computed using the BET and the point B
methods. The specific surface area in m?/ g (Y axis) is presented as a function of number of carbon atoms in the
adsorbate (X axis).

In an earlier study, we measured the specific surface area of a SWCNT sample using several
spherical adsorbates (neon, argon, methane, and xenon) and found that the value was essentially
independent of the size of the adsorbate [152]. That analysis employed the point B method to determine
monolayer capacity. These results differ markedly from the findings reported here for the linear
alkane series (methane through butane). The key distinction lies in molecular geometry: unlike
the spherical adsorbates used previously, the alkanes are linear, which enhances their tendency for
multisite occupancy during adsorption.

We now proceed to analyze the experimental data using the theoretical framework for multilayer
adsorption of polyatomic molecules, as developed in Sections 2.1.3 and 3.4. The model outlined in
Section 2.1.3 will be referred to hereafter as the "modified BET model," or simply the MBET model. As
previously mentioned, in the one-dimensional (1-D) case, the MBET equation reduces to the standard
BET equation when considering monomer adsorption (k = 1). The explicit expression derived for the
adsorption of dimers (k = 2) in 1-D within the MBET framework is given by:

- Nm (1 - P/PO) 12
"= (1—P/P0){1_ [1+(4c—1)P/P0] ' (342)

The variables appearing in Equation (342) carry the same meaning as those defined in Equa-

tion (341). Equation (342) is applicable for determining the monolayer capacity and specific surface
area in the case of ethane adsorption, where ethane molecules can be effectively treated as dimers.
Unlike the standard BET equation, the MBET expression for dimers is nonlinear. When applied to
ethane, the MBET model yields a larger surface area than the value obtained using the BET equation on
the same dataset. Notably, the MBET model for dimers involves only two adjustable parameters—the
same number as in the BET formulation.

As previously mentioned, for systems with k > 1 in two dimensions (2-D), no exact analytical
expressions exist for adsorption isotherms, i.e., for the fractional coverage n as a function of the relative
pressure P/P,. To address this challenge, we adopted two different strategies to extract monolayer
capacity from experimental data:
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In this first approach (procedure A), we used the one-dimensional MBET equations for all four
adsorbates to account for the linear geometry of the molecules. For methane, we employed the
standard BET equation, which corresponds to the MBET expression for monomers. For ethane,
we applied the exact 1-D MBET formula for dimers [Equation (342)]. For propane and butane, we
utilized the same dimer equation but adjusted its parameters to fit the experimental data in the
low-pressure, low-coverage regime—specifically, the same region typically used in BET analysis.
Using Procedure A, the calculated specific surface areas for ethane, propane, and butane were
consistently higher than those obtained using the BET method. In addition to producing improved
results, this method remains relatively straightforward to implement.

However, we also observed a consistent trend: as the length of the alkane chain increases, the
derived specific surface area decreases. This behavior is illustrated in Figure 6, which includes
data obtained from both this and other approaches.

Although not perfect, the results from Procedure A represent a clear enhancement over the
standard BET approach.

The second strategy (procedure B) involved fitting the isotherm data for all four adsorbates to
the approximate MBET expression developed for the two-dimensional case [Equation (209) in
Section 3.4]

n(1-P/Py) {1 (k-1 {n(lfP/PO)] }k—1

P i . P
iy [1 - n0sPrm )y noPrm) £y ) a0/ |10 (343)

In this formulation, Cf is a constant that reflects both the interaction strength between the
adsorbate and the substrate, as well as the connectivity of the adsorption lattice. The parameter k
denotes the number of units in the k-mer molecule.

The experimental adsorption isotherms are fitted to this model using the appropriate k value
for each adsorbate—1 for methane, 2 for ethane, 3 for propane, and 4 for butane—within the
same low-pressure range typically employed for BET analysis. Figure 55 shows the fit obtained
for butane, which demonstrates excellent agreement with the data; similarly accurate fits were
achieved for the other three alkanes. The fits yield values for the monolayer capacity, n,,;, which
are subsequently used to compute the specific surface area of the sample.
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Figure 55. Fit of the low-pressure region of the butane isotherm data to Equation (343) in the text (obtained in the

MBET approach). The value of the monolayer capacity is extracted from this fit.

Figure 56 presents the key findings of this study. It shows the specific surface area values of the

substrate calculated using the four methods discussed: the point B method, the BET equation, the 1-D
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MBET model (Procedure A), and the 2-D MBET model (Procedure B). These values are plotted against
the number of carbon atoms in the alkane adsorbates used in the isotherm measurements. Among the
four approaches, only the 2-D MBET model (Procedure B) produces surface area values that remain
nearly constant across the range of adsorbates. In contrast, the other three methods show a decreasing
trend in surface area with increasing alkane chain length.

This result has practical significance, as it offers a consistent approach for determining surface
area using linear adsorbates. Specifically, the 2-D MBET model allows for surface area measurements
with linear molecules that closely mirror the consistency typically achieved when using spherical
adsorbates with the BET or point B methods.
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Figure 56. Specific surface area values for single-walled carbon nanotubes were calculated using four different
methods: BET, point B, procedure A, and procedure B. The results, expressed in m?2/ g (Y-axis), are plotted as a
function of the number of carbon atoms in the adsorbate molecules (X-axis). To maintain clarity in the figure,
error bars are shown only for the values obtained using procedure B.

From a more fundamental standpoint, our findings underscore the significance of the additional
entropy contribution that emerges in monolayer films of linear molecules due to multisite occupancy.

To summarize, in this section we presented adsorption isotherm measurements for a series of four
alkanes (methane, ethane, propane, and butane). These data were then used to estimate the specific
surface area of a single substrate using four different methodologies: the traditional BET equation,
the point B method, and two versions (1-D and 2-D) of a more recent model for the adsorption of
linear molecules, known as the MBET method. Our key conclusion is that the 2-D MBET approach
(procedure B) yields consistent surface area values across different linear adsorbates, in contrast to the
other methods evaluated (point B, BET, or the 1-D MBET model), which do not show such consistency.

This result holds both practical and theoretical significance. Practically, it offers a reliable method
for determining specific surface area using longer linear molecules, producing values that align well
with those obtained from spherical adsorbates using the BET equation. This, in turn, enhances the
comparability of results obtained for the same substrate across different types of adsorbates.

7.7. Crystal Growth from Aqueous Solution in the Presence of Structured Impurities

The process of crystal growth plays a vital role in both biological systems and industrial tech-
nologies. It begins with the formation of stable nuclei, followed by the gradual addition of atoms or
molecules onto the crystal’s surface. These growth units—comprising atoms or molecules identical
to those in the crystal—migrate from the bulk solution and attach to specific surface sites, eventually
leading to the formation of macroscopic structures with well-defined surfaces.

It is well established that the adsorption of foreign atomic or molecular species, known as
impurities, can significantly influence the rate of crystal growth [153-155]. This phenomenon has been
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widely utilized to control crystal morphology and to enhance the properties of crystalline materials,
powders, and granulated substances. Understanding the mechanisms by which impurities exert their
effects is therefore of considerable importance.

Numerous studies have explored the influence of impurities on both the growth rate and mor-
phology of single crystals [156-161]. Theoretical models addressing this influence typically assume
that impurities (ions, atoms, or molecules) adsorb at specific surface features such as kinks, steps, and
terraces during crystal growth. Early theoretical efforts in this area were made by Bliznakov [162-165],
who focused on impurity adsorption at step edges, and by Cabrera and Vermilyea [166], who consid-
ered adsorption on flat surface terraces. Experimental data on crystal growth rates have supported the
predictions of these models [160].

In a key contribution, Davey and Mullin (DM) [167] developed a theoretical framework to describe
how impurities affect the growth rate of crystals from aqueous solutions. Their model posits that
impurity adsorption is limited to a thin layer adjacent to the crystal surface, and assumes no lateral or
vertical interaction between adsorbed impurity molecules. Within this context, the velocity of step
movement, V in the presence of impurities is given by:

VKO =1—0e, (344)
where V) is the step velocity in the absence of impurities, and 6,; denotes the fraction of surface
sites occupied by impurities. Consequently, 1 — 6, reflects the proportion of available sites for the
adsorption of pure growth units. As 6,5 approaches 1, the surface becomes fully covered with impurity
species, and crystal growth effectively halts.

The ability of an impurity to inhibit crystal growth is also believed to depend on factors such as its
size, shape, and orientation—a phenomenon referred to as stereochemical effect. To incorporate these
aspects, Kubota and Mullin (KM) [168] proposed an improved kinetic model. Their approach considers
impurity adsorption along step edges and introduces a parameter, a, representing the efficiency of
impurity blockage. The step velocity in this model is given by:

VKO =1—aby (a >0). (345)
This equation shows that the overall impact of impurities on growth rate is governed by two fac-
tors: the surface coverage by impurities (6,;) and the effectiveness of each adsorbed molecule () in
hindering growth.

The relationship between impurity concentration (C;) and surface coverage (6,;) is typically
described using adsorption isotherms. The Langmuir isotherm [169] (or its extended versions [170]) is
often used due to its mathematical simplicity. Then,

Oeq = G (346)

1+KC

where K is the Langmuir constant. Introducing Equation (346) in Equations (344) and (345), the relative
step velocity can be written in terms of the impurity concentration:

vV KCy
and v cC
—1—af =L
Vo o 1—w (1 T ICC1> (KM model). (348)

The models in Equations (347) and (348) assume that each impurity molecule occupies a single
site on the surface and that the spatial arrangement of those sites is irrelevant. As a result, they cannot
differentiate between varying impurity structures or lattice geometries. This limitation has led to the
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development of more advanced theoretical approaches that account for the equilibrium adsorption of
polyatomic species with diverse molecular configurations.

In this context, we aim to present a new generalization of the DM model [167] for crystal growth
rates that incorporates both the size and shape of impurities, as well as the surface geometry. As in the
KM model, the theoretical equations are based on the pinning mechanism of Cabrera and Vermilyea
for the inhibition of step advancement [166]. Building upon the model discussed in Section 3.2.1, we
employ the EA adsorption isotherm [Equation (120)] to describe the surface coverage of impurities 0,,.

Before starting the comparison, and in order to analyze adsorption from liquid solutions, it is
convenient to write the theoretical adsorption isotherm given in Section 3.2.1 in a more appropriate
form. By using the equilibrium condition y = 4, Equation (120) adopts the form

kK (7y, k) exp[B(psor — keo)] = T (349)
(1-9)
where p,,; is the chemical potential of an ideal solution. Hence,
Bitsor = Bio +Inpr, (350)

where i is the standard chemical potential, which is defined as

3/2
Ho = —kBTln{ (Zn%kﬂ) kBT}/ (351)

where & is the Planck constant (1 = 6.6260 x 10734].s) and m is the mass of the k-mer. Taking into
account that the mass of a k-mer is directly proportional to the mass of the monomer unit: m = kmy
with mg the mass of the monomer unit. Then, Equation (350) can be rewritten as:

3 27mokgT\ /2
Bt = —Zlnk—ln{ <7”’;123> kT b +Inpj, (352)
and
3
Phsor = —5 Ink +1InCy, (353)
. . . . % * 27'[m0kBT 3/2 . .
where C; is the impurity concentration, C; = p;/p} and p7 = (T) kgT 7. This expression

relates the chemical potential in solution with the impurity sizes and the concentration in the bulk.
Introducing Equation (353) in Equation (), the following expression is obtained,

01— 0] o

K(v, k) K Cr =
(7, k) KiCy k(l—f))k

(354)

where Ky = exp (—3 Ink — keg).

Equation (118) is valid for k > 2 (K(vy,k) =1 for k = 1).

Now, replacing in Equation (344) 6., by 0, the relative step velocity V /V; for impurity molecules of
different shape and size can be obtained. For this purpose, it is necessary first to rewrite Equation (354)
in the form 6(Cy) (0 as a function of C). This procedure was performed for linear impurities [K(7, k) =
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1fork =1, and K(, k) = /2 for k > 2] with k ranging between k = 1 and k = 4 adsorbed on square
lattices (7 = 4) 1. The resulting expressions are as follows:

1%
VO - 1—96q
- 1-6
]C]C[
= 1A=L =1
e (k=1 (355)
v
70 - 1_93q
= 1-6,
- 1 k=2 (356)
- V1+8KC -
v
VO = 1_93q
= 1-6
1 ({/54IC3C1A+6\/§\/IC3C1(A K —|—8)
T2 A—2

N =

22/3
V27K3C1A +3V3BKCI(A — 27 +4

(357)

with A = (27K3C; + 4). In addition,

\%
vo - 1_9gq
— 1-6,
E 1|4 3
- ﬂ/?)—DjLEJB(PHw/ﬁ) (k= 4), (358)
where
2 32/3
E= _4§/3\/§,//c§c§13—27/c4c1+ 823 4G +91, (359)

{/ V3,/K2C2D — 9K4Cy
3 22
4\/\/§\/IC4CID—9IC4C1 32K04C

Fe 7 _ +6, (360)
i/\@, /K3C2D — 27K 4Cy
where D = 512K,C; + 27.

The model described in Equations (355-358) represents an advancement over the previous KM
model [168], in which the effects of impurity size and shape were incorporated through a single
proportionality constant, or effectiveness factor, & (« > 0). In contrast to the KM approach, the new
expressions for V /Vj allow us to (1) explicitly capture the entropic contributions of non-spherical

16 For k > 5, § cannot be explicitly written in terms of C;. In this case, the calculations can be done with any standard
mathematics software package.
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impurities, and (2) investigate the influence of the spatial arrangement of adsorbed species on crystal
growth, using parameters with clear physical significance. These parameters can be derived from
thermodynamic measurements and are directly related to the spatial configuration of the adsorbed
impurity molecules. In the following paragraphs, our theoretical predictions will be compared with
Monte Carlo (MC) simulations and applied to interpret experimental data on the growth rates of the
100 crystal faces of KBr as a function of impurity concentration.

We will begin by discussing the behaviour of the relative step velocity V/Vj as a function of
the concentration Cj for different values of the impurity size. Thus, Figure 57 shows V/V,(C;) for
two cases: k = 1, solid line, Equation (355); and k = 4, dashed line, Equation (358). In both cases,
M) /k B T=-1.

1.0 ———r————
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Figure 57. Relative step velocity V/Vj as a function of the concentration Cj for monomers [k = 1, red line,
Equation (355)] and tetramers [k = 4, blue line, Equation (358)]. In the two cases, ¢ /kpT = —1.

As shown in Figure 57, the curve corresponding to k = 4 exhibits a steeper decline at low impurity
concentrations and remains consistently below the k = 1 curve throughout the low- and medium-
concentration regimes. As anticipated, at high impurity concentrations Cj, the curves converge and
the step velocity approaches zero—though this regime is omitted from the figure for clarity. These
results demonstrate that the model defined by Equations (355-358) effectively captures the essential
behavior of the system. Specifically, in the low to intermediate concentration range, the ability of an
impurity to suppress crystal growth is strongly influenced by its size and shape, with larger or more
complex impurities exhibiting greater effectiveness. However, as C; increases and the surface becomes
nearly saturated with impurities, the role of size and shape becomes less significant, and the growth
suppression effect levels off.

To further assess the applicability of Equations (355-358), we now examine an experimental case
study, as illustrated in Figure 58. This analysis provides an opportunity to evaluate both the practical
relevance and the predictive power of the theoretical framework proposed in this work.

The experimental data are taken from the study by Bliznakov and Nikolaeva [171], in which
the impact of aliphatic carboxylic acid impurities on the relative growth rate of the 100 faces of KBr
crystals was investigated. Their findings revealed two key observations: (1) the relative growth
rate of the crystal face decreases with increasing impurity concentration, and (2) the extent of this
decrease depends on the size of the impurity, as determined by the number of carbon atoms in the
carboxylic acid.

Subsequently, Kubota and Mullin [168] modeled these experimental results using their kinetic
scheme [Equation (345)]. The KM model provided a good fit to the data, using the parameters « and K
listed in Table 4. Figure 58 presents this comparison: dashed lines represent the theoretical predictions
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of the KM model, while the experimental data are indicated by symbols (squares for HCOOH, triangles
for CH3COOH, diamonds for CoH5COOH, and circles for C3H7COOH). Kubota and Mullin concluded
that the relatively constant values of K suggest that adsorption occurs primarily through the carboxyl
group. Regarding the effectiveness factor a, they proposed that its increase with the number of carbon
atoms could be attributed to the growing size or bulkiness of the impurity molecules.

1.0 —
®  HCOOH
A CH,COOH
0.8- e C,H.COOH A
s & C,H,COOH |
& 0.6 - =~y
0.4 -
—
0.2 . :

' 0.00  0.05 0.10  0.15 020 025
CI

Figure 58. Relative growth rates of the {100} faces of KBr crystals as a function of impurity concentration.
Aliphatic carboxylic acids, HCOOH, CH3COOH, C,H5COOH and C3H;COOH were used as impurities. Symbols
correspond to experimental data [171], solid lines represent results from Equations (355-358) and dashed lines
correspond to KM model [168]. The parameters used in the theoretical models are listed in Table 4.

Table 4. The table shows the parameters used in the theoretical curves of Figure 58.

Kubota and Mullin [168] This work
Impurity a | K(mole fraction) ! k Ky (mole fraction) !
CHCOOH | 0.502 1238 1 [Equation (355)] Ki =333
CH3;COOH | 0.532 39.6 2 [Equation (356) Ky, =220
C,HsCOOH | 0.697 35.0 3 [Equation (357) K3 =3.39
C5H,COOH | 0.850 35.6 4 [Equation (358)] Ky =538

We now turn to applying our multisite adsorption model to the experimental data reported in
Ref. [171], with the aim of offering an alternative perspective on the effects of impurity size. Leveraging
the inclusion of the impurity size parameter k in Equations (355-358), we assign specific values of k
based on the number of carbon atoms in the carboxylic acid molecules: HCOOH corresponds to k =1,
CH3COOH to k = 2, C;H5COOH to k = 3, and C3H;COOH to k = 4.

It is important to emphasize that this assignment of k = 1 to 4 is a practical method to account
for differences in impurity size and does not imply any specific assumptions about the adsorption
mechanism.!” Furthermore, this approach enables a fully analytical treatment of the problem via the
explicit expressions provided in Equations (355)—(358). An alternative strategy would be to treat the
size parameter k as a fitting variable. However, the absence of a general analytical expression for 6(Cy)
makes such an analysis significantly more challenging.

On the other hand, the values of K were obtained using a standard least-squares fitting procedure
for each experimental isotherm. Four cases were considered:

17" As in the Kubota and Mullin model [168], molecular configuration in the adsorbed state is incorporated through the
adsorption constant K.
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* (Case HCOOH: Equation (355) was used as fitting function, with k = 1 and K; as adjustable
parameter.

*  (Case CH3COOH: Equation (356) was used as fitting function, with k = 2 and K; as adjustable
parameter.

*  (Case C;H5COOH: Equation (357) was used as fitting function, with k = 3 and K3 as adjustable
parameter.

e  (Case C3H;COOH: Equation (358) was used as fitting function, with k = 4 and K, as adjustable
parameter.

The results are shown in Figure 58 (solid lines) and the fitting values of K}, are collected in Table 4.
Clearly, Equations (355-358) provide a very good agreement with the experimental data.

The values of Ky obtained (see the fifth column in Table 4) are notably consistent across the
different impurities, supporting the conclusion that adsorption occurs primarily through the carboxylic
functional groups. Additionally, the analysis based on Equations (355-358) strengthens the interpreta-
tion proposed by Kubota and Mullin [168]. Specifically, although the carboxylic acids are unlikely to
lie flat on the surface, variations in impurity size (i.e., steric effects) have a significant impact on the
behavior of the relative step velocity, V/Vj. As anticipated in Ref. [168], the effectiveness of growth
inhibition increases with the molecular size of the impurity.

In summary, this section has introduced a novel theoretical framework for analyzing crystal
growth from aqueous solutions in the presence of structured impurities. The model is built upon
physically grounded equations, involving parameters with clear physical interpretations. These
parameters are experimentally accessible via thermodynamic measurements and directly reflect the
spatial configuration of the impurity molecules in the adsorbed state.

Theoretical predictions have been validated against Monte Carlo simulations and successfully
applied to describe experimental data on the relative growth rates of the 100 faces of KBr crystals in
the presence of various aliphatic carboxylic acids. The findings confirm and further support previous
conclusions regarding the critical role of impurity size in modulating crystal growth behavior [168].

7.8. Application to k-Mers Phase Transitions

In this section, we apply the multiple exclusion (ME) statistics to the problem of linear k-mers
adsorbed on a square lattice with M sites. In this system, two phase transitions have been observed for
k > 7196]: (1) an entropy-driven isotropic-to-nematic (I-N) continuous phase transition at intermediate
coverage [96,101,104], and (2) a nematic-to-isotropic (N-I) discontinuous transition at densities close to
lattice completion [106].

It is important to highlight that for large k-mers (k > 7 in the case of square lattices), spontaneous
orientational order emerges from purely entropic effects, without the need for explicit attractive inter-
actions between the rods. This behavior exemplifies how entropy alone can induce phase transitions
in systems constrained by hard-core exclusion.

The ME statistics provide a natural and powerful framework to model the thermodynamics
of these transitions, as they inherently incorporate the excluded volume effects and the reduced
configurational entropy associated with rod alignment at higher densities.

7.8.1. Basic Definitions

As discussed in Section 6, the k-mers problem on the square lattice is modeled as a mixture of two
species, each aligned along one of the two lattice directions: horizontal () and vertical (V), referred
to as Hk-mers and Vk-mers, respectively. We assign Hk-mers — 1 and Vk-mers — 2. Both species
occupy k consecutive sites along their respective axes.

According to the definitions established earlier, the following identifications hold: G; = M,
Gy =M, Ay = Ay =1, Ny = Gi/k, Noyw = Go/k, Grogw = Gorn = 0, 811 = P11 = G1/Nijw =k,
822 = B = Go/Noyy =k, g12 = P12 = G1/Nayw = k, and g1 = B21 = G2/ Ny, = k. Furthermore,
the saturation densities are 1 ,, = N1,,/G1 =1/g11 =1/p11 =1/kand ng,y = Ny /Go =1/g20 =
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1/ B2 = 1/k, with all exclusion coefficients equal: 12 = B21 = P11 = B2z = k. It is important to note
that, since G| = M and G, = M, the states available to each species are restricted to those lying along
their characteristic direction.

Regarding the saturation occupation numbers nj , and n; , satisfying dy (n3 m2) = dy(ny,n3,,) =
0 (according to Equation (313)), a fully covered lattice must fulfill

Nigi1 + Naogiz = Gy, (361)
18 Given a vertical occupation number 1y = N, /G, for Vk-mers, the maximum horizontal occupation

number is
1 Bim

ny (n2) = B B (362)
and analogously,
* 1 n
Mm(m) = 5 : o (363)
For k-mers on the square lattice, since 17 = B12 = B21 = P22 = k, these simplify to
x 1 x 1
ny y(n2) = T =, ny,(ny) = T M= nom = (364)

The self-exclusion per particle for each species at infinite dilution corresponds to the number of
states excluded by an isolated k-mer along its axis:

11 = €2 =2k —1=2B11 —1=2Bp -1, (365)

identical to the 1D case. From Equation (324), the solutions yield .11 = B2 = 0.
The number of cross-excluded states between species 1 and 2 is

eorn = k> — (2k —1). (366)

The first term, k?, accounts for the initial total exclusion of perpendicular states by an isolated k-mer,
while the second term, 2k — 1, corrects for the non-independent states between directions. Two isolated
k-mers of species 1 and 2 exclude together e,12 + €51 +2(2k — 1) = 2k? states out of the G = 2M total
cross-states. By symmetry, e,12 = eqp1, and thus

€012 = €21 = K2 — (2k—1) = (k— 1)2. (367)

This follows formally from the general relation in Equation (323), where e,11 + €21 + €511 =
k% + €11 = k? 42k — 1. Therefore, e,51 = k* — (Zk — 1) = (k — 1)2 = €p12-

From the solutions to Equations (324) and (326) with 811 = B2 = k, the exclusion correlation
parameters are .11 = Be2 = 0and

Bz =P = % {3012 + ZkW(—Efe"u/ Zkﬂ, (368)

where W(z) denotes the Lambert function, taking its main branch for k < ey5/2 or the lower branch
otherwise.

The numerical solutions for B are: B.p = 11.63 for k = 6 (e,12 = €1 = 25), Be1z = 17.41
fork = 7 (ep12 = ep21 = 36), Be1o = 24.10 for k = 8 (e,12 = €1 = 49), and B.1p = 84.26 for k = 14
(012 = €p21 = 169).

18 We assume that in any macroscopic region V filled with Ny particles of species 1, the average number of self-excluded states
is g11, and analogously g1, represents the cross-excluded states from species 2 on species 1.
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7.8.2. Entropy Surface, Equilibrium Path, and Order Parameter

The Helmholtz free energy per site, Bf;(11,12), can be fully represented in the space (11, 17).
The relation between the mean occupation number n, which denotes the state occupation number
of the whole lattice, and the occupation numbers of each species on their respective sublattices is
given by n; = N1 /Gy and np = Np /G, with G; = Gy, so that n = (N7 + N,)/G = (n1 + np) /2. The
maximum value that n can reach is n,, = 1/2k, corresponding to a line in the (1, 1) plane such that
My = (1, +12)/2 = (n1+n3,)/2 =1/2k, named the saturation line.

For each value of n, the function Bf;(n1,1n2) = Bf1(n1,2n — ny) is minimized numerically, and
the points (111, 1,) where the Helmholtz free energy attains local minima are obtained.

Since the model is athermal, only excluded-volume interactions are present and €; = €, = 0,
leading to a vanishing internal energy. Therefore, the minima of f; (11, 1) correspond to maxima of
the entropy per site in units of kg. An order parameter O(n) is defined based on the difference between
the species occupation numbers as

_ I —m|

On) np+ny’

0<0(n) <1 (369)

Here, O(n) = 0 indicates isotropic k-mer distribution, while 0 < O(n) < 1 reflects nematic
ordering.

For k < 5, all solutions satisfy n; = ny for any n, implying O(n) = 0 and absence of phase
separation: both species distribute equally.

In contrast, for k > 7, phase separation occurs beyond a critical density n.. A nematic phase
emerges, where one direction becomes favored. The particular case of k = 6 deserves a detailed
discussion.

Although the model predicts phase separation at very high coverage for k = 6 (see Figure 59),
this behavior results from the Helmholtz free energy vanishing at saturation, i.e., Bf1(nj ,,, 15 ,) =
Bfi(n1,1/k —n1) = Bf2(1/k —na,ny) = 0and S1(nj ,,,n3 ,,) = S(ny, 1/k —ny) = S(1/k —ny,ny) =0,
according to Equations (306) and (307), owing to the restrictive boundary conditions d; (1 s 113 ) =
d}(ni‘,m, n; ;) = 0 imposed at saturation. It is worth noticing, that also for k = 7, 8 the order parameter
do not show any transition to an isotropic high-coverage regime as expected from MC simulations.
However, if the entropy reaches a finite value Sq(n7 ,,, 15 ,,) > 0 at full coverage instead of vanishing,
this anomalous phase separation for k = 6 would not occur and, as shown latter, the high-coverage
nematic-to-isotropic transition does occur for k > 7.

1.0 —m——

0.0 ——
0.0 0.2 0.4 9 0.6 0.8 1.0

Figure 59. Order parameter O(0) for k = 6, ;10 = 24, B1o = 11.04 (dotted); k = 7, ey1p = 36 Be1p = 1741
(dashed); k = 7, e;12 = 34 Bc12 = 16.00 (solid); k = 8, ey12 = 49, Bc12 = 24.10 (dash-dotted). Critical densities
for the nematic transition are very approximately, 6. — 1, 0.659, 0.744, 0.5, respectively. All cases correspond to
densities of states functions dy (11, 1), d(111,12) [ consequently, also the entropy surface S(nq,1,)] restricted to
vanish at the saturation line in the plane (11, 1;).
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By adopting either a more general form for the density of states (as introduced in Section 7.8.3) or
by adding an ad hoc high-density correction to the entropy surface, this spurious behavior is eliminated.
Consequently, the system does not exhibit phase transitions for k = 6, consistent with prior single-
species analyses of nematic transitions discussed earlier in Section 5. For k = 6, the entropy at high
coverage is exceedingly close to, but still higher than, that of the nematic regime. Thus, a highly
accurate approximation is required to capture the MC simulation result that nematic ordering only
occurs for k > 7. The subtle dependence of entropy at high coverage critically determines the absence
of nematic transition for k < 6 and its appearance for k > 7 [101,172].

For k > 7, there exists a critical state occupation . such that for n > n,, phase separation (12 # 17)
occurs and k-mers preferentially align along a lattice direction, forming a nematic phase. Even under
the restrictive condition of vanishing entropy at saturation, the model predicts, for k = 7, ¢51o = 36,
Be12 = Beo1 = 17.41, a critical state occupation n. ~ 0.0471, corresponding to 8, = 2kn. ~ 0.659, and
for ey1p ~ 34, Br12 = Beo1 = 16.00, a critical value n, ~ 0.0532, 6. ~ 0.7448. These values are very
close to the known MC simulation results 7, ~ 0.053214, 6, ~ 0.745 [101], and also agree with earlier
estimates reviewed in Section 5 [18].

Remarkably, the complex many-body correlations are captured by a single cross-exclusion param-
eter B.12 = P21, yielding surprisingly accurate predictions. The input boundary values that best match
MC results, B2 = Be21 = 16 (6012 = €421 = 34), are close to, but slightly lower than, the analytical
solution value B.12 = Bo1 = 17.41 (6,12 = €21 = 36) obtained from Equation (326). This highlights the
already significant accuracy of the first-order approximation assuming constant .1, with vanishing
entropy constraints, although it also suggests that 1, may vary slowly with #, as proposed in the
second-order approximation of ME statistics discussed in the previous section.

Thus, the critical density predicted by the model is highly sensitive to the cross-exclusion pa-
rameter 1. In this elaborated approach compared to one presented in Section 5, the first-order
approximation is kept, setting 12 = B»1 constant, since many essential conclusions can already be
drawn from it. Overall, the present formalism reveals that the emergence of nematic order for k > 7 is
mainly driven by cross-excluded volume effects encoded in 1, with critical values finely tuned by its
magnitude.

To better match the observed behavior at high coverage, an empirical entropy contribution
AS(ny,ny) was introduced to the theoretical entropy S(n1,ny) derived previously. This correction
accounts for the finite entropy observed in simulations even at full lattice coverage, as the lattice exhibit
local rearrangements of k-mers patches.

The proposed empirical correction is given by:

% - %1\’
AS(n1,13) = ASpe(nq,n3) |1 — (an> , (370)
where .
n n—nt
A = — - mi 71
Sne(n1,n2) SDR(T%) exp[ 771731} (371)

Here, n = (n1 + ny)/2 is the mean occupation, n;;, = 1/(2k) the maximum occupation, and
Spr the saturation entropy at full coverage. The parameters «, J, and -y control the behavior near
saturation. Specifically, Spg follows Spr = c(k) Ink/k? with c(k) fitted from MC simulations: c(k) =
1.69,1.30,1.16,1.08,1.04,1.01 for k = 2 to k = 7 respectively, and c(k) ~ 1 for k > 8.

The correction satisfies: AS(0,0) = 0, AS(n;},, n};,) = Spr for isotropic full coverage, and AS = 0
for fully aligned k-mers at saturation (either n; = 1/k, np = 0 or vice versa), thus recovering the
one-dimensional limit.

Consequently, the corrected entropy surface S.(n1,12) becomes:

Sc(ny,nz) = S(ny, np) + AS(nq,n2), (372)
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with S(ny,ny)/kg = —Bf1(n1,n2), again, being the entropy surface vanishing at the saturation
line ny, = (nj, +mn2)/2 = (n1 +n3,)/2 = 1/2k . This correction becomes significant at high
occupations (1 — ny,), especially for small y values.

Values & = 1,6 = 1.65-1.75, and y = 0.05-0.06 were adjusted to reproduce the chemical potentials
and transition coverages observed in simulations, as discussed later.

Figure 60 shows the resulting order parameter O(6) as a function of coverage 6 fork =7, 8, 12,
and 14, when the high-coverage empirical entropy correction AS(n1, 1) is included. The high coverage
entropy contribution not only predicts the isotropic-nematic transition at intermediate densities but
also captures the nematic-to-isotropic transition at high densities, as observed in MC simulations.

1.0 —T

0.0 e |
00 02 04 _ 06 08 10

0

Figure 60. Order parameter O(6) versus 6 for k = 7 (solid), Bc1p = 17.41; k = 8 (dashed), B1» = 22.0; k = 12
(short-dashed), B = 60.42; k = 14 (dotted), B.1» = 84.26. Parameters of the empirical high density entropy
term ASy,.(n1, ny) form Equations (2?)-(??), 6 = 1.75, &« = 1, v = 0.05 — 0.06. The superimposed full symbols for
k =7 and k = 12 correspond to the analytical results from the density of states function Equation (373) of the ME
statistics for: k = 8, .10 = 22.5and k = 12, B = 60.42.

The critical densities for the isotropic-nematic transition obtained from the model are very close
to simulation results. For instance, for k = 7, the model predicts n. ~ 0.0531 (6, ~ 0.744), and for
k =8, n. ~ 0.0312 (6. ~ 0.5). These values are in excellent agreement with MC simulations reported in
Refs. [101,104].

Furthermore, the model predicts a sharp drop in the order parameter for k = 7 at n. = 0.065
(corresponding to 6 ~ 0.917), associated with the nematic-to-isotropic transition. Predictions for k = 12
and k = 14 are also provided, yielding 6. ~ 0.25 and 0. =~ 0.2, respectively. Although simulation data
for these higher k-values are scarce, the model suggests that the critical coverages should be slightly
lower, as already observed for smaller k.

Although the curves in Figure 60 appear to show continuous transitions at high density, a more
detailed analysis (discussed later in Section 7.8.4) reveals that the nematic-to-isotropic transition at
high coverage is indeed of first order, as indicated by a discontinuous jump in the chemical potential.

Additionally, the full Helmholtz free energy surface Bfi(n1,1;) can be derived analytically.
Figure 61 displays this surface for k = 8. The equilibrium states follow the black solid curve shown
over the surface. For n < n,, the equilibrium corresponds to isotropic configurations with n; = ny.
As n increases beyond 7., two symmetric branches emerge corresponding to nematic ordering along
either the horizontal or vertical direction. These branches are symmetric with respect to the isotropic
bisector n; = ny and represent coexistence between a high-density aligned phase and a low-density
dilute phase.
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Figure 61. Full Helmholtz free energy surface for k = 8 as a function of the state occupation numbers 77 and n,
along the two lattice directions. Black dots represent the equilibrium states. Branches represents the high and low
density phases of the nematic transition.

Specifically, for n > n., two minima of B f; (11, 1) exist at points (11,2n — ny) and (2n — np, ny)
with 117 # ny, symmetrically located with respect to the line n; = ny. If np > ny, the high-density phase
is oriented along the vertical direction; otherwise, it is aligned horizontally. This analytical description
of the density branches in the nematic phase constitutes an important result of the present formalism.

The Helmholtz free energy difference between the isotropic and nematic phases is very small,
indicating that the nematic phase is only weakly more stable. It is also highly sensitive to perturbations,
such as weak additional interactions, which could further stabilize or destabilize the nematic phase
depending on their nature.

The discussed results and predictions remain valid even when the empirical entropy correction
AS(ny,ny) is not explicitly included. As shown later, the general formulation of ME statistics allows
one to obtain equivalent behavior by simply relaxing the constraint of zero entropy at saturation,
setting nonzero values for the density of states at full coverage.

Thus, the empirical entropy correction serves primarily as a practical and illustrative tool for
matching MC data and providing physical insight, while the general ME formalism ensures the
robustness of the theoretical predictions.

7.8.3. Generalized Density of States Function in Multiple Exclusion Statistics

Beyond the analysis of the high-coverage phase transitions conducted in the previous section by
introducing an empirical entropy correction in the (11, ny) plane through Equations (370)—(371), an
analogous behavior naturally arises from the ME statistics by adopting a less restrictive boundary
condition for the density of states functions in Equation (313). Instead of enforcing d; (13 o3 ) =0,
corresponding to a fully oriented phase at saturation (as in the previous approximation), we now
consider Ji(nim,nzm) > 0.

Indeed, the strict condition d; = 0 is valid only when the lattice is saturated entirely by #k-mers
or Vk-mers, with occupations (11 5, 0) or (0, 12, ), respectively. However, for other saturation states
along the line ny +ny = ny,, = nyy, where both types of k-mers coexist, the density of states at
saturation is expected to remain finite.

To demonstrate that similar results regarding the order parameter and phase transitions emerge
from this generalization, we adopt the following expressions for the density of states functions:
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di(n1,m2) = Gia(n2) [eﬁmnl - (Eﬁmni’” - lis,1> n*1 ],
(373)

d>(n1,12) = Gor (1) [eﬁczznz _ (eﬁmnzm _ d;,z) ’:2 ]
nZ,m

where d 1 and d; ; denote the finite density of states per particle for species 1 and 2 at the saturation
line, corresponding respectively to n’l‘,m(nz) =Ny, —npand n3 , (n1) = ngm, — ny.

It should be notice that d 1, ds increase smoothly along the saturation line from zero for a fully
oriented phase, (111,12) = (11 ,,0) or (n1,12) = (0,11,,), up to ds | for an isotropic phase (n1,1n2) =
(n1,m/2,11,,/2). Moreover, d~s,1 and d~5,2 are made to vary according to a functional form analogous to
Equation (370) along the saturation line, being the first term d; 1 (13 15 ) = dso (13 e 13 ) = ds .

i T mo_ o\ ]
ds1(ny,np) =dsp|1— (22>
2 (374)

; PRNIEEENY
dsp(ny,mp) =dgy|1— | 2—2-

where the equations are meant to be valid for (n1,n2) along the saturation line. Thus, given 1y,

~

~

ny=nj, (n2) = ny,, — ny is fixed or, conversely, given ny, then, ny = n3 , (n1) = nymm — n1.

The values ds; = dg1(11m/2,12m/2) = dso(n1,m/2,n2,m/2) = ds, for an isotropic saturated
phase takes values: d;; = 0.0560,0.0276,0.0162,0.0106,0.0075, 0.0055, 0.0043,0.0035, 0.0026 for k = 2 to
k = 10, respectively, as introduced in [18] of this series to match the MC values for the entropy at full
coverage [90,91,107].

Thus, the entropy functions from Equation (372) and the one from ME statistics, Equation (307),
for the general density of states forms, Equations (373) and (374) evaluated along the saturation line
cases differ each other by less than 4% of d j, except at the fully aligned or fully isotropic limits
where they take the identical desired values. Ultimately, the two free energy surfaces involved in the
calculations compared in this section take very approximately the same values all along the saturation
line in the plane (n1, n2).

As we will discuss in the next section, adopting the generalized density of states functions from
Equation (373) leads to an entropy surface that captures both qualitatively and quantitatively the phase
transitions observed in MC simulations. It provides an analytical description of the nematic branches,
characterizes the order of the transitions, and matches the first-order nature of the high-density
transition recently confirmed for k > 8 (and very possibly for k = 7) in Ref. [106].

7.8.4. Nematic-Phase Density Branches and Phase Transitions

Regarding adsorption isotherms, this analytical treatment provides both the low- and high-density
branches, which to our knowledge had not been obtained previously from a purely analytical approach
for the k-mers model on the square lattice. These results are compared with corresponding branches
obtained from fast-relaxation MC simulations.

As in previous Section 5.5, the MC simulations were conducted in the grand canonical ensemble
using the algorithm developed by Kundu et al. [101,111,112], which efficiently handles the sampling
slowdown at high densities. For a fixed value of B, the number of k-mers on the lattice evolves via
non-local insertion and deletion of k-mers. Briefly, each MC step consists of removing all horizontal
k-mers while keeping vertical ones fixed. The probability of forming an empty horizontal segment
of a given length is calculated exactly and stored, and empty segments are subsequently filled with
k-mers according to these probabilities. An analogous procedure is applied in the vertical direction.
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The insertion-deletion moves satisfy detailed balance and the algorithm is ergodic. Simulations were
performed on L x L square lattices with L/k = 120 and periodic boundary conditions, showing
negligible finite size effects. Equilibrium was typically reached after 107 MC steps. The MC results for
the density branches, displayed in Figures 62 and 63, were obtained by averaging the coverage, or state
occupation number, over 10” MC steps, regardless of the orientation of k-mers in each configuration.

The analytical densities for the high- and low-density phases, n; and n,, were obtained as
functions of the chemical potential of the gas-phase, B}, by solving for n1 and n, the pair of coupled
equations By (11, n2) = Pua(nq,n2) = Bu [Equations (314) and (315)], assuming equilibrium between
the two k-mer species and the k-mer gas at reservoir. The mean occupation and lattice coverage are
givenby n = (n1 +ny)/2 and 6 = 2kn = kny + kny = 61 + 65, where 61 and 6, represent the coverage
along the horizontal and vertical directions, respectively.

Analytical results are compared to MC simulations for k = 8 and k = 7 in Figures 62 and 63. Two
theoretical approximations are shown: (1) the results obtained by adding the empirical high-density
entropy correction , Equation (370), to the basic entropy surface corresponding to density of states
functions vanishing at full coverage [Equation (313)] resulting in entropy surface of Equation (372),
displayed as green lines; and (2) the results from the entropy entropy surface corresponding to
generalized density of states functions [Equation (373)], shown as blue lines. As seen, both approaches
yield very similar results. It worth noticing that, we many times refer to entropy surfaces instead
of Helmholtz Free Energy surface given that ff(ny,ny) = —S(n1,ny)/kp in this problem because
€1 — € = 0.

1.0

0.8

0.6 -

0

0.4

Figure 62. Lattice coverage 6 versus By for k = 8. Red and blue lines are theoretical results from the ME formalism
with the generalized density of states Equation (373). The high-density (upper blue) and low-density (lower
blue) branches, along with the total coverage (red), are shown. The inset highlights the first-order transition
at high coverage. Green lines (overlapping) correspond to the empirical entropy correction. Symbols are MC
simulation data. Parameters: B11 = B2 = 8, €p11 = €22 = 15, Be11 = B2 = 0, B12 = P21 = 8, €12 = €21 = 45,
Bei2 = Beo1 =22.0,06 =175, 0 = 1.0, v = 0.05.

The chemical potential versus density curves (adsorption isotherms) are very well reproduced up
to saturation. At low coverage, an isotropic phase prevails; as density increases, the nematic branches
emerge, and finally a transition to a disordered isotropic phase occurs. The nematic branches and
coexistence region are qualitatively well captured.

The isotropic—nematic transition is clear for k = 7 (Figure 63) and k = 8 (Figure 62), with critical
points approximately at By = —0.417, 0 = 0.576 (k = 8) and B = 1.27, 6 = 0.74 (k = 7). The transition
is continuous, as evidenced by the continuous chemical potential dependence, matching MC results.
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Figure 63. Same as Figure 62 but for k = 7. Parameters: B11 = B = 7, €511 = €22 = 13, Be11 = B2 = 0,
ﬁu = ﬁ21 = 7, €p12 = €921 — 35— 36, ﬁclz = ﬁch = 17.0, 0= 1.75, n = 1.0, Y= 0.06.

No transition occurs for k < 6 (Figure 64). In that case, theoretical and MC results show that
1 = 0, for all densities, confirming the absence of ordering. The inset shows k = 14 as an example,
where the branching is much more pronounced.

1.0 T
1.0
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0.8
105+
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9 100
0.4 1
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0.0 - : —

-15 -10 -5 0 5 10 15

b

Figure 64. Coverage 6 vs. By for k = 6 (main figure) and k = 14 (inset). Lines are theoretical ME statistics results
with generalized density of states Equation (373). MC data are shown as symbols.

At high coverage, a nematic-to-isotropic transition is predicted. For k = 8, the branches collapse
around By ~ 9.78 — 11.16, corresponding to a coverage jump Af ~ 0.015, indicating a first-order
transition. The critical chemical potential estimated by Maxwell construction is By = 10.5, close to the
prediction By ~ kIn(k/ Ink) from Ref. [106]. While the predicted coverage jump (= 0.015) is smaller
than the value ~ 0.028 reported by Shah et al. [106], the trend is consistent.

For k = 7, the behavior is more sensitive: a small discontinuous jump appears, depending
critically on B12. Analytical predictions give By ~ 5.72 (6 ~ 0.91) for B2 = 16.7, and By ~ 6.27
(6 =~ 0.92) for B2 = 17.0.

Overall, while a more detailed finite-size scaling analysis is needed from MC simulations, these
results suggest a first-order nematic-to-isotropic transition for k > 8, consistent with MC results and
previous theoretical work, and also fore k = 7 although less conclusively.
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7.8.5. State Exclusion Spectrum Functions of k-Mers: Coverage Dependence

The self-exclusion and cross-exclusion spectrum functions, denoted ¢;; and Gj;, respectively,
formally related to the density dependence of the chemical potential, offer a novel characterization of
statistical exclusions arising from spatial state correlations. These functions provide insight into the
statistical behavior of the system during the isotropic-nematic phase transition and throughout the
phase coexistence. Furthermore, they open the possibility of experimentally probing particle spatial
ordering through purely thermodynamic measurements, which is not easily inferred from standard
adsorption isotherms, as we can already observe from the model k-mers isotherms.

We now focus on the statistical characterization of phase behavior in the k-mers system through
the self-exclusion and cross-exclusion per particle frequency functions, e11, €22, 12, and e, as well
as the cumulative average state exclusion per particle functions, G11, G22, G12, and Gy, introduced in
Section 6.3 through Equations (321) and (322).

For k < 7, all exclusion functions decrease monotonically with coverage from their infinite dilution
limits, e,211 = ey and e,12 = e,01, down to zero. Moreover, e;1 = e and ejp = ey at all densities,
indicating an isotropic phase where the average number of self-excluded and cross-excludes states
by a H- or V-oriented k-mer are identical for each species. As a result, the average number of states
excluded per particle decreases with increasing coverage, although the decrease is not linear due to
the ME statistical effects.

For k > 7, the exclusion functions e11, ep, €12, and ep1 also decrease from 8 = 0 up to the critical
coverage 6., maintaining e;; = ey and ey = ep;. At 0., they split into two distinct branches, remaining
continuous but with a discontinuous first derivative. If we assume, for simplicity, that the high-density
nematic phase aligns along the V direction (species 2), then ey, represents the self-exclusion along V
per V-oriented particle, while e; corresponds to the same along #H for H-oriented particles. Similarly,
ey refers to cross-exclusion in V by a H-oriented particle, and e, is the reciprocal.

X3

0 T T
0.0 0.2 0.4 0.6 0.8 1.0

0

Figure 65. Self- and cross-exclusion frequency functions: red (k = 8) ey, (lower branch) and ej1 (upper branch);
blue (k = 8) e15 (lower) and ep; (upper); black (k = 12) ey and ej1; green (k = 12) e1p and ep;. Analytical results
from Equation (322) with density of states from Equation (373).

After the transition at 6, the behavior is as follows: (1) the decreasing branch of e;; indicates
stronger alignment and denser packing along V; (2) the decreasing ej, reflects compact transversal
packing; (3) the branch of ¢;; increases sharply beyond 6., indicating more dispersed #H-oriented
particles; and (4) eq; reaches a maximum and then decreases slightly as density increases.

Since exp < eq1 and ejp < ey for 8 > 6., the V-oriented phase is always more aligned and compact
than the H one.

While all €ij vanish at full coverage, the cumulative exclusion functions gl-]-, defined in Section 6.3,
are highly sensitive to changes around the transitions. They split at 6, and show a discontinuous jump
at the high-density transition, consistent with its first-order character.
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Figure 66. Average exclusion per particle spectrum functions for k = 8 and k = 12. Red and black: Gy = Gyp;
blue and green: G11 = G»1. Analytical results from ME statistics formalism.

Thus, the functions G;; provide sensitive and valuable analytical tools to trace phase transitions
and characterize lattice configurations. Importantly, Gp; and G, can be easily computed in MC
simulations.

Regarding the cross-exclusion parameters B.12 = B1, they quantify the strength of statistical
interaction between H- and V-oriented k-mers. The leading term Gia(np) ~ e~ P22 shows that Be12
controls the exponential decay of available states for H particles as V particles fill the lattice. Changing
variables to 11y = 62/ B2 and 6 = 8 + 6, = 26, in the isotropic phase, we have

Gia(0y) ~ e Pa2l/22, (375)
thus
2B
0, ~ —=, 376
c 11[3512 ( )

wherea ~1—13fork =6 —14. For k = 6,282 /B2 = 12/11.6 > 1, thus no nematic transition
is expected.

Qualitatively, in terms of state exclusion statistics, it is the strong depletion of available states
for a given orientation, driven by the density of particles in the perpendicular direction, that induces
reordering into a nematic phase coexisting with a less dense transverse phase.

Summarizing, the exclusion statistics formulation introduced in Section 6 was applied to address
the challenging problem of k-mers on the square lattice due to existence of at least two phase transitions
for large k > 7. The system was modeled statistically as a mixture of two self-excluding and cross-
excluding differently oriented species, or, in equivalent words, as identical particles occupying two
different set of states observing self and cross-state exclusion between them because of their topological
correlations. The analytical ME statistics predicts the a continuum isotropic-nematic transition at
intermediate coverage only for k > 7 and, particularly significant, a first-order nematic-isotropic
transition at high coverage only for k > 8, and less clearly for k = 7 as well although not as conclusively.
The theoretical model reproduces qualitatively and quantitatively well the density dependence of
the chemical potential, the lattice coverage and chemical potential at the transitions, it predicts the
density branches at the nematic regime as it gives the phase-coexistence line. The formalism provides
an accurate approximation for the whole Helmholtz free energy and entropy surfaces in terms of the
state occupation numbers, n; and ny, of horizontal and vertical k-mers, from which the equilibrium
paths are obtained by minimization at fixed average lattice occupation . The low and high density
branches of the adsorption isotherms are accurately reproduced compared to MC simulations. A
unified framework was developed by introducing proper thermodynamic averaged state exclusion
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functions and by expressing them in terms of the k-mers chemical potential and density in order to
determine the fundamental statistical correlation parameters from their boundary properties.

8. Monte Carlo Simulation Method Applied to the Problem of Adsorption with
Multisite Occupancy

In the following sections, we present different computational algorithms of interest for the study
of adsorption problems involving multiple-site occupancy. Most of these algorithms have been used
throughout the present work.

8.1. Metropolis MC Algorithms for Adsorption of Interacting k-Mers
8.1.1. Grand Canonical Ensemble

In order to simulate the adsorption/desorption process of k-mers in the grand canonical ensemble,
we use a generalized MC algorithm based on the Metropolis scheme of transition probabilities [173].
The method starts with a system of M sites (and connectivity ) at temperature T and pressure P (or
chemical potential y). The simulation process is a repetition of the following elementary steps (MCS):

i)  set the value of the chemical potential # and the temperature T;

ii) choose randomly a linear k-uple of nearest-neighbor sites.

iii) if the k sites selected in ii) are empty, an attempt is made to deposit a rod with probability W,; if
the k sites selected in ii) are occupied by units belonging to the same k-mer, an attempt is made to
desorb this k-mer with probability Wy, and otherwise, the attempt is rejected. Here, W,;; and
W, represent the probabilities of transition from a state with N particles to a new state with
N +1or N — 1 particles, respectively. Following the Metropolis scheme [174], these probabilities
are given by Wy, (g4es) = min{1,exp(—pAH)}, where AH = Hy — H; is the difference between
the Hamiltonians of the final and initial states.

iv) repeat steps ii) — iii) M times.

The first m’ MCS of each run are discarded to allow for equilibrium and the next m MCS are used
to compute averages. In the low-temperature regime, where ordered phases are expected to develop,
displacement (diffusional relaxation) of adparticles to nearest-neighbor positions, by either jumps
along the k-mer axis or reptation by rotation around the k-mer end, must be allowed in order to reach
equilibrium in a reasonable time.

8.1.2. Canonical Ensemble

In the canonical ensemble, the thermodynamic equilibrium is reached by following Kawasaki’s
dynamics [173], generalized to deal with polyatomic molecules. The algorithm to carry out an
elementary Monte Carlo step (MCS), is the following:

Given a square lattice of M equivalent adsorption sites:

i)  set the value of the temperature T;

ii) set the value of the coverage, 0 = kN/M, by adsorbing N = M/2k linear molecules onto the
lattice, each molecule occupying k adsorption sites;

iii) ak-mer and a linear k-uple of empty sites are randomly selected, and their positions are established.
Then, an attempt is made to interchange its occupancy state with probability given by the
Metropolis rule [174]:

W = min{1,exp(—BAH)} 377)

where AH = H; — H; is the difference between the Hamiltonians of the final and initial states;
iv) ak-mer is randomly selected. Then, a displacement to nearest-neighbor positions is attempted
(following the Metropolis scheme), by either jumps along the k-mer axis or reptation by rotation
around a unity of the k-mer. This procedure (diffusional relaxation) must be allowed in order to
reach equilibrium in a reasonable time; and
V) repeat steps iii)-iv) M times.
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As in the case of grand canonical MC simulations presented in Section 8.1.1, the equilibrium state
was reached after discarding m’ MCS, and the averages were taken over the next m MCS.

8.2. Parallel Tempering MC Algorithm for Adsorption of Interacting k-Mers

To simulate k-mers of increasing length, the standard grand canonical Monte Carlo (MC) algorithm
(Section 8.1.1) typically suffers from slow dynamics, particularly at medium to high coverage. This
limitation necessitates the use of alternative algorithms. One such method is the hyper-parallel
tempering Monte Carlo (HPTMC) [175] algorithm. The HPTMC method consists in generating a
compound system of R non-interacting replicas of the system under study. Each replica is associated
with a gas pressure P;, taken from a set of properly selected pressures {P;} [176]. To determine the
number of sampled pressures we used an acceptance ratio of 0.5 for the swapping move for each pair
of replicas. Once the values of the gas pressure or the chemical potential are established, the simulation
process consist in two major subroutines: replica-update and replica-exchange.

Replica-update.

The adsorption-desorption procedure is as follows: (i) One out of R replicas is randomly selected;
(ii) a linear k-uple of nearest-neighbor sites is selected. Then, if the k sites are empty, an attempt is
made to deposit a rod with probability W,;; if the k sites are occupied by units belonging to the same
k-mer, an attempt is made to desorb this k-mer with probability Wy,; and otherwise, the attempt is
rejected. As in previous section, Wygs(4es) = min{1, exp(—pAH)}.

Replica-exchange.

Exchange of two configurations x; and )/, corresponding to the i-th and j-th replicas, respectively,
is tried and accepted with probability, Waccep(Xi — x;j) = min{1,exp(BA)}, where A in a nonthermal
grand canonical ensemble is given by,

A = —[(e(j) = 1) (N (j) — Ni(8)))] (378)

8.3. Parallel Tempering MC Algorithm for Adsorption of Binary Mixtures of Interacting Species of Polyatomics

The above algorithms, in particular HPTMC, can be applied to the case of mixtures of two species.
In order to simulate the adsorption of binary mixtures of k-mers and /-mers we consider a substrate
consisting in a regular lattice with connectivity c. The HPTMC method consists in generating a
compound system of R non-interacting replicas of the system under study. Each replica is associated
with a gas pressure P;, taken from a set of properly selected pressures {P;} [176]. To determine the
number of sampled pressures we used an acceptance ratio of 0.5 for the swapping move for each pair
of replicas. Once the values of the gas mixture pressure and molar fractions X, are set, the chemical
potential of each species is obtained an ideal gas mixture, i.e, iy = pu{ + In X, P, where u? is the
standard chemical potential at temperature T and x =k, [.

Under these considerations, the simulation process consist in two major subroutines: replica-update
and replica-exchange.

Replica-update.

The adsorption-desorption procedure is as follows: (i) One out of R replicas is randomly selected;
(ii) the species x is selected with equal probability from the two species, k and /; (iii) a linear x-uple of
nearest-neighbor sites is selected. Then, if the x sites are empty, an attempt is made to deposit a rod
with probability W,; if the x sites are occupied by units belonging to the same x-mer, an attempt is
made to desorb this x-mer with probability W;,; and otherwise, the attempt is rejected.
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Replica-exchange.

Exchange of two configurations x; and ), corresponding to the i-th and j-th replicas, respectively,
is tried and accepted with probability, Waccep(Xi — x;j) = min{1,exp(BA)}, where A in a nonthermal
grand canonical ensemble is given by,

A = —=[(e(j) = m (@D (Ne () = Ne(@)) + () = (D) (N1 (j) = Ni(8)))] (379)

The complete simulation procedure is the following: (1) replica-update, (2) replica-exchange, and
(3) repeat from step (a) R x M times. This is the elementary step in the simulation process or Monte
Carlo step (MCs). Typically, the equilibrium state is reached after discarding the first m’ MCs. Then,
the next m MCs are used to compute averages.

For each value of pressure P;, the corresponding surface coverages are determinate by simple

averages,

o) = 7 Losl0]  fx=k1) (380)

where yx;(t) represents the state of the replica j-th at the Monte Carlo time ¢.

8.4. Improving the Update Algorithm Through the Use of Lists of Full and Empty k-Uples

By using lists of full and empty k-uples it is possible to improve the performance of previous
algorithms. The process of updating (replica-update) involves the random selection of a linear k-uple
in the system. This k-uple may turn out to be occupied (by exactly one k-mer or rod), it may be
completely empty, or it may have a partial occupation. In the last case the current update process
must be rejected. It is possible to perform this random selection in a rejection-free manner using both
full and empty k-uples lists. The cost of managing and using the lists is negligible compared to the
advantage of avoiding rejection caused by the selection of partially occupied k-uples.

In the case of HPTMC, the procedure is as follows: (i) one out of R replicas is randomly selected;
(ii) an element from the compound list of full and empty k-uplas, corresponding to the replica selected
in (i), is randomly selected. This element is precisely an empty k-upla or a k-upla occupied by a
k-mer. If the k-uple is empty, an attempt is made to deposit a rod with probability W,4; if the k-uple is
occupied, an attempt is made to desorb this k-mer with probability W;,s. Finally, if any of the changes
have been accepted, the lists of k-uples are updated accordingly.

8.5. Non-Local Update Kundu’s Algorithm for Adsorption of Non-Interacting Large k-Mers (Only Excluded
Volume Interaction)

Simulations of k-mers lattice gases were carried out in the Grand Canonical Ensemble through an
efficient algorithm introduced by Kundu et al. [101,111,112] to overcome the sampling slowdown at
very high density due to the jamming effects. The temperature, chemical potential Sy and system’s
size are held fixed and the number of particles on the lattice is allowed to fluctuate through non-local
changes, i.e, insertion and deletion of many k-mers at a time (in contrast to the standard Metropolis
rule used in previous algorithms).

For a given configuration of k-mers on the square lattice, one MCS is fulfilled by removing all the
horizontal k-mers and keeping the vertical ones. This process is shown in Figure 67a,b. Thus, if the
system is observed in the horizontal direction, it consists of segments of empty sites of different lengths,
separated from each other by vertical k-mers (see for example row j in Figure 67b). The probabilities of
having horizontal segments of unoccupied sites can be exactly calculated and stored for all the possible
segment sizes (this is essentially a 1D problem). All the horizontal segments are then reoccupied by
k-mers and empty sites with the probabilities accordingly determined (see Figure 68). Finally, all these
steps are repeated in the vertical direction.
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Figure 67. Example of a system of tetramers on a square lattice. (a) Current state. (b) Horizontal tetramers
removed. (c) Detail of row j with three segments (only segments with | > 4 are showed).

1=8

Figure 68. Refilling process of a [ = 8 segment by tetramers. Each branch is made with precalculated probabilities
of the 1D case that depend on T and .. Red represents a deposited k-mer and grey represents a deposited empty
site.

Figure 67 shows the process of removal of horizontal (red) k-mers, and the identification of three
segments in a row. Figure 68 shows the process of occupation of a I = 8 segment. The algorithm can be
easily generalized to other geometries and dimensions. The detailed discussion of the algorithm can
be found in the original work Refs. [101,111,112]. The algorithm has proved to be ergodic, it satisfies
the Detailed Balance Principle and equilibrium is reached after typically 107 MCSs.

8.6. Thermodynamic Integration Method in Canonical Ensemble: Artificial Hamiltonian Method

The advantages of using Monte Carlo simulation to calculate thermal averages of thermodynamic
observables are well known [177]. The estimation of certain quantities such as total energy, energy
fluctuations, correlation functions, etc., is rather straightforward from averaging over a large enough
number of instantaneous configurations (states) of a thermodynamic system. However, free energy and
entropy, in general, cannot be directly computed. In order to calculate free energy and entropy, various
methods have been developed. Namely, thermodynamic integration method (TIM) [74,75,177-180],
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Ma’s method of coincidence counting of states along the trajectory in phase space [181], “stochastic
models" method of Alexandrowicz [182], “local states” method of Meirovitch [183], “multistage
sampling" and “umbrella sampling" of Valleau et al. [184-187], method of Salsburg [188], method of
Yip et al. [189] (which is an optimized combination of coupling parameter and adiabatic switching
formalisms), etc.

Among the methods mentioned in the last paragraph, the TIM is one of the most widely used
and practically applicable. In the following, we briefly describe this method.

Given a lattice-gas of N interacting particles on a regular lattice with M sites at temperature T,
from the basic relationship

(3S/3T) = = (AU/3T) y i1 (381)

~| =

it follows
Tau

S(N,M,T)=S(N,M,T,) + T
T,

(382)

where U is the mean total energy of the system.

S(N, M, T) is readily calculated if S(N, M, T,) (reference state) is known, given that the integral
in the second term can be accurately estimated by MC simulation. In practice, the calculation of S
in a reference state can be rigorously accomplished by analytical methods only in a very few cases.
Although the entropy of some particular states is trivially known (for example Sy_,o — 0), this is often
computationally inconvenient since it would require the simulation of a thermodynamic open system
to get the entropy of a state at finite density. Alternatively, integration can be carried out through a
thermodynamic path of a closed (mechanically isolated) system along a constant density path, if a
proper reference state is defined for which S(N, M, Tp) can be directly computed.

In the case monomers (k = 1), the determination of the entropy in the reference state is trivial. In
fact, for a monoatomic lattice-gas

S(N,M, T, =) =kp ln< AI\/]I > (383)

The last equation holds for any finite value of the lateral interactions between the ad-particles.

Since S(N, M, o0) cannot be exactly calculated for k-mer adsorption (k > 2) by analytical means,
in the following we present a general numerical methodology to obtain the entropy of generalized
lattice-gas in a reference state.

If an artificial lattice-gas is defined from the system of interest (henceforth referred to as the
original system) such that it fulfills the condition,

Sa(N,M, ) = S(N, M, ) (384)
Sa(N,M,0) =0. (385)

Then, the integral in Equation (382) can be separated into two terms. Thus,

S(N,M,T) = Su(N,M,c0)+ /: du/T
—  S4(N,M,0)+ /Ooo AU,/ T + AonU/T
_ /()wduA/T+ATdU/T (386)
where U, and U are the mean total energy of the artificial and original system, respectively (both

integrals can be evaluated by MC in the canonical ensemble). The general definition of the artificial
reference system follows.
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Figure 69. Dimers (N = 10) adsorbed on a square lattice of M = 64 sites. Typical NN units are labeled. This
represents the system of interest (original).

Let us assume the original system to be a discrete system of N particles on M sites with Hamilto-
nian H(N, M,i) = U(N, M, i) i € vv; where U(N, M, i) = finite Vi € 1, is the potential energy in the th
configuration among the set of accessible configurations <. The original system can only have access
to those configurations within v; the total amount of configurations in 7y is Gy (N, M) (in a lattice gas
of N monomers with single-site occupancy of M sites, Gr(N, M) = M!/[N!(M — N)!)]).

The Hamiltonian for the artificial system, H 4, follows from:

Definition 1: Hy, is defined as H4(N, M, j) = Ua(N,M,j) = finite ¥j € 4, where U4 and
Y4 = 7 have analogous meanings to those given above for U and v, respectively. The equalities
ensure that the set of accessible configurations for the original system and the artificial system are
equal (although v 4 = 7, the energy of the configurations in the artificial system may be, in general,
different from the ones in the original system).

Definition 2: The potential energy of the accessible configurations (j € <y 4) for the artificial system
take the following values

Ua(N,M,jo) =0 jo€va
Ua(N,M,j) >0 j#jo jETa

Definition 2 means that a given configuration (the jy th) is selected arbitrarily from 74 and defined

(387)

as the non-degenerate ground state of the artificial lattice-gas; hence S4 (N, M, 0) = 0. In practice, the
configuration jy can be easily defined.

An example for adsorbed dimers follows in order to make this point clear. Let us consider
adsorbed dimers on an homogeneous square lattice with b;; = 1V (i, j) and interaction between NN
dimer’s heads as shown in Figure 69 (original system). For this system there is no rigorous expression
of s(N, M, o) for N > 0 in the thermodynamic limit (N — oo, N/M — constant).

To build up an artificial system fulfilling the definitions 1 and 2, we follow the steps:

i) The number of particles, size and geometry of the lattice is kept as in the original system.

ii) The interaction energy between NN units is set to zero.

iii) An adsorption energy is introduced for the lattice sites (representing, for each site, the
interaction between the lattice and the unit of the dimer adsorbed on it in the artificial system), in such
a way that two types of sites are defined, strong and weak, with energies €5 and ey, respectively, being
€s < ey. For N adsorbed dimers we choose 2N strong sites conveniently on the lattice. For instance,
in Figure 70a a possible distribution of strong and weak sites is depicted, where circles and squares are
sites of energy €5 and ey, respectively.
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iv) It is assumed that dimers in a particular direction are energetically favored. This is formally
handled by introducing a virtual external field such that the interaction energy between the dimers
and the field is w, = —1 if the n'" dimer is vertically aligned and w, = 0 otherwise (this choice is
obviously arbitrary). Care must be taken if periodic boundary conditions are applied to ensure that
the state of minimum energy is unique. Then, the Hamiltonian of the artificial system for this example

is given by
M N
Hy =) eici+ ) wy (388)
i=1 n=1
where €; = € = —1 if the site is strong and €; = ey = 0 if the site is weak.

Figure 70. a) Square lattice of M = 64 sites representing the lattice of the artificial system; strong and weak sites
are symbolized by circles and squares respectively. b) Configuration of N = 10 dimers in the lowest energy state
(ground state) according to the artificial Hamiltonian of Equation (388).

Thus, the ground state of the artificial system is the one shown in Figure 70(b), which is non-
degenerate, giving s4 (N, M,0) = 0.
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The calculation of s(N, M, T) through Equation (386) is straightforward and computationally
simple, since the temperature dependence of 14 (T) and u(T) is evaluated at constant coverage for
various values of T following the standard procedure of MC simulation in the canonical ensemble (see
Section 8.1.2) (based on the Metropolis scheme [174]). Then, u4(T) and u(T) are obtained as simple
averages, spline-fitted and numerically integrated. It should be mentioned that 14 (T) is calculated
by using the hamiltonian of Equation (388) and u(T) is calculated by using the original hamiltonian.
Two typical curves of 1/kgT versus u are shown in Figure 71, for attractive and repulsive dimers on a
square lattice.

The strategy described above is applicable to a wide class of lattice-gas systems.

-0.70 -0.60 -0.50 -0.40
10 T T T T T T T T =

0 T T T T T T
0.00 0.10 0.20 0.30
u/w

Figure 71. Mean total energy per site (in units of the interaction energy w) for dimers on a square lattice with

nearest-neighbor interaction energy w at fixed coverage 6 = 0.5. a) Open circles and top x-axis correspond to
attractive dimers. b) Full circles and bottom x-axis correspond to repulsive dimers. Simulations were carried
out in the canonical ensemble and symbols represent averages over typically m = 10° MC configurations, after
m' =10 — 10 equilibration steps.

9. Conclusions and Future Perspectives

This review has systematically explored the thermodynamic behavior and statistical mechan-
ics of adsorbed rigid rods (or k-mers) on regular lattices, focusing on equilibrium properties as a
function of density, temperature, and particle size. Through a sequence of progressively refined
approaches—ranging from exact results in one dimension to numerical simulations and mean-field
approximations in higher dimensions, and culminating in the analytical development of Multiple
Exclusion (ME) statistics—the article provides a broad and coherent framework for understanding
collective adsorption phenomena governed by excluded volume effects.

In Section 2, the review focused on one-dimensional (1D) systems, which offer the unique oppor-
tunity of exact solvability. The classic lattice versions of hard rod systems are revisited, emphasizing
their exact entropy, equation of state, and chemical potential. These models serve not only as rigorous
benchmarks but also as reference systems to test approximate theories. Thus single-species and mix-
tures on the lattice can be rigorously treated and phenomena such as reversal-adsorption in binary
mixtures can be well characterized and understood in the light of the model system. The treatment of
k-mers in the multilayer regime bears an elucidating relation with analogous experimental realizations
such as adsorption of linear molecules (alkanes, alkenes) on quasi-regular surfaces of carbon nanotubes
leading to demonstrate that molecular the size/shape entropic contribution to free energy cannot be
oversimplified in interpreting adsorption isotherms to determine the specific surface of the adsorbent.

The inclusion of interacting k-mers through lateral attractions or repulsions further enriches the
1D landscape, allowing for a better understanding of the features of the coverage dependence of
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entropy. Notably, the exact solutions for lattice k-mers lay the groundwork for understanding the role
of orientational and configurational constraints in low-dimensional systems.

The 1D treatment sets the basis for extending the understanding to higher dimensions by in-
troducing coarse-grained approaches that effectively capture key thermodynamic quantities. Here,
the notion of excluded volume per particle is generalized, leading to approximate expressions for
entropy and pressure that remain remarkably accurate across a broad range of densities. A number of
approximations were reviewed, ranging from the configurational dimensional ansatz to extend the 1D
analytical forms to higher dimensions through the EA approximation, the conceptualization of the
challenging problem of the structured particles lattice gas as one isomorphic to fractional exclusion
statistics in quantum systems with independent states through FSTA, up to the introduction of the
most elaborate theoretical approach, named Multiple Exclusion Statistics, embodying the complexity
emerging from spatial correlations between particle states into a set of simple self-exclusion and
cross-exclusion correlation parameters that can be consistently determined within the theory from
limiting configurational conditions of the system. .

The article then progresses to address more intricate systems in higher dimensions, where exact
solutions are generally not accessible. Here, mean-field approximations and phenomenological
entropy-based models are employed to describe the emergence of phase transitions, particularly the
isotropic-to-nematic transition observed for elongated particles. These transitions are governed not
only by steric constraints but also by emergent orientational ordering, which is absent in 1D. The
entropy per site as a function of coverage reveals non-trivial behavior, including entropy-driven phase
separations and coexistence regions, which can be tracked even in approximate analytical formulations.

Section 4 presents a series of heuristic and mean-field-like methods aimed at incorporating
orientational degrees of freedom and spatial correlations in 2D and 3D lattices. The simple Bragg-
Williams-type approximations provide qualitative insights into isotropic-nematic transitions and the
role of k-mer length. Improved approaches, such as those based on lattice free volume estimates
or effective excluded area models like the Quasi-Chemical approach, offer better agreement with
simulation data, particularly. However, these approximations often neglect inter-particle correlations
and fail to describe critical behavior accurately.

The review takes a major conceptual leap in Sections 5 and 6, where the statistical description of
the system is reframed through the lens of generalized exclusion statistics, particularly in the form
of Multiple Exclusion (ME) statistics. This approach introduces the idea of state-counting based on
effective exclusion rules that go beyond simple geometric packing. By systematically encoding how a
particle’s presence affects the availability of nearby states, the ME formalism captures both entropic
interactions and emergent correlations. This represents a profound shift from traditional lattice gas
models toward a more abstract and generalizable statistical mechanics framework.

One of the most significant achievements of this formalism is the derivation of spectral exclusion
functions, which encode the exclusion parameters between particle states. These functions allow for
the construction of thermodynamic quantities—such as the chemical potential and entropy from the
statistical exclusion rules, circumventing the need for explicit partition functions. Furthermore, the
ability to reproduce not only exact 1D results but also to approximate higher-dimensional behavior
with improved accuracy underscores the power of the ME approach.

A key theoretical development discussed is the formalization of ME statistics to include multi-
component and geometrically complex particle mixtures. The introduction of state self-exclusion and
state cross-exclusion functions e;;(6) and G;j(0), as generalizations of chemical potential derivatives
with respect to partial densities, allows for a thermodynamic characterization of complex exclusion
scenarios. These spectral functions encode how the presence of particles of one species affects the
availability of configurations for others, thus extending the exclusion principle into a spatially resolved
thermodynamic descriptor.

It is also showcased the application of these ideas to realistic systems (Section 7), such as adsorp-
tion on heterogeneous surfaces, adsorption of alkanes on carbon nanotubes as a prototype experimental

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1029.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 May 2025 d0i:10.20944/preprints202505.1029.v1

124 of 133

realization to show the simplest multilayer adsorption model generalizing the pioneer work of BET
to determine adsorption energy and specific area of adsorbent when probe molecules are not ideally
spherical. Furthermore, application to crystal growth from aqueous solutions in presence of structured
impurities were exhibited as applications were the impurity size and shape must be properly accounted
for in the thermodynamic potentials in order to understand the growth rate dependence on impurity
concentration.

The application examples concluded with an in-depth analysis of the long-standing k-mer problem
on the square lattice, approached through the advanced framework of Multiple Exclusion Statistics
theory. This problem, which still presents several open questions, such as the lack of a unified
theoretical explanation for the emergence of a nematic transition at the critical length k = 7, and the
nature of the high-density transition back to an isotropic phase near saturation, was revisited from
the alternative and more comprehensive perspective provided by the ME formalism. By modeling
the system as a mixture of two species of particles with distinct orientations, the free energy and
entropy surfaces were analytically approximated across the full range of relative occupations along
lattice directions. This approach enabled a detailed characterization of density branches, critical points,
transition orders, and exclusion spectrum functions, offering new insights into the entropy—density
relationship. The analysis reveals that k = 7 is the minimal rod length required to undergo a nematic
transition, while k = 6, although close, does not satisfy the necessary conditions and remains in an
isotropic phase even at high coverage.

Furthermore, the review explores the novel outcomes of ME statistics such as the potential of
extracting exclusion spectral functions from experimental data, inverting thermodynamic observables
to infer structural information. This opens the possibility of using adsorption isotherms and fluctua-
tions spectra not just as phenomenological descriptors, but as quantitative probes of configurational
entropy and microstate topology. Remarkably, the ME statistics theoretical framework provides a
bridge between observable thermodynamic quantities (e.g., chemical potential versus density curves)
and latent spatial correlations or ordering tendencies that are otherwise hidden. This fact opens
new experimental possibilities: exclusion spectra may eventually be inferred from measurements of
adsorption isotherms or compressibility, providing insight into microscopic ordering without relying
on direct imaging.

Ultimately, the ME formalism proves to be a unifying language capable of handling complex
interactions and geometry-induced constraints. It not only serves as a powerful lens for interpreting
equilibrium properties of complex particle systems, but also sets the stage for future theoretical and
experimental explorations into the geometry and thermodynamics of constrained configuration spaces.

Several open questions and research avenues arise from this unified perspective. First, the
extension of ME statistics to non-lattice systems, including continuous 2D and 3D domains with
quenched disorder or curved geometries, remains largely unexplored.

Its generality and compatibility with empirical data make it not only a theoretical construct but
also a bridge toward experimentally accessible quantities. From a computational standpoint, there
is room for developing inverse statistical mechanical methods that reconstruct exclusion spectral
functions directly from experimental data or Monte Carlo simulations. This would establish a concrete
protocol for extracting statistical fingerprints from real systems, with applications in surface science,
porous media, and biological adsorption.

Secondly, dynamical aspects such as adsorption/desorption kinetics, diffusion on fluctuating
energy landscapes, or driven systems under external fields, are fertile grounds for applying and testing
the ME framework beyond equilibrium.

Looking ahead, the ME framework is poised to play a central role in the statistical mechanics of
systems with constrained configurations, such as crowding in biological environments, adsorption in
porous media, or active matter with limited motility space.

Finally, there is potential to link the ME statistics approach with field-theoretic and renormalization
group methods, particularly in systems where critical behavior or universality classes may be modified
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by spatial exclusion. The interplay between exclusion-driven entropy and geometric frustration also
presents an intriguing challenge, especially in contexts where topology and boundary effects play a
dominant role.

A whole Section 8 was devoted to review the Monte Carlo techniques from the early Metropolis
state sampling to the new highly efficient non-local configuration update to overcome the sampling
slowdown to reach equilibrium in lattice gases with state exclusion, particularly at high density.
Furthermore, the artificial-Hamiltonian technique was revisited as powerful tool to calculate entropy
at arbitrary density from elementary thermodynamic relations taking advantage of efficient numerical
sampling of equilibrium configurations.

Monte Carlo (MC) simulations serve as an essential tool to validate approximate analytical meth-
ods for single components and mixtures as well as exploring the influence of the lattice geometry on the
thermodynamic potentials. MC studies have uncovered rich phase behavior, including continuous and
discontinuous isotropic-nematic transitions, as well as layering and jamming effects near full coverage.
These results have helped to clarify the limitations of earlier mean-field approximations and motivated
the development of more refined theories. Importantly, the numerical data have also inspired empirical
functional forms for entropy and chemical potential, which have been instrumental in bridging the gap
between simulations and analytical descriptions. The multiple exclusion problem opens new questions
concerning potential simulation techniques in systems with strong state correlations and geometrical
constrains exploiting the topological properties of the configuration space and graph theory.

In summary, this article accomplishes several goals: It consolidates a wide range of exact, approxi-
mate, and numerical results across spatial dimensions and k-mer lengths, it clarifies the domain of
validity and limitations of various theoretical approaches, it reviews the recently presented Multiple
Exclusion Statistics (ME) as a promising analytical tool that reconciles geometric exclusion under
topological constrains and correlations with thermodynamic consistency and it sets new perspectives
for the application and testing of this newest analytical tool to a broader scenario of systems where
spatial correlations of particle states dominate.

The synthesis of exact models, approximate theories, numerical validation, and generalized
statistics presented in this review thus offers a comprehensive and forward-looking perspective on
k-mer adsorption and excluded volume systems, with broader implications across condensed matter,
materials science, and statistical physics.
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