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Abstract: This paper develops a unified framework for mathematical finance under general semi-
martingale models that allow for dividend payments, negative asset prices, and unbounded jumps.
We present a rigorous approach to the mathematical modeling of financial markets with dividend-
paying assets by defining appropriate concepts of numéraires, discounted processes, and self-financing
trading strategies. While most of the mathematical results are not new, this unified framework has
been missing in the literature. We carefully examine the transition between nominal and discounted
price processes and define appropriate notions of admissible strategies that work naturally in both
settings. By establishing the equivalence between these models and providing clear conditions for
their applicability, we create a mathematical foundation that encompasses a wide range of realistic
market scenarios and can serve as a basis for future work on mathematical finance and derivative
pricing.
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1. Introduction

The theory of modern financial mathematics in its present form has its origin in the dissertation
“Théorie de la Spéculation” by L.F. Bachelier from 1900 [1]. In this publication, one finds the first
mathematical description of Brownian motion as a stochastic process (although not under that name).
Bachelier’s goal was to derive theoretical values for various types of options on certain goods by
modelling prices of goods using a Brownian motion and comparing these prices with actual market
prices. He proposed as option prices the expected value of the payment arising from the option. The
crucial shortcoming in Bachelier’s modelling was that the prices of goods could become negative.

Bachelier’s work was forgotten for a long time. It was only after the development of the stochastic
integral and the introduction of geometric Brownian motion as a pricing model in the 1960s that
financial mathematics revived [2-7].

In 1973, Fischer Black and Myron Scholes made the decisive breakthrough [8] by developing
the famous Black-Scholes equation and formula. Since then, financial mathematics has become a
huge field of research, and numerous models have been proposed and analysed. The progress and
advancement of stochastic analysis and stochastic integral, mainly by [9-21] also opened up numerous
new possibilities for financial mathematics. In particular, the modern approach of option pricing
according to the duplication principle has established itself as a standard. This approach is a natural
application of the martingale theory and representation theorem. Here [22] can be considered as a
cornerstone.

However, at that time, while many different models had been examined and studied, there was
no overarching theory that combined all these models to lay the groundwork for modelling financial
markets. A significant breakthrough in the general theory of financial mathematics was achieved in the
1990s by [23] and [24] by presenting a very general financial market model that included almost all of
the known models and proving the connection between arbitrage and mathematical conditions on the
existence of specific probability measures. Since then, most publications have referred to this model.
The financial market, as discussed in [24], can be seen as the general market, which comprises almost
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all models of frictionless markets that are used in practice. Therefore, the results are universal, and the
general set-up of the market is, without a doubt, the most important market model in Mathematical
Finance. However, there are some gaps and shortcomings in the literature.

*  The model in [24] assumes a discounted set up (sometimes also referred as normalized set up).
However, most models used in practice are described in non-discounted terms in order to be
able to verify its assumption with real-world observations. The question how and under which
assumptions non-discounted set ups can be transformed to discounted set-ups has not been
described in general terms, but only for specific models.

*  The model as it is presented in [24] does not consider dividends or additional cash-flows, and
therefore excludes some essential models, such as models for pricing and setting of futures. In
many cases, it is possible to transform dividend-paying models to non-dividend models (see for
example [25], Section 2.3). Therefore, an extension of the initial model to include dividends is
desirable.

®  Some basic properties of market models are often assumed to be true without validating them for
this very general model. This applies to the notion of admissible strategies, discounted processes,
numéraires and so on. In particular, since the general market model allows for negative prices
some of the available properties get more complicated or even completely devalidated.

The goal of this paper is to close the gaps mentioned above and to define a general market model
that considers dividend payments in a real-world set-up. Then introduce the notion of a numéraire
and transform the model to a discounted set-up. The special conditions and technical requirements
are investigated and motivated. Furthermore, the literature on these topics and some examples are
reviewed.

2. The General Semimartingale Model with Dividends

In this section, we are going to define a very general market model with dividends. Our discussion
primarily centers on time-continuous models. Although discrete models can be viewed as a subset
of time-continuous models, they are typically easier to navigate mathematically. Nevertheless, time-
continuous models are arguably more popular in financial mathematics, especially within portfolio
theory. One reason why continuous-time models are popular is that they often give clean, unique
solutions to optimization problems. In contrast, discrete-time models frequently lack unique solutions
and only approximate strategies are available, which then, in turn, again complicates calculations.

For a given R-valued semimartingale S, the space L(S) is defined as the set of possible integrands
for S for the general vector-valued stochastic integrals for a semimartingale integrator. Furthermore
for a semimartingale S, ¢ € L(S) and t € R

S, =l S +/ ds
@eot = Pg o0 (o,t}q) u

denotes the stochastic integral at time ¢. For the definition of the general vector valued integral, see
[26], or [27].

Consider a financial market that comprises d + 1 tradable securities. The price processes of these
securities are modelled by the d + 1-dimensional process

Se= (S0, St SDrer. -
These processes also have associated cumulative dividend processes, termed
0 pl d
D - (D /Dtl"'/Dt)t€R+/

which are adapted to the filtration F = (F})cR, -
We assume that the market is both frictionless and competitive, where frictionless means there
are neither transaction costs nor taxes or trading constraints such as short sale restrictions, borrowing
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limits, and margin requirements. Furthermore, assets are assumed to be infinitely divisible. We call
a market competitive when traders function as price takers. Hence, trades can engage in trading
activities involving any desired quantity of shares without impacting the market price. This ensures
that there is no presence of liquidity risk.

Furthermore, we assume

e (O, F,F,P)isafiltered probability space with probability measure P.

e The processes S and D! are semimartingales for alli = 0,...,d.

e  The filtration [ satisfies the usual conditions and the ¢ -algebra Fj is trivial, that is, A € Fy
implies P(A) =0or P(A) = 1.

Remark 1. Markets with dividends can often be transformed into dividend-free ones. However, these trans-
formations usually need additional assumptions to hold that are not universally applicable. For instance, [25]
presumes all cash flows to be positive and that the numéraire follows a deterministic continuous FV process.

The process D! denotes the cumulative dividend payments of the i-th share up until the time t. We
don’t assume monotonicity; hence, dividend payments might even be negative. Dividend processes
that potentially have negative increments are crucial for the study of certain products such as futures
as they can simply be seens cash flows (for example margin payments).

Generally, dividend processes are categorized into three types:

The first type comprises dividend processes with continuous paths, which, while mathematically
convenient, isn’t particularly realistic.

The second assumes discrete dividend payments, with the dividend process D being a pure jump
process (D = Y_ AD). This is more aligned with reality, though not straightforward mathematically.

The third type allows for any mixture of the two - combining both continuous dividend streams
and discrete payments. This is of course the most general case and the one we consider in this paper.

Mathematically speaking, it’s reasonable to presume price processes as semimartingales because
the most widely accepted definition of the general stochastic integral only incorporates semimartingales
as integrators. This assumption also finds economic justification; for instance, if the price process
is locally bounded, adapted, and the market adheres to the "No Free Lunch With Vanishing Risk’
principle (a variant of 'No Arbitrage’), then the price process is a semimartingale, as demonstrated
in [28] (Theorem 8) and or [23] (p. 504-507). Another economic rationale is provided in [29], where
Constantinos Kardaras and Eckhard Platen show that in markets where only simple predictable trading
strategies are permitted, where short-selling is disallowed and no-arbitrage principles hold, price
processes are always semimartingales [29].

Requiring all price processes to be semimartingales excludes fractional Brownian motions with
an Hurst parameter H # % As of now, no consistent no-arbitrage theory for these processes in a
frictionless, continuously trading market exists. Yet, in markets with transaction costs, such arbitrage
possibilities typically vanish. In these settings fractional Brownian motions are considered realistic
and reasonable, for example, in [30].

2.1. Self-Financing Trading Strategies

Definition 1. (a) A d + 1-dimensional process ¢ = (¢°,...,¢?*1) € L(S) is called a trading strategy.

(b)  The wealth process of the investor is defined as
L .
V=Y (p;(s; + AD;), teR,, (1)
i=0

where ¢! represents the number of the i-th security that an investor holds in his portfolio at t.
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Definition 2. A trading strategy ¢ = (¢°, ¢!, ..., ¢%) is called self-financing if the wealth process Vi()
satisfies
Vi=@s+(S+D), foralltecRy. ()

Note (2) deals with higher dimensional processes and hence multi-dimensional integration.

Remark 2. A trading strategy ¢ is self-financing if the changes in the associated wealth process V(@) =
Z?:o @' (S'+ AD") are the result of changes in the price of the assets included. All shifts in the portfolio are
cost-neutral and there is no external capital injection or withdrawal. This definition and explanation can be
better illustrated by considering time-discrete processes (as a special case of the time-continuous processes).

To keep it simple, we consider only a one-dimensional process in this illustration. In the discrete model, let
@n be the number of securities purchased at price S,,_1 (i.e. after the jump S,,_1 — S,_». Since the dividends
accrued in the previous period ¢, _1AD,,_1 still have to be reinvested, the self-financing condition is

$nSn-1= @n-1(Sp-1+ADy_1), n=1,2, 3)
It can be shown that (3) is equivalent to
@n(Sn+ADy) = ¢,-1(Sy—1 +ADy—1) + ¢n(ASy + ADy), n=1,2,... 4)
(4) is the discrete-time special case of condition (2).

Remark 3. The variable ¢! represents the quantity of securities i held by the agent within the portfolio,
specifically within the time frame of t — 1 to t (or, in continuous time t— to t). The jumps referred to as ASi and
ADi should be considered as synchronous. The term St can be conceptualized as the ex-dividend price, which
refers to the price of a security after the dividend payment has been made.

The dividend payout for the agent at time t is

d. .
Y @iAD:.
i=0
This is now invested in the d + 1 securities immediately after t. So, as before, there is no permanent cash holding.

Therefore, only AD and not D appears in (1).

2.2. Numéraire

In practice, comparing two assets at different times based on their nominal size is unusual and
makes no sense. Therefore, a benchmark should be introduced that enables us to produce comparative
values. We call this benchmark numéraire.

Definition 3. A predictable semimartingale (Ny);cr, which satisfies

inf Nty >0, foralTeR;P—as. (5)
te[0,T]

is called a numéraire.

Remark 4. The predictability is necessary to ensure that 3 can be used as integrand. This is important to define
the discounted dividend process and to map the self-financing condition of price processes to the self-financing
condition of their discounted counterparts.
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If one writes asset values as multiples of the numéraire, they can also be compared independently
of the time. The discounted processes are denoted by S’ or V, which means:
i S .V

i._ 2 —
S.—N and V: N (6)

For further analysis, one needs the following result.
Lemma 1. Let N be a numeéraire, then % is bounded on each compact interval and in particular locally bounded.

Proof. By definition of a numéraire, inf;co ) Nt > O a.s. forall T € R,.. Therefore, on any compact
interval [a, b], there exists § > 0 such that N; > ¢ a.s. for all t € [a,b], which immediately implies
N% < %a.s. on[a,b]. O

The definition of the numéraire is not unique in the literature. For instance, in [31], [32], or [33], it
is only required that N should be a positive semimartingale. This notion is also used in [34], which is
regarded as the standard reference for a numéraire in an abstract context. However, to ensure that
discounted price processes remain semimartingales, the numéraire’s left limit must also be greater than
0. Even stricter conditions are demanded in specific settings such as [35]. Additionally, distinctions
between strong and weak numéraire concepts are discussed in [36]. Our interpretation is equivalent
to the one presented in [37]. Recent publications have started to describe financial market models
without the concept of a numéraire. Nevertheless, more intricate market assumptions, as described in
[38], are necessary to maintain the feasibility of discounting price processes.

Drawing parallels to (6), it is essential to introduce both a discounted dividend process, D?, and
a discounted wealth process, V. The process D; denotes cumulative dividends up to a given time.
However, each dividend gets discounted by the numéraire value, N, at its payment time and not by its
value at t. This approach ensures that any change in the discounted dividend process, D', occurs only
when the dividend process, D', changes. In scenarios like %, these properties would not hold since a
mere change in the numéraire N could lead to a change in %.

Therefore, the following definition naturally arises.

Definition 4. By

1

Di ::N.D;',i:o,...,d. 7)

the discounted dividend processes is denoted. Furthermore,

denotes the discounted wealth process.
Remark 5. By Theorem Al, one has AD! = ATDi.

While it is commonly assumed that D is a pure jump process, we want to avoid making this
assumption here and rather stay as general as possible.

However, if we operate under the assumption that the dividend process is a pure jump process
(meaning D = ) AD is valid), then, by Theorem A1, we arrive at

[A)i:i].Df:;].< Y AD§> =Y A(;.Dfs): Y ADL.

0<s<t 0<s<t 0<s<t

In this scenario, D also becomes a pure jump process, only changing when D does.
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Economically speaking, (7) is logical as it considers the varying times at which increases in D
are paid out as dividends. For instance, let’s say N = exp(rt) and there was just one dividend
payment of amount K. Intuitively, a dividend disbursed earlier (at ¢ = 0) holds more value than one

distributed later (at T = 1). If we were to assign the value D' = %, the timing of this singular dividend
payment wouldn’t matter for D. The result would be D; = WK(’)' However, with our definition of the

discounted dividend process, and by Theorem A1, we get:

K

Dy=K and D; = oxp(7)

< K.

The following theorem is extremely beneficial, as it offers the technical requirements to explore
properties in discounted settings using the conventional tools of stochastic analysis.

Theorem 1. The processes N, S0,...,84, D0, ... D% are semimartingales and N is a numéraire if and only
if the processes %, 80,...8%,D9,...,D% are semimartingales and % is a numeéraire. 1f, furthermore, ¢ is

self-financing, then the discounted wealth process V(¢) is a semimartingale.

d

Proof. “=" Let N be a numéraire and S°, ..., S semimartingales. We define

T := inf{t >0; Ny < 711}
Now (T") is by (5) a localizing sequence and we examine the processes

N fort < T",

no.__ n\T"— . _
NE = ()= N, fort>T".

Let f,, be a convex function, which satisfies f,(x) = % for x > % By Remark A1, we obtain that
fn(N"™) is a semimartingale and since N" > % holds, ﬁ is also a semimartingale. Thus g is prelocally
a semimartingale and hence, by Theorem A5, a semimartingale. Since N is a semimartingale and

therefore in particular cadlag, we also have

P( sup N; < oo) =1 forallT € Ry
te[0,T]

and hence
inf 1 >0 forallT € Ry P —almostsurely.
t€[0,T] Nt
Thus 4 is a numéraire and $' = SNI is by Theorem A2 also a semimartingale.
“<" Let %, S9,...,5%be semimartingales and % a numéraire.
If we proceed as above, we obtain that N = -} is a semimartingale and by arguing as above, it

N
follows that N is cadlag. Hence N is a numéraire. Since

holds, we obtain that Si are also semimartingales.

t
dS .- . :
= fol(flitu’ which is a semimartingale by

Now we assume ¢ to be self-financing. Then we have V;
Theorem A2. [

Most papers tacitly treat nominal models, their discounted counterparts and settings with or
without dividends as interchangeable: one simply divides by a numéraire or subtracts cumulative
dividends and all desired results still hold. In fact, this equivalence is valid for virtually every statement
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we need in this section. The next theorem, however, shows that a mild additional requirement, namely
a specific orthogonality between the numéraire scaled dividend streams and the numéraire itself, is
necessary to transfer the self financing property from the nominal to the discounted world and back.

To state the condition we recall the decomposition of a semimartingale X = X¢ + X9 into its
continuous part X and its purely discontinuous part X“.

Definition 5. For two semimartingales X and Y we set
(X, Y] == [X5, Y, telo,T].
In particular, [X]° := [X, X]“.
With the above definition, we get

(XY =[XY]f+ Y AXAY. (8)
0<s<t

The following theorem states that the self-financing property stays valid regardless of whether
the associated wealth process is viewed in nominal or discounted terms.

Theorem 2. Let ¢ = (¢°,¢',...,¢%) be a trading strategy, V be the associated wealth process and N a
numéraire with [N, D] = 0 forall i € {0,...,d}. Then ¢ is self-financing if and only if

Vi)=Y ¢'«(§+D"), tel0T] )

M-

0

where By 1= I%%

Proof. We show the one-dimensional case. The multi-dimensional case follows from the linearity of
the integral and the fact that any strategy can be approximated by component-wise integrable strategy.
We have AV = @AS and therefore, it is easy to see that

V.=¢S_ and V_ =¢S5 .

We first assume
V(@) = ¢+ (S+D)r.
By Theorem 1, V = V() is a semimartingale and with Theorem A1, we obtain

N

AV = ¢A(S+ D).

By definition, we also have

and therefore,
Vo=V AV =¢(5—AS) =¢S5 (10)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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With Theorem A4, we obtain

Vi=ViN; =N_«V; +V_N; + [N, V];
=N-+(9+(5+D)),;+ (¢5-) *Ni + [N, 9+ (S + D)}
= ¢+(N-+(S+D)+S-+N+[N,5+DJ),
=¢+(N_+S+(N—AN)+D+S5_+N+[N,S] + [N,D]),
= ¢+ (N_+$+5 «N+[N,§] +N+D - Y ANAD + [N, D

\V
=NS =0

"+ Y aNAD)

Hence ¢ is self-financing. The converse follows analogously with N’ = ; and V = VN'.
Since each trading strategy can be approximated with component-wise integrable trading strategy,
the general result follows by taking limits. [

Definition 6. Let S = (S°,...,8%) be a d + 1-dimensional semimartingale, D = (D',...,D%) a d-
dimensional semimartingale, S° a numéraire and Q a probability measure that is equivalent to P.

(a) Q is called an equivalent martingale measure if ' 4+ D' := sz) + &5+ D' is a Q-martingale for all
ied{l,...,d}.

(b) Q is called an equivalent local martingale measure if S' 4+ D' is a local Q-martingale for all i €
{1,...,d}.

(c) Q is called an equivalent sigma martingale measure if S' + D' is a sigma martingale under Q for all
ie{l,...,d}.

For the sake of completeness, we give an example in which a continuous dividend payment is

made.

Example 1. ®  Suppose a corporation pays a continuous-time dividend at rate 5;0 per share, where 6 €
R \{0}. So Dy =0 fot Sudu. Under a martingale measure Q, then, the discounted price process e " S;
is no longer a martingale but the process e "' S + & fot e ™S, du.

e With a tracker certificate on a share, the dividend distributions of the share are automatically invested in
new shares of the same company. If the certificate starts with one share (or the value Sg), then in the above
example, the replicating portfolio at time t consists of exp(dt) shares whose discounted value is

gt = e<5—r)t5t.

This can be seen from the fact that ¢; := exp(6t) solves the differential equation ¢' = 6¢ with gy = 1
and the dividend payment §¢;S;dt can finance the purchase of S¢;dt = @}dt shares. Alternatively, one
shows that the strategy (0, @) satisfies the self-financing condition from (2). Indeed, with the bank account
as the numéraire, the following holds for this strategy with Integration by Parts

A

Sy =e%8; =S, —l—/ e"dS, + (5/ S.e*du
(0,t] (0,t]

~ t ~ A
- so+/ 'd($ 4 D). (1)
0
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Thus (9) is satisfied and it follows by Theorem 2 that (0, @) is self-financing. Since integrals of locally
bounded integrands are again local martingales according to Theorem A3, S is a local martingale if S + D
is one, and since conversely from (11)

A A A A t ~
S+ Dy = S + Do+ / e~04d3,,
0

S+ D is also a local martingale if S is one. Thus, it holds that for a measure Q, the process S+ D isa
Q-local martingale if and only if the process S is a Q-local martingale.
®  In the Black-Scholes model, if there is a continuous dividend payoff of the above kind, then

~ 1
Si=So exp((]/t +6—r)t+ 0B — 2021‘)

The change of measure in the Black-Scholes model is thus given by

dQ r—u—>9 _1(r—y—5)2
dP_eXp<a frea o !

and the process B? = B; + %Ht is a standard Brownian motion under Q. Putting this into the price
process Sy yields

1
St = Spexp (yt + 0B — 202t>

= Spexp (yt + UB? +(r—pu—9o)t— ;azt)

=S exp((r —0)t +0BR — ;(th)

So, after the change in measure, the dividend payment leads to a reduction in the drift of the share.

2.3. Admissible Strategies

The class of possible trading strategies involves strategies that would be difficult to realize.
Therefore, these should be further restricted the class and exclude the strategies that would require the
investor to have an infinite line of credit with the bank. This also prohibits the so-called duplication

strategies, which otherwise offer arbitrage opportunities in most markets, which was already noted by
[22].

Definition 7. A self-financing strategy ¢ = (¢°, ¢',..., ¢%) € L(S) is called admissible, if there exists an
« € Ry, such that one has
Vi > —a  forallt € [0,00)

for the corresponding wealth process V.
By ®(S), we denote the set of admissible strategies belonging to the price process (St)scr, -

A note on the definition of admissibility

The definition of admissibility is not unique in the literature. There are several common definitions.
It shall be noted that the models used in the literature given here usually do not consider dividends.
However, the definition of admissibility is independent of the dividend process.

A self-financing strategy ¢ € L(S) is called admissible, if

(a) there exist a,b > 0 such that a < V; < b almost surely [39,40];
(b) V} is a martingale under an equivalent martingale measure Q for the corresponding wealth
process V [41-43];
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(c) V() is square integrable [32];

(d) One has V; > 0 for the corresponding wealth process V [33,44];

(e) there exists an « € Ry, such that one has V; > —aforallt € [0,00) for the corresponding
wealth process V [45,46];

€3] there exists an « € R, such that one has V; > —aforallt € [0, 00) for the corresponding
wealth process V [23,24];

(g V(g): > —aEglw | F] for each t > 0, each equivalent sigma martingale measure Q a positive
number a and a random variable w > 1 such that Eg [w] < oo for an equivalent martingale
measure Q, as in [24], Section 5.

In some textbooks, further distinctions are made, for example in [31] tame is defined according to
(d) and admissible according to (b) and in [47] tame is defined according to (e), admissible according
to (d) and a strategy satisfying condition (b) is called regular. In the original proof of the Second
Fundamental Theorem of Asset Pricing [22,48] an admissible strategy needs to satisfy both (d) and (b).

(a) is the most restrictive condition and implies (b), (c), (e) and (f). Furthermore, it excludes many
common strategies such as any hedging strategies for a European call option in the Black Scholes
model.

(b) is hard to justify from an economic standpoint. However, it is necessary for the Second
Fundamental Theorem of Asset Pricing to hold.

(c) and (g) are rather technical assumptions and hard to justify economically.

(f) is a slightly less restrictive definition and is, for example, used in the original literature about
the First Fundamental Theorem of Asset Pricing. However, it is still hard to justify, why your credit
line is limited in discounted terms instead of nominal terms. It is, therefore, somehow unrealistic.

(d) and (e) are reasonable from an economic standpoint. For almost they can be treated inter-
changeably. However, it is more challenging to prove basic properties for the mathematical model.
It should be mentioned that these two definitions are the only ones that are numéraire independent
and, therefore, the only ones that can potentially be applied to a model without a fixed numéraire as
defined in [38]. As these are the most realistic definitions and (e) is slightly more general than (d), we
choose (e) for our definitions.

It shall be noted that in all of the above-mentioned cases the set of admissible strategies might still
be small or even empty. For example, consider a compound Poisson process X with unbounded jumps.
Clearly, any strategy ¢, making sure that | ¢dX is bounded from below, must vanish almost surely.
The same holds for a process S; := X1y o) with X being a normally distributed real random variable.

Remark 6. Under all of the above-mentioned conditions, the discounted value process V (@) is a local martingale
and a supermartingale. For (a), one can conclude with Ansel-Stricker that it is a martingale. The same holds for
(b) by definition. For (d) and (f), it follows from Ansel-Stricker (and the fact that numéraires are locally bounded).
For (c), we get the result with Theorem A3. For (g), one obtains the result, if one applies Ansel-Stricker on
V(@) + aEqlw | Fi]. For (e), see Proposition 4.

Despite its simplicty, the following Theorem 4 is an extremely crucial result as, without it, state-
ments such as the Fundamental Theorems of Asset Pricing could not be transformed from the dis-
counted to the non-discounted setup. We need the following recent result for it to hold.

Theorem 3 ([49], Theorem 6). Let X be a one-dimensional sigma martingale. Then the following are equivalent:

(i) X is a local martingale.
(ii) There exist a local martingale M and a cadlag finite variation process A such that AX > A(M+ A).
(iii) There exist a local martingale M and a cadlag process A (with sup,; As locally integrable) for which

AX > A(M+ A).
(iv) There exist a local martingale M and a cadlag finite variation process A such that X > M+ A.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.0844.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 May 2025 doi:10.20944/preprints202505.0844.v1

110f18

(v) There exist a local martingale M and a cadlag process A (with sup,; As locally integrable) satisfying
X > M+ A.

Theorem 4. Let ¢ be an admissible strategy. If Q is an equivalent sigma martingale measure for S + D, then
@+ (S + D) is a Q-supermartingale.

Proof. This is a direct consequence of Theorem 2 and Theorem 3. [

3. Fair Prices

In this section, we will deal with the pricing of derivatives. As usual, our goal is to determine the
prices in such a way that it cannot lead to arbitrage, in order to obtain a model that is as realistic as
possible.

Definition 8. (a) A claim with expiration date T is a non-negative random variable X € L'(Q, Fr, P).
(b)  Anadmissible trading strategy ¢ €  is called a hedge for a claim X if

Vr(¢) > X as.
(c)  Aclaim is called attainable if there exists an admissible trading strategqy ¢ € O such that
Vr(¢p) =X as.

This corresponding trading strategy is called a perfect hedge.
(d) A financial market model is called complete if for every claim there exists a perfect hedge.

X is usually a function of a price process S : X = f(S). For instance, X := (St — K)* for a
European call option with strike price K and expiration date T.

Theorem 5. Let X be a claim maturing at time T and let S° be a numéraire such that [S°, D]° = 0. Then X is
attainable if and only if there exists an admissible strategy ¢ = (¢°, ..., ¢%) € ®(S) satisfying

X A oA
S0 = (QD'(S—F D))T/

T
where §' := §'/S% and D' := (1/8°) « D' are the discounted price and dividend processes, respectively, and
S+D:=(8'+D1,..., 8+ D7),

Proof. Assume that the claim X is attainable. Hence there is an admissible self-financing strategy ¢
with terminal wealth V7 (¢) = X. Set V := V/S?; by admissibility V is well-defined and cadlag. Since
@ is self-financing, Theorem 2 yields

Vi = (¢+($+D)), t>0.

Evaluating this identity at t = T and using V1 = X/ SY. proves the representation in the statement.
Conversely, suppose an admissible strategy ¢ satisfies

X A A
T

Define V := @+ (S + D); by Theorem 2 the strategy ¢ is self-financing and V; = (¢« (S + D)); for

every t. Hence Vr = S%Vr = S%(¢- (S + D))T = X, so ¢ replicates the claim X. Therefore X is

attainable. 0O
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Since a financial market model is formally given by a filtered probability space (Q), F,F,P) and
the price processes S, S1,. .., 5% of tradable securities, completeness (just like absence from arbitrage)
also depends on the filtration F, i.e., the investor’s flow of information.

By Theorem 3 we have

Eq(Vr(9)) < Vo (12)

for any admissible strategy ¢. That means with an admissible strategy in a fair game (risk-neutral
probability measure), a trader cannot win on average. In discrete time or with another definition of
an admissible strategy, V would even be a Q-martingale and therefore, on average, one would never
lose anything. In our terminology, however, V is only a supermartingale. This raises the question of
whether there is a strategy in which we would lose on average and whether we could replace the < in
(12) with a <.

In discrete time (which can also be assumed as a special case of continuous time), such a strategy
would be given by the reverse doubling strategy. We consider a game in which we can win with a
certain probability and can lose with a certain probability. Under the risk-neutral probability measure,
both would occur with a probability of 3. We start with a one euro bet and double the bet every time
we win, stopping the game as soon as we lose once. With an infinite time horizon, we would therefore
lose one euro on average. Thus, we also see that with an infinite time horizon, there are certainly
strategies by which we can win on average. However, these are not admissible. The time when we
would lose the first time is distributed geometrically, and therefore, the expected value of the game is
negative.

While, as already demonstrated, there are no arbitrage opportunities in a market with suicide
strategies when an equivalent sigma martingale measure exists (note that a strategy derived from
a suicide strategy by switching signs offers an arbitrage opportunity but is itself not an admissible
strategy since possible losses are not limited, just as profits are not limited in a suicide strategy), such
strategies are problematic in derivative pricing. It's not sufficient to simply “remove” these strategies
from the set of admissible strategies.

To illustrate, consider a claim X and an admissible strategy ¢ with

V() = $9ST + 9157 = X.

It is intuitive to set the fair price of the claim at time 0 as the value of the replicating portfolio
Vo(¢). However, if ¢ = (¢!, $?) is an admissible suicide strategy with

oS0+ oS =1 and 7St + 1St =0,
then ¢ = (¢° + ¢°, ¢! + $') is also an admissible strategy with

Vr($) = (9% + ¢1)ST + (91 + $1)St = Vi () + Vr(§) = X.

Thus, the strategy ¢ is also a replicating strategy for the claim X. However, it holds that

Vo(¢) = Vo(¢) + Vo(P) = Vo() +1 # Vo(¢).

Therefore, the price of a replicating portfolio is generally not unique, and neither is the fair price. Since
¢ is not itself a suicide strategy, it is also not sufficient to just remove these from the set of admissible
strategies to achieve a unique “hedge price”.

Our goal now is to compute an interval in which an “economically sensible” price should lie.
We will subsequently show that the so-called risk-neutral prices always lie within this interval and
therefore represent “sensible” prices. Since these are relatively easy to calculate and, depending on the
nature of the underlying probability measure, further economic justifications can be found for this
type of price, most pricing formulas are based on risk-neutral prices.
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Definition 9. Let there be a market in which an equivalent sigma martingale measure Q exists.

(a) A perfect hedge ¢ is called a martingale hedge if V (¢) is a Q-martingale.
(b)  Let ® denote the set of all admissible strategies.

(i) The superhedging price or seller’s arbitrage price 1ty of a claim X is given by
my(X) = inf{Vo(¢) : ¢ € ®and Vr(¢p) > X a.s.}.
(ii) The buyer’s arbitrage price is defined as
g(X) == sup{Vo(¢) : —¢ € ®and Vr(¢) < Xas.}.

(c)  For a specific equivalent sigma martingale measure Q, we call

A2(X) := Eq <58X>

0
St
the risk-neutral price with respect to measure Q of X.

The naming of the seller’s arbitrage price is intuitive because, if you sell a claim at the seller’s
arbitrage price, you can (at least approximately due to the infimum) construct a portfolio at precisely
these costs such that at time T you have made a risk-free profit of V7 (¢) — X > 0.

On the other hand, the buyer’s arbitrage price corresponds to the highest price a claim can assume
so that the buyer can hedge against any possible loss (and possibly make a risk-free profit). Assuming
a claim X has a market price X, with Xy < 7rp(X), then there exists (at least approximately) a strategy
¢ with —1p € @ for which

Xo+VWo(y) < mp(X) + Vo(y) <0,

but at the same time
Xt +Vr(¢) = X7 — Vr(=9¢) > 0.

This creates an arbitrage opportunity for the buyer of the claim.

It is important to note that unlike the superhedging and buyer’s arbitrage prices, which are
independent of the choice of equivalent martingale measure, the risk-neutral price 79 (X) depends
explicitly on the selected measure Q. In incomplete markets, where multiple equivalent sigma
martingale measures exist, different choices of Q will generally yield different risk-neutral prices.

Calculating a superhedging price using the above definition proves to be challenging, whereas
determining the risk-neutral price with respect to a specific martingale measure is relatively straightfor-
ward. Therefore, financial products are often priced using risk-neutral pricing methods. The following
theorem provides an economic justification for this approach by showing that risk-neutral prices
always lie within the arbitrage-free price bounds, and coincide with the superhedging price when a
martingale hedge exists.

Theorem 6. Let Q be any equivalent sigma martingale measure.

(a) It always holds that
mp(X) < AX) < 7g(X).

(b) If a martingale hedge ¢ exists, then
ms(X) = #2(X). (13)
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Proof. (a) Since V(¢) according to Theorem 3 is a Q-supermartingale for all admissible ¢ and F
is the trivial o-algebra, it holds for ¢ € ® with V1 (¢) > X that

o(9) = SiEq (VOS(S” )> = S{Eq(%(9))

0

> SoEq(Vr(¢)) = SoEg <VT(¢)> (14)

ST
g [ X S0 -0
T T
Thus, 75(X) > 7#2(X).

For the second inequality, we proceed analogously and obtain for —¢ € ® with Vr(¢) < X

Taking the supremum, we get 715(X) > —(—A2(X)) = #2(X).
(b) Now let ¢ be a martingale hedge and therefore V(¢) is a Q-martingale. Tt follows

ms(X) < Vo(9) = SGEQ(Vo(9))
= SQEq(Vr(¢)) (by martingale property)
Vr(9)

0
T
X> (since Vr(¢) = X)

Together with ((a)), this now leads to (13).
O

So far, we have only defined the fair price for the time t = 0. However, this concept can be
extended to any time ¢ € [0, T|. It should be noted, however, that the fair price 7;(X) is then a random
variable and not a fixed value. Theorem 6 then applies analogously when we replace the expected
values with the conditional expectations given F;.

Remark 7. Finding a mathematically precise as well as economically meaningful definition for the fair price
was and remains one of our main objectives. So far, we have found such a definition only for the case of a market
in which in which an equivalent sigma martingale measure exists exists and for the case where a martingale
hedge exists. The latter is indeed a restriction, as in markets with transaction costs or dividends, a hedge often
does not exist, and even if one exists, it does not necessarily have to be a martingale hedge. For an explanation,
see for example [50] or [51,52].

While Eq(X | Ft) for a contingent claim X defines a martingale, there may not be an admissible strategy
that replicates this process as a wealth process. This is particularly important to note since the discounted price
processes S' with respect to the equivalent martingale measure Q are only local martingales and not necessarily
L?-martingales, which would be required for a direct application of the martingale representation theorem.
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We now show an application of the above theorem.

Example 2. Let S = ¢'* (a deterministic money market account with constant interest rate r). We consider
both a European Call option C and a European Put option P, both with the same strike price K and expiration
date T, and for both a martingale hedge exists. Let Q be the equivalent martingale measure under which both
options admit martingale hedges.

Now, we have:

#Q(C) — #%(P) = Eq (e*’T(sT - K)*) ~Eo (e”T(K - ST)+)
= e TEQ((S7— K)* — (K= 57)")
= eirTEQ(ST — K) (since (ST — K)+ — (K — ST)+ =Sr—K)
= €7rTEQ(ST) —e'TK
=e¢ M. e'TSy— e "TK  (since Eq(St) = €' So under Q)
=5y — eirTK.

This corresponds exactly to the well-known Put-Call Parity for t = 0. Furthermore, since both options
admit martingale hedges, by Theorem 6 (b), we have 7t5(C) = 72(C) and 7ws(P) = #Q(P), which confirms
that the risk-neutral price equals the seller’s arbitrage price in this case.

Appendix A. Referenced Results

This appendix contains well-known results that were referenced in the paper. Their proofs can be
found in [27] and [49].

Theorem A1l. Let X € S% be a d-dimensional topological semimartingale and H € L(X). Then the following
hold:

(@)  Fora,peRand] € L(X),
(aH+pBJ]) € L(X) and (aH+PBJ)+X = aHeX+ BJ+X.

Hence L(X) is a vector space.
() IfYeSiand H € L(X)NL(Y), then H € L(X +Y) and

H+(X+Y) = HeX 4+ H»Y.

(c) (A(H +X)s) = HJ AX; almost surely, for all s > 0.
d (HX)T = (Hlporp) X = (H « XT) for any stopping time T.
() LetX=(X',...,x%), H=(H,...,H%) with H' € L(X"), and K = (K',...,K%) be predictable.
Then
(Ke(H+X)) = (KH)+X

whenever the relevant integrals exist. Concretely, K' € L(H'« X*) ifand only if K'H' € L(X").
H If X is an FV semimartingale, then H « X coincides with the usual pathwise Riemann—Stieltjes integral.
() IfQ < P, the notion of integrability H € L(X) does not change, and H « X agrees Q-a.s. with the same
process defined under P.

Theorem A2. Let X,Y be two semimartingales. Then the product process XY is again a semimartingale, and
the following decomposition holds:

XY =X_Y+Y «X+[X,Y] (A1)

Theorem A3. A sigma martingale X is a local martingale if and only if X is locally integrable.
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Theorem Ad. Let X,Y € S%. Then [X, Y] is, in each component, a finite variation process and a semimartingale,
and it satisfies the following properties:

(@  [X,Y]o=XoYpand A[X,Y];; = AX'AYI.

(b)  For any stopping time T, we have

XT,v] =[x, YT = [XT,¥YT] = [X, Y]".

(c) The quadratic variation [X, X] is a positive, increasing process.
(d)  If X isan FV process, then
(X, Y] =XoYy + Y AX:AY/.
0<s<t

Theorem A5. (a) A d-dimensional process X is a topological semimartingale if and only if each of its d
components is a topological semimartingale in the one-dimensional sense.

(b) A process that is locally a topological semimartingale or prelocally a topological semimartingale is
automatically a topological semimartingale (i.e. the property is preserved under localization).

(c) If Q < P, then any topological semimartingale under P remains a topological semimartingale under Q.

Remark A1. The space of semimartingales exhibits notable stability properties. For instance, if f : R — Risa
convex function and X is a semimartingale, then the process f(X) is again a semimartingale.

Lemma A1 (Ansel-Stricker Lemma). Let X be a one-dimensional sigma martingale that is bounded from
below (for instance X > 0). Then X is a local martingale and also a supermartingale. Similarly, if X is bounded
from above, then X is a submartingale.

Theorem A6. Let B(t) be Brownian motion. Then the following processes are martingales:

(a) B(t)
(b)  B(t)>—t

(c) exp (uB(t) - ”;t),for any u € R
Theorem A7. Let B(t) be Brownian motion. Then

lim w

t—o00

=0
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