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Abstract

This article offers formulas for computing various g-binomial nested sums, give three forms of results,
reveals the three forms of g-binomial and their interrelationships. It is a powerful tool for g-analysis,
which can prove and generalize many classic conclusions in a simple way. This article also utilized it
to obtain a large number of new results, including formulas for q-Eulerian numbers and polynomials.
By taking the limit of q to 1, it can calculate general nested sums and analyze binomial coefficients.

Keywords: formal calculation; g-nested sum; g-binomial; g-analysis; g-calculus

MSC: 05A30

1. Calculation Formula

(N -1) (N~ ) (gNTMH
(liMfl)( 1-1)..(4"— 1)

g-binomial: M, N, K € N, [AN,I] ) q # 0, 1, abbreviated as G}y, [N]; =
GN.
(1—a)(1—aq)..(1—ag" " ),n>0 ~pm o
(4;9)n = 1,n=0 Gg1,82 8 Hz 1(q/q o , L8 =
d;j is Kronecker delta, i = j,6;; = 1;i # j,6;; = 0. The following relatlonship holds:

GN=1,GN=cGN_ M,GM 0, M> N, M < 0. (1)
GM _ qMGN 1 + GM I = GN—l +qN_MGN111. (2)
Zi\] 01 qnGnJrK qM KG]I\\I/[j_If/ M > K> 0. (3)

GY = Ew O (0MK 1K) q””’(w), inv(.) denotes the inversion statistic. [1] 4)

Lemma 1.

YN g G, M> K >0

n=0 1
=q 2(M— K)+1GM+1GN+2 +qM KGM KG}\\]/[:‘;Il( (1)

:qM 2K— 1GM+1Gﬁi§+l+qM K(GM K_q—K 1GM+1)G]I\V4ff (2)
2(M—K)+1G{VI+1

2M— K+2GM K)GN+2+£]M KGM KGN+K+1 (3)

=(q q M+2
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Proof.

an [n] Gn+I< _ an qn — qn— Gn+K + an qn Mk _ Gn+K
9~ M 1 M

q q-1
M-K _ M-K _ n—M+K _
:an(qnwaLK_l)q q_ 1G}’1M+K+anq q_l 1G&+K+anq ; 1G}1VI+K

-1
:an(qM—H )GM KG]r\tA++K1+anGi\/I—KGn+K+anGM+1G?A++K1
— (qM K _ )GM+1GII\\]/IJ;IZ<I7M+1 K_i_GMfKGIICI/IJJrrIl(qM K+G{\4+1Gﬁi§qM+l K
2(M— K)+1GM+1G1\Z\/]I-iJ;12<+qM KGM KGIICI/I-&J-FIl( (1)
2(M— K)+1GM+1q—M 2(Gzl\v]1fz<+1 G}I;J/{ff)quM KGM KG]I\\]A4+-11<
M—2K— 1GM+1GI\Z\/IIJJrrIZ<+1+qM K(GM K qu lGMJrl)Gi\T/IiIl( (2)
2(M— K)+1GM+1G1\1\/]IjrrIZ(+qM KGM K(GAI\/IIiIéJrl qM+2GIIC]/IiIZ(>
2M— K+2GM K)GII\V/I—:»12<+qM KGM KGI\I\/]IiIZ(+1 (3)

&

&&

Q

2(M—K)+1 GM+1

=(q q

O

Definition 1. Recursively define VP p € Z; SUM4(N) = SUM,(N, PS,PT), K;,D; € C, T; € N.

VOf(n) = f(n), Y0 q"Vif(n+1) = f(N), YO ) q"f(n+1) = V;Lf(N), V1 = V.
SUM,(N, Ky : D1, [Ty = 1)) = Y " (Ky + [n]gDy).
SUM,(N, [Ky : D1, Ko : Do), [T, T = Ty +2— p]) = Yoy 4" (Ko + [1]gD2) VPSUM, (n + 1, [K; : Dy), [Th)).

Abbreviations: [Kl D, K2 D.. KM D] = [Kl,KzKM] : D, [K],KzKM] 1= [Kl, KQKM]
In this paper, the default PS = [K; : D1, K : Dy...Kpy 2 Dy], PT = [Ty, To..Tm], T; < Tiy1-

SUM,(N, PS, [1,2.M]) = YN TTM, 47 (K + [1n]4D;)-

SUM,(N,PS,[1,3.2M —1]) = ZnN ™ (Kt + [nlgDi) - Yo 3" (Ka + [m2]gDa) Y2 4" (Kq + [m]yD1)-
SUM, (N, PS,[1,2,4]) = Y 4 ¢ (Ks + [n3]yDs) Y2 o " (Ko + [}y D1) (Kz + [1]y D).

SUM,(N, PS, [1,3,4]) = Z 0" (Ks + [13]4D3) (Ko + [13],D2) Y 4" (Kq + [n]yDy).

(

SUM(N, PS,[1,4]) = Y~ 4" (Ko + [m3]D2) Y0 4" Y 2 " (Ky + [m]gDy).

Use K, T to represent the set {K;}, {T;}. (K1 + T1) (Ko + T)...(Kp + Tpp) = ZI—L | Xi, Xi = Ty or K;
Definition 2. X(T)=Number of {X1, Xp..Xm} € T.

Xr1_1=Number Of{Xl, XZ---Xifl} € T, Xx_1=Number Of{Xl, Xz...X,‘,l} e K

Xr=Number of { X1, Xp...X;} € T, Xgk=Number of { X1, X»..X;} € K.

X714+ Xg-1 =1—1, X7 + Xk = i. Use the auxiliary form and each X; cannot be swapped:
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Theorem 1. H = T); — M, SUM,(N, PS,PT) =
1+(T;=T;_1)XT_ 1G i~XK-1p). X=T,
N+H . q ir
Form, _)Z g)GH+1+g’ B = {q(r T =DXT1 (K4 G X7 D)), X=K;

—(T:— XK1
M g \~NtHtg o [q T Xk-1)g) Di, Xi=T,
Formy, — 2g=0 Hz (g>GH+1+g Bi= {Ki_q(T'XK—l)GTi_XKlDi X»—K»/

q1+(T- T, 1—-1)X7_ 1{( Xr_ 1G’ q’G XT— 1)D qu }X T
q(T ~Tj_1-1)X_ 1(K+G1T lD) X;=K;

o M
H!(g) = H!(g,PS, PT) = H!(g, M), is defined as ZX(T):g 1., B:

M N+T,
Forms — Zg:O Hg(g)GTMJrf’I § B = {
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Proof.

N-1
SUM,(1,[Ky : D1, [1]) = ) 5 4" (Kq + [n]4Dy) = Zn 0 ' q"GiD, +Zn 0 FqK
=¢'D1GY + KiGN = ¢7'D1GY 1 + (Ky — q7'D1)GY = (¢'Dy — K19?)GY + K1 GY L,
It’s holds when M=1, Assume that M holds.
PS1 = [PS KM+1:DM+1] PT1 = [PT Tara1 :TM—|—2—p] X=Ty—-M+1-p= TM+1—(M+1)

H+1 P G 1-p —

fln+1) =) AGH T = Vif(n+1) =) AsGyl i, g Ps.

SUM,(N, PS1, PT1)
N-1 M

= Zn o 1" (Kpp1 + [n]qDMH)ngo Hq(g)Gﬁi{éq Ps

M X+g+l
= g:0 (KM+1¢7g+ngfDM+1)H§7(8)G)I¥++1X+g‘7 ”g+2 GG D HY (8)GY 15 a7 78

M N+T, M+1) T, M-
_ <KM+1+GfDMJFl)Hq(g)GTMHMJE}VIJEl)JrlJrg (1- Pg+2 2 Pg+1G M1~ ( 8)DM+1HFI(g)GN+X

X+2+g
M+1 N+ Tpr1—(M+1
- H (g, PS1, PT1)Gy T D s Form.
+HHA +HA14g—
f+1) =Y AgGy T = Vif(n+1) =) AGH 5T
SUM,(N, PS1,PT1)
N-1 N-1 M +X+
=Y o 4" (Kyg1 + [n]gDupy1) VESUMG (n+1) = Y 7 Q"(KMH +[n]gDmi1) Y g H3 (8)Gx g
M X1 ~Xtgtl N+X X1 ~Xtgtl N+X+g+1
=20 (Knts1 — g %8716, ¥ Dppa )Hq(g)Gxil+;g+ g—0 1 X-g-1gp st DM+1Hq(g)Gxiz+§g+
;\{O (Knig1 — q—(TMH (M— g))GTM+1 (M— 3)DM+1)H17 (g)GN+TM+1*(M+1)+8

TM+17(M+1)+1+g
—(M— T —(M— N+T —(M+1 1
—(Tm+1—(M g))GlMH (M g)DMJAHZ(g)GTA4++1I\f+(}\/I+(1)J+rlZLJF(éi+1))

_ vy Mt g N+Tps1—(M+1)+g
= Zg:() Hj(g, PSl,PTl)GTMHj(}VIHHHg — Formy.

+ goq

fln41) =Y AGH M 5 Vi f(n41) = Y AGE S s,
SLIMq(N PS1,PT1)

M 4Ty —p—g
Zn o 9" (Kys1 + [n]gDasa) )~ o H3(8)Gr, 11 RS

N+1+T, _ N+Tpy—p+2—-g —
= KM+1ngq(8)GTM+2 ]1\9/1 - g ”g+2 ngfDMHHg(g)G oy gq P8

Ty+3—p
Th+2— - N+Ty—ptl-g —

( 2g+1G M P qTM+3 p+ng)DM+ng<g)GTM+§A—pp gq P8

i N+Ty—p+2-g
Zg o (Km+19% +q3G{Dam1) HY (8)Gr, (3, fq7P8

M Thi+2— _ _ N+Ty—p+l—g

o (@8 TIGMTF — gt TP G ) Dy — ™M PRy g8 ) H ()G 3t ) S8
v Lo (Knts1 + G§ D1 ) HY (8) Gy M1~ 8q(1-p)s

((ngTM+1 — ™1 GY)Dpppr — 4™ Kpi1)HI(g) GIT\;Tfflli(gH)qH(lfp)g

- 224:“ 1(3, PS1, PT1)Gy " M4178 — Forms.
O

Lo 4" T (Ki+ Dig") = SUM(N, [K; + Dy : Dy(q = )], [1,2..M]) = X3 H] ()G}

1+g°
X1 Gl XKDy (g-1)=XT 6, T D, (g-1)=XT (¢XT —1)D;, X,=T;
Bi =231 J 1-D="16, X (a-D=g"1 ("1 1) '. Following a similar form, induction
Ki+Di+G; "1 Di(q—1)=Ki+D;i+Gy " Di(q—1)=Ki+q*T Dy, X;=K;
proves:
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D;, X7 1=0;4*T-1(¢*T-1-1)D; Xr_1>0,X;=T;

Theorem 2. ¥, [T, (Ki + Dig") = Tl (ZT1B;)Gy' + NTIK;, B; = {Ki Xp 1 =0Ki+qX 171D, Xy 150, X=K;

(K+D)M = Dzﬁi‘ol K8 (K + D)M-1-8 4 KM,
1 0
(K+gD)M =Y TIK+¢'D)-Y, J[(K+q'D)=
=4q(q-1) D22a+b+c M—2ap,c50 K (K+D) (K+‘7D)C+4DZM "K8(K + D)M18 4 kM,
PS=[K+D,K+D..K+D]:(q—1)D,PT = [1,2..M].

K+ D)"(K +gqD)".

XT (gXT —1 D, X;=T;
bi= {‘4 e, X ,H{(0) = (K+ D), H{(1) =4'(¢"' =1)D a+b:M—1,a,bZO(

K+Dg*T, X;=K;
SUM,(2) — SUM,(1) = H (1)G} + H](0)G? — H](0) = H](1) + qH](0) = q(K + gD)™

(K+4D)M = (=)D Y. (K+ D) (K +qD)™ 18 4 (K + D)M
Definition 3. lim, ,; H(g) = H(g), lim; ,; SUM,(N) = SUM(N).
lim,_,1[n]; = n, limg_,; GY = (&), which yields the nested summation formula for K; + nD;.

2. Property
Definition 4. [n],— = ¢ "G}, [n!];— = [n]q—...[2]-[1]4—, [0']4— = 1, [n]q+ = q"GY, similarly defining

[n!]g+.
Theorem 3.
(1). V,SUMg(n+1, PS [1,2..M]) = TTM, (K; + [n]4D;).
(2). At SUMy(N, [...PS..], [..T, T +1..T + M — 1...]), K; : D; can swap orders.
N+X GN+X+M-g _
(3). VESUM,(N) = L H] ()G (48 = Lo HI(8)Gx 11 = zg HI(g)Gy i m i  8g=80, X = Ty — M — p.
(4). SUMy(N, [[L1]4—, [La)g—-[Lols—, PS1], [L1, Ly...Lo, PT1]) = TT[Li];— SUM,(N, PS1, PT1). T; can
great than 1.
(5). SUMy(N, [[T1]—, [Talg—[Talg-], [T1, Ta Ti)) = TT [Tl GE 3
(6) At H(g), Ux,ex [14%7 = Gjf_, = GJ".
Proof.
Definition of SUM,; — (1)(2), YN gtk :qM’KGI\Z\/]Ifl( — (3), which has been used for the proof
of [1].

At (4), Hi(g < Q) = 0, Hj(g > Q) = Il[Liy-Hj(g — Q,PSLPTL) — (4)(5). (6)is G¥ =
YweQ(0M-K 1K) gm@). O

[¥lg— + [nlg = g% [n+x]p, PT = [2i = 1],(5) — Ly Lo T o™ 1l +2i-1], =
[1]4[3]4...[2M — 1],GN M1,

Theorem 4. PT = [1,2...M],

(2). H{(8) = Ty HY (k) GM—Eqls D50,

(3). Hg(g) =2k (_1)k+gG§qM kqu(k)
—k  8(gt3) Kk+3)

(4). Hg(g) =Y (—1)k+gG%_§qg g+ + Hq(k)
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Proof.

When M=1, verify directly. Assume that M holds. D; # 0, changing K; : D; to K;/D; : 1 does not affect the result .
PS1 = [PS,Kpr41], PT1 = [PT, Tar41)-
Hi(g,M+1) = H{(g — g 76, + H](g) (Kugy + G;7)
= g XrGITNTgs e Y CHI(K)GE_y + (Kyyr + G T)gs@ D Y0 HA (k)G
= GV L HY(R) (G — 48GY) + (Kaan + GHss ) L HY (k)G

&)Y M HI (k) 8GS G+ Ky g8 8D Y HI(K)GE. (1%)
P T H Mo+ 1)Gy = g8 D Y ST (I (= 1) G + (0 (Kagn — " DGE)) G
_ qg(g—i-l) ZM+1 (Hq(k— 1) —kaGk Jrqg (g+1) Z Hz(k) (K1 — q (k+1)G11<+1))G§

gy ~DGIGR 4 g8&H) Y BT (k) (Karer — g~ FHDGE))GE. (1% %)

(1*) —(1#x) = qg g“ Zkzo Hj(k){93G{Gg™" —¢ (k“)G'f“G§“ +q VGG {.} =0 = (1).

HI(g, M+1) = g3G$ ZIIC\/IO H] k)GM—k qg(g—l—k) + (Kyp1 + G) Z}i‘io Hg(k)Gﬁigq(g“)(g‘k)- (2+)
ool HY (k, M+ 1) Gl ZEglsDE) (24 4)
= Zk:o q(q* GV — gMHGE — Kpp g™ H (k) G- - I ESRLC S Zii\io (Knis1 + GHHI (k) G- §q(g+l)(gfk:
Items containing Ky 1 : Kpy11 GMH_;q(gH)(g_k) — KMHL]M‘*ZG%I’qu(S’H)(g—k_l) = KM+1G%:§q(g+l)(g 2
Items does not contain K1 in (2*) = nggGM+1 qg(g’l’k) + Gfo‘w/Iqu(gﬂ)(g*k),

Divide by q3¢$8~1 "9 (g — 1)1 = (48 = 1)Gp§ _ + s + (g8 —1)Gy EgsF = (¥ — )G

M+1-g*
M+2 _
Items does not contain Ky 1 in (2**) = %G% qu(g“)(g’k’l) + GG~ gq(3+1)(8 k),

Divide by ngg(gflfk) (q _ 1)71 _ (quLlfk )GM k (qg _ qgfk)GMnLl k (qg _ 1)GM+1 k

M+1-g M+1-g M+1-g*
(2%) = (2% %) — (2).

Hi(g, M +1) = Hj(g — 1) 8G§ + Hi(g) (K1 — g 8+VGE) (3%)
(§—1)—k(k+3) 1/,
=G (CUMS TR (G g™ T 4 (K — g RIGET) o (<)M H] (k) Glg

+1)—k(k+3)
M (—)MEHT (kM 1)qug78 kS (3 % %)

k 8(g+1)— k(k+3)7

Gk w_kg

= ZMH 1)*8(g“GFH{ (k — 1) + (Kp1 + Gf)H{ (k)
= Y M (1)l Gkl () Lk g M s Y M qyers (K + GRYHI(K)GEg s.
M_kg

Items containing K41 in (3*) and (3**) = (—1)k+g Kpa1 G‘gq(g

k g(g+1) ;k(k+3) _k

Items does not contain K41 in (3%):

8(g—1)—k(k+3) k(k+3)
q 2

k(g—1) _ q*(1+g)Gi+g(_1)k+gG§qg7<gH)§ (

Divide by g~ 178)(—1) Ke(g-1)71
= (5 = 1)Gy 148" 4+ (¢"78 = 1)Gy = g1 GE_; — 4" STIGE_ + 4" T8GE — Gy (A%)

— quGg(_l)kJrgflei 7kg.

ktg— 1qg(g+1) k(k+3)

Items does not contain Ky 1 in (3**):

_ (—1)kts- 1q1+kG1+kG1+kqg7<g“) <k+l)(k+4)7(k+1)g+(_1)k+gG11<G§q37(g+l);k(k+3)7kg.
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Divide by g~ (178) (— 1)k+8—1 55 kg _ )-1

= (" = 1)(¢*GE+ GE 1) — '8 (g = 1)GE = " T*GE_ — 3Gy — GE_1 +q'T8Gy. (Ax %)
(Ax) — (Axx) = —g* g+1ck — Gy — (—q8Gg — G§_1) = =GEM + GE™1 = 0. (3%) = 3 %) = (3).

Hi(g, M +1) = (q8GM+! — gM*2G871 _ Ky 1gM*2)HI (g — 1) + (Kprp1 + G5 HI(g)

-1 M (8=1)(8+2)—k(k+3)
_ (ngMJrl _ qM+2G8 _ KM+1qM+2) Zk:()( 1)k+g 1G]1\\/[/I §+1q > Hlli (k)

(g+3)—k(k+3)
+ (K1 + G5) Yty ()R SGM—5 ™ 72 H] (k). (4%)

M-+1—k g(g+3) k(k+3)

M+1—g (4 * %)

Y (1) H] (k, M+ 1)G

M+1 8(8+3) k(k+3)
=Y o ()R (g GEH] (k — 1) + (Karn + GE)H (k)G 1= gq

1)k+e— 11k GIHk A () GM—F £let8)—(kt1)(k+4) 1)k 41y M1k S kkt3)
_Zk o 7 TG T H (k) Gy <1 Zk o *8( KM+1+G1)H (k)G o )

Items containing K41 in (4%):
(8=1)(g+2) —k(k+3) g(g+3) k(k+3)
= —Kypag" 2 (-1 iGH- ;HQ 2 + (1) 8Ky 11 G- (’;q .
. 2(g+3)—k(k+3) o
Divide by Ky, 1(—1)f8g" 7 = gM+1-sGM- §11+ Gi_s = Gyi_sii=that in (4*) divided by (...)
Items does not contain K41 in (4%):

_ (ngf“l—qM“Gf*l)( 1)k+g 1G]1t4/1 <;‘;Hq(g71>(g+§>4c(k+3> —l—Gf( )k+gG5\VIA gqe(gm (k+3).
Divide by (—1)k+g—1qw (g—1)7"
= [(g3GMH = MG TGN g = GRGN R (g - 1) = (gM s =g G TR — (g8 - 1)GME. (B+)
Items does not contain Kp11 in (4**):

k+3)

g(s+3) k(
+( )k+gGkGM+1 k

8(g+3)—(k+1)(k+4)
: M+1-g

k k k k
:( 1) +g— 1q1+ G1+ G%-&-l .

Divide by (1 )k+g*1q7g(g+3) S
= (GG T T - GG D - 1) T = (0 — g GV — (@~ 1)GMTTE (B )
(Bx) — (Bxx) = (¢M 87" = 1)GN K, — (45 = 1)GY 7§ = 0. (4%) = (4 %) = (4).
m
Definition 5. H(g,>T) = H(g,LT,PS,PT) = Hi(g, L T,M) = YllxerBi, H1(g, LK) =
L IIx,ex Bi

Definition 6. 1-"(])K = E%If = Eé\] A

K _ g N _ p{12.N} pK _ g N {1.2.N}
Fq _Zl</\1< <Ag<MH; Ky, Fg' = Fg  Eg —Z1<A1< <Ag<MH. Ky, Eg' = Eg

Ng _ g _ i
Eg 21</\1< <Ag<N _ [Ailg=83(N+g N 21<A1< </\Q<NH - =5 (N+gN).

N,g—

:EO :1,

Theorem5. PT = [T, T+1.T+M~1],D; = L H/(g, LK) = Fyy_ Ef" + Fyj_ Ef" +..+ FFES
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Proof.

PS1 = [PS,Kpi11], PT1 = [PT, Tarsa], L = {Ky, Ko..Kpt, Kngs1 },
H( g,ZK M+1) =H](g— LY K)+ H‘f(g,ZK )(Kpg1 + GY). FY has three sources.

Kr-8—14
ABM_(g-1)-

_ g—14g 84 g K 184
= Fi (B} g+ B g aGY) + FA 1 Eff 1o aKirsr

K 184 8 g
A +FA—1EM7g7(A71)KM+1 +FA Ey— —g— AG1

_ rKpga 84 _ q
=FaEy o AT B = aKmip1 = FXES, e

O
. . X+ X+M * — *
In this article, Z ”gG1+p+g Z —obg 1+pg+g Zg 0Cg 1+p+Mg,1 +p> O,ag = agq Pg,cg —
cgq 8.
D; =1,PT = [1,2..M], V,PSUM,(X — p) = Y31, qu(g)quGHHg HI(M) = [M!]g4.
We can choose K such H? (§ < M)pF8 can take any value, Zg:O agGﬁp +g Can be converted to
—pM —p
i Ve SUM(X = p).
then ay = ¢ x HY(g), by = ¢ x Hi(g), g =C X HJ(g). cis a constant. Similarly, for any PT, SUM,(N)
can be converted into constant x SUM;(N, PS1, [Tpy — M + 1...Tp — 1, Tag]). From [4], [3(3)]:

Theorem 6.
ay = g88+h) ZkM:g kak = Z‘;E 0 GM*kq(ngl)(gfk) c;

8(g+1) —k(k+3) " 8(g+3) (k+3) «
by = (—1)5g" % TM  (~1)FGEg 5 ke % = (1% 2 L (C1 Gy R T 4
IfZgI:O ang(+p+g can be converted into Zg Ry(. )Gﬁrp]iRJrg 0 <R < M, then

Yk (~DFGhg 2 Kap = 0,0 < g <R Yy (~1)FGM kg ap =0,0< Mg <R

The latter part refers to the necessary and sufficient conditions for merging, which correspond to
be = c}*wfg =0.
SUM,(N, [[T]-4, PS], [T, PT]) = [T]-4SUM,(N). By utilizing this, we can extend SUM;(N). As long
as the Y of fo( is greater than —1, Tyy — M > —1, then T; > T; is also allowed. For Example:
SUM,(N, [K],[2]) = 4'GIGY ! + KGY+! = g*GIGY + ("G} + K2)GY + .. = {/GIGY 1 + {¢* G} +
PG +Kg* )Gy +
_ SUMy(N,[[l]g— [y K|.[11.2) _ SUMy(N,[[Ug—,[2]q— K],[122])) _ SUMy(N/[[2]g—[1]4-K].[212])
N g (g~ B g [2lg- 25— [1g-
H(2,[],2,1,2]) = ¢'Glq M1 GI[K+ Gl +4'Gila~2(q " + D] VG + [172GRla ' Gle’ G =
9 Gl 2 G-}
Hi(g,[..],[2,1,2]) = H{(g, [}, [1,2,2]). This way we can expand Form;.

3. Application

Proposition 1.

e N+2M—
(1). To<p, <hp<..<Ay<N 4= =GNtM = Yo (—1)%q Mg+ GMGzAZ ‘.

g+1
(2). Ea<r <rp<..<Ay<B =N —q( )+AMGB AT A, BEZ, Yiap <. <Ag<MqZ' 1hi —q( >G§VI~
(3). TT:= 1(ﬂ+q‘*“ 2) = Xy qlo) A 3G MM,
(4).zg(—) 2 =" M-k N>M>K>0.
(5). Xg (—1)3q GMGAI\/IH% = YN M1 gMADEN > M+1,M > 0.
N 2M
©. [N, 2=2g<— )3 [g]quJ g
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Proof.

PS =[1,1..1]: 0,PT = [1,3..2M — 1], H] (¢ > 0) = 0, H](0) = 1, SUM(N + 1) = G| — pre-equation of (1).

_ JAF(A+D)+ A+ (A+M-1 YA
ZA§A1<...<AM§Bq =1 ZogAlg...gAMgB—A—MH =" = (2).
X X i—1 —
q )T D.X=T, _ 1T (=4)X=T
At H;(g),Bi = {qXT J XK XK, , Extract g' form B;, after extraction, B; = {q‘XK,X,-—Kj ,

YA (—1)gq(§“1)_<§4_g+1)+<§)+<§+1)Ggl,

M+1 M—g+1 g+l
- -8
qu(g) = q(z ) <2 )(_1)8‘7(2 ) 21§A1<...<Ag§Mq
8(8+3)

Using [4(4)] is easier: HJ(g) = 8(M~1) (—1)8Gj_gq" 2 . Forms — post-equation of (1).
Comparing the coefficients of z& on both sides of (3), combined with (2) proves that (3).
A = —1,it’s Rothe’s g-Binomial Theorem Hf\il (a+q"1z) Z q GMzg aM=g,

(1) and VK — Gﬁ’[ﬁ = Y0 (~1)3qgM s SR GMGIIM S N > M > K > 0.
K=MY, (-1)%" 3" Glcy =1

g(g+1) Neo—1 Neo—1 g(g+1) N—g¢—1
= Zg (=1)%q 2 GﬁA(qMGM § +GM7% )= ‘7M+Zg (=1)%q 2 GéVIGMfgl

(g+1) o
— Zg (—1)gqg & G?Gﬁj T=1- g™. Continuing the same process — (4).
Using the same recursive and inductive methods can obtain (5).

SUMy(N +1,[1,1..1] : g — 1,[1,3..2M — 1])

M

-y YA _ [N+M
0 <..<Ay<N 2

T, T,—X ; ;
T T X 16,1 XK g 2K T (21 XK1 1) g2XT -1 (gt X711, X,=T

7

At H](g),B; = {
Unable to derive a concise expression for H (g), the same applies to HJ (g).

WX g (o XT1 o Ti _ T o XT—1 __L2Xp_q__ —142X

q {(@" 716,/ —q"iG) )DK'W} q =—q TX=T
At Hg(g)’Bi = { X7_1 X1 x X1 2Xp_1 _ 02X

TN K G T D)= T (146G T (g -1)) =47 T-1 =471, X;=K;

Hi(g) = (—1)%q —g+2(25, Z)Z,e [T = ( 1)gqu[(1g\4hz

O

q(Ti_T 1 )X l(K +G1T 1D) qZXT 17172XTX K

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.0208.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 October 2025 d0i:10.20944/preprints202505.0208.v2

10 of 27

(4) is unrelated to N; it is an effect of Vg, just as the difference table of a polynomial series will
have a row of constants.

)gqg(g;rﬂ N*g*P:01N2M>KZO,O<PSK-

This derivation: Zg (—

(5) . q(Nfol)V%(Zg (_1) q GMGM_H) _ q(M‘Fl)(N*M*l) . Zg (_

N—-g _ qM(NfM) N> M.

2 Y AD _ (M)D+AMD [B—A+1
A< <Ar<..<Ay<B 1 q M

g0
A i A .
T, a+ g“tPz) = Zg:O g5 ZlgAlg...gAggA NP8 = Zg 0 ‘7( J+eDsC [g } qDZg'
[T, (a+q®0Pz) = 77 g8°P [A]qwzgaf“g,]_[f:l (a7 4 q@ 0Pz =37 P [ELZDZ 84~ (B=9),
H:q p(a+ gl P )H?:l (a=" 40P Zk——B

£ = 0" [ o [P ™0 ""ZDﬂA‘la‘(B‘( )
KD, A-B— k[A+B

kzD aA-B- kZAJrB {} [ k]q 2D(i(i—k)) _ 4 kL

The last step used g-Vandermorde identity. a = D = 1, it’'s MacMahon’s g-binomial theorem [2] p.74.

04 =4

lq], [x] <1 =(1+x+22+.)1+xq+x°% +.)(1+xg> + +2% + ) (T + xg™M + +222M 1 ).

1
" (% 9) M1

When we multiply this out, the coefficient of x% will be Zq”qb ,0<a<b<M,and so forth.

1 oY) 1 ) xk
1) —— = GMtkyk __ —_ — , it’s Euler and Cauchy’s identity [2] pp 121-123.
2 G~ L% s = Lo (g, Y yISPP
o q(8)xk
B) = (—x,9)m = 2210 q(g)Gngg = (—=%,9) 0 qu P , it’s Euler’s identity [2] p.129.
k

cX 1
—q“* Tt X =T,

C>2,M>1,X=C(M—-1)—M+2, At Hl(g,[1,1.1] : g — 1,[1,C+1..C(M — 1) +1]), B; = {qch T

_ JLi#l (mod C-1) A 188 Ty N+C(M—1)+1—g
fi= {2,1';1 (mod C—1) ’ZOSAlg...S/\XSNfl grIt = Zg (=1)%g8" 2 {g LCGC(MA)H :

Proposition 2. A € Z,

N+M+ N+ M+ M+
(D). Gf\v/Iflw Z q (s+1)g GMG{V—i—g’ GM+1+pp = Eg 1+p+g) GMGlerrjkg - Z:g Op q(g+1)gG pGi\{&-g’ +
p=0.
(2). Y1 (—1) q - H +AgGM(zq ;q)M-—g28. Generalized Rothe’s q-Binomial
Theorem.

_g kk=1)
(3). Y% (—1)kG£/IGﬁ_§q 7 taAkzk — GéVI(qu;q)g.
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Proof.

PS1 = [[1];4-, [2]—-[M], ] PS = [[M];—, [M — 1],-...[1]4-], PT = [1,2..M],
SUM4(N, PS1,PT) = [M!]y_GytY' = ) H{(§)GPy g = SUMy(N).
InHI(g),Xi €K, Bi = [M+1—1i], +G 1 =g M-t gMHI=iXra,

M—g+1

- 1- - - 1 —(M+1)(M~
Hi(g 1K) = GMGY .G Ty Mgy e = GGy g5~ eV

g i -
Hi(g) _ q=='[gy+H{ (8, LK) _ g Mg+ E i o

- — 8E+t)GM hi i
M1, M1, e =1 Gg , this and [3(3)] yields (1).

For (2)(3), when g=0 or M, verify directly[1(3)]. Using induction to prove.

Let f(g) =g %"
Yy (1 Y8 (GM-1 4 gM-kGM- 1)qu MED gkt Ak

+Ag L(k) _ qk(kz—l) fngrAk

f(g)GM 1(2(] q)M 1 gzg+zk k+gGM l(Gk 1+qk gGk 1) (k)qukzk
= f(9)GM N (zg"; ) m1-g25 + Y, (~D)FTFSGM(GE + g1~ gG§_1) L(k+ 1)gM- (kDR
o _ _ _ kk=1)
:f(g)GéVI 1(Zq ;EI)M—1—ng(1—Zq qM g 1)+qM+A ZgZZk (_1)k+g 1GI]{VI 1G§_1q - (g 1)k+Aka
= ()G (24 ) w2 + M B 2f (g = )G (20 w28
= () (2™ ) m-g28 (G +gM7EGY) — (2).
1
Zk O kGM 1+G )G]A\;[I gq 2 +Akzk
1)k Mk( +H(A+D)k K MlMl(kl)MAkk
—Zko GG el i +Z )G Gy 1-(g-n7 * R
k(k-1) (k 1)
= Lt (VRGN G mg*"cﬁﬁ:%:i;)q : “A“)"z"—zzk:o(—l)kGM Oy T A

=Gz q”A,q) 1= 206G (g )1 + 8 GYT (2% )g = G (2% )5 + g8 G§‘ (2% 9)g = (3).

O

A=0,z=1— (2)(3) =0.(1) and [6] arrived at this conclusion, and (2)(3) was inspired by them.
(2) »g+A<M, Zk GkGMq( )k — 0, g < MY, (- 1)kGEGMq (8)-(M=Dk _ .
()—>g>AZk GM "GMq()A"—O §>0,Y, (— GMkaq()(gfl)k:o,

(g-1)
2) ), GG qggzl
A=1,z=1, (3) is a special case of [1(5)]: N = M,K=M —g.

+AgG§/I(_qu+A; Q)M—gzg

Proposition 3.

R GM(q:9%) Mg Mg is even o MMk Gﬁd(q;qz)%,giseven
(1. Yp (—1)8G; Gg = 0M+glsodd Pk (Z1)FTEG, GM—g: 0,g is odd

8
_1NktsGMGkgk —
(2). Zk( 1) Gk Gg {qgcg/l 79 )M g+1Mtgisodd’
Mogil
&g~ MGM(qq )M,g ,M+g is even

(-1
kM kK _
(3). L (=1)"78G  Gq {( M=gq-MGM (g;q? Jar o1, Mg is odd”
Mgl
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Proof.
_1\k+8 (-
Mg is odd, (—1)F8GMGE = CU™@am _(gygrm- IGM |, Ge 8 Sum =0,
(:9)5 (@ kg (4 ) Mk
M+g is even, using induction. Sum = ) _ (— k+gGM71Gk +) . (- k+gGME1G§qM k

—04Y, (-1) k+gGM71G§qM k —Y (- 1)kreGM- 1Gk 1M k+2 k+gGI](V£11Gk LgM=g
= Y, (~1)FFETIGMIIGET( — MRy 4 Y (- k+gGM 1Gk ~lgM-

— Y ( (—1)F++D) GM- 1Gk (1_qg+l )+ Y, (— “1)+(g— 1)Glzc\/£l1G§qu—g

= G (@47 e (1= 4571 + "8G 1(Wi )1ty

= G (@) w2 (1= ™87 + 0" 8G (@ 4%) e = (G +4M G (0,07

2 2

g = 0, it’s Gauss’s g-Binomial theorems [2] p.61. Replace k, g by M — k, M — g to obtain the second equation of (1).

Yo (CDEGMGE(1 =45 = Y, (—1)f GG (1 —gM) = = Y, ()G TG (1 - gM)
= 51— ") Y (~D)FSGUTIGE+ (1 gM) Y, (—1)FFsTIGMGE .

M+gisodd = —g8(1—¢")GY 1 (4;4%) morg = —45(1 — g™ )G (4 0°) o1y = —48G"(4:9%) mgir -
2 2 2
M+giseven = (1 —¢q )GM a4 ) o =(1- qg)GéVI(q;q )m—g. (1) — (2). Similarly, (3) can be obtained.
2
O

Another Gauss’s identity: Y [M] quk = (—g;q) M [2] p.65. Inspired by the above form:

Proposition 4. Y [llc\ﬂ 2 [’é} qzqk =8 [g{} qz(_q;q)M’g' Yk [;]{VI] P [";} qzq*k —gM [Q/f} qZ(—q;q)M,

Proof.

S WA S Y D

=8 [Q/I 1} (—g:m 1o+ (X, {M 1] z[g—lhquM—k}+q2M—2k+(2k—2g) Y, [1\{—1} {kzl} .

il IR ) B el [ I 2 PR Y [ B

Mol gL P =M1 (k—g) = Y, [M . g} Mgt — [évf—lhz(_q;q)M_l_g.

|
Zk [kML {Ié] g = g8 (- T3 m—g( [Q/I*l] +q 2(M=g) {g 1 L ). Similarly, the latter equation can be obtained.

Proposition 5.
(). HY(&, [[T)g—, [To)g—[Tmlg—], [T1, Towe. Taa]) =TT, [Tilg—q € THHPI8GY, p = Tog — M.

+1
(2). H{(g, [[Klg—, [K+1]g—.[K+ M —1]5-], [T, T+1..T+ M—1]) = q@ )Hf':l[ —1+1] TS [K+ M — i), GM.
(3). K = {[Klg—, [K+ g [Kt- M= 1g}, Fj_E§ "+ Fyp o (B 4+ + FFEN = 8 K + M —i],-GM.
(4). H =Ty — M, H{ (8, [[T]y—, PS], [T, PT)) = [T],— (H](g) + g "8 H] (g — 1)).
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Proof.
N N+M . :
Eg H] (g)GlJ:;fjrg =11 [Ti]q_GIT\]Jﬂ/I =11 [Ti]q_GMip:lp, [2(1)] yields (1), [6] can also reach the conclusion.
At (2), K; can swap order, let PS = [[K+ M — 1], ...[K+1];-, [K];-], PT = PT1.
T+X7_1 g+1
e Xi=T; < ;
Biof H‘li(g) = {q(K:M)inFMHXT,Xi—Ki . Hlli(g) = ‘7<2 ) H§:1 T-1+ l]qH‘li(ngK)-

H! (s, YK) = Hf\i;g K+ M — l‘]qq—(K"rM)(M—g)q(é\/hq+ )Géw [1(2)], this and [5] yields (2)(3).
SUM, (N, [[T)y-, PS], [T, PT)) = Y"1 1i(g, (7], PS), [T, PTGY 1 = [T)y M HI(9) G,

=0 H+g g=0 1+H+g
M+1 _ M —
= [Ty 0 H (g — 0g G 4 (1], M HI ()G (4).
O

For Hi(g), (1) = TTT (M), @) = [T, (T~ 14+ ) T % (k+ v — i) (M)

(1 _ q)A+M
GDATDm VySUM(N, [[1]4, [2)g—--[Alg=, [B+1]4—, [B+2]4—...[B+ M]—],[1,2..A, A+ 1, A+ 2..A+ M])
_ GntAGn+M+B—(.) _ (1-—gAM :
ntAGrMIB, [A1];-V4SUM(N, [[B +1]g—...[B+ M],_], [A + 1..A + M]).

(:9)4(4:9)m
So we can obtain the formula for GZ+AGXA+M+B .

SUM,(N, [1]y—, [2lg— o [M =1]g,1:q—=1,1:g—1..1:q—1],[1,2.M =1, M+1,M+2..M+ K — 1))
= [(M = 1)1 SUM(N, [1,1..1] 1 g = 1, [M + 1, M+ 2. M+ K= 1]) = [(M = 1)t~ Y7 g 6.

So we can calculate ZnN;()l g<"GLM K > 0.

PT1=[1,2..M],PT2 = [T+ 1,T +2..T + M],
VySUM(n +1,PS, PT1) = [ [, (K; + [n]yD;), V4SUM(n + 1, PS, PT2) = [ [, (K; + [n],D;)G3*T,

XTGXTD, X:=T: XTGTJFXTD» =T,
Ath ,B; of PT1 = q L - Biof PT2 = q 1 ir Xi=1j
! (g) 1 ° {Kf+Gi(TDi'Xi_Ki ! © {Kj+Gi(TDi,X[_Ki
T+l GIts .
H](g, PS,PT2) = Hl(g, PS,PT1)W — HI(g, PS,PT1)GI ™
1---GT

M M M T+ M
If Zg:O agGy = [ [,Z; (Ki + [n]¢D;) then Zg:O agGg gG¥i§ =TT, (Ki+ [nlyDy)GHH .

(1) is difficult to derive from its definition. Promote it, Z Dif f below is equivalent to X7_1, Xx_1.

Definition 7. Set T come from p Source: Sy, S3...Sp.

Diff(Sx,Sx) = 0,Diff(Sx,Sy) = —Diff(Sy,Sx) = 1, x > y. Diff(T;, T;) = Diff(SxSy), T €
5S¢, T; €Sy,

. Ti+Yici Dif f(Ti,T;) YiciDiff(T:T.)=—11 T
M ~litlj<i j j<iDiff(Tj,T)=-11 _ ~M M ,
Proposition 6. ) g1+ +gp=M,gi=|S;] [T, G, q il = Ggl,gz...gp [12,G,, T; >

(2
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Proof.

Record the sum as W, (81,82, 8ps PT).
W(1,1,[Th, T)) = G1Tl GPH + GlTl Gsz_lq = GlT1 GszGz, it’s holds. Assume that W;(g1, 82, PT) holds,
Wo(g1,92 + 1, |PT, Tare1]) = Tare1 € Source; 4+ Typiq € Sourcep

781, 8 + + +
_ Wq<g1,g2’ PT)GTM+1+g1 + Wq(gl o 1’g2 + 1, PT)GTM+1_(g2+1)qu+l

T, T,» T, +1

— (HZ Gl Gglgzc M+1181 + HG 1g2+lG Mi1—(82 )qu-‘rl
Just need to prove: GMGTM+1+31 + Gg[, GTM+1 (M— g1+1)qM a1+l _ G{M+l Gng‘
(Right side) x (gM~&1+t1 —1)/GM o = (gt g+ 1) (M —1) = (1).
(Left side) % <qM—g1+l _ 1)/Gé\f — (qM—gﬁ—l _ 1)G1TM+1+81 + (qgl _ 1)GIM+1—(M—81+1)qM—g1+1
= (@S =)@t T g 1)+ (g8 - 1) (g T L M2 M) = (2),
(1) — (2) =0 — It's holds when p=2. W,(g1,2 + g3, PT) Gggfi;& IL G
Every product has g, + g3 factors come from Sourcey, divide them to g» x Sourcep + g3 x Sources,

g1-factors are invariant, (g + g3)-factors are variant.
; + +
Y T (variant factors) = W, (g2, 83, [X1, X2... Xgr4¢5)) = Gangs’ ng 8 G
81182183 ~82183 81182183
W (81,82, 83, [T, ToTu) = G 230G o T G = Gl i TT, 61

O

. el q 1
Definition 8. (M)7 = 0, <§4> = oot —Mg I [+ Aalg[1 4 A1+ Aalgon[14+ A1+ +
Aglg Ai > 0.

Easy to obtain: <§/I> M —gl, <M 1> + g+ 1]q<é\4*1>q, <§A>q = <%_g_l>q.
Proposition 7.

NI = £, (gl S(M, ) 5GY = £, (~1)M-s[gt], 5] (M,)gsGy ¢! = xigt (1Ygl g
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Proof.
1 1, gV 11 ~MafM
VySUM(N, [[1]4—, [1]g-.[1g-], [1,2..M]) = H(E + qT) =q "[N];
_ 1 weM-1 _ 1 v—M-1 N
=4 'VSUM(N, [tg-, [1]g-[1]g-], [2,3..M])) = ¢ L 70 HI()Ghgq 5. =07 Ly HI(9)Gy

1+XT_1GY+U*XK 1 q—qu+XTG}+XT,X€:n
14+Xr_q

In H](g), B = {q

X .
146, T-1=4-1G, 16,757 X, =K;
q 1 =1 =46

+1)! _ 1 (M1 ,
Hi(g) = %q SH (g, LK) = [(g+1)!geq s g~ MO

_ _ M-1 —o—1—(M—o— _

,(1+XT)G1+XT X=T,

q 1 ’ 1 1

In H (). B; = {ql—q‘(”l‘XK—l)GiﬂX’“—ql—q(Z*XT)G3+XT——7111(1+XT>G}+XT,Xi—Ki'
[(g+1)] v (M) gt Lo

HZ(g)—Tqu (8 1K) = ql(g + 1)l]g— (~1)M 18~ (M= EF AT

- - 14— ~N+

g MINTY = g7 gt allg + D! (—1)M T sg MR B GRS — Forms.

VoSUM(N, [[1];—, [1]4-..[1]4-], [1,2..M]) =Y, _qu G M8 gs,

. . X . i-1_, X171 i— X

_ @ TG =6 T gy =g =6y T Xi=T, JH(g) = g~ M-)g55 (M\T ga

Bi - 1 X1 114X A14XT (g) q q ( ) 0.
q +G1 =q Gl =q Gl ,Xi=K1'

M vM-1/p\7 86 N4M-1-g  ~—M-1/Mm 9 M-1-g)(M=g) _N4g
[N]‘i —Egzo <g>‘7 2 Gy —Zg=o M-1-g/) 4 2 Gy

O

NM =Y 81 (¥) = Loty (DM g ) (5757) = Loty (M) (W)-
S2(M, g) is Stirling number of the second kind. S;(M, g) = Eixl gt < §A> is Eulerian number,

1
< > Yot M- 81_[g+ (14 A1) (T4 A+ Ag)e (14 A+ Ag) B

Proposition 8.

A+T+
(1).0<A<MO0<T, zg 0 GGy 3(;2’1;‘112 g8ETIHT) = YA GATGMATHRGNFMAT | gkl 14T),

(2.0<ABTO0<A+B<MY, GMGA”*S'Ggq( )-8(A+B)(_1)s —

M+1-g
(3. 0<KT, Zg(—1>gGMG?ﬁI§+”gq( )+ MK _ () MGT MK,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.0208.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 October 2025

16 0f27

Proof.

PS = [[T+1)4-, [T+2]4—..[T+M];-],PT=[T+A+1,T+A+2.T+A+M)),

SUM,(N) =

= M G T+ A+ g [T+ At gl x [T g+ 1], (T+ M]gq &) -0+ ) Gups o,
_ (q;Q)A(gTj‘;;ZQ)MA Zﬁio YT () - (T+mr1)(M—g)+(3717F) GAHTHSGM (x)

=TT T + A+ i) SUMG(N, [T + 1ge [T+ Alg—], [T+ M + 1..T + M + A]). [3@)]

—(M=A)(T+A+1+T+M)

M—-A . A k+1y _ _ A+1—k
=1 : T2 [T+A+ig) GI\I\/IIiII\"/IilT—&—kq(Z )= (THA+D(A-+ ()
X [T+ M +1]g..[T + M +klg x [T +1+k]g..[T + Al,Gf
—(M=A)(T+A+1+T+M) A k+1)_ _ A+1—k M )
=1 : > o GIICI/IiIT\"A—ilT—i-kq(Z )~ (T+AD AR+ () [ T2, [T +k+ilgGE. (+%)
Compare (*) and (**) :

2

ZM GN+A+T 8(1+8)—(M—g) (g+M+1+2T) GA+T+gGM
g=0 ~A+T+1+g A 8

T+k+1.
—(M—A)(T+A+1+T+M) A NaMaT KOk —(A-K)(k+A+142T) (q ; q)M
=1 : Y i0G :

q
MATHL+k @A ) mea(3:9)6(9:9) a—k
—(M=A)(T+A+1+T+M

) A N+M+T k(14+k)—(A—k)(k+A+142T) MAT4k ~ALT
=1 : Ym0 Ch T a1k : Gyt Gipr — (1)

[6] and (1) — Zf: . G§462+T+8G§qg(1+g+nq‘8%”3) ~Bg—(A+T)S(_1)8 = 0 — (2).

SUMy(N,[[T+1]4-, [T +2]4—. [T+ M];-],[T+K+M+1,T+K+M+2..T + K+ 2M]).

+1 M—-g+1
H‘f(g):q@ )-(TeMn M=)+ (5 )H;?’:l [T+K+M+i [T [T+ M+1—i,GM [52)].

HJ(0) = (~)Mg MM T (il = Y (-1)H] (g)g 37 (T (o)
COMTTY, K i)y = S (1% R 1y ke Mo iy TS T+ M4 1 - G
(COMTTM, K+ il [T, [T+ M+, = Zg(—1)8q(94_g+1)+(M‘g)KHfle [T + g +i],GM.
(—OMTT, [T+ M+il, = Zg(—l)gq@_gﬂ)”M_g)K T g ]y / T, (K +i]g x GM.

1

M—g+1 _
(—)MGEMTK = Zg(—l)gq(z )+(M K o GLIFI?MWGQA — (3), the case where A+ B > M of (2).

O

M.
Proposition9. YN 1 y72  TIM, [K—1+i+2n],q 571" = g~ N"UM[IM, [K+ N =2+ ], GM N1,
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Proof.

O

K=1,M=1- £\ 14 21]g7" = ¢ VDN

17 of 27

PS = [[K]y—, [K + 1]g— . [K + M — 1],_], PT = [1,2..M].

M—g+1

qu(g/ZK) _ q—(K+M)(M—8)+(2 ) Hf\i;g Gf+g_1+iG£A. 52)]
B =K;of Hl(g) = q*(K*”")Gf*H" +GXT = q*(Kfl)fin_HHXT. Expand by B; —

M-g . M-g .
q _\s ny  —(K=1)(M—g)—L._1° j-L;2° nj TTM—8 ~K—1+i+2n;
H] (gl ZK) - ang:() o an:() q / / Hl:1 Gl °
. M—g .
I 12 M-g ~K—1+i+2n; g(M—g)=Y;21°nj _ TTM—8§ ~K+g-1+i ~M
=0 " anzo -1 G q ! =[[-"G Gy
I 1y M ~K-1+i+2n; gM-YM nj  7M ~K+g—1+i ~M+g
=0 """ anzo [T2.6G q = =TT5, 6 Gg °

N—-1 1y M ~K—1+i+2n; (N-1)M-LM n; M ~K4+N—-2+i ~M+N-1
7=1"] —
ZnM=O"'Zn1=OHi=1 G q Hi:1 Gy Gy -

g

4. Extensions of q-Euler Polynomials and Relationships between Three Forms
In this section, a # 0, 1,q_1, q_z...q_M....

_ q
Lemma?2. YN 1a"Gif4 = —aNyM

_ N+A-1—
(N+A M)gGM7 8 GM-A

§=0 (@0)g+1 (@q) m+1

,0<KA<SMN>M-—A.
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Proof.
N
_ N—1 o —a 1
A=MM=0,), T, + 1, holds.
N-1 N-1
A=MM=1Y " a"GiH =Y " ”(1+q+...+q”)
_ N—-1 1 1 N-2
:(1—|—q—|—...—|—qN 1)2 a" qzn —0 qzznzoa”...—qN 12;1:0 a®
_Gwl—aN_q(l—a>_q2(1—a2) gVl (1 —a )
114 1—a 1—a 1—a
B Nl—aN_'_l—i—aq—l—...—i—aN’qu’l_1+q+...+qN*1_G{\]—G{VaN 1—aNgN B G{V
Tl 1 1—a 1—a o 1—a 1—a)(1—a 1—a
q
NN _4NGN
S Il MY ! , holds.

- (1—a)(1—aq) 1—a (1—a)(1—aq)

g _agM _ g
A=MN=1-ayM & 1 10" M1 a0
=0 (m0)g+1 @M (@gmn 8=0 (a4;9)¢11
o My(7 _ o M-1 B <
= (1—ag”)(1—aq ) —a! A/£02 7 ... = 1, holds. Assume that N holds.
(@ q) M1 8=0 (a4;9)¢11
2 nGn+M 2 MGn 1+M+Gn 1+M aqMZ -1 nGn+M+EN nG;IV?—I\{I—l
n=0 -
N+M 1- N+M-1—g
MoNt1gM T GM—g : ag N-+1 yM-1 q(NH)gG ~1-g 1
—q-a =0 —a -0
8=0 (a;9)g+1 (4;9)m+1 8= (a;9)g+1 (@;9)m

Ng+M~N+M-1-¢ N41)g AN+M-1-¢
11N+1 M 4 § GM—g +q( )gGMflfg

§=0 (@) g+1 (@ 9) M1
g N+M-1- N+M-1-
N1 oM q(N+1)ng gGM—g 8+q(N+1)gGM717g 8 1
=—a
3=0 (@) g+1 (@ 9) M1
(N+1)gG(N+l)+M 1-g
1
= Nl M_O 7 8 + . Proof of A=M completed.
8= (4:9)g+1 (@ 9) M1
EHN 01 a"Gr A = aM AZN MA-L a"Gi™, complete the remaining proofs.
O

Theorem7. X =Ty - M-y >-1,0<Y <1, f(g) = (aq2+X+g;q)M,g = (aq”TM—M_V*g;q)M,g,
(1). T H{(8)a8q7Y3£(g) = Lo HA(8)f(8) = Lg H3(8)asq Y8 define as A}(PS, PT,y).
(20, EN3 " VYSUM, (1 -+ ) = —aN ot 1V SUMUNEY) | ot VAP

(4:9)k+1 @)1y 42—y
o el _ al=YAJ(PS,PTy)
(3). lal, |q] < 1,250 a"VySUMy(n +Y) = Gy
y _ AYPSPTI+y) g qNREIGE 1 N
(4). VaSUMy (o) = @Dy k=0 @Dk * G - O
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Proof.

Y N A VYSUM,(n +Y) = ZM:OHf(g) ZN ! "G"+Y+Xq v8

n=0 n=0 1+X+g
8= (@ 7)k+1 (4;9)2+x+g
*EINZM q(N+Y 1k ZMqu( )~ (y+k) gGi\L—FXY:ngl —k ):{g”:oHi’(g)ﬂ”g*Yq*ygf(g)
(@0 (@) Tyr2-y
Ny g NV SUM(N +Y —1) | Bl Hi(9)atS Vg (g)
(@ 3)k+1 (D) Ty+2-y

N-1 Yy M q N-1 n+Y+X+g
Zn:O anquuMq(i’l + Y) = ZgzO H2(g) Zn 0 nG1+X+g

B M N ylHXg q(N+Y_1)kGf]++){;glij+g ¢ al=Y
s Lico (@;9) k11 (@9)214x+g "
_ N ZM q(N+Y l)kverkSUMq(N 1Y 1) . al=Y ZQA:O Hg(g)f(g) |

(@ 3)k1 (@ Q) Ty 2y

Y N A VSUM,(n + Y) :ZA{ Hi(g) Y Gyt iy g g

TM+1 y
- N+Y+T, 1—k
_\M NZTM+1 y gIN Y= kg (y+k)gG 7yM ky & al+e-Y gous
g*O (a; Q)k+1 (@) Tyt2—y
k —_ —
_ N ZM gINFY DR SUM, (N +Y — 1) ng\A:O Hi(g)al+8Yqe
(a/q)kJrl (a;q)TM+2 —y

Three summations are identical — (1)(2). (3) is obvious. SUM;(N) = E "vls UMy(n+1) — (4).

Calculations show that the equations derived by Form, and Formg are the same as the latter half of (4).

n()q

O
Yooa" [n]évI = éﬂg)# En(a, q) is g-Eularian polynomials[2] p.332. [7] — three expressions for
En(a,q).
Eularian polynomials: Y~ a"n™ = %. Am(a) = Yo Hi(g)as(1 - a)M=8 = Yo Ha(g)(1— a)M=8 =
Zg Hj (g)”g

= ¥, 8152(M, g)as (1 — a)M~8 = L (~1)M8g155 (M, g)(1 = a)M~8 = £ (M)as.

At [6], some relationships have been obtained, and now the remaining ones can be deduced:

Theorem 8. s
+
(1. g = (~1)5q gk = (—1)8q7 T M8 by Gl S
- _ M _
(2). by—g = (—1)39g k (M+1)k by = (—1)M=3q YiciGh o (M+1)k_
(3). IfoqVI:O be H;;ig can be converted into ZSJE/I:_OR (...)Gi(:riRJrg,O < R <M, then

Y GEbe = 0,0 < g < R, X, GM~*g8kb = 0,0 < g < R.

M X+M—g . M—R X+M—-R—g
(4). IfZg 0CgG1+p+M can be converted into Y~ (. )G1+p+M 10 <R <M, then
):kGM “kgter =0,0 < M — g<Rszk (M+1)kcx = 0,0 < g < R.
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Proof.

At[7], PT = [1,2..M], f(g) = (1 — ag*™8)(1 — ag®*8)...(1 — agM*1),

Zg bof(g) 2 be Zk ehe $(—a)q S gk = Eg cgq P8ad. Compare a8 on both sides — (1).

ZX Cx = Zx (_1)qu(x2+1)+(M+P+l)x Z b —ka‘/]

1 _ —o— 1
_x(xz—i— )—(M-I-p-l-l)x-l-(x )(9; 8 )+gx+x:M_(M+p+1)x.
¥ Gl z”<M+PH>x:2x< 163 e Gl
G=g)x—g-1) o)
=Y bmk )y (-1)*GiGiq 2 T glerioh =Y byig™ Y (1) Gkaq R

23)] —k>g, Zx:g () =0 = (%) = (—1)8bp—gq8 — (2).
(3) is correspond to a, = ¢z = 0, (4) is correspond to apg_ ¢ =bm—g=0.
O
Theorem 9. A € Z,

(1). Zg i 88;1)+A8QM—gzg:aM2 b ( qA+1Z’q)g_Zg gq g(2+ e

(2). T, bqugaM 828 = aM ¥y (—1)8azq AstZ ), —qAM My cng M3 (g7A2;q),.
(3). Ty cpq8aM-828 = ¥, a*quaM gzg(qA+2+g§,q) g =aMy,b (qA“*gz q) M—g-

1

HAsaM 8~ 115 g)
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Proof.

Eg ll;q g(g+l)l;] 8 ) (A+l M gzg = Z Ek bk 2 (A+1)gaM7ng

— Zk bkaMka Gé{q% (AJrl)gak*ng — Z bkaMfk Hi:1 (ﬂ + qAJriZ).
g+3

D 2

= Zk qu

HAHZgMgz8 _ T cxg= G HAT DK KAY G g (5) +HATD0) (M- (g-F) 53k

@+ 92i2) = (1),

(g+1)—k(k+3)
Y beq8a8z8 =} qA8aM8z8 Z —1)k+gc§q“f—k8a;§
_ k ) M-k k_($)+(A—k+1)g k- _ M-k A=Kk
= L (Vi ¥, G B () = T (D T )
(M—g)(M—-g—
Ag M—g.g _ Ag, M- M-g M=g)M=g-1) ko~ (M+1)k
Egbgq 8 gzg_z qA8aM—828(—1)M84 7 EkGMfgq ( )C;;
(M—g)(M—g—1) i
=Yg (MO *2 aM=828(— )M_gGlj/I,gq%JrAg, replace g with M-g —

" 8(g—1) _ _ %« _M— k —A—1+i
_Ekq M+1k 2 ZM g gqu +A(M-g) :qAMEkq (M+1)kckZM kI’L:1 (Z—l] A 1+za) N (2)

g(g+3) kt3)
Z quaM gzg_z Z k+gu GM kq +Ag ,M—g 8

=) . ( (—1)*ajq~ = Zg( )gGM kqg( >+A3aM_gzg, replace g with g+k —

k k(k+3) k ~M—k (8+k)(?+k+3)+A +k +k M—k—
_Zk ~Dkazq= Zg(_1)g+(; q (8+k) 58 -8

‘z( Dy L A L
= Zkakqu ng Gé\/l k (A+k+2)g(_z)gaM k—g _ Z Il*quzkH kb1 2).

Zg cpq3aM 828 =}, bkz (—1)3q

8(g=1) _ k- M—k i
_ Zk bkak Zg (_1)gq > +(A+k+2)gGéVI kaM k—g,8 — Zk bkak Hi:l (a— qA+k+1+zZ) — (3).

qgk+AgaM 8,8

O
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.. X X+M
Combining [6], [8], [9] and ZagquGﬁHg = 2 bgGlengg chq G1++P+M ,
we can arbitrarily specify one set of values, calculate the other two sets,

and treat A, 4,z as an independent variable or part of ag, by, ¢, to derive the corresponding relationship.

ay! = qsBTUTASGM 22 = 02128 [2(2)(3)] —

8
* * £15) o 3(3+3)
byt = q8GY (g% 9 Mg 07 = 728G (0% )M, et = (=1)8q7 7 GY (% 9)g, i = (—1)3q 2 (zq%;9)s -
N £(g13) N+M—
E qg(ngHAer)GMngﬁwg - Z 948 (24" 9)m- gGMGHJ;ag _Zg(_l)gq +ngM(Z‘7 ;) G1+J;+Mg-
_ _8(g+l)
g s = Y antg T = (—ag g
=) 975G (¢" q)Mfg(_qu )g (+ ):Zgqungé”(qu;q)Mfg(—q;q)g
=Y (1B G (0% ) (—zm I m—g = 2o, (~ 138G (20" 9)g (~4: ) m—g
g
A = 1,replace zq by z, (x*) — (209w Z q —Z q
(@) q)oo
A=0,ay" = qg(3+1)GMzg by? = Gl (z )M gzg calculateu using by — Z 29)m-g25Gy' Gf = 2 G
- g q" g8 1
It’s equivalent to = — = x), a known formula [2].
b L @ 9)e—rk @ a) Mk L @9)s (@M )
*2 — ( D_ *
[9(1)] — agzq 8z78x8(—1)8 = (1—x)(1—xq)..(1 —qu 1) = Zgb 2 ,q)
= Zg Gy (1—2)(1—zq)..(1 — zgM 8 (z — x)(z — xq)...(z — xg87).
Replace x b a and zb E, then multiply through by b™ to get Jacobi’s g-binomial theorem [2] p.71.
place x by Yy ply through by b to g q P
(b—a)(b—aq)...(b —agM™1) = Zg Ggl(b —c)(b—cq)..(b—cqg™ 8 ) (c —a)(c — ag)...(c — ags™Y).
Y Gngz"'grag(aql"'Hg;q)M, 1
AZO,C* _ N {1 rlgag 1+r+g; =1 8§ —& 8 _
¢ =0 b (g5 s (aq;9)m (aq;9)
It's a finite form of Jacobi’s Durf identity [2] pp.158-159: §__ i at L
s a finite form of Jacobi’s Durfee square identi =
1 v ipe 8 (3:9)g(aq;0)g+r  (aq;q)e0
M * * 818+H0) g+3
be = 05, 0 Gl = G = a3 — S 2IGHTT o, GIY-Fyls 1 = M 21 p22 —» cf = (~1)5q " G
M N+ ( N+M
So Zg ‘1g(g+2+p)cgﬁlcl+p+g = Zg nglerg+g = Zg (~1)%q" 2 g+1 1+p+Mg
* ok Slet)—k(k+1) _ —8 K(k+3) _
calculate bg by ag,cy — ) (—1)k+3G§q z o SkgMl = q( ) Zk (—1)MFk+sGk 2 (M+1)kG£‘f{1 = g8
calculate ag, cg by by — GAﬁl =Y (—1)fGM- kGﬁJ{l o =Y (—1)fGM- kGM+1q G k1),
(
96)] = Y a¥ (@ S ) mg = L S TVGY (0 g = L (F1)F TGN =1~ (Lig) e = 1.
8
Zg g 828 =z =z Nz g i = Z 03 (zq" 8 ) m—g — 1+ Z _ i/ L , promotion of (*) [2] p.11

0 (Z"i)g+1 (Zg) M
_ _ . (g+ )8
Yo be F =M+ 1=g"MY g MI(gg)g = Y (3G g T MET (g5 ),
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If ! replaces g, the result will be M + 1, which is Euler’s identity: 2211 GQ’I (:9)g—1 = M[2] p.83.

(g+1 _
c;i'l = (~1)8q"T TB8GM, 1?2 = C§'1zg 2(3)] = ay! = g8ETVGM(q578; ), 057 = g8 TVGM (4P 82, ),
_> Z qug+BgGMZg< 5] Z q Mg = Z q 32+1 +AgGM(fog,.q)gzg.

—>Z 138 B GM (g g g = T g™ e gZ/‘?)g
g(g+1) _ _ _ _
0(2)] = g MM Y (~1)8q" 7 TP (MG (g Az ) = Y (1) 2 GY(g" S a)g(g" T 821 q),

(g+1) _ _ _
[9(2)] _>qAMZ (_1)gq8 ‘32 +Bg (M-l—l)gGMzg(q A;q)gzzg (_1) q g GM( B— gz 5]) ( A+1 gﬂ?)g-

=1 Y (13878628 (—g ) g = g™V MZ Lz )y =1
A=-LA=0=) (—1)gG§/IZg(_Z;q)M—g:Z >, (=13 Sz hg)g =1
g(g— 1) M(M+1)
1 M (=1)8g"5 (—)Mg™>
= —qg,z = , =M — — ; . = 4.1x%
B2=08= 8 Z (@ q) " @wm 28*0 (9)g (:9)m (4.1%)

In the previous text, T; € N, but excluding the actual meaning of SUM,(N), T; can be any number.
a=bqT,PS=[a,a.a):a(qg—1),PT=[T,T+1..T+M —1], due to T, a and b are independent.

AtH(g), B, = {776 ala 1= (b ), X,
e g T DX (K46 T D) =agT Xi=K;

g(g+1) _ _
,Hf(g) = Ggfq 7 (b—a)(bg — a)...(bg8 ! — a)aM~8.

T; . X7 .
At H(g), B; = {ql{(qXT_lcll_qT’GlT ")Di—Kiq'i}=—aqg*T, X;=T; ) M

,H]
(K,'-i-Gi(T_lDi):aqXT, X;=K; 3(8)
= H(9)g~ T8, c; = H](g)g~(T~s.

" —1)e— _ g1y . _
Y ca(bx)sq T D8 (T8 — V7 Hl(g)(bx)8q~ T+ = aM Y- GM(=1)34"% (bg~"x)8 = aM(ax; q)
= Y, 3 (bx)3q TV TS (bagS ) g = Yo HY(8) (b)3q~ T8 (bxgS; g g

(g+1)
= Y, GMa™ % (b—a)(bg — a)...(bgs 1 — a) (b~ T)M 8 (bx)3q~ T8 (bxgS; )y

— GY(-1)%

x_

) _
Mzg Gg (b—a)(bg — a)...(bg8 ! —a)x8(bxq®;q)m—g-
gg=1) _
That is to say: (ax39) m = Lg Gglq 7 (b—a)(bg —a)...(bg¢ ! — a)x8 (bx x qg?‘I)Mfg‘
(bx;q)m (bx;9)m
(g=1)
. . . (ax;q) oo i~ qg 7 x8(b—a)(bg—a)..(bg8 ! —a)
This proves Cauchy’s identity [2] p.260 : = _ .
P Y yiEp (0x; ) oo Lo (4:9)5(bx; 9)g
M= oo, x| < 1b = 28,2 — a = T2 (o1 )
=o0,|x| <1,by =x8,[2] > at = F—c", —
8 g (x?‘ﬁgﬂ
(g+1)+Ag ¢ g gg-1) “Ag.g
o A e g e gr el A
Lo o Lo 050 = A2 0 ho (COTRG 2 = Do ¥ s
(8=1) g(g=1)
© 1 © (_1)gq3 7 x8 _ 1 A (—])gq 7 xS _
L ANy A Atl=g,. A> — A, =1y
Lo * 08 = g — xzq4 Lo (x;9)g+1 )y = A2 0 g Lo (x;4)g 1 %0

ag = HKi = 2 bg, we can arbitrarily specify g, T; and D; to compute HJ(g), or specify g and ag, g > 0 to compute b,

thereby obtaining an arbitrary number of expansions of [ | K;. Other forms also have similar situations.
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5. Inferences of Relationships Among the Three Forms

Simplifying the mutual expressions yields the inversion formulas.

Theorem 10. Sum from 0 to M,

(1). ag = Yy G, by = Ty (—1)58GEq
ke _k Kk=1)+g(g+1)

(2). ag = kG kg8, cg = L ()F8GY Ry 2 gy

212042 .
(3). cg = Lk kaéVI—kqgk, by = Lk (*1)M_g_kckc§\/l—gq%7Mg7Mk.

k(k—
( 1);g(g+1) 7gkak.

Arbitrariness of ag, bg, ¢ can derive the formulas of 6y,.

Theorem 11. Sum from0toM,0 <x,g < M,
(1), Ty (~DFGEGEHg ™2k =y ()G G g T sk = gy
(2). T (—1)kF8GEGrg
(3. T (“DFSGUTEGH g T = D ()M RGN RGY,

(sxg.

2,242
k ok ok M—y M A —Migik aro amedok
=Y (_1)M 8 GM_gGk xq 2 8 Tk = 5xg-

2. 22
wakaxﬁgk:

Combining [6] and [8(3)(4)], by = 0 <> cpm—g = 0;a3 =0 <> cg = 0;ap—g = 0 > by g = 0. That
is to say:
Theorem 12. Sum from 0 to M,
kk , KU o k~M—Fk  =kk+3)
D). Lk (=1)"Geq— 7 ¥ =0,0<g <R Yy (-1)"Gyeq~ 2 % =00<M—-g <R
(2). Tk Gixp = 0,0 < g < R > Li Gpf o485, =0,0 <M —g < R.
(3). Tk Gy a8 x = 0 6 T4 Gy_oq~ M =0,0 < M —g <R.

Di = 1,K1’ = [Ti]q— — bg =CM-g = 0
From[1],0< ¢ <R, 1<i<R,{ D;=1,K;=—[i—1]; = ag = cg = 0 . This is not a necessary condition.
DiIO—)aM,g:bM,gIO
PT =[T,T+1..T + M — 1], it's a necessary and sufficient condition by adjusting K; : D; and the order of PS.

* X _ X+g * X+M—g . . . . .
Y azq"8Gi g = Y beGy, g = Y csqPSGyY p+M can yields g-Vandermorde identity and its generalizations.

Theorem 13. Sum fromOtoM, p > —1,0 <k < M,

+14p) kN _ AN+k 14p)—k(g+1+p) ~M—k~N  _ ~N+M—k
(1). Ty g5 p)GgGl+p+g_G1+p+kf Yo q8l8 TP Hs p)GMngl+p+g_Gl+p+M-

— M—
(g+1)2k(k+3) Zg (_1)M—gq (2 g)_(M+1+p)kG§47gGN+g _

2). Zg (_1)k+gq3 —gkfka(IéGN-i-g =GN

Ny 1+p+g 1+p+k 1+p+g
Gy Mk,
1+p+M

1)k+g S KES) et pe ~M—k NTM=—g _ ~N 18055 gkt pg M-k N+M—g
(3). Zg( 1)*"8q 2 4 ngM—gG1+p+M _G1+p+k’ Zg( 1)3q 278 ngg G1+P+M -
GN+k )
1+p+k
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This yields: if Y ag (Y1) = Yo be (Y15 ) = Ly ce(Yiar ¢, then
Y (—18ag(315) = L (D% (¥og) = (DM Lemg (im ¥)-
¥ (1% (Yiu ) = Lo (vi5) = L (-Dfee (Fi)-
Ybs(vim ) = LM S (v15) = L DM Seng (¥ )-
Yo (F1%) = L (-0am g (51 ) = L (1% (Fi)-

9] = Y aga™ 828 =Y b 8(a+2)8 =) cola +Z)M*gzg a # 0. From above, there are:
—1)8a,aM8(a+2)8 = —1)8baM828 = (— CM-g (a+z)M=828,

8 8
(—1)3ag(a+2z)M828 =Y by_ga™~ g(a—i—z)g—Z(—l)gcguM 828.
(—1)MSapg_gaM (0 +2) = Tbgla+2)M828 = Y (—1)MSeyy_gaM -85,
(—1)8ap_ g(a—i-z)M 828 =Y (=1)8bp_ga™ 828 = cod™ 8 (a +2)8.

X
X
X
X

8(g+3)-M(M+3)
Theorem 14. Ly byqIT7+MsGIPIITS — 7 (—)Msey,  q(HeMIs= BT G0

Proof.

GN+ptM—g _ N+p+M-g M—g M=g)(M=g-1) x ko —(M+DE
2 beGipim Z Gipem (17789 : Y G (M

k ~N+p+M— o (M=g)(M—g-1)
=Yl Z Gh— <n (M+1) Gy rer =My .

_ _ N M— . M-g)(M—g-1)
= Y cmi" Y, Gk (MM GREP IS ()Mo P 13(3)]

g+3 _M=)(M=g—-1) _Nip+M— _ g(g+3) N+
+pg 4 8 _ _1\M-g * —(M+1)(M—g)+pg+ p
Z b : Gl-‘rp-‘rM - Zg( 1) Cm—g4 Gl-‘rp-i—g'

The reason why other forms could not be obtained is because g8 appeared.

O

Theorem 15. Sum from 0to M, 0 <y < M,

(1. (x:9)y = T <x'q>Mfgxch*yq8y, X (39 u—y = T (50)g(~)M3¥GY,_ g vy

(). (1:0)y = 2 g (x7 191 4)g(~1)8Gpp_Lg ™5 - MHNSTEOM, (1 gy, = MY (271918 9)(~1)SGpy_Yg "
(3). (% g iy = L (4539 g (~1)FGY 78, () aay = T (787Y%; ) g xS GLgs8=v =D,
(4). 2% = Yo (— wwg LYY (—2g:0)g = L (1848 Y23Gi Y (25 )m-

(5). 2% = ¥ (—1)80" T Gl (24" q)g = M ¥y (~1)8¢™
(6). 2V = Y 28808 +1)~ y(g“)G g Mg = Ly (1M ng (MADYGY (24278 ) m—g-

Mg+gyGM ]/( -1, ti)
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Proof.

« ,g(gH) 8(8+3) _
O] = Yoo be(—az Mg =Y cea 2 B(—qzm @My =Y, S8 gz g g (—1)80" % Y, bGM g (1),
(M—g)(M—g—1)

_8(g+l) _
Yo zg(—qz;q)mfg=Zg(—qz;q)g(—1)M S chkGM o MR (24).

x = —qz, by = byg and (1*); ¢ = dyg and (2*) — (1). Similarly, (2) and (3) can be proven.

k(k+3)
2

. 8(g+1)
[9] — g”gq lgH 2 be(—zq;q Zg(—zq;q)gq : Zk(_l)
k(k+3)

x — S8 _glgtl) 3(g+3) .
=Y 0 F-a) M—g:qu E B(—zg;q)mgd 2 Y, (1) SGY TS 4

g = byg — (4). Similarly, (5) and (6) can be proven.

O

g(g+1)

(1) or (4) = xM = Yo (—1)8(x;9)gGMq 7 8M,x = g — (4.1%).

6. An Example

PS = [A,B,C],PT = [1,3,5], SUM,(N) = }__H](g)G3\}? = ¥ Hi(g N+2+g—2 Hi(g)G s,

3+g 3+g
HY(0) = ABC.
HI(1) = ABq'G} + Aq'G}(C+1) + ¢'Glq" (B + 1)q* (C + 1).
H{(2) = ¢'Gla°G}q*(C + G}) + 4'Giq" (B+ 1)¢°G} + Aq' GI4°GY.
H{(3) = 4'Gi4’G}¢°Gy.
HI(0) = (A—q'G})(B—q*G})(C—q°G}).
Hi(1) = (A—q 'G)(B—¢q2G})q G} + (A—q'G)q *Gi(C—q7*G}) + 47 'G{(B—q°G})(C— 4 *G}).
H](2) = q7'Glg°GI(C—q°G)) +q 'GI(B—q°G})g*Gi + (A —q~'Gl)g °Giq *Gi.
Hi(3) =4 'Glg °Glqg °G)
HJ(0) = ABC.
HI(1) = ABg' (G} — ¢°C) + A¢*(G} — ¢°B)(C+1) +¢°(1 — ' A)(B+1)(C + 1)
Hi(2) = (1-q'A)(4'G} - q3 —¢°B)(C+G}) +4*(1—q"A)(B+1)(4'G; — 4" —4°C) + AP’ (G} — ¢°B)(¢' G} — ¢° -
HI(3) =¢°(1-4'A)(4'G} — ¢ = °B)(°G} — °G} — ¢°C).

PS = [A,B],PT = [1,3]. SUM(N) = ¥ Hi(3) (3) = L Ha(9) (54 ) = Lo, Ha(@) (379,
Hy(0) = AB,Hi(1) = Ax 2+ 1x (B+1),Hy(2) = 1 x 3.

Hy(0) = (A—1)(B—2),Hy(1) = (A—1) x 241 x (B—3), Hy(2) = 1 x 3,

Hs(0) = AB, Ha(1) = A(3 — B) + (1— A)(B+1), Hy(2) = (1 — A)(2 — B).
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