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Abstract

This article offers formulas for computing various q-binomial nested sums, give three forms of results,
reveals the three forms of q-binomial and their interrelationships. It is a powerful tool for q-analysis,
which can prove and generalize many classic conclusions in a simple way. This article also utilized it
to obtain a large number of new results, including formulas for q-Eulerian numbers and polynomials.
By taking the limit of q to 1, it can calculate general nested sums and analyze binomial coefficients.
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1. Calculation Formula

q-binomial: M, N, K ∈ N,
[N

M
]

q = (qN−1)(qN−1−1)...(qN−M+1−1)
(qM−1)(qM−1−1)...(q1−1) , q ̸= 0, 1, abbreviated as GN

M, [N]q =

GN
1 .

(a; q)n =

{
(1−a)(1−aq)...(1−aqn−1),n>0
1,n=0 . GM

g1,g2...gp = (q;q)M

∏
p
i=1 (q;q)gi

, ∑ gi = M.

δij is Kronecker delta, i = j, δij = 1; i ̸= j, δij = 0. The following relationship holds:

GN
0 = 1, GN

M = GN
N−M; GN

M = 0, M > N, M < 0. (1)

GN
M = qMGN−1

M + GN−1
M−1 = GN−1

M + qN−MGN−1
M−1. (2)

∑N−1
n=0 qnGn+K

M =qM−KGN+K
M+1 , M ≥ K ≥ 0. (3)

GM
K = ∑w∈Ω(0M−K ,1K)

qinv(w), inv(.) denotes the inversion statistic. [1] (4)

Lemma 1.

∑N−1
n=0 qn[n]qGn+K

M , M ≥ K ≥ 0

= q2(M−K)+1GM+1
1 GN+K

M+2 + qM−KGM−K
1 GN+K

M+1 (1)

= qM−2K−1GM+1
1 GN+K+1

M+2 + qM−K(GM−K
1 − q−K−1GM+1

1 )GN+K
M+1 (2)

= (q2(M−K)+1GM+1
1 − q2M−K+2GM−K

1 )GN+K
M+2 + qM−KGM−K

1 GN+K+1
M+2 (3).
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Proof.

∑ qn[n]qGn+K
M = ∑ qn qn − qn−M+K

q − 1
Gn+K

M + ∑ qn qn−M+K − 1
q − 1

Gn+K
M

= ∑ qn(qn−M+K − 1)
qM−K − 1

q − 1
Gn+K

M + ∑ qn qM−K − 1
q − 1

Gn+K
M + ∑ qn qn−M+K − 1

q − 1
Gn+K

M

= ∑ qn(qM+1 − 1)GM−K
1 Gn+K

M+1 + ∑ qnGM−K
1 Gn+K

M + ∑ qnGM+1
1 Gn+K

M+1

= (qM−K − 1)GM+1
1 GN+K

M+2 qM+1−K + GM−K
1 GN+K

M+1 qM−K + GM+1
1 GN+K

M+2 qM+1−K

= q2(M−K)+1GM+1
1 GN+K

M+2 + qM−KGM−K
1 GN+K

M+1 (1)

= q2(M−K)+1GM+1
1 q−M−2(GN+K+1

M+2 − GN+K
M+1 ) + qM−KGM−K

1 GN+K
M+1

= qM−2K−1GM+1
1 GN+K+1

M+2 + qM−K(GM−K
1 − q−K−1GM+1

1 )GN+K
M+1 (2)

= q2(M−K)+1GM+1
1 GN+K

M+2 + qM−KGM−K
1 (GN+K+1

M+2 − qM+2GN+K
M+2 )

= (q2(M−K)+1GM+1
1 − q2M−K+2GM−K

1 )GN+K
M+2 + qM−KGM−K

1 GN+K+1
M+2 (3).

Definition 1. Recursively define ∇p
q , p ∈ Z; SUMq(N) = SUMq(N, PS, PT), Ki, Di ∈ C, Ti ∈ N.

∇0
q f (n) = f (n), ∑N−1

n=0 qn∇1
q f (n + 1) = f (N), ∑N−1

n=0 qn f (n + 1) = ∇−1
q f (N),∇1

q = ∇q.

SUMq(N, [K1 : D1], [T1 = 1]) = ∑N−1
n=0 qn(K1 + [n]qD1).

SUMq(N, [K1 : D1, K2 : D2], [T1, T2 = T1 + 2 − p]) = ∑N−1
n=0 qn(K2 + [n]qD2)∇pSUMq(n + 1, [K1 : D1], [T1]).

Abbreviations: [K1 : D, K2 : D...KM : D] = [K1, K2...KM] : D, [K1, K2...KM] : 1 = [K1, K2...KM].

In this paper, the default PS = [K1 : D1, K2 : D2...KM : DM], PT = [T1, T2...TM], Ti < Ti+1.

SUMq(N, PS, [1, 2...M]) = ∑N−1
n=0 ∏M

i=1 qn(Ki + [n]qDi).

SUMq(N, PS, [1, 3...2M − 1]) = ∑N−1
nM=0 qnM (KM + [nM]qDM)... ∑n3

n2=0 qn2(K2 + [n2]qD2)∑n2
n1=0 qn1(K1 + [n1]qD1).

SUMq(N, PS, [1, 2, 4]) = ∑N−1
n3=0 qn3(K3 + [n3]qD3)∑n3

n=0 qn(K1 + [n]qD1)(K2 + [n]qD2).

SUMq(N, PS, [1, 3, 4]) = ∑N−1
n3=0 qn3(K3 + [n3]qD3)(K2 + [n3]qD2)∑n3

n=0 qn(K1 + [n]qD1).

SUMq(N, PS, [1, 4]) = ∑N−1
n3=0 qn3(K2 + [n3]qD2)∑n3

n2=0 qn2 ∑n2
n1=0 qn1(K1 + [n1]qD1).

Use K, T to represent the set {Ki}, {Ti}. (K1 + T1)(K2 + T2)...(KM + TM) = ∑ ∏M
i=1 Xi, Xi = Ti or Ki

Definition 2. X(T)=Number of {X1, X2...XM} ∈ T.
XT−1=Number of {X1, X2...Xi−1} ∈ T, XK−1=Number of {X1, X2...Xi−1} ∈ K.
XT=Number of {X1, X2...Xi} ∈ T, XK=Number of {X1, X2...Xi} ∈ K.

XT−1 + XK−1 = i − 1, XT + XK = i. Use the auxiliary form and each Xi cannot be swapped:
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Theorem 1. H = TM − M, SUMq(N, PS, PT) =

Form1 → ∑M
g=0 Hq

1(g)GN+H
H+1+g, Bi =

{
q1+(Ti−Ti−1)XT−1 G

Ti−XK−1
1 Di , Xi=Ti

q(Ti−Ti−1−1)XT−1 (Ki+G
XT−1
1 Di),Xi=Ki

,

Form2 → ∑M
g=0 Hq

2(g)GN+H+g
H+1+g , Bi =

{
q−(Ti−XK−1)G

Ti−XK−1
1 Di , Xi=Ti

Ki−q−(Ti−XK−1)G
Ti−XK−1
1 Di , Xi=Ki

,

Form3 → ∑M
g=0 Hq

3(g)GN+TM−g
TM+1 , Bi =

{
q1+(Ti−Ti−1−1)XT−1{(qXT−1 G

Ti
1 −qTi G

XT−1
1 )Di−KiqTi }, Xi=Ti

q(Ti−Ti−1−1)XT−1 (Ki+G
XT−1
1 Di), Xi=Ki

.

Hq
i (g) = Hq

i (g, PS, PT) = Hq
i (g, M), is defined as ∑X(T)=g ∏M

i=1 Bi.
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Proof.

SUMq(1, [K1 : D1], [1]) = ∑N−1
n=0 qn(K1 + [n]qD1) = ∑N−1

n=0 qnGn
1 D1 + ∑N−1

n=0 qnK1

= q1D1GN
2 + K1GN

1 = q−1D1GN+1
2 + (K1 − q−1D1)GN

1 = (q1D1 − K1q2)GN
2 + K1GN+1

2 .

It’s holds when M=1, Assume that M holds.

PS1 = [PS, KM+1 : DM+1], PT1 = [PT, TM+1 = TM + 2 − p], X = TM − M + 1 − p = TM+1 − (M + 1).

f (n + 1) = ∑ AgGn+H+1
H+1+g → ∇p

q f (n + 1) = ∑ AgGn+H+1−p
H+1+g−p q−pg.

SUMq(N, PS1, PT1)

= ∑N−1
n=0 qn(KM+1 + [n]qDM+1)∑M

g=0 Hq
1(g)Gn+X

X+g q−pg

= ∑M
g=0 (KM+1qg + qgGg

1 DM+1)Hq
1(g)GN+X

X+1+gq−pg + ∑M
g=0 q2g+1GX+g+1

1 DM+1Hq
1(g)GN+X

X+2+gq−pg

= ∑M
g=0 (KM+1 + Gg

1 DM+1)Hq
1(g)GN+TM+1−(M+1)

TM+1−(M+1)+1+gq(1−p)g + ∑M
g=0 q(2−p)g+1GTM+1−(M−g)

1 DM+1Hq
1(g)GN+X

X+2+g

= ∑M+1
g=0 Hq

1(g, PS1, PT1)GN+TM+1−(M+1)
TM+1−(M+1)+1+g → Form1.

f (n + 1) = ∑ AgGn+H+1+g
H+1+g → ∇p

q f (n + 1) = ∑ AgGn+H+1+g−p
H+1+g−p .

SUMq(N, PS1, PT1)

= ∑N−1
n=0 qn(KM+1 + [n]qDM+1)∇

p
q SUMq(n + 1) = ∑N−1

n=0 qn(KM+1 + [n]qDM+1)∑M
g=0 Hq

2(g)Gn+X+g
X+g

= ∑M
g=0 (KM+1 − q−X−g−1GX+g+1

1 DM+1)Hq
2(g)GN+X+g

X+1+g + ∑M
g=0 q−X−g−1GX+g+1

1 DM+1Hq
2(g)GN+X+g+1

X+2+g

= ∑M
g=0 (KM+1 − q−(TM+1−(M−g))GTM+1−(M−g)

1 DM+1)Hq
2(g)GN+TM+1−(M+1)+g

TM+1−(M+1)+1+g

+ ∑M
g=0 q−(TM+1−(M−g))GTM+1−(M−g)

1 DM+1Hq
2(g)GN+TM+1−(M+1)+(g+1)

TM+1−(M+1)+1+(g+1)

= ∑M+1
g=0 Hq

2(g, PS1, PT1)GN+TM+1−(M+1)+g
TM+1−(M+1)+1+g → Form2.

f (n + 1) = ∑ AgGn+1+TM−g
TM+1 → ∇p

q f (n + 1) = ∑ AgGn+1+TM−g−p
TM+1−p q−pg.

SUMq(N, PS1, PT1)

= ∑N−1
n=0 qn(KM+1 + [n]qDM+1)∑M

g=0 Hq
3(g)Gn+1+TM−p−g

TM+1−p q−pg

= ∑M
g=0 KM+1qg Hq

3(g)GN+1+TM−p−g
TM+2−p q−pg + ∑M

g=0 qgGg
1 DM+1Hq

3(g)GN+TM−p+2−g
TM+3−p q−pg

+ ∑M
g=0 (q

2g+1GTM+2−p
1 − qTM+3−p+gGg

1 )DM+1Hq
3(g)GN+TM−p+1−g

TM+3−p q−pg

= ∑M
g=0 (KM+1qg + qgGg

1 DM+1)Hq
3(g)GN+TM−p+2−g

TM+3−p q−pg

+ ∑M
g=0 ((q

2g+1GTM+2−p
1 − qTM+3−p+gGg

1 )DM+1 − qTM+3−pKM+1qg)Hq
3(g)GN+TM−p+1−g

TM+3−p q−pg

= ∑M
g=0 (KM+1 + Gg

1 DM+1)Hq
3(g)GN+TM+1−g

TM+1+1 q(1−p)g

+ ∑M
g=0 ((q

gGTM+1
1 − qTM+1 Gg

1 )DM+1 − qTM+1 KM+1)Hq
3(g)GN+TM+1−(g+1)

TM+1+1 q1+(1−p)g

= ∑M+1
g=0 Hq

3(g, PS1, PT1)GN+TM+1−g
TM+1+1 → Form3.

∑N−1
n=0 qn ∏M

i=1 (Ki + Diqn) = SUM(N, [Ki + Di : Di(q − 1)], [1, 2...M]) = ∑M
g=0 Hq

1(g)GN
1+g.

Bi =

{
q1+XT−1 G

i−XK−1
1 Di(q−1)=qXT G

1+XT−1
1 Di(q−1)=qXT (qXT−1)Di ,Xi=Ti

Ki+Di+G
XT−1
1 Di(q−1)=Ki+Di+GXT

1 Di(q−1)=Ki+qXT Di ,Xi=Ki
. Following a similar form, induction

proves:
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Theorem 2. ∑N−1
n=0 ∏M

i=1 (Ki + Diqn) = ∑M
g=1 (∑ ∏ Bi)GN

g + N ∏ Ki, Bi =

{
Di ,XT−1=0;qXT−1 (qXT−1−1)Di ,XT−1>0,Xi=Ti

Ki ,XT−1=0;Ki+qXT−1−1Di ,XT−1>0,Xi=Ki
.

(K + D)M = D ∑M−1
g=0 Kg(K + D)M−1−g + KM.

(K + qD)M = ∑1
n=0 ∏ (K + qnD)− ∑0

n=0 ∏ (K + qnD) =

= q(q − 1)D2 ∑a+b+c=M−2,a,b,c≥0 Ka(K + D)b(K + qD)c + qD ∑M−1
g=0 Kg(K + D)M−1−g + KM.

PS = [K + D, K + D...K + D] : (q − 1)D, PT = [1, 2...M].

Bi =

{
qXT (qXT−1)D,Xi=Ti
K+DqXT , Xi=Ki

, Hq
1(0) = (K + D)M, Hq

1(1) = q1(q1 − 1)D ∑a+b=M−1,a,b≥0 (K + D)a(K + qD)b.

SUMq(2)− SUMq(1) = Hq
1(1)G

2
2 + Hq

1(0)G
2
1 − Hq

1(0) = Hq
1(1) + qHq

1(0) = q(K + qD)M →

(K + qD)M = (q − 1)D ∑M−1
g=0 (K + D)g(K + qD)M−1−g + (K + D)M.

Definition 3. limq→1 Hq(g) = H(g), limq→1 SUMq(N) = SUM(N).

limq→1[n]q = n, limq→1 GN
M =

(N
M
)
, which yields the nested summation formula for Ki + nDi.

2. Property
Definition 4. [n]q− = q−nGn

1 , [n!]q− = [n]q−...[2]q−[1]q−, [0!]q− = 1, [n]q+ = qnGn
1 , similarly defining

[n!]q+.

Theorem 3.
(1). ∇qSUMq(n + 1, PS, [1, 2...M]) = ∏M

i=1 (Ki + [n]qDi).
(2). At SUMq(N, [...PS...], [...T, T + 1...T + M − 1...]), Ki : Di can swap orders.
(3). ∇p

q SUMq(N) = ∑g Hq
1(g)GN+X

X+1+gq−gp = ∑g Hq
2(g)GN+X+g

X+1+g = ∑g Hq
3(g)GN+X+M−g

X+M+1 q−gp, X = TM − M − p.
(4). SUMq(N, [[L1]q−, [L2]q−...[LQ]q−, PS1], [L1, L2...LQ, PT1]) = ∏ [Li]q−SUMq(N, PS1, PT1). T1 can
great than 1.
(5). SUMq(N, [[T1]q−, [T2]q−...[TM]q−], [T1, T2...TM]) = ∏ [Ti]q−GN+TM

TM+1 .
(6) At Hq(g), ∑Xi∈K ∏ qXT = GM

M−g = GM
g .

Proof.
Definition of SUMq → (1)(2), ∑N−1

n=0 qnGn+K
M =qM−KGN+K

M+1 → (3), which has been used for the proof
of [1].
At (4), Hq

2(g < Q) = 0, Hq
2(g ≥ Q) = ∏ [Li]q−Hq

2(g − Q, PS1, PT1) → (4)(5). (6) is GM
K =

∑w∈Ω(0M−K ,1K) qinv(w).

[x]q− + [n]q = q−x[n + x]q, PT = [2i − 1], (5) → ∑N−1
nM=0 ... ∑n2

n1=0 q∑ ni ∏ [ni + 2i − 1]q =

[1]q[3]q...[2M − 1]qGN+2M−1
2M .

Theorem 4. PT = [1, 2...M],
(1). Hq

1(g) = qg(g+1) ∑k Hq
2(k)G

k
g.

(2). Hq
1(g) = ∑k Hq

3(k)G
M−k
M−gq(g+1)(g−k).

(3). Hq
2(g) = ∑k (−1)k+gGk

gq
g(g+1)−k(k+3)

2 −kgHq
1(k).

(4). Hq
3(g) = ∑k (−1)k+gGM−k

M−gq
g(g+3)−k(k+3)

2 Hq
1(k).
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Proof.

When M=1, verify directly. Assume that M holds. Di ̸= 0, changing Ki : Di to Ki/Di : 1 does not affect the result .

PS1 = [PS, KM+1], PT1 = [PT, TM+1].

Hq
1(g, M + 1) = Hq

1(g − 1)q1+XT G1+XT
1 + Hq

1(g)(KM+1 + GXT
1 )

= q1+XT G1+XT
1 qg(g−1) ∑M

k=0 Hq
2(k)G

k
g−1 + (KM+1 + GXT

1 )qg(g+1) ∑M
k=0 Hq

2(k)G
k
g

= qgGg
1 qg(g−1) ∑M

k=0 Hq
2(k)(G

k+1
g − qgGk

g) + (KM+1 + Gg
1 )q

g(g+1) ∑M
k=0 Hq

2(k)G
k
g

= qg(g+1) ∑M
k=0 Hq

2(k)q
−gGg

1 Gk+1
g + KM+1qg(g+1) ∑M

k=0 Hq
2(k)G

k
g. (1∗)

qg(g+1) ∑M+1
k=0 Hq

2(k, M + 1)Gk
g = qg(g+1) ∑M+1

k=0 (Hq
2(k − 1)q−kGk

1 + Hq
2(k)(KM+1 − q−(k+1)Gk+1

1 ))Gk
g

= qg(g+1) ∑M+1
k=1 (Hq

2(k − 1)q−kGk
1Gk

g + qg(g+1) ∑M
k=0 Hq

2(k)(KM+1 − q−(k+1)Gk+1
1 ))Gk

g

= qg(g+1) ∑M
k=0 (Hq

2(k)q
−(k+1)Gk+1

1 Gk+1
g + qg(g+1) ∑M

k=0 Hq
2(k)(KM+1 − q−(k+1)Gk+1

1 ))Gk
g. (1 ∗ ∗)

(1∗)− (1 ∗ ∗) = qg(g+1) ∑M
k=0 Hq

2(k){q−gGg
1 Gk+1

g − q−(k+1)Gk+1
1 Gk+1

g + q−(k+1)Gk+1
1 Gk

g}. {...} = 0 → (1).

Hq
1(g, M + 1) = qgGg

1 ∑M
k=0 Hq

3(k)G
M−k
M−g+1qg(g−1−k) + (KM+1 + Gg

1 )∑M
k=0 Hq

3(k)G
M−k
M−gq(g+1)(g−k). (2∗)

∑M+1
k=0 Hq

3(k, M + 1)GM+1−k
M+1−gq(g+1)(g−k) (2 ∗ ∗)

= ∑M
k=0 q(qkGM+1

1 − qM+1Gk
1 − KM+1qM+1)Hq

3(k)G
M−k
M−g+1q(g+1)(g−k−1) + ∑M

k=0 (KM+1 + Gk
1)Hq

3(k)G
M+1−k
M+1−gq(g+1)(g−k).

Items containing KM+1 : KM+1GM+1−k
M+1−gq(g+1)(g−k) − KM+1qM+2GM−k

M+1−gq(g+1)(g−k−1) = KM+1GM−k
M−gq(g+1)(g−k).

Items does not contain KM+1 in (2*) = qgGg
1 GM−k

M+1−gqg(g−1−k) + Gg
1 GM−k

M−gq(g+1)(g−k).

Divide by qgqg(g−1−k)(q − 1)−1 = (qg − 1)GM−k
M+1−g + (qg − 1)GM−k

M−gqg−k = (qg − 1)GM+1−k
M+1−g.

Items does not contain KM+1 in (2**) =
qM+2 − qk+1

q − 1
GM−k

M−g+1q(g+1)(g−k−1) + Gk
1GM+1−k

M+1−gq(g+1)(g−k).

Divide by qgqg(g−1−k)(q − 1)−1 = (qM+1−k − 1)GM−k
M+1−g + (qg − qg−k)GM+1−k

M+1−g = (qg − 1)GM+1−k
M+1−g.

(2∗) = (2 ∗ ∗) → (2).

Hq
2(g, M + 1) = Hq

2(g − 1)q−gGg
1 + Hq

2(g)(KM+1 − q−(g+1)Gg+1
1 ) (3∗)

= q−gGg
1 ∑M

k=0 (−1)k+g−1Hq
1(k)G

k
g−1q

g(g−1)−k(k+3)
2 −k(g−1) + (KM+1 − q−(1+g)Gg+1

1 )∑M
k=0 (−1)k+gHq

1(k)G
k
gq

g(g+1)−k(k+3)
2 −kg.

∑M+1
k=0 (−1)k+gHq

1(k, M + 1)Gk
gq

g(g+1)−k(k+3)
2 −kg (3 ∗ ∗)

= ∑M+1
k=0 (−1)k+g(qkGk

1 Hq
1(k − 1) + (KM+1 + Gk

1)Hq
1(k))G

k
gq

g(g+1)−k(k+3)
2 −kg

= ∑M
k=0 (−1)k+g−1q1+kG1+k

1 Hq
1(k)G

1+k
g q

g(g+1)−(k+1)(k+4)
2 −(k+1)g + ∑M

k=0 (−1)k+g(KM+1 + Gk
1)Hq

1(k)G
k
gq

g(g+1)−k(k+3)
2 −kg.

Items containing KM+1 in (3*) and (3**) = (−1)k+gKM+1Gk
gq

g(g+1)−k(k+3)
2 −kg.

Items does not contain KM+1 in (3*):

= q−gGg
1 (−1)k+g−1Gk

g−1q
g(g−1)−k(k+3)

2 −k(g−1) − q−(1+g)G1+g
1 (−1)k+gGk

gq
g(g+1)−k(k+3)

2 −kg.

Divide by q−(1+g)(−1)k+g−1q
g(g+1)−k(k+3)

2 −kg(q − 1)−1

= (qg − 1)Gk
g−1qk−g+1 + (q1+g − 1)Gk

g = qk+1Gk
g−1 − qk−g+1Gk

g−1 + q1+gGk
g − Gk

g. (A∗)

Items does not contain KM+1 in (3**):

= (−1)k+g−1q1+kG1+k
1 G1+k

g q
g(g+1)−(k+1)(k+4)

2 −(k+1)g + (−1)k+gGk
1Gk

gq
g(g+1)−k(k+3)

2 −kg.
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Divide by q−(1+g)(−1)k+g−1q
g(g+1)−k(k+3)

2 −kg(q − 1)−1

= (q1+k − 1)(qgGk
g + Gk

g−1)− q1+g(qk − 1)Gk
g = q1+kGk

g−1 − qgGk
g − Gk

g−1 + q1+gGk
g. (A ∗ ∗)

(A∗)− (A ∗ ∗) = −qk−g+1Gk
g−1 − Gk

g − (−qgGk
g − Gk

g−1) = −Gk+1
g + Gk+1

g = 0. (3∗) = (3 ∗ ∗) → (3).

Hq
3(g, M + 1) = (qgGM+1

1 − qM+2Gg−1
1 − KM+1qM+2)Hq

3(g − 1) + (KM+1 + Gg
1 )Hq

3(g)

= (qgGM+1
1 − qM+2Gg−1

1 − KM+1qM+2)∑M
k=0 (−1)k+g−1GM−k

M−g+1q
(g−1)(g+2)−k(k+3)

2 Hq
1(k)

+ (KM+1 + Gg
1 )∑M

k=0 (−1)k+gGM−k
M−gq

g(g+3)−k(k+3)
2 Hq

1(k). (4∗)

∑M+1
k=0 (−1)k+gHq

1(k, M + 1)GM+1−k
M+1−gq

g(g+3)−k(k+3)
2 (4 ∗ ∗)

= ∑M+1
k=0 (−1)k+g(qkGk

1 Hq
1(k − 1) + (KM+1 + Gk

1)Hq
1(k))G

M+1−k
M+1−gq

g(g+3)−k(k+3)
2

= ∑M
k=0 (−1)k+g−1q1+kG1+k

1 Hq
1(k)G

M−k
M+1−gq

g(g+3)−(k+1)(k+4)
2 + ∑M

k=0 (−1)k+g(KM+1 + Gk
1)Hq

1(k)G
M+1−k
M+1−gq

g(g+3)−k(k+3)
2 .

Items containing KM+1 in (4*):

= −KM+1qM+2(−1)k+g−1GM−k
M−g+1q

(g−1)(g+2)−k(k+3)
2 + (−1)k+gKM+1GM−k

M−gq
g(g+3)−k(k+3)

2 .

Divide by KM+1(−1)k+gq
g(g+3)−k(k+3)

2 = qM+1−gGM−k
M−g+1 + GM−k

M−g = GM−k+1
M−g+1=that in (4**) divided by (...).

Items does not contain KM+1 in (4*):

= (qgGM+1
1 − qM+2Gg−1

1 )(−1)k+g−1GM−k
M−g+1q

(g−1)(g+2)−k(k+3)
2 + Gg

1 (−1)k+gGM−k
M−gq

g(g+3)−k(k+3)
2 .

Divide by (−1)k+g−1q
g(g+3)−k(k+3)

2 (q − 1)−1

= [(qgGM+1
1 − qM+2Gg−1

1 )GM−k
M−g+1q−g−1 − Gg

1 GM−k
M−g](q − 1)−1 = (qM−g−1 − q−1)GM−k

M−g+1 − (qg − 1)GM−k
M−g. (B∗)

Items does not contain KM+1 in (4**):

= (−1)k+g−1q1+kG1+k
1 GM−k

M+1−gq
g(g+3)−(k+1)(k+4)

2 + (−1)k+gGk
1GM+1−k

M+1−gq
g(g+3)−k(k+3)

2 .

Divide by (−1)k+g−1q
g(g+3)−k(k+3)

2 (q − 1)−1

= (q1+kG1+k
1 GM−k

M+1−gq−k−2 − Gk
1GM+1−k

M+1−g)(q − 1)−1 = (qk − q−1)GM−k
M+1−g − (qk − 1)GM+1−k

M+1−g. (B ∗ ∗)

(B∗)− (B ∗ ∗) = (qM−g−1 − 1)GM−k
M−g+1 − (qg−k − 1)GM−k

M−g = 0. (4∗) = (4 ∗ ∗) → (4).

Definition 5. Hq(g, ∑ T) = Hq(g, ∑ T, PS, PT) = Hq(g, ∑ T, M) = ∑ ∏Xi∈T Bi, Hq(g, ∑ K) =

∑ ∏Xi∈K Bi

Definition 6. FK
0 = EK

0 = EN,q
0 = EN,q−

0 = 1,

FK
g = ∑1≤λ1<...<λg≤M ∏g

i=1 Kλi , FN
g = F{1,2...N}

g . EK
g = ∑1≤λ1≤...≤λg≤M ∏g

i=1 Kλi , EN
g = E{1,2...N}

g .

EN,q
g = ∑1≤λ1≤...≤λg≤N ∏g

i=1 [λi]q = Sq
2(N + g, N). EN,q−

g = ∑1≤λ1≤...≤λg≤N ∏g
i=1 [λi]q− = Sq−

2 (N + g, N).

Theorem 5. PT = [T, T+ 1...T+ M− 1], Di = 1, Hq
1(g, ∑ K) = FK

M−gEg,q
0 + FK

M−g−1Eg,q
1 + ...+ FK

0 Eg,q
M−g.
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Proof.

PS1 = [PS, KM+1], PT1 = [PT, TM+1],L = {K1, K2...KM, KM+1},

Hq
1(g, ∑ K, M + 1) = Hq

1(g − 1, ∑ K) + Hq
1(g, ∑ K)(KM+1 + Gg

1 ). FL
A has three sources.

= FK
A Eg−1,q

M−(g−1)−A + FK
A−1Eg,q

M−g−(A−1)KM+1 + FK
A Eg,q

M−g−AGg
1

= FK
A (Eg−1,q

M+1−g−A + Eg,q
M−g−AGg

1 ) + FK
A−1Eg,q

M+1−g−AKM+1

= FK
A Eg,q

M+1−g−A + FK
A−1Eg,q

M+1−g−AKM+1 = FL
A Eg,q

M+1−g−A.

In this article, ∑M
g=0 agGX

1+p+g = ∑M
g=0 bgGX+g

1+p+g = ∑M
g=0 cgGX+M−g

1+p+M , 1 + p ≥ 0, a∗g = agq−pg, c∗g =

cgq−pg.
Di = 1, PT = [1, 2...M], ∇−p

q SUMq(X − p) = ∑M
g=0 Hq

1(g)qpgGX
1+p+g, Hq

1(M) = [M!]q+.

We can choose K such Hq
1(g < M)ppg can take any value, ∑M

g=0 agGX
1+p+g can be converted to

aMq−pM

[M!]q+
∇−p

q SUMq(X − p).

then a∗g = c × Hq
1(g), bg = c × Hq

2(g), c∗g = c × Hq
3(g). c is a constant. Similarly, for any PT, SUMq(N)

can be converted into constant ×SUMq(N, PS1, [TM − M + 1...TM − 1, TM]). From [4], [3(3)]:

Theorem 6.
a∗g = qg(g+1) ∑M

k=g bkGk
g = ∑

g
k=0 GM−k

M−gq(g+1)(g−k)c∗k .

bg = (−1)gq
g(g+1)

2 ∑M
k=g (−1)kGk

gq
−k(k+3)

2 −kga∗k . c∗g = (−1)gq
g(g+3)

2 ∑
g
k=0 (−1)kGM−k

M−gq
−k(k+3)

2 a∗k .

If ∑M
g=0 agGX

1+p+g can be converted into ∑M−R
g=0 (...)GX+R

1+p+R+g, 0 < R ≤ M, then

∑k (−1)kGk
gq

−k(k+3)
2 −kga∗k = 0, 0 ≤ g < R, ∑k (−1)kGM−k

M−gq
−k(k+3)

2 a∗k = 0, 0 ≤ M − g < R.

The latter part refers to the necessary and sufficient conditions for merging, which correspond to
bg = c∗M−g = 0.
SUMq(N, [[T]−q, PS], [T, PT]) = [T]−qSUMq(N). By utilizing this, we can extend SUMq(N). As long
as the Y of GX

Y is greater than −1, TM − M ≥ −1, then Ti ≥ Ti+1 is also allowed. For Example:
SUMq(N, [K], [2]) = q1G2

1GN+1
3 + KGN+1

2 = q4G2
1GN

3 + (q1G2
1 + Kq2)GN

2 + ... = q7G2
1GN−1

3 + {q4G2
1 +

q3G2
1 + Kq4}GN−1

2 + ...

=
SUMq(N,[[1]q− ,[1]q− ,K],[1,1,2])

[1]q− [1]q−
=

SUMq(N,[[1]q− ,[2]q− ,K],[1,2,2])
[1]q− [2]q−

=
SUMq(N,[[2]q− ,[1]q− ,K],[2,1,2])

[2]q− [1]q−
.

Hq
1(2, [...], [2, 1, 2]) = q1G2

1q−1+1G1
1 [K + G2

1 ] + q1G2
1 [q

−2(q−1 + 1)]q(2−1)+1G2−1
1 + [q−2G2

1 ]q
1G0

1q2G1
1 =

q−1G1
1q−2G2

1{...}.
Hq

1(g, [...], [2, 1, 2]) = Hq
1(g, [...], [1, 2, 2]). This way we can expand Form1.

3. Application
Proposition 1.

(1). ∑0≤λ1≤λ2≤...≤λM≤N q∑ λi = GN+M
M = ∑g (−1)gqMg+ g(g+1)

2 GM
g GN+2M−g

2M .

(2). ∑A≤λ1<λ2<...<λM≤B q∑ λi = q(
M
2 )+AMGB−A+1

M , A, B ∈ Z, ∑1≤λ1<...<λg≤M q∑M
i=1 λi = q

(
g+1
2

)
GM

g .

(3). ∏M
i=1 (a + qA+iz) = ∑g q(

g
2)+(A+1)gGM

g zgaM−g.

(4). ∑g (−1)gq
g(g+1)

2 GM
g GN−g

K = (qM; q−1)M−K, N ≥ M ≥ K ≥ 0.

(5). ∑g (−1)gq
g(g+1)

2 GM
g GN−g

M+1 = ∑N−M−1
i=0 q(M+1)i, N ≥ M + 1, M > 0.

(6).
[

N+M
M

]
q2

= ∑g (−1)gqg2
[

M
g

]
q2

GN+2M−g
2M .
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Proof.

PS = [1, 1...1] : 0, PT = [1, 3...2M − 1], Hq
1(g > 0) = 0, Hq

1(0) = 1, SUM(N + 1) = GN+M
M → pre-equation of (1).

∑A≤λ1<...<λM≤B q∑ λi = qA+(A+1)+...+(A+M−1) ∑0≤λ1≤...≤λM≤B−A−M+1 q∑ λi → (2).

At Hq
3(g), Bi =

{
qXT (−q2i−1),Xi=Ti
qXT=qi−XK ,Xi=Ki

, Extract qi form Bi, after extraction, Bi =

{
qXT (−qi−1),Xi=Ti
q−XK ,Xi=Ki

,

Hq
3(g) = q(

M+1
2 )−

(
M−g+1
2

)
(−1)gq

(
g+1
2

)
−g ∑1≤λ1<...<λg≤M q∑ λi = (−1)gq(

M+1
2 )−

(
M−g+1
2

)
+(g

2)+
(

g+1
2

)
GM

g .

Using [4(4)] is easier: Hq
3(g) = qg(M−1)(−1)gGM

M−gq
g(g+3)

2 . Form3 → post-equation of (1).

Comparing the coefficients of zg on both sides of (3), combined with (2), proves that (3).

A = −1, it’s Rothe’s q-Binomial Theorem ∏M
i=1 (a + qi−1z) = ∑g q(

g
2)GM

g zgaM−g.

(1) and ∇K
q → GN−K

M−K = ∑g (−1)gq(M−K)g+ g(g+1)
2 GM

g GN+M−K−g
2M−K , N ≥ M ≥ K ≥ 0.

K = M, ∑g (−1)gq
g(g+1)

2 GM
g GN−g

M = 1

= ∑g (−1)gq
g(g+1)

2 GM
g (qMGN−g−1

M + GN−g−1
M−1 ) = qM + ∑g (−1)gq

g(g+1)
2 GM

g GN−g−1
M−1

→ ∑g (−1)gq
g(g+1)

2 GM
g GN−g−1

M−1 = 1 − qM. Continuing the same process → (4).

Using the same recursive and inductive methods can obtain (5).

SUMq(N + 1, [1, 1...1] : q − 1, [1, 3...2M − 1]) = ∑0≤λ1≤...≤λM≤N q2 ∑ λi =
[

N+M
M

]
q2

.

At Hq
1(g), Bi =

{
q1+(Ti−Ti−1)XT−1 G

Ti−XK−1
1 Di=q1+2XT−1 (q2i−1−XK−1−1)=q2XT−1(qi+XT−1−1), Xi=Ti

q(Ti−Ti−1−1)XT−1 (Ki+G
XT−1
1 Di)=q2XT−1=q2XT ,Xi=Ki

,

Unable to derive a concise expression for Hq
1(g), the same applies to Hq

2(g).

At Hq
3(g), Bi =

{
q1+XT−1{(qXT−1 G

Ti
1 −qTi G

XT−1
1 )Di−KiqTi }=−q1+2XT−1=−q−1+2XT ,Xi=Ti

qXT−1 (Ki+G
XT−1
1 Di)=qXT−1 (1+G

XT−1
1 (q−1))=q2XT−1=q2XT ,Xi=Ki

.

Hq
3(g) = (−1)gq−g+2(∑

g
i=1 i) ∑Xi∈K ∏ q2XT = (−1)gqg2

[
M
g

]
q2

.
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(4) is unrelated to N; it is an effect of ∇K
q , just as the difference table of a polynomial series will

have a row of constants.

This derivation: ∑g (−1)gq
g(g+1)

2 −pgGM
g GN−g−p

K−p = 0, N ≥ M > K ≥ 0, 0 < p ≤ K.

(5) → q(N−M−1)∇1
q(∑g (−1)gq

g(g+1)
2 GM

g GN−g
M+1) = q(M+1)(N−M−1) → ∑g (−1)gq

g(g−1)
2 GM

g GN−g
M = qM(N−M), N ≥ M.

∑A≤λ1<λ2<...<λM≤B q∑ λi D = q(
M
2 )D+AMD

[
B−A+1
M

]
qD

.

∏A
i=1 (1 + qC+Diz) = ∑A

g=0 qgC ∑1≤λ1≤...≤λg≤A q∑ λi Dzg = ∑A
g=0 q(

g
2)D+gD+gC

[
A
g

]
qD

zg.

∏A
i=1 (a + q(2i−1)Dz) = ∑A

g=0 qg2D
[

A
g

]
q2D

zgaA−g, ∏B
i=1 (a−1 + q(2i−1)Dz−1) = ∑B

g=0 qg2D
[

B
g

]
q2D

z−ga−(B−g).

∏A
i=1 (a + q(2i−1)Dz)∏B

i=1 (a−1 + q(2i−1)Dz−1) = ∑A
k=−B zk f (k).

f (k) = ∑A+B
i=0

[
A
i

]
q2D

[
B
i−k

]
q2D

qi2Dq(i−k)2DaA−ia−(B−(i−k))

= qk2DaA−B−k ∑A+B
i=0

[
A
i

]
q2D

[
B
i−k

]
q2D

q2D(i(i−k)) = qk2DaA−B−k
[

A+B
A−k

]
q2D

.

The last step used q-Vandermorde identity. a = D = 1, it’s MacMahon’s q-binomial theorem [2] p.74.

|q|, |x| < 1,
1

(x; q)M+1
= (1 + x + x2 + ...)(1 + xq + x2q2 + ...)(1 + xq2 ++x2q4 + ...)...(1 + xqM ++x2q2M + ...).

When we multiply this out, the coefficient of x2 will be ∑ qaqb, 0 ≤ a ≤ b ≤ M, and so forth.

(1) → 1
(x; q)M+1

= ∑∞
k=0 GM+k

k xk,
1

(x; q)∞
= ∑∞

k=0
xk

(q; q)k
, it’s Euler and Cauchy’s identity [2] pp 121-123.

(3) → (−x, q)M = ∑M
g=0 q(

g
2)GM

g xg → (−x, q)∞ = ∑∞
k=0

q(
k
2)xk

(q; q)k
, it’s Euler’s identity [2] p.129.

C ≥ 2, M > 1, X = C(M − 1)− M + 2, At Hq
3(g, [1, 1...1] : q − 1, [1, C + 1...C(M − 1) + 1]), Bi =

{
−qCXT−1+1,Xi=Ti
qCXT ,Xi=Ki

,

fi =
{

1,i ̸≡1 (mod C−1)
2,i≡1 (mod C−1) , ∑0≤λ1≤...≤λX≤N−1 q∑ fiλi = ∑g (−1)gqg+C g(g−1)

2

[
M
g

]
qC

GN+C(M−1)+1−g
C(M−1)+2 .

Proposition 2. A ∈ Z,
(1). GN+M

M+1 = ∑g q(g+1)gGM
g GN

1+g; GN+M+p
M+1+p = ∑M

g=0 q(1+p+g)gGM
g GN+p

1+p+g = ∑
M+p
g=0 q(g+1)gGM+p

g GN
1+g, 1+

p ≥ 0.

(2). ∑k (−1)k+gGM
k Gk

gq
k(k−1)

2 −gk+Akzk = q−
g(g+1)

2 +AgGM
g (zqA; q)M−gzg. Generalized Rothe’s q-Binomial

Theorem.
(3). ∑k (−1)kGM

k GM−k
M−gq

k(k−1)
2 +Akzk = GM

g (zqA; q)g.
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Proof.

PS1 = [[1]q−, [2]q−...[M]q−], PS = [[M]q−, [M − 1]q−...[1]q−], PT = [1, 2...M],

SUMq(N, PS1, PT) = [M!]q−GN+M
M+1 = ∑g Hq

1(g)GN
1+g = SUMq(N).

In Hq
1(g), Xi ∈ K, Bi = [M + 1 − i]q− + GXT−1

1 = q−(M−i+1)GM+1−i+XT−1
1 .

Hq
1(g, ∑ K) = GM

1 GM−1
1 ...Gg+1

1 q−(M+1)(M−g) ∑1≤λ1<...<λM−g≤M q∑ λi = GM
1 ...Gg+1

1 q
(

M−g+1
2

)
−(M+1)(M−g)GM

M−g.

Hq
1(g)

[M!]q−
=

q∑
g
i=1 i[g!]q+Hq

1(g, ∑ K)
[M!]q−

= q
(

M−g+1
2

)
−(M+1)(M−g)+∑M

i=1 i+∑
g
i=1 iGM

M−g = qg(g+1)GM
g , this and [3(3)] yields (1).

For (2)(3), when g=0 or M, verify directly[1(3)]. Using induction to prove.

Let f (g) = q−
g(g+1)

2 +Ag, L(k) = q
k(k−1)

2 −gk+Ak .

∑k (−1)k+g(GM−1
k + qM−kGM−1

k−1 )Gk
gq

k(k−1)
2 −gk+Akzk

= f (g)GM−1
g (zqA; q)M−1−gzg + ∑k (−1)k+gGM−1

k−1 (Gk−1
g + qk−gGk−1

g−1)L(k)qM−kzk

= f (g)GM−1
g (zqA; q)M−1−gzg + ∑k (−1)k+1+gGM−1

k (Gk
g + qk+1−gGk

g−1)L(k + 1)qM−(k+1)zk+1

= f (g)GM−1
g (zqA; q)M−1−gzg(1 − zqAqM−g−1) + qM+A−2gz ∑k (−1)k+g−1GM−1

k Gk
g−1q

k(k−1)
2 −(g−1)k+Akzk

= f (g)GM−1
g (zqA; q)M−gzg + qM+A−2gz f (g − 1)GM−1

g−1 (zqA; q)M−gzg−1

= f (g)(zqA; q)M−gzg(GM−1
g + qM−gGM−1

g−1 ) → (2).

∑M
k=0 (−1)k(qkGM−1

k + GM−1
k−1 )GM−k

M−gq
k(k−1)

2 +Akzk

= ∑M
k=0 (−1)kGM−1

k GM−k
M−gq

k(k−1)
2 +(A+1)kzk + ∑M

k=0 (−1)kGM−1
k−1 GM−1−(k−1)

M−1−(g−1)q
k(k−1)

2 +Akzk.

= ∑M
k=0 (−1)kGM−1

k (GM−1−k
M−1−(g−1) + qg−kGM−1−k

M−1−g)q
k(k−1)

2 +(A+1)kzk − z ∑M
k=0 (−1)kGM−1

k GM−1−k
M−1−(g−1)q

k(k+1)
2 +A(k+1)zk

= GM−1
g−1 (zq1+A; q)g−1 − zqAGM−1

g−1 (zq1+A; q)g−1 + qgGM−1
g (zqA; q)g = GM−1

g−1 (zqA; q)g + qgGM−1
g (zqA; q)g → (3).

A = 0, z = 1 → (2)(3) = 0. (1) and [6] arrived at this conclusion, and (2)(3) was inspired by them.

(2) → g + A < M, ∑k (−1)kGk
gGM

k q(
k
2)−(g+A)k = 0; g < M, ∑k (−1)kGk

gGM
k q(

k
2)−(M−1)k = 0.

(3) → g > A, ∑k (−1)kGM−k
M−gGM

k q(
k
2)−Ak = 0; g > 0, ∑k (−1)kGM−k

M−gGM
k q(

k
2)−(g−1)k = 0.

(2) → ∑k GM
k Gk

gq
k(k−1)

2 +Akzk = q
g(g−1)

2 +AgGM
g (−zqg+A; q)M−gzg.

A = 1, z = 1, (3) is a special case of [1(5)]: N = M, K = M − g.

Proposition 3.

(1). ∑k (−1)k+gGM
k Gk

g =

{
GM

g (q;q2) M−g
2

,M+g is even

0,M+g is odd ; ∑k (−1)k+gGM
k GM−k

M−g =

{
GM

g (q;q2) g
2

,g is even

0,g is odd .

(2). ∑k (−1)k+gGM
k Gk

gqk =

{
qgGM

g (q;q2) M−g
2

,M+g is even

qgGM
g (q;q2) M−g+1

2
,M+g is odd

.

(3). ∑k (−1)k+gGM
k Gk

gq−k =

{
(−1)M−gq−MGM

g (q;q2) M−g
2

,M+g is even

(−1)M−gq−MGM
g (q;q2) M−g+1

2
,M+g is odd

.
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Proof.

M+g is odd, (−1)k+gGM
k Gk

g =
(−1)k+g(q; q)M

(q; q)g(q; q)k−g(q; q)M−k
= −(−1)g+(M−k+g)GM

M−k+gGM−k+g
g → Sum = 0.

M+g is even, using induction. Sum = ∑k (−1)k+gGM−1
k Gk

g + ∑k (−1)k+gGM−1
k−1 Gk

gqM−k

= 0 + ∑k (−1)k+gGM−1
k−1 Gk

gqM−k = ∑k (−1)k+gGM−1
k−1 Gk−1

g qM−k + ∑k (−1)k+gGM−1
k−1 Gk−1

g−1qM−g

= ∑k (−1)k+g−1GM−1
k−1 Gk−1

g (1 − qM−k) + ∑k (−1)k+gGM−1
k−1 Gk−1

g−1qM−g

= ∑k (−1)k+(g+1)GM−1
k Gk

g+1(1 − qg+1) + ∑k (−1)(k−1)+(g−1)GM−1
k−1 Gk−1

g−1qM−g

= GM−1
g+1 (q; q2)M−1−(g+1)

2
(1 − qg+1) + qM−gGM−1

g−1 (q; q2)M−1−(g−1)
2

= GM−1
g (q; q2)M−g−2

2
(1 − qM−g−1) + qM−gGM−1

g−1 (q; q2)M−g
2

= (GM−1
g + qM−gGM−1

g−1 )(q; q2)M−g
2

.

g = 0, it’s Gauss’s q-Binomial theorems [2] p.61. Replace k, g by M − k, M − g to obtain the second equation of (1).

∑k (−1)k+gGM
k Gk

g(1 − qk) = ∑k (−1)k+gGM−1
k−1 Gk

g(1 − qM) = −∑k (−1)k+gGM−1
k Gk+1

g (1 − qM)

= −qg(1 − qM)∑k (−1)k+gGM−1
k Gk

g + (1 − qM)∑k (−1)k+g−1GM−1
k Gk

g−1.

M+g is odd = −qg(1 − qM)GM−1
g (q; q2)M−1−g

2
= −qg(1 − qM−g)GM

g (q; q2)M−1−g
2

= −qgGM
g (q; q2)M−g+1

2
.

M+g is even = (1 − qM)GM−1
g−1 (q; q2)M−g

2
= (1 − qg)GM

g (q; q2)M−g
2

. (1) → (2). Similarly, (3) can be obtained.

Another Gauss’s identity: ∑k
[M

k
]

q2 qk = (−q; q)M [2] p.65. Inspired by the above form:

Proposition 4. ∑k
[M

k
]

q2

[
k
g

]
q2

qk = qg
[

M
g

]
q2
(−q; q)M−g. ∑k

[M
k
]

q2

[
k
g

]
q2

q−k = q−M
[

M
g

]
q2
(−q; q)M−g.

Proof.

∑k

[
M
k

]
q2

[
k
g

]
q2

qk = ∑k

[
M−1
k

]
q2

[
k
g

]
q2

qk + ∑k

[
M−1
k−1

]
q2

[
k
g

]
q2

q2M−2k+k

= qg
[

M−1
g

]
q2
(−q; q)M−1−g + {∑k

[
M−1
k−1

]
q2

[
k−1
g

]
q2

q2M−k}+ q2M−2k+(2k−2g) ∑k

[
M−1
k−1

]
q2

[
k−1
g−1

]
q2

qk

= qg
[

M−1
g

]
q2
(−q; q)M−1−g + q2M−2g+g

[
M−1
g−1

]
q2
(−q; q)M−g + {∑k

[
M−1
k

]
q2

[
k
g

]
q2

q2M−k−1}.

{...} = ∑k

[
M−1
M−1−k,g,k−g

]
q2

q2M−k−1, k := M − 1 − (k − g) → ∑k

[
M−1
M−1−k,g,k−g

]
q2

qM−g+k = qM
[

M−1
g

]
q2
(−q; q)M−1−g.

∑k

[
M
k

]
q2

[
k
g

]
q2

qk = qg(−q; q)M−g(
[

M−1
g

]
q2
+ q2(M−g)

[
M−1
g−1

]
q2
). Similarly, the latter equation can be obtained.

Proposition 5.
(1). Hq

1(g, [[T1]q−, [T2]q−...[TM]q−], [T1, T2...TM]) = ∏M
i=1 [Ti]q−q(g+1+p)gGM

g , p = TM − M.

(2). Hq
1(g, [[K]q−, [K+ 1]q−...[K+ M− 1]q−], [T, T+ 1...T+ M− 1]) = q

(
g+1
2

)
∏

g
i=1 [T − 1 + i]q ∏

M−g
i=1 [K + M − i]q−GM

g .

(3). K = {[K]q−, [K+ 1]q−...[K+ M− 1]q−}, FK
M−gEg,q

0 + FK
M−g−1Eg,q

1 + ...+ FK
0 Eg,q

M−g = ∏
M−g
i=1 [K + M − i]q−GM

g .

(4). H = TM − M, Hq
1(g, [[T]q−, PS], [T, PT]) = [T]q−(Hq

1(g) + qH+gHq
1(g − 1)).
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Proof.

∑g Hq
1(g)GN+p

1+p+g = ∏ [Ti]q−GN+TM
TM+1 = ∏ [Ti]q−GN+M+p

M+p+1 , [2(1)] yields (1), [6] can also reach the conclusion.

At (2), Ki can swap order, let PS = [[K + M − 1]q−...[K + 1]q−, [K]q−], PT = PT1.

Bi o f Hq
1(g) =

{
qXT G

T+XT−1
1 ,Xi=Ti

q−(K+M)qiGK+M−i+XT
1 ,Xi=Ki

. Hq
1(g) = q

(
g+1
2

)
∏g

i=1 [T − 1 + i]qHq
1(g, ∑ K).

Hq
1(g, ∑ K) = ∏M−g

i=1 [K + M − i]qq−(K+M)(M−g)q
(

M−g+1
2

)
GM

g [1(2)], this and [5] yields (2)(3).

SUMq(N, [[T]q−, PS], [T, PT]) = ∑M+1
g=0 Hq

1(g, [[T]q−, PS], [T, PT])GN+H−1
H+g = [T]q− ∑M

g=0 Hq
1(g)GN+H

1+H+g

= [T]q− ∑M+1
g=1 Hq

1(g − 1)qH+gGN+H−1
H+g + [T]q− ∑M

g=0 Hq
1(g)GN+H−1

H+g → (4).

For H1(g), (1) = ∏ Ti

(
M
g

)
, (2) = ∏g

i=1 (T − 1 + i)∏M−g
i=1 (K + M − i)

(
M
g

)
.

(1 − q)A+M

(q; q)A(q; q)M
∇qSUM(N, [[1]q−, [2]q−...[A]q−, [B + 1]q−, [B + 2]q−...[B + M]q−], [1, 2...A, A + 1, A + 2...A + M])

= Gn+A
A Gn+M+B

M q−(...) =
(1 − q)A+M

(q; q)A(q; q)M
[A!]q−∇qSUM(N, [[B + 1]q−...[B + M]q−], [A + 1...A + M]).

So we can obtain the formula for Gn+A
A Gn+M+B

M .

SUMq(N, [[1]q−, [2]q−...[M − 1]q−, 1 : q − 1, 1 : q − 1...1 : q − 1], [1, 2...M − 1, M + 1, M + 2...M + K − 1])

= [(M − 1)!]q−SUMq(N, [1, 1...1] : q − 1, [M + 1, M + 2...M + K − 1]) = [(M − 1)!]q− ∑N−1
n=0 qKnG(n+1)+(M−1)

(M−1)+1 .

So we can calculate ∑N−1
n=0 qKnGn+M

M , K > 0.

PT1 = [1, 2...M], PT2 = [T + 1, T + 2...T + M],

∇qSUM(n + 1, PS, PT1) = ∏i (Ki + [n]qDi),∇qSUM(n + 1, PS, PT2) = ∏i (Ki + [n]qDi)Gn+T
T ,

At Hq
1(g), Bi of PT1 =

{
qXT GXT

1 Di , Xi=Ti

Ki+GXT
1 Di ,Xi=Ki

, Bi of PT2 =

{
qXT GT+XT

1 Di , Xi=Ti

Ki+GXT
1 Di ,Xi=Ki

.

Hq
1(g, PS, PT2) = Hq

1(g, PS, PT1)
GT+1

1 ...GT+g
1

G1
1 ...Gg

1
= Hq

1(g, PS, PT1)GT+g
g →

If ∑M
g=0 agGn

g = ∏M
i=1 (Ki + [n]qDi) then ∑M

g=0 agGT+g
g Gn+T

T+g = ∏M
i=1 (Ki + [n]qDi)Gn+T

T .

(1) is difficult to derive from its definition. Promote it, ∑ Di f f below is equivalent to XT−1, XK−1.

Definition 7. Set T come from p Source: S1, S2...Sp.
Di f f (Sx, Sx) = 0, Di f f (Sx, Sy) = −Di f f (Sy, Sx) = 1, x > y. Di f f (Ti, Tj) = Di f f (Sx, Sy), Ti ∈
Sx, Tj ∈ Sy.

Proposition 6. ∑g1+...+gp=M,gi=|Si | ∏M
i=1 G

Ti+∑j<i Di f f (Tj ,Ti)

1 q
∑j<i,Di f f (Tj ,Ti)=−1 1

= GM
g1,g2...gp ∏M

i=1 GTi
1 , Ti ≥

i.
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Proof.

Record the sum as Wq(g1, g2, ...gp, PT).

W(1, 1, [T1, T2]) = GT1
1 GT2+1

1 + GT1
1 GT2−1

1 q = GT1
1 GT2

1 G2
1 , it’s holds. Assume that Wq(g1, g2, PT) holds,

Wq(g1, g2 + 1, [PT, TM+1]) = TM+1 ∈ Source1 + TM+1 ∈ Source2

= Wq(g1, g2, PT)GTM+1+g1
1 + Wq(g1 − 1, g2 + 1, PT)GTM+1−(g2+1)

1 qg2+1.

= (∏i GTi
1 )GM

g1,g2
GTM+1+g1

1 + (∏i GTi
1 )GM

g1−1,g2+1GTM+1−(g2+1)
1 qg2+1.

Just need to prove: GM
g1

GTM+1+g1
1 + GM

g1−1GTM+1−(M−g1+1)
1 qM−g1+1 = GTM+1

1 GM+1
g1

.

(Right side)× (qM−g1+1 − 1)/GM
g1

= (qTM+1−1 + ... + q + 1)(qM+1 − 1) = (1).

(Le f t side)× (qM−g1+1 − 1)/GM
g1

= (qM−g1+1 − 1)GTM+1+g1
1 + (qg1 − 1)GTM+1−(M−g1+1)

1 qM−g1+1

= (qM−g1+1 − 1)(qTM+1+g1−1 + ... + q + 1) + (qg1 − 1)(qTM+1−1 + ... + qM−g1+2 + qM−g1+1) = (2).

(1)− (2) = 0 → It’s holds when p=2. Wq(g1, g2 + g3, PT) = Gg1+g2+g3
g1,g2+g3 ∏i GTi

1 .

Every product has g2 + g3 factors come from Source2, divide them to g2 × Source2 + g3 × Source3,

g1-factors are invariant, (g2 + g3)-factors are variant.

∑ ∏ (variant factors) = Wq(g2, g3, [X1, X2...Xg2+g3 ]) = Gg2+g3
g2,g3 ∏g2+g3

i=1 GXi
1 .

Wq(g1, g2, g3, [T1, T2...TM]) = Gg1+g2+g3
g1,g2+g3

Gg2+g3
g2,g3 ∏i GTi

1 = Gg1+g2+g3
g1,g2,g3 ∏i GTi

1 .

Definition 8.
〈M

M
〉q

= 0,
〈

M
g

〉q
= ∑λ1+...+λg+1=M−g ∏

g+1
i=1 [i]λi

q [1 + λ1]q[1 + λ1 + λ2]q...[1 + λ1 + ... +
λg]q, λi ≥ 0.

Easy to obtain:
〈

M
g

〉q
= [M − g]q

〈
M−1
g−1

〉q
+ [g + 1]q

〈
M−1
g

〉q
,
〈

M
g

〉q
=

〈
M
M−g−1

〉q
.

Proposition 7.

[N]Mq = ∑M
g=1 [g!]q+Sq

2(M, g)q−gGN
g = ∑M

g=1 (−1)M−g[g!]q−Sq−
2 (M, g)qgGN+g−1

g = ∑M−1
g=0

〈
M
g

〉q
q
(

M−g
2

)
GN+g

M .
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Proof.

∇1
qSUM(N, [[1]q−, [1]q−...[1]q−], [1, 2...M]) = ∏(

1
q
+

qN−1 − 1
q − 1

) = q−M[N]Mq

= q−1∇1
qSUM(N, [1]q−, [1]q−...[1]q−], [2, 3...M]) = q−1 ∑M−1

g=0 Hq
1(g)GN

1+gq−g. = q−1 ∑M−1
g=0 Hq

2(g)GN+g
1+g .

In Hq
1(g), Bi =

{
q1+XT−1 G

(i+1)−XK−1
1 =q−1q1+XT G1+XT

1 , Xi=Ti

q−1+G
XT−1
1 =q−1G

1+XT−1
1 =q−1G1+XT

1 ,Xi=Ki
.

Hq
1(g) =

[(g + 1)!]q+
[1]q+

q−gHq
1(g, ∑ K) = [(g + 1)!]q+q−g−1q−(M−1−g)Eg+1,q

M−1−g.

q−M[N]Mq = q−1 ∑M−1
g=0 [(g + 1)!]q+q−g−1−(M−g−1)Sq

2(M, g + 1)GN
1+gq−g → Form1.

In Hq
2(g), Bi =

{
q−(1+XT )G1+XT

1 , Xi=Ti

q−1−q−(i+1−XK−1)G
i+1−XK−1
1 =q−1−q−(2+XT )G2+XT

1 =−q−1q−(1+XT )G1+XT
1 ,Xi=Ki

.

Hq
2(g) =

[(g + 1)!]q−
[1]q−

Hq
2(g, ∑ K) = q[(g + 1)!]q−(−1)M−1−gq−(M−1−g)Eg+1,q−

M−1−g.

q−M[N]Mq = q−1 ∑M−1
g=0 q[(g + 1)!]q−(−1)M−1−gq−(M−1−g)Eg+1,q−

M−1−gGN+g
1+g → Form2.

∇1
qSUM(N, [[1]q−, [1]q−...[1]q−], [1, 2...M]) = ∑M

g=0 Hq
3(g)GN+M−1−g

M q−g.

Bi =

q(qXT−1 Gi
1−qiG

XT−1
1 −qiq−1)=q qi−1−qXT−1

q−1 =qXT Gi−XT
1 , Xi=Ti

q−1+G
XT−1
1 =q−1G

1+XT−1
1 =q−1G1+XT

1 ,Xi=Ki
, Hq

3(g) = q−(M−g)q
g(g+1)

2

〈
M
g

〉q
, Hq

3(M) = 0.

[N]Mq = ∑M−1
g=0

〈
M
g

〉q
q

g(g+1)
2 GN+M−1−g

M = ∑M−1
g=0

〈
M
M−1−g

〉q
q
(M−1−g)(M−g)

2 GN+g
M .

NM = ∑M
g=1 g!S2(M, g)

(
N
g

)
= ∑M

g=1 (−1)M−gg!S2(M, g)
(

N+g−1
g

)
= ∑M−1

g=0

〈
M
g

〉(
N+g
M

)
.

S2(M, g) is Stirling number of the second kind. S2(M, g) = Eg
M−g,

〈
M
g

〉
is Eulerian number,〈

M
g

〉
= ∑λ1+λ2+..+λg+1=M−g ∏g+1

i=1 iλi (1 + λ1)(1 + λ1 + λ2)...(1 + λ1 + .. + λg) [3].

Proposition 8.
(1). 0 ≤ A < M, 0 ≤ T, ∑M

g=0 GM
g GA+T+g

A GN+A+T
A+T+1+gqg(g+1+T) = ∑A

k=0 GA+T
k+T GM+T+k

M+T GN+M+T
M+T+1+kqk(k+1+T).

(2). 0 ≤ A, B, T, 0 ≤ A + B < M, ∑g GM
g GA+T+g

A Gg
Bq(

g
2)−g(A+B)(−1)g = 0.

(3). 0 ≤ K, T, ∑g (−1)gGM
g GM+K+T+g

M+K q
(

M+1−g
2

)
+ (M−g)K

= (−1)MGT+M+K
K .
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Proof.

PS = [[T + 1]q−, [T + 2]q−...[T + M]q−], PT = [T + A + 1, T + A + 2...T + A + M]),

SUMq(N) =

= ∑M
g=0 GN+A+T

A+T+1+g[T + A + 1]q...[T + A + g]q × [T + g + 1]q...[T + M]qq
(

g+1
2

)
−(T+M+1)(M−g)+

(
M+1−g
2

)
GM

g [5(2)]

=
(q; q)A(qT+A+1; q)M−A

(1 − q)M ∑M
g=0 GN+A+T

A+T+1+gq
(

g+1
2

)
−(T+M+1)(M−g)+

(
M+1−g
2

)
GA+T+g

A GM
g (∗)

= ∏M−A
i=1 [T + A + i]q−SUMq(N, [[T + 1]q−...[T + A]q−], [T + M + 1...T + M + A]). [3(4)]

= q
−(M−A)(T+A+1+T+M)

2 ∏M−A
i=1 [T + A + i]q ∑A

k=0 GN+M+T
M+T+1+kq(

k+1
2 )−(T+A+1)(A−k)+(A+1−k

2 )

× [T + M + 1]q...[T + M + k]q × [T + 1 + k]q...[T + A]qGA
k

= q
−(M−A)(T+A+1+T+M)

2 ∑A
k=0 GN+M+T

M+T+1+kq(
k+1
2 )−(T+A+1)(A−k)+(A+1−k

2 ) ∏M
i=1 [T + k + i]qGA

k . (∗∗)

Compare (*) and (**) :

∑M
g=0 GN+A+T

A+T+1+gq
g(1+g)−(M−g)(g+M+1+2T)

2 GA+T+g
A GM

g

= q
−(M−A)(T+A+1+T+M)

2 ∑A
k=0 GN+M+T

M+T+1+kq
k(1+k)−(A−k)(k+A+1+2T)

2
(qT+k+1; q)M

(qT+A+1; q)M−A(q; q)k(q; q)A−k

= q
−(M−A)(T+A+1+T+M)

2 ∑A
k=0 GN+M+T

M+T+1+kq
k(1+k)−(A−k)(k+A+1+2T)

2 GM+T+k
M+T GA+T

k+T → (1).

[6] and (1) → ∑M
g=0 GM

g GA+T+g
A Gg

Bqg(1+g+T)q
−g(g+3)

2 −Bg−(A+T)g(−1)g = 0 → (2).

SUMq(N, [[T + 1]q−, [T + 2]q−...[T + M]q−], [T + K + M + 1, T + K + M + 2...T + K + 2M]).

Hq
1(g) = q

(
g+1
2

)
−(T+M+1)(M−g)+

(
M−g+1
2

)
∏g

i=1 [T + K + M + i]q ∏M−g
i=1 [T + M + 1 − i]qGM

g [5(2)].

Hq
2(0) = (−1)Mq−M(T+K+M+1) ∏M

i=1 [K + i]q = ∑g(−1)g Hq
1(g)q

−g(g+3)
2 −(T+K+M)g [6(3)].

(−1)M ∏M
i=1 [K + i]q = ∑g(−1)gq

(
M−g+1
2

)
+(M−g)K ∏g

i=1 [T + K + M + i]q ∏M−g
i=1 [T + M + 1 − i]qGM

g .

(−1)M ∏M
i=1 [K + i]q ∏K

i=1 [T + M + i]q = ∑g(−1)gq
(

M−g+1
2

)
+(M−g)K ∏K+M

i=1 [T + g + i]qGM
g .

(−1)M ∏K
i=1 [T + M + i]q = ∑g(−1)gq

(
M−g+1
2

)
+(M−g)K ∏K+M

i=1 [T + g + i]q/ ∏M
i=1 [K + i]q × GM

g .

(−1)MGT+M+K
K = ∑g(−1)gq

(
M−g+1
2

)
+(M−g)K × GT+K+M+g

M+K GM
g → (3), the case where A + B ≥ M of (2).

Proposition 9. ∑N−1
nM=0 ... ∑n2

n1=0 ∏M
i=1 [K − 1 + i + 2ni]qq−∑M

j=1 nj = q−(N−1)M ∏M
i=1 [K + N − 2 + i]qGM+N−1

M .
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Proof.

PS = [[K]q−, [K + 1]q−...[K + M − 1]q−], PT = [1, 2...M].

Hq
1(g, ∑ K) = q−(K+M)(M−g)+

(
M−g+1
2

)
∏M−g

i=1 GK+g−1+i
1 GM

g . [5(2)]

Bi = Ki o f Hq
1(g) = q−(K−1+i)GK−1+i

1 + GXT = q−(K−1)−iGK−1+i+XT
1 . Expand by Bi →

Hq
1(g, ∑ K) = ∑g

nM−g=0 ... ∑n2
n1=0 q−(K−1)(M−g)−∑

M−g
j=1 j−∑

M−g
j=1 nj ∏M−g

i=1 GK−1+i+2ni
1 .

∑g
nM−g=0 ... ∑n2

n1=0 ∏M−g
i=1 GK−1+i+2ni

1 qg(M−g)−∑
M−g
j=1 nj = ∏M−g

i=1 GK+g−1+i
1 GM

g .

∑g
nM=0 ... ∑n2

n1=0 ∏M
i=1 GK−1+i+2ni

1 qgM−∑M
j=1 nj = ∏M

i=1 GK+g−1+i
1 GM+g

g .

∑N−1
nM=0 ... ∑n2

n1=0 ∏M
i=1 GK−1+i+2ni

1 q(N−1)M−∑M
j=1 nj = ∏M

i=1 GK+N−2+i
1 GM+N−1

N−1 .

K = 1, M = 1 → ∑N−1
n=0 [1 + 2n]qq−n = q−(N−1)[N]2q.

4. Extensions of q-Euler Polynomials and Relationships between Three Forms
In this section, a ̸= 0, 1, q−1, q−2...q−M....

Lemma 2. ∑N−1
n=0 anGn+A

M = −aN ∑M
g=0

q(N+A−M)gGN+A−1−g
M−g

(a;q)g+1
+ aM−A

(a;q)M+1
, 0 ≤ A ≤ M, N > M − A.
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Proof.

A = M, M = 0, ∑N−1
n=0 an =

−aN

1 − a
+

1
1 − a

, holds.

A = M, M = 1, ∑N−1
n=0 anGn+1

1 = ∑N−1
n=0 an(1 + q + ... + qn)

= (1 + q + ... + qN−1)∑N−1
n=0 an − q ∑0

n=0 an − q2 ∑1
n=0 an... − qN−1 ∑N−2

n=0 an

= GN
1

1 − aN

1 − a
− q(1 − a)

1 − a
− q2(1 − a2)

1 − a
...

qN−1(1 − aN−1)

1 − a

= GN
1

1 − aN

1 − a
+

1 + aq + ... + aN−1qN−1

1 − a
− 1 + q + ... + qN−1

1 − a
=

GN
1 − GN

1 aN

1 − a
+

1 − aNqN

(1 − a)(1 − aq)
−

GN
1

1 − a

=
−aNqN

(1 − a)(1 − aq)
+

−aNGN
1

1 − a
+

1
(1 − a)(1 − aq)

, holds.

A = M, N = 1,−a1 ∑M
g=0

qg

(a; q)g+1
+

1
(a; q)M+1

=
1 − aqM

(a; q)M+1
− a1 ∑M−1

g=0
qg

(a; q)g+1

=
(1 − aqM)(1 − aqM−1)

(a; q)M+1
− a1 ∑M−2

g=0
qg

(a; q)g+1
= ... = 1, holds. Assume that N holds.

∑N
n=0 anGn+M

M = ∑N
n=0 an(qMGn−1+M

M + Gn−1+M
M−1 ) = aqM ∑N−1

n=0 anGn+M
M + ∑N

n=0 anGn+M−1
M−1

= −qMaN+1 ∑M
g=0

qNgGN+M−1−g
M−g

(a; q)g+1
+

aqM

(a; q)M+1
− aN+1 ∑M−1

g=0

q(N+1)gGN+M−1−g
M−1−g

(a; q)g+1
+

1
(a; q)M

= −aN+1 ∑M
g=0

qNg+MGN+M−1−g
M−g + q(N+1)gGN+M−1−g

M−1−g

(a; q)g+1
+

1
(a; q)M+1

= −aN+1 ∑M
g=0

q(N+1)gqM−gGN+M−1−g
M−g + q(N+1)gGN+M−1−g

M−1−g

(a; q)g+1
+

1
(a; q)M+1

= −aN+1 ∑M
g=0

q(N+1)gG(N+1)+M−1−g
M−g

(a; q)g+1
+

1
(a; q)M+1

. Proof of A=M completed.

∑N−1
n=0 anGn+A

M = aM−A ∑N−M+A−1
n=0 anGn+M

M , complete the remaining proofs.

Theorem 7. X = TM − M − y ≥ −1, 0 ≤ Y ≤ 1, f (g) = (aq2+X+g; q)M−g = (aq2+TM−M−y+g; q)M−g,
(1). ∑g Hq

1(g)agq−yg f (g) = ∑g Hq
2(g) f (g) = ∑g Hq

3(g)agq−yg,define as Aq
a(PS, PT, y).

(2). ∑N−1
n=0 an∇y

qSUMq(n + Y) = −aN ∑M
k=0

q(N+Y−1)k∇y+k
q SUMq(N+Y−1)
(a;q)k+1

+ a1−Y Aq
a(PS,PT,y)

(a;q)TM+2−y
.

(3). |a|, |q| < 1, ∑∞
n=0 an∇y

qSUMq(n + Y) = a1−Y Aq
a(PS,PT,y)

(a;q)TM+2−y
.

(4). ∇y
qSUMq(∞) =

Aq
q(PS,PT,1+y)
(q;q)TM+1−y

, −∑R
k=0

q(N−R)(k+1)GN−1−k
R−k

(q;q)k+1
+ 1

(q;q)1+R
= GN

1+R.
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Proof.

∑N−1
n=0 an∇y

qSUMq(n + Y) = ∑M
g=0 Hq

1(g)∑N−1
n=0 anGn+Y+X

1+X+g q−yg

= ∑M
g=0 Hq

1(g)(−aN ∑1+X+g
k=0

q(N+Y−1−g)kq−ygGN+Y+X−1−k
1+X+g−k

(a; q)k+1
+

a1+g−Yq−yg

(a; q)2+X+g
).

= −aN ∑M
k=0

q(N+Y−1)k ∑M
g=0 Hq

1(g)q−(y+k)gGN+Y+X−1−k
1+X+g−k

(a; q)k+1
+

∑M
g=0 Hq

1(g)a1+g−Yq−yg f (g)

(a; q)TM+2−y

= −aN ∑M
k=0

q(N+Y−1)k∇y+k
q SUMq(N + Y − 1)
(a; q)k+1

+
∑M

g=0 Hq
1(g)a1+g−Yq−yg f (g)

(a; q)TM+2−y
.

∑N−1
n=0 an∇y

qSUMq(n + Y) = ∑M
g=0 Hq

2(g)∑N−1
n=0 anGn+Y+X+g

1+X+g

= ∑M
g=0 Hq

2(g)(−aN ∑1+X+g
k=0

q(N+Y−1)kGN+Y−1+X+g−k
1+X+g−k

(a; q)k+1
+

a1−Y

(a; q)2+X+g
).

= −aN ∑M
k=0

q(N+Y−1)k∇y+k
q SUMq(N + Y − 1)
(a; q)k+1

+
a1−Y ∑M

g=0 Hq
2(g) f (g)

(a; q)TM+2−y
.

∑N−1
n=0 an∇y

qSUMq(n + Y) = ∑M
g=0 Hq

3(g)∑N−1
n=0 anGn+Y+TM−y−g

TM+1−y q−yg

= ∑M
g=0 Hq

3(g)(−aN ∑TM+1−y
k=0

q(N+Y−1)kq−(y+k)gGN+Y+TM−y−g−1−k
TM+1−y−k

(a; q)k+1
+

a1+g−Yq−yg

(a; q)TM+2−y
).

= −aN ∑M
k=0

q(N+Y−1)k∇y+k
q SUMq(N + Y − 1)
(a; q)k+1

+
∑M

g=0 Hq
3(g)a1+g−Yq−yg

(a; q)TM+2−y
.

Three summations are identical → (1)(2). (3) is obvious. SUMq(N) = ∑N−1
n=0 qn∇1

qSUMq(n + 1) → (4).

Calculations show that the equations derived by Form2 and Form3 are the same as the latter half of (4).

∑∞
n=0 an[n]Mq = EM(a,q)

(a;q)M+1
, EM(a, q) is q-Eularian polynomials[2] p.332. [7] → three expressions for

EM(a, q).
Eularian polynomials: ∑n≥1 annM = aAM(a)

(1−a)M+1 . AM(a) = ∑g H1(g)ag(1 − a)M−g = ∑g H2(g)(1 − a)M−g =

∑g H3(g)ag

= ∑g g!S2(M, g)ag(1 − a)M−g = ∑g (−1)M−gg!S2(M, g)(1 − a)M−g = ∑g

〈
M
g

〉
ag.

At [6], some relationships have been obtained, and now the remaining ones can be deduced:

Theorem 8.
(1). c∗g = (−1)gq

g(g+3)
2 ∑k bkGM−k

g qgk = (−1)gq
g(g+3)

2 +Mg ∑k bM−kGk
gq−gk.

(2). bM−g = (−1)gq
g(g−1)

2 ∑k c∗k Gk
gq−(M+1)k, bg = (−1)M−gq

(M−g)(M−g−1)
2 ∑k c∗k Gk

M−gq−(M+1)k.

(3). If ∑M
g=0 bgGX+g

1+p+g can be converted into ∑M−R
g=0 (...)GX+g

1+p+R+g, 0 < R ≤ M, then

∑k Gk
gbk = 0, 0 ≤ g < R, ∑k GM−k

g qgkbk = 0, 0 ≤ g < R.

(4). If ∑M
g=0 cgGX+M−g

1+p+M can be converted into ∑M−R
g=0 (...)GX+M−R−g

1+p+M−R , 0 < R ≤ M, then

∑k GM−k
M−gq−k(g+1)c∗k = 0, 0 ≤ M − g < R, ∑k Gk

gq−(M+1)kc∗k = 0, 0 ≤ g < R.
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Proof.

At [7], PT = [1, 2...M], f (g) = (1 − aq2+g)(1 − aq3+g)...(1 − aqM+1),

∑g bg f (g) = ∑g bg ∑k GM−g
k (−a)kq

g(g−1)
2 +(2+g)k = ∑g cgq−pgag. Compare ag on both sides → (1).

∑x cx = ∑x (−1)xq
x(x+1)

2 +(M+p+1)x ∑k bM−kGk
xq−xk.

− x(x + 1)
2

− (M + p + 1)x +
(x − g)(x − g − 1)

2
+ gx + x =

g(g + 1)
2

− (M + p + 1)x.

∑x cxGx
g q

g(g+1)
2 −(M+p+1)x = ∑x (−1)xGx

g q
(x−g)(x−g−1)

2 +gx+x ∑k bM−kGk
xq−xk.

= ∑k bM−k ∑x (−1)xGx
g Gk

xq
(x−g)(x−g−1)

2 q(g+1−k)x = ∑k bM−kq(...) ∑x (−1)xGx
g Gk

xq
x(x−1)

2 −(k−1)x.(∗)

[2(3)] → k > g, ∑k
x=g (...) = 0 → (∗) = (−1)gbM−gqg → (2).

(3) is correspond to a∗g = c∗g = 0, (4) is correspond to a∗M−g = bM−g = 0.

Theorem 9. A ∈ Z,
(1). ∑g a∗gq−

g(g+1)
2 +AgaM−gzg = aM ∑g bg(−qA+1 z

a ; q)g = ∑g c∗gq−
g(g+1)

2 +AgaM−gzg(−qA+1 z
a ; q)M−g.

(2). ∑g bgqAgaM−gzg = aM ∑g (−1)ga∗gq−
g(g+3)

2 (qA−g+1 z
a ; q)g = qAMzM ∑g c∗gq−(M+1)g(q−A a

z ; q)g.
(3). ∑g c∗gqAgaM−gzg = ∑g a∗gqAgaM−gzg(qA+2+g z

a ; q)M−g = aM ∑g bg(qA+2+g z
a ; q)M−g.
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Proof.

∑g a∗gq−g(g+1)q
g(g−1)

2 +(A+1)gaM−gzg = ∑g ∑k bkGk
gq

g(g−1)
2 +(A+1)gaM−gzg

= ∑k bkaM−k ∑g Gk
gq

g(g−1)
2 +(A+1)gak−gzg = ∑k bkaM−k ∏k

i=1 (a + qA+iz).

∑g a∗gq−
g(g+3)

2 +(A+1)gaM−gzg = ∑k c∗k q−
k(k+3)

2 +(A+1)kzk ∑g GM−k
g−k q

(
g−k
2

)
+(A+1)(g−k)a(M−k)−(g−k)zg−k

= ∑k c∗k q−
k(k+1)

2 +Akzk ∏M−k
i=1 (a + qA+iz) → (1).

∑g bgqAgaM−gzg = ∑g qAgaM−gzg ∑k (−1)k+gGk
gq

g(g+1)−k(k+3)
2 −kga∗k

= ∑k (−1)ka∗k q−
k(k+3)

2 aM−k ∑g Gk
gq(

g
2)+(A−k+1)gak−g(−z)g = ∑k (−1)ka∗k q−

k(k+3)
2 aM−k ∏k

i=1 (a − qA−k+iz).

∑g bgqAgaM−gzg = ∑g qAgaM−gzg(−1)M−gq
(M−g)(M−g−1)

2 ∑k Gk
M−gq−(M+1)kc∗k

= ∑k q−(M+1)kc∗k ∑g aM−gzg(−1)M−gGk
M−gq

(M−g)(M−g−1)
2 +Ag, replace g with M-g →

= ∑k q−(M+1)kc∗k ∑g zM−g(−a)gGk
gq

g(g−1)
2 +A(M−g) = qAM ∑k q−(M+1)kc∗k zM−k ∏k

i=1 (z − q−A−1+ia) → (2).

∑g c∗gqAgaM−gzg = ∑g ∑k (−1)k+ga∗k GM−k
g−k q

g(g+3)
2 − k(k+3)

2 +AgaM−gzg

= ∑k (−1)ka∗k q−
k(k+3)

2 ∑g (−1)gGM−k
g−k q

g(g+3)
2 +AgaM−gzg, replace g with g+k →

= ∑k (−1)ka∗k q−
k(k+3)

2 ∑g (−1)g+kGM−k
g q

(g+k)(g+k+3)
2 +A(g+k)zg+kaM−k−g

= ∑k a∗k qAkzk ∑g GM−k
g q

g(g−1)
2 +(A+k+2)g(−z)gaM−k−g = ∑k a∗k qAkzk ∏M−k

i=1 (a − qA+k+1+iz).

∑g c∗gqAgaM−gzg = ∑k bk ∑g (−1)gq
g(g+3)

2 GM−k
g qgk+AgaM−gzg

= ∑k bkak ∑g (−1)gq
g(g−1)

2 +(A+k+2)gGM−k
g aM−k−gzg = ∑k bkak ∏M−k

i=1 (a − qA+k+1+iz) → (3).
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Combining [6], [8], [9] and ∑ a∗gqpgGX
1+p+g = ∑ bgGX+g

1+p+g = ∑ c∗gqpgGX+M−g
1+p+M ,

we can arbitrarily specify one set of values, calculate the other two sets,

and treat A, a, z as an independent variable or part of ag, bg, cg to derive the corresponding relationship.

a∗,1
g = qg(g+1)+AgGM

g , a∗,2
g = a∗,1

g zg [2(2)(3)] →

b∗,1
g = qAgGM

g (qA; q)M−g, b∗,2
g = qAgGM

g (zqA; q)M−gzg, c∗,1
g = (−1)gq

g(g+3)
2 GM

g (qA; q)g, c∗,2
g = (−1)gq

g(g+3)
2 GM

g (zqA; q)g →

∑g qg(g+1+A+p)GM
g zgGN

1+p+g = ∑g qAg(zqA; q)M−gGM
g GN+g

1+p+g = ∑g (−1)gq
g(g+3)

2 +pgGM
g (zqA; q)gGN+M−g

1+p+M .

∑g a∗,1
g q−

g(g+1)
2 zg = ∑g a∗,2

g q−
g(g+1)

2 = (−zq1+A; q)M

= ∑g qAgGM
g (qA; q)M−g(−zq; q)g (∗∗) = ∑g qAgzgGM

g (zqA; q)M−g(−q; q)g

= ∑g (−1)gqgzgGM
g (qA; q)g(−zq; q)M−g = ∑g (−1)gqgGM

g (zqA; q)g(−q; q)M−g.

A = 1, replace zq by z, (∗∗) → (−zq; q)∞

(q; q)∞
= ∑g

qg(−z; q)g

(q; q)g
.

A = 0, a∗,2
g = qg(g+1)GM

g zg, b∗,2
g = GM

g (z; q)M−gzg, calculate a∗,2
g using b∗,2

g → ∑g (z; q)M−gzgGM
g Gg

k = zkGM
k .

It’s equivalent to ∑g
qg

(q; q)g−k
=

qk

(q; q)M−k
→ ∑g

qg

(q; q)g
=

1
(q; q)M

(∗), a known formula [2].

[9(1)] → ∑g a∗,2
g q−

g(g+1)
2 −gz−gxg(−1)g = (1 − x)(1 − xq)...(1 − xqM−1) = ∑g b∗,2

g (
x
z

; q)g

= ∑g GM
g (1 − z)(1 − zq)...(1 − zqM−g−1)(z − x)(z − xq)...(z − xqg−1).

Replace x by
a
b

and z by
c
b

, then multiply through by bM to get Jacobi’s q-binomial theorem [2] p.71.

(b − a)(b − aq)...(b − aqM−1) = ∑g GM
g (b − c)(b − cq)...(b − cqM−g−1)(c − a)(c − aq)...(c − aqg−1).

A = 0, c∗,1
g = δg0 → ∑g a∗,1

g q(r−1)gag(aq1+r+g; q)M−g = 1 →
∑g GM

g qg2+grag(aq1+r+g; q)M−g

(aq; q)M
=

1
(aq; q)M

.

It’s a finite form of Jacobi’s Durfee square identity [2] pp.158-159: ∑g
qg2+grag

(q; q)g(aq; q)g+r
=

1
(aq; q)∞

.

bg = qg, ∑M
k=0 Gk

gqk−g = GM+1
g+1 → a∗g = qg(g+2)GM+1

g+1 ; ∑k GM−k
g q(g+1)k = GM+1

g+1 [2] p.22 → c∗g = (−1)gq
g(g+3)

2 GM+1
g+1 .

So ∑g qg(g+2+p)GM+1
g+1 GN

1+p+g = ∑g qgGN+g
1+p+g = ∑g (−1)gq

g(g+3)
2 +pgGM+1

g+1 GN+M−g
1+p+M .

calculate bg by a∗g, c∗g → ∑k (−1)k+gGk
gq

g(g+1)−k(k+1)
2 −gkGM+1

k+1 = q
(

M−g
2

)
∑k (−1)M+k+gGk

M−gq
k(k+3)

2 −(M+1)kGM+1
k+1 = qg.

calculate a∗g, c∗g by bg → GM+1
g+1 = ∑k (−1)kGM−k

M−gGM+1
k+1 q

k(k+1)
2 = ∑k (−1)kGM−k

M−gGM+1
k+1 q

k(k+1)
2 −g(k+1).

[9(3)] → ∑g qg(q1+g; q)M−g = ∑g qg(g+1)GM+1
g+1 (q1+g; q)M−g = ∑g (−1)gq

g(g+1)
2 GM+1

g+1 = 1 − (1; q)M+1 = 1.

∑g c∗gq−gzg = z−1 − z−1(z; q)M+1 = ∑g qg(zq1+g; q)M−g → 1 + ∑M
g=0

zqg

(z; q)g+1
=

1
(z; q)M+1

, promotion of (*) [2] p.113.

∑g bgq−g = M + 1 = q−M ∑g c∗gq−(M+1)g(q; q)g = ∑g (−1)gGM+1
g+1 q

(g+1)g
2 −M(g+1)(q; q)g.
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If q−1 replaces q, the result will be M + 1, which is Euler’s identity: ∑M
g=1 GM

g (q; q)g−1 = M [2] p.83.

c∗,1
g = (−1)gq

g(g+1)
2 +BgGM

g , c∗,2
g = c∗,1

g zg[2(3)] → a∗,1
g = qg(g+1)GM

g (qB−g; q)g, a∗,2
g = qg(g+1)GM

g (qB−gz; q)g.

[9(1)] → ∑g (−1)gqAg+BgGM
g zg(−qA+1z; q)M−g = ∑g q

g(g+1)
2 +AgGM

g (qB−g; q)gzg.

[9(1)] → ∑g (−1)gqAg+BgGM
g zg(−qA+1; q)M−g = ∑g q

g(g+1)
2 +AgGM

g (qB−gz; q)g.

[9(2)] → qAMzM ∑g (−1)gq
g(g+1)

2 +Bg−(M+1)gGM
g (q−Az−1; q)g = ∑g (−1)gq

g(g−1)
2 GM

g (qB−g; q)g(qA+1−gz; q)g.

[9(2)] → qAM ∑g (−1)gq
g(g+1)

2 +Bg−(M+1)gGM
g zg(q−A; q)g = ∑g (−1)gq

g(g−1)
2 GM

g (qB−gz; q)g(qA+1−g; q)g.

B = 1 → ∑g (−1)gqAg+gGM
g zg(−qA+1z; q)M−g = qAMzM ∑g (−1)gq

g(g+1)
2 −MgGM

g (q−Az−1; q)g = 1.

A = −1; A = 0 → ∑g (−1)gGM
g zg(−z; q)M−g = zM ∑g (−1)gq

g(g+1)
2 −MgGM

g (z−1; q)g = 1.

z = −q; z = q−1, g := M − g → ∑g
qg

(q; q)g
=

1
(q; q)M

; ∑M
g=0

(−1)gq
g(g−1)

2

(q; q)g
=

(−1)Mq
M(M+1)

2

(q; q)M
(4.1∗).

In the previous text, Ti ∈ N, but excluding the actual meaning of SUMq(N), Ti can be any number.

a = bq−T , PS = [a, a...a] : a(q − 1), PT = [T, T + 1....T + M − 1], due to T, a and b are independent.

At Hq
1(g), Bi =

{
qXT G

T+i−1−XK−1
1 a(q−1)=qXT (bqXT−1−a), Xi=Ti

q(Ti−Ti−1−1)XT−1 (Ki+G
XT−1
1 Di)=aqXT ,Xi=Ki

, Hq
1(g) = GM

g q
g(g+1)

2 (b − a)(bq − a)...(bqg−1 − a)aM−g.

At Hq
3(g), Bi =

{
q1{(qXT−1 G

Ti
1 −qTi G

XT−1
1 )Di−KiqTi }=−aqXT , Xi=Ti

(Ki+G
XT−1
1 Di)=aqXT , Xi=Ki

, Hq
3(g) = GM

g (−1)gq
g(g+1)

2 aM.

a∗g = Hq
1(g)q−(T−1)g, c∗g = Hq

3(g)q−(T−1)g.

∑g c∗g(bx)gq(T−1)g−(T+1)g = ∑g Hq
3(g)(bx)gq−(T+1)g = aM ∑g GM

g (−1)gq
g(g−1)

2 (bq−Tx)g = aM(ax; q)M

= ∑g a∗g(bx)gq(T−1)g−(T+1)g(bxqg; q)M−g = ∑g Hq
1(g)(bx)gq−(T+1)g(bxqg; q)M−g

= ∑g GM
g q

g(g+1)
2 (b − a)(bq − a)...(bqg−1 − a)(bq−T)M−g(bx)gq−(T+1)g(bxqg; q)M−g.

= aM ∑g GM
g q

g(g−1)
2 (b − a)(bq − a)...(bqg−1 − a)xg(bxqg; q)M−g.

That is to say:
(ax; q)M
(bx; q)M

=
∑g GM

g q
g(g−1)

2 (b − a)(bq − a)...(bqg−1 − a)xg(bx × qg; q)M−g

(bx; q)M
.

This proves Cauchy’s identity [2] p.260 :
(ax; q)∞

(bx; q)∞
= ∑∞

g=0
q

g(g−1)
2 xg(b − a)(bq − a)...(bqg−1 − a)

(q; q)g(bx; q)g
.

M = ∞, |x| < 1, bg = xg, [2] → a∗g =
qg(g+1)xg

(x; q)g+1
, [9(1)(2)] →

∑∞
g=0

q
g(g+1)

2 +Agxgzg

(x; q)g+1
= ∑∞

g=0 xg(−qA+1z; q)g → A ≥ 0, ∑∞
g=0 (−1)g q

g(g−1)
2 −Agxg

(x; q)g+1
= ∑A

g=0 xg(q−A; q)g.

∑∞
g=0 xgzgqAg =

1
1 − xzqA = ∑∞

g=0
(−1)gq

g(g−1)
2 xg

(x; q)g+1
(qA+1−gz; q)g → A ≥ 0,

1
1 − xqA = ∑A

g=0
(−1)gq

g(g−1)
2 xg

(x; q)g+1
(qA; q−1)g.

a∗0 = ∏ Ki = ∑ bg, we can arbitrarily specify q, Ti and Di to compute Hq
2(g), or specify q and a∗g, g > 0 to compute bg,

thereby obtaining an arbitrary number of expansions of ∏ Ki. Other forms also have similar situations.
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5. Inferences of Relationships Among the Three Forms
Simplifying the mutual expressions yields the inversion formulas.

Theorem 10. Sum from 0 to M,

(1). ag = ∑k bkGk
g, bg = ∑k (−1)k+gGk

gq
k(k−1)+g(g+1)

2 −gkak.

(2). ag = ∑k ckGM−k
M−gq−gk, cg = ∑k (−1)k+gGM−k

M−gq
k(k−1)+g(g+1)

2 ak

(3). cg = ∑k bkGM−k
g qgk, bg = ∑k (−1)M−g−kckGk

M−gq
M2+k2+x2−M+k+x

2 −Mg−Mk.

Arbitrariness of ag, bg, cg can derive the formulas of δxg.

Theorem 11. Sum from 0 to M, 0 ≤ x, g ≤ M,

(1). ∑k (−1)k+xGk
gGx

k q
x(x−1)+k(k+1)

2 −xk = ∑k (−1)k+xGM−k
M−gGM−x

M−k q
x(x−1)+k(k+1)

2 −gk = δxg.

(2). ∑k (−1)k+gGk
gGx

k q
k(k−1)+g(g+1)

2 −gk = ∑k (−1)M−g−kGk
M−gGM−x

k q
M2+g2+k2−M+g+k

2 −Mg−Mk+xk = δxg.

(3). ∑k (−1)k+gGM−k
M−gGM−x

M−k q
k(k−1)+g(g+1)

2 −xk = ∑k(−1)M−x−kGM−k
g Gx

M−kq
M2+g2+k2−M+g+k

2 −Mk−Mx+gk =

δxg.

Combining [6] and [8(3)(4)] , bg = 0 ↔ cM−g = 0; ag = 0 ↔ cg = 0; aM−g = 0 ↔ bM−g = 0. That
is to say:

Theorem 12. Sum from 0 to M,

(1). ∑k (−1)kGk
gq

−k(k+3)
2 −gkxk = 0, 0 ≤ g < R ↔ ∑k (−1)kGM−k

M−gq
−k(k+3)

2 xk = 0, 0 ≤ M − g < R.

(2). ∑k Gk
gxk = 0, 0 ≤ g < R ↔ ∑k GM−k

M−gqgkxk = 0, 0 ≤ M − g < R.

(3). ∑k GM−k
M−gq−k(g+1)xk = 0 ↔ ∑k Gk

M−gq−(M+1)kxk = 0, 0 ≤ M − g < R.

From [1], 0 ≤ g < R, 1 ≤ i ≤ R,


Di = 1, Ki = [Ti]q− → bg = cM−g = 0
Di = 1, Ki = −[i − 1]q → ag = cg = 0

Di = 0 → aM−g = bM−g = 0
. This is not a necessary condition.

PT = [T, T + 1...T + M − 1], it’s a necessary and sufficient condition by adjusting Ki : Di and the order of PS.

∑ a∗gqpgGX
1+p+g = ∑ bgGX+g

1+p+g = ∑ c∗gqpgGX+M−g
1+p+M can yields q-Vandermorde identity and its generalizations.

Theorem 13. Sum from 0 to M, p ≥ −1, 0 ≤ k ≤ M,
(1). ∑g qg(g+1+p)Gk

gGN
1+p+g = GN+k

1+p+k, ∑g qg(g+1+p)−k(g+1+p)GM−k
M−gGN

1+p+g = GN+M−k
1+p+M .

(2). ∑g (−1)k+gq
g(g+1)−k(k+3)

2 −gk−pkGk
gGN+g

1+p+g = GN
1+p+k, ∑g (−1)M−gq

(
M−g
2

)
−(M+1+p)kGk

M−gGN+g
1+p+g =

GN+M−k
1+p+M .

(3). ∑g (−1)k+gq
g(g+3)−k(k+3)

2 −pk+pgGM−k
M−gGN+M−g

1+p+M = GN
1+p+k, ∑g (−1)gq

g(g+3)
2 +gk+pgGM−k

g GN+M−g
1+p+M =

GN+k
1+p+k.
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This yields: if ∑g ag

(
X
Y+g

)
= ∑g bg

(
X+g
Y+g

)
= ∑g cg

(
X+M−g
Y+M

)
, then

∑ (−1)gag

(
X+g
Y+g

)
= ∑ (−1)gbg

(
X
Y+g

)
= (−1)M ∑ cM−g

(
X+M−g
Y+M

)
.

∑ (−1)gag

(
X+M−g
Y+M

)
= ∑ bM−g

(
X+g
Y+g

)
= ∑ (−1)gcg

(
X
Y+g

)
.

∑ bg

(
X+M−g
Y+M

)
= ∑ (−1)M−gaM−g

(
X+g
Y+g

)
= ∑ (−1)M−gcM−g

(
X
Y+g

)
.

∑ cg

(
X+g
Y+g

)
= ∑ (−1)gaM−g

(
X+M−g
Y+M

)
= ∑ (−1)gbM−g

(
X
Y+g

)
.

[9] → ∑ agaM−gzg = ∑ bgaM−g(a + z)g = ∑ cg(a + z)M−gzg, a ̸= 0. From above, there are:

∑ (−1)gagaM−g(a + z)g = ∑ (−1)gbgaM−gzg = (−1)M ∑ cM−g(a + z)M−gzg.

∑ (−1)gag(a + z)M−gzg = ∑ bM−gaM−g(a + z)g = ∑ (−1)gcgaM−gzg.

∑ (−1)M−gaM−gaM−g(a + z)g = ∑ bg(a + z)M−gzg = ∑ (−1)M−gcM−gaM−gzg.

∑ (−1)gaM−g(a + z)M−gzg = ∑ (−1)gbM−gaM−gzg = ∑ cgaM−g(a + z)g.

Theorem 14. ∑g bgq(1+p+M)gGN+p+M−g
1+p+M = ∑g (−1)M−gc∗M−gq(1+p+M)g+ g(g+3)−M(M+3)

2 GN+p
1+p+g.

Proof.

∑g bgGN+p+M−g
1+p+M = ∑g GN+p+M−g

1+p+M (−1)M−gq
(M−g)(M−g−1)

2 ∑k c∗k Gk
M−gq−(M+1)k

= ∑k ckq∗ ∑g Gk
M−gq−(M+1)kGN+p+M−g

1+p+M (−1)M−gq
(M−g)(M−g−1)

2

= ∑k cM−kq∗ ∑g GM−k
M−gq−(M+1)(M−k)GN+p+M−g

1+p+M (−1)M−gq
(M−g)(M−g−1)

2 , [13(3)] →

∑g bgq
g(g+3)

2 +pg− (M−g)(M−g−1)
2 GN+p+M−g

1+p+M = ∑g (−1)M−gc∗M−gq−(M+1)(M−g)+pg+ g(g+3)
2 GN+p

1+p+g.

The reason why other forms could not be obtained is because qgk appeared.

Theorem 15. Sum from 0 to M, 0 ≤ y ≤ M,

(1). (x; q)y = ∑g (x; q)M−gxgGM−y
g qgy, xy(x; q)M−y = ∑g (x; q)g(−1)M−g−yGy

M−gq
(M−g)(M−g−1)

2 −(M+1)y+ y(y+3)
2 .

(2). (x; q)y = xM ∑g (x−1q1−y; q)g(−1)gGM−y
M−gq

g(g+3)
2 −(M+1)g+(y−1)M, (x; q)y = xM ∑g (x−1q1−g; q)g(−1)gGM−y

M−gq
g(g−1)

2 +(M−g)y.

(3). xy(x; q)M−y = ∑g (qg−yx; q)M−g(−1)g+yGy
gq

g(g+1)+y(y+1)
2 −gy, (x; q)M−y = ∑g (qg−yx; q)M−gxgGy

gqg(g−y−1).

(4). zy = ∑g (−1)y+gq
g(g+1)

2 −y(g+1)Gy
g(−zq; q)g = ∑g (−1)y+gqg−yzgGM−y

M−g(−zq; q)M−g.

(5). zy = ∑g (−1)gq
g(g−1)

2 Gy
g(zq1−g; q)g = zM ∑g (−1)gq

g(g+1)
2 −Mg+gyGM−y

g (z−1; q)g.

(6). zy = ∑g zgqg(g+1)−y(g+1)GM−y
M−g(zq2+g; q)M−g = ∑g (−1)M−gq

(M−g)(M−g−1)
2 −(M+1)yGy

M−g(zq2+g; q)M−g.
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Proof.

[9] → ∑g bg(−qz; q)g = ∑g c∗gq−
g(g+1)

2 zg(−qz; q)M−g = ∑g q−
g(g+1)

2 zg(−qz; q)M−g(−1)gq
g(g+3)

2 ∑k bkGM−k
g qgk (1∗).

∑g c∗gq−
g(g+1)

2 zg(−qz; q)M−g = ∑g (−qz; q)g(−1)M−gq
(M−g)(M−g−1)

2 ∑k c∗k Gk
M−gq−(M+1)k (2∗).

x = −qz, bg = δyg and (1*); c∗g = δyg and (2*) → (1). Similarly, (2) and (3) can be proven.

[9] → ∑g a∗gq−
g(g+1)

2 zg = ∑g bg(−zq; q)g = ∑g (−zq; q)gq
g(g+1)

2 ∑k (−1)k+gGk
gq−

k(k+3)
2 −gka∗g

= ∑g c∗gq−
g(g+1)

2 zg(−zq; q)M−g = ∑g q−
g(g+1)

2 zg(−zq; q)M−gq
g(g+3)

2 ∑k (−1)k+gGM−k
M−gq−

k(k+3)
2 a∗k

a∗g = δyg → (4). Similarly, (5) and (6) can be proven.

(1) or (4) → xM = ∑g (−1)g(x; q)gGM
g q

g(g+1)
2 −gM, x = q → (4.1*).

6. An Example

PS = [A, B, C], PT = [1, 3, 5], SUMq(N) = ∑g Hq
1(g)GN+2

3+g = ∑g Hq
2(g)GN+2+g

3+g = ∑g Hq
3(g)GN+5−g

6 .

Hq
1(0) = ABC.

Hq
1(1) = ABq1G3

1 + Aq1G2
1(C + 1) + q1G1

1q1(B + 1)q1(C + 1).

Hq
1(2) = q1G1

1q3G3
1q2(C + G2

1) + q1G1
1q1(B + 1)q3G4

1 + Aq1G2
1q3G4

1 .

Hq
1(3) = q1G1

1q3G3
1q5G5

1 .

Hq
2(0) = (A − q−1G1

1)(B − q−2G2
1)(C − q−3G3

1).

Hq
2(1) = (A − q−1G1

1)(B − q−2G2
1)q

−3G3
1 + (A − q−1G1

1)q
−2G2

1(C − q−4G4
1) + q−1G1

1(B − q−3G3
1)(C − q−4G4

1).

Hq
2(2) = q−1G1

1q−3G3
1(C − q−5G5

1) + q−1G1
1(B − q−3G3

1)q
−4G4

1 + (A − q−1G1
1)q

−2G2
1q−4G4

1 .

Hq
2(3) = q−1G1

1q−3G3
1q−5G5

1 .

Hq
3(0) = ABC.

Hq
3(1) = ABq1(G5

1 − q5C) + Aq2(G3
1 − q3B)(C + 1) + q3(1 − q1 A)(B + 1)(C + 1).

Hq
3(2) = q5(1 − q1 A)(q1G3

1 − q3 − q3B)(C + G2
1) + q4(1 − q1 A)(B + 1)(q1G5

1 − q5 − q5C) + Aq3(G3
1 − q3B)(q1G5

1 − q5 − q5C).

Hq
3(3) = q6(1 − q1 A)(q1G3

1 − q3 − q3B)(q2G5
1 − q5G2

1 − q5C).

PS = [A, B], PT = [1, 3]. SUM(N) = ∑g H1(g)
(

N+1
2+g

)
= ∑g H2(g)

(
N+1+g
2+g

)
= ∑g H3(g)

(
N+3−g
4

)
.

H1(0) = AB, H1(1) = A × 2 + 1 × (B + 1), H1(2) = 1 × 3.

H2(0) = (A − 1)(B − 2), H2(1) = (A − 1)× 2 + 1 × (B − 3), H2(2) = 1 × 3.

H3(0) = AB, H3(1) = A(3 − B) + (1 − A)(B + 1), H3(2) = (1 − A)(2 − B).
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