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Abstract: In this paper we consider that extended function of solution by zero extension for the
biharmonic equation of Dirichlet problem in a smaller domain is still the solution of the corresponding
extension problem in a larger domain. We present a necessary and sufficient condition under the
frameworks of classical solutions and strong solutions.
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1. Introduction

The Dirichlet problem of Biharmonic equation is a classical problem from elasticity.( [1-3]) Many
person research this problem’s Green function. They obtain many results.( [4,5]) Here, We consider the
zero extension Dirichlet Problem of the Biharmonic Equation.

Let Q) and Q) be two smooth domains in R”, and Q CC Q). Assume that f(x) is a given function
in the smaller domain () and u is a solution of the following Dirichlet problem

Nu=f inQ,
1
u=020, a—u = on 0Q). @
on

Extend u and f from the smaller domain Q) to the larger domain Q) by zero extension and denote

o Julx), xeQ, o) flx) xeq,
u(x)_{o xe(:)\Q, f(x)_{O xef)\Q. @

Consider Dirichlet problem
v ~ 3)

in the larger domain Q).

General speaking, even if f is sufficiently smooth, the extended function i of solution u may not
be a solution of (3).

For example, let Q = B(0,3), O = B(0,1) f € CF(B(0,%)) be a nonnegative and nonzero
function. It is obvious f € C{°(B(0,1)). And then there exists a unique classical solution v for (3).

Let G(x,y) be the Green’s function of (3) in Q)(see Definition 2.26. of [6]). We know

o(x) = /B (0,1)G(x,y)f(y) dy = /B (O,%)G(x,y)f(y) dy.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Note
|-
Clxy) = ol —y|4—”/1 (02— 1)l do > 0, Y,y € B(0,1),
where e, = r(fifg)(see Lemma 2.27 of [6]). Therefore, we have

v(x) >0, Vxe B(0,1),

which implies that #(x) can not be a solution of (3) since #Z(x) = 0, x € O\ Q.

The interesting question is under what condition for function f(x), ii(x) is still a solution for (3)
and what conditions for function f(x) must hold when the extended function #(x) of u(x) remains to
be the solution for (3).

In this paper, we will give a complete answer to this question. We present a necessary and
sufficient condition to guarantee that the extended function of the solution by zero extension for the
biharmonic equation in the smaller domain is still the solution of the corresponding extension problem
in the larger domain. We will prove the following conclusions under the frameworks of classical
solutions and strong solutions.

We introduce a definition before stating our results.

Definition 1. Let f(x), g(x) be measurable in Q). We say f(x) is orthogonal to g(x) if
dx = 0.
INGHETE

To make sure that (1) and (3) admit classical solutions and make the extension possible, we first
assume f is Holder continuous in Q) and f equals 0 on the boundary 9Q).

Theorem 1. Assume f € C*(Q)(0 < & < 1) with flyq = 0. Let u € C**(Q)) be the unique solution of (1)
and functions i, f be defined in(2). Then i is the classical solution of (3) if and only if f is orthogonal to any
biharmonic function g in Q) satisfying that g can be continuously extended to 0Q), i.e.,

| f@)gxdx =0 @
forany g € C*(Q) N CY(Q) satisfying A’g = 0in Q.

Remark 1. If f € A’2C§(Q)), which means that there exists a function w € C (QY) such that f = A%w, then
f is orthogonal to any function g € C2(Q) N C(Q) satisfying A2g = 0 in Q.

Next we assume f is in a Lebesgue space to guarantee that (1) and (3) admit strong solutions.

Theorem 2. Assume f € LP(Q)(1 < p < +0). Let u € W*P(Q) N Wg’p(Q) be the unique solution of (1)
and functions ii, f be defined in(2). Then il is the strong solution of (3) if and only if f is orthogonal to any
biharmonic function g in Q).

Remark 2. Let f € A2W§’p (QY), which means that there exists a function w € Wg’p (Q) such that f = Nw,
then f is orthogonal to any biharmonic function g € C*(Q)) N C1(QY).
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2. Proof of Main Results

In this section we first prove a lemma, which will be used later.

Lemma 1. Let g € C*(Q) N CY(Q)) be a biharmonic function and Q be a bounded C** domain in R". Then
for any e > 0, there exists a biharmonic function g € C*(Q) such that

max|g(x) — ge(¥)| < &.

Proof. Since g € C!(Q)), then for any § > 0, there exists a function g; € C®(Q)) satisfies

0 9g(x) 9gs(x)| 9o
_ < Z — < —.
max|g(x) —gs(x)| < 5 and  max) == on | =3 ()
We solve the following problem
{ A’ =0 in Q,
08 08 (6)
8e = 96, n - on on oQ.

The problem (6) is solvable and there exists a unique solution g, € CHO)([7D.
Then for any x € ), g¢(x) and g(x) can be expressed as

ge(x) = /BQ Ko(x,y)8s(y)doy + /aQ Ki(x,y) aggﬁy ) doy,

s = [ Ko(wyigmiey + [ kit B,

where Ky, Kj are the Poisson kernels( [5]).

Therefore, for any x € () we have

1g(x) — ge(x)] < max 1§ — g5l /BQ [Ko(x,y)|doy

na | K )ldo. @)

Fix any x € Q) and denote d, = dist(x,0Q)), it follows from ( [5]) that

d

Kj(x,y)| < Cmr

j=0,1, y € 00, (8)
where C is a positive constant.
Using (8) and denote x € dQ) the point such that d, = |x — xp|, then

5

n+1

Ko(x,y)|doy < C ———doy.
f Koty <€ [ oy

Taking some d; > 0 to be determined later.
If x € Q5 , where Qs = {x € Q|dist(x,0Q)) > %1} then
7 7

d3 1 s\
— 2  do, <d.7"Q < | = 00| <
/BQ x —y|"*! % < & P0] < (2) 90 < Co ©)

where [9Q)| is the Lebesgue measure of Q) and Cy = Cy(d1, n,0Q2) > 0.
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If x € O\ Qg , then
7
d2 d2
———do; S/ ————do;
/6(2 |x - y|n+1 y 90\351 (x0) |.'X' o y|n+1 y
ds
Y SR
90NBy, (x0) |x — y|n+l Y
ZIl + Ip.
Since [y — x| > |y — xo| —dx > 571 for any y € 90\ B;, (x0), we estimate I; by
5 s\""
I g/ L S g() 90 < Cp. (10)
1 80\351 (x0) (51/2)n+1 y 2 ’ | 0

Now we need to estimate I, we use the method of "straighten out the boundary". Without loss
of generality, we assume xp = 0 and x lies on the x,-axis, thatis, x = (0,...,0,dy). Since Q) is a CcAn
domain, there exists a C** mapping ¢ : R"~! — R such that

N B (0) C{y = (W1, yn) €R"|yn = @(y1,- -, yu—1), ly'| < Coi},

where y' = (y1,...,Y»—1) € R*Tand C > 11is a constant.
For any y € 902 N B;, (0), we denote B the ball in R"~! and define

¥ :9QN By, (0) — B, (0)

Yz
in the following way
zi=y, i=1...,n-1,
Zn = Yn = W1 Yu1)-
It is obvious that i is a C** mapping and det(y) = det (1) = 1.
Note that Cauchy inequality yields

1
51—yl < [x[? + [y <5ly—x[* for any y € 901 By, (0).

Therefore, after changing of variables we have

&
—Lﬂd‘fy
90NB;, (0) (d,% n |y|2) 2
&
o (@4 1))

Cs 2. .n—2
<C/1 dr ——dr

n+l

(d2+1r2) 7
1
< 2/ S
< Cdx 0 it r>3dr
<. (11)

L<C

<C do,

n+1l
2

where C; = Cl(l’l) > 0.
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By the same argument, using (8) for j = 1 we can compute

| K)oy < €, (12)

where C; = Cy(61,n) > 0.
Taking C = max(1, Cy, C1, Cp), it following from (9)-(12) that

/an |Ko(x,y)|doy < C and /BQ Ky (x,y)|doy < C.
Hence, by virtue of (5) and (7), choosing § = & we obtain
max|g(x) — ge(¥)| < &.
O

2.1. Classical Solutions

Now we are ready to prove Theorem 1.

Proof. (1)Necessity.
As f € C*(Q) and f|3n = 0, we know f € C%(Q)). Then there exist an unique solution v €

C+(Q) N CY(QY) for (3) ([7]).

Let u € C**(Q)) be the classical solution of (1). If i is the classical solution of (3), then i = v €
C4((=)), which implies D3u|yq = 0, D?u|3q = 0, Du|yq = 0.

First we assume that g € C*(Q)) satisfies A2¢ = 0. Integration by parts yields that

flg(x)dx = | Au(x)g(x)dx
Q Q

— —/QVu(x)‘V(Ag(x))dx

= / u(x)A%g(x) dx
o)
= 0
Next for ¢ € C*(Q) N C'(Q) satisfying that A’¢ = 0in Q, by Lemma 1 we find g, € C*(Q) satisfy
A?g. = 0 such that
max [g(x) —ge(x)] <e.

Recalling
| f@gx)x =0,

and sending ¢ — 0, we have

| f@sx)dx=o.

(2)Sufficiency

Now f is orthogonal to any biharmonic function in ), which can be continuously extended to 0).
Then f is orthogonal to any harmonic function in (), which is continuous on Q.

Let G(x,y) be the Green's function of (1) in ). We know

G(x,y) =T(y—x) —¢(x,y),
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where I'(y — x) is the fundamental solution(see chapterl [8]) and
Ayp(x,y) =0, yeq,
{ p(x,y) =T(y—x), a¢§;;,y) = E)F(gn— x) y € 0Q).
Therefore, it follows from (4) that
u(x) = /Q G(x,y)f(y)dy = /Q Tx=y)f(y)dy, vxeQ (13)

Let G(x,y) be the Green’s function of (3) in Q, which is

G(x,y) =T(x—y) — p(x,y),

whelie ¢(x,y) is the solution of the boundary value problem Aj$(x,y) = 0 in O; ¢(x,y) = I'(x —
v), a(pgi’y) = ar(g;y), on 9Q). Then,

o(x) = [ Cly)fn)dy
= [T =y) =) f ) dy.
Therefore, it follows from (4) that,
o) = [ Tx-pf@)dy, vxed, (14

Casel. x € Q).
It follows from (13) and (14) that v(x) = u(x).
Case2. x € O\ Q.
When y € O, I'(x — y) is a biharmonic function in ).
It follows from (14), (4) that
v(x) =0, YxeQ\Q.

o(x) =0, YxeQ\Q.

Combining the two cases above, we find that

i(x) =v(x), xeQ,
which implies that 7(x) is the unique classical solution of (3). [

3. Strong Solutions
Next we use an approximation argument to prove Theorem 2.

Proof. Now f € LP(Q) and then f € LP(Q)). There exist the unique solution u € W*?(Q) N Wg’p (Q)
for (1) (see chapter.3 [4] or see chapter.9 [7]).

(1)Necessity

Now v(x) € WP () N Wg’p (Q)) is the strong solution of (3).
Let #(x) : R" — [0, c0) be a mollifier satisfying

@M n(x) € CGFR"),
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(ii) / #(x)dx =1, where By is the unit ball centered at the origin.
By

For € > 0, Denote
1 x
1e(x) = 87’7(5)-

Then Supp 77:(x) C Be, and / 1e(x) dx = 1, where B is the ball with radius ¢, centered at the origin.
Be B .
We extend i, f from Q) to R” by setting ii(x) = 0, f(x) = 0, x € R" \ ). We define

ue(x) = /Rnns(x—y)ﬁ(y)dy=/Qve(x—wu(y)dy;

) = [ one=pf@)dy= [ nelx=pfw)ay.

Choose £ < %dist(aﬂ,aﬂ), and denote Q) = {x € R"|dist(x, Q) < €}.
It is a simple fact that u¢(x), fo(x) € C§°(Qge). Recalling

A% =f in (),
we have
A?u, = f; in R™

First Let ¢ € C*(Q)) be a biharmonic function in Q. By Whitney’s extension theorem, we extend g

to be § from Q) to Q) such that § € C*(Q)(see [9]) and [10]). By using the fact that u(x) € G (),
we find that

N ucdx = [ upPgdr,
/stg Ue dx QZEu€ gdx
which implies

5d :/ A25 dx.
Jop F8x= [ b

On the other hand, we have

Jofsae = [ fogdxt [ fade— [ fgdr

— f)gd / A2gd —/ 3d
/Q(f fe)gdx + st\ﬂug gax Ozg\Ofsg x
= L+L+1

By Holder inequality, we estimate the three terms Iy, I; and I3 as below:

1
< . p P 171‘
o< maxgl( [ 1f - fldx) 0
1
7 1
L < max|A%g / ue|P dx )" | Qe \ Q¥
2 < max|a%g( [ Jel?dx) 1020\ O
<

1
2~ p iz -1,
max A g [ Julrdx)” |0z \ 0"

v 1-1
I < ; / Pdx) [0\ Q7
s o= max|gl( [ 1l dx) T\ 0

1
< ~ [4 P 1-1
< maxgl( [, 117 dx) 102\ Q7.

Sending ¢ — 0, we conclude that

/Qfgdx =0,
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which is (4).
Next for g € C*Q) N C(Q) satisfying that A?¢ = 0 in ). We use the same approximation
argument as in the proof of Theorem 1 to obtain

| f@g(x)dx = o,

(2)Sufficiency
Let {f,} C C5°(Q) be a sequence satisfying

Jim | fu = fllLr ) = O

Define

~ ) fulx), xe€Q,
fn(x)_{ 0, xe0O\Q.

We know that f,(x) € CP(€) and
nlgr.}o 1 fn — fHLP(Q) =0.
Let {u, } be the classical solutions of Dirichlet problems
duy (15)

Uy =0, =— =0 onodQ.

{ N uy = fu(x) in Q),
an

It is obvious that u, € W2P(Q) N Wg’p (Q) Letu € WHP(Q) N Wg’p (Q)) be the unique solution of (1).
It implies that(see [4])

[[tn — “HW‘LP(Q) <Clfu = fllerqy n=12,---

Let v;, be the classical solutions of Dirichlet problems

{ —A%p, :fn in O, (16)

vn:O,aaLn”: on 9Q).

It is obvious that v, € W*P(Q) N Wg’p (Q) Letv € W*P(Q)) N Wg’p (Q)), be the unique solution of
system (3).
It implies that
C”]Fn _fHLP(Q)
Clifn = fllr) n=12,--

Let G(x,y) and G(x, y) be the Green’s functions of A? in Q) and Q). We know

llon — U||w4lp(()) <
<

G(x,y) =Ty —x)—¢(x,y), Gxy) =Ty—=x)—d(xy), (17)

where I'(y — x) is the fundamental solution, and ¢(x, y) is the solution of the boundary value problem
A§¢(x,y) =0in O; ¢(x,y) =T(x—y), agbgﬁ” = ar(g;y), on 9Q). e~md $(x,y) is the solution of the
boundary value problem Aj¢(x,y) =0 in (; ¢(x,y) =T (x —y), w = W, on 9Q). Thus we
have ¢(x,y) € C*(Q) and §(x,y) € CHQ).

Let ¢(x) € C{°(Q)) is a arbitrary. Since 1 and vy, are the classical solutions of (15) and (16). By
virtue of Fubini’s theorem, we have
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[ m@ewax = [ ][ G fk<y>dy] (x)dx
= L[ [ 6tx=wetdx] filydy
Sending k — co,we obtain that
[u@emir = [ ][ G-y dx]f(y)dy
= L[ (x,1) p(x)dx] f(y)dy
= /Q [ /QT }f (y)dy
[ [ [ e fwiay] o
It follows from (4) that
Jou@eax = [ [ [ rGx—ppix| fndy (18)
Let (x) € C{(Q)is a arbitrary. By the same argument as above, we conclude that
Jp@p@ar = [ ][ TG y)pdx] vy (19)

Casel. x € Q.
Lety(x) = ¢(x),x € Qand ¢(x) = 0,x € O\ Q. By virtue of (18),(19) we obtain that

u(x) =v(x), a.e. x€Q,

Case2. x € O\ Q.
Choose ¢ < %dist(aﬂ, 0Q), and denote Q) = {x € R"|dist(x, Q) < ¢}. Let ¢(x) € CF(Q\ Oze)

is a arbitrary. By the same argument as above, we conclude that

/o\%v(x)(P(x)dx - /Q [ /Q \Qzer(x,y)(p(x)dx} Fly)dy
- /Q\QZS [ /Qf(x/y)f (y)dy]qo(x)dx

By virtue of(4) we have

/fl\ﬂzs v(x)p(x)dx =0

sending e — 0,we obtain that
dx =0
Jo 29

which implies that

d0i:10.20944/preprints202504.2492.v1
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Combining the two cases above, we find that

which implies that i(x) is the unique strong solution of (3). [

4. Generalization

For the following boundary problem of the A™ equation

A"u=f in Q,
_ou o1y

uiﬁi...zw

=0 onodQ,
where m > 3 is an integer, we may consider the zero extension problem.
The similar conclusion may be drawn and proved by the same argument as above.

5. Conclusions

This paper focuses on zero extension for the biharmonic equation of Dirichlet problem. We
established the Theorem 1 and the Theorem 2, which is the necessary and sufficient condition under
the frameworks of classical solutions and strong solutions.
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