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1. Introduction
The Dirichlet problem of Biharmonic equation is a classical problem from elasticity.( [1–3]) Many

person research this problem’s Green function. They obtain many results.( [4,5]) Here, We consider the
zero extension Dirichlet Problem of the Biharmonic Equation.

Let Ω and Ω̃ be two smooth domains in Rn, and Ω ⊂⊂ Ω̃. Assume that f (x) is a given function
in the smaller domain Ω and u is a solution of the following Dirichlet problem ∆2u = f in Ω,

u = 0,
∂u
∂n

= 0 on ∂Ω.
(1)

Extend u and f from the smaller domain Ω to the larger domain Ω̃ by zero extension and denote

ũ(x) =

{
u(x), x ∈ Ω,
0 x ∈ ¯̃Ω \ Ω,

f̃ (x) =

{
f (x) x ∈ Ω,
0 x ∈ Ω̃ \ Ω.

(2)

Consider Dirichlet problem  ∆2v = f̃ in Ω̃,

v = 0,
∂v
∂n

= 0 on ∂Ω̃
(3)

in the larger domain Ω̃.
General speaking, even if f is sufficiently smooth, the extended function ũ of solution u may not

be a solution of (3).
For example, let Ω = B(0, 1

2 ), Ω̃ = B(0, 1) f ∈ C∞
0 (B(0, 1

2 )) be a nonnegative and nonzero
function. It is obvious f̃ ∈ C∞

0 (B(0, 1)). And then there exists a unique classical solution v for (3).
Let G̃(x, y) be the Green’s function of (3) in Ω̃(see Definition 2.26. of [6]). We know

v(x) =
∫

B(0,1)
G̃(x, y) f̃ (y) dy =

∫
B(0, 1

2 )
G̃(x, y) f (y) dy.
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Note

G̃(x, y) =
1

4nen
|x − y|4−n

∫ ∣∣|x|y− x
|x|

∣∣
|x−y|

1
(v2 − 1)v1−ndv > 0, ∀x, y ∈ B(0, 1),

where en = π
n
2

Γ(1+ n
2 )

(see Lemma 2.27 of [6]). Therefore, we have

v(x) > 0, ∀x ∈ B(0, 1),

which implies that ũ(x) can not be a solution of (3) since ũ(x) = 0, x ∈ Ω̃ \ Ω.
The interesting question is under what condition for function f (x), ũ(x) is still a solution for (3)

and what conditions for function f (x) must hold when the extended function ũ(x) of u(x) remains to
be the solution for (3).

In this paper, we will give a complete answer to this question. We present a necessary and
sufficient condition to guarantee that the extended function of the solution by zero extension for the
biharmonic equation in the smaller domain is still the solution of the corresponding extension problem
in the larger domain. We will prove the following conclusions under the frameworks of classical
solutions and strong solutions.

We introduce a definition before stating our results.

Definition 1. Let f (x), g(x) be measurable in Ω. We say f (x) is orthogonal to g(x) if∫
Ω

f (x)g(x) dx = 0.

To make sure that (1) and (3) admit classical solutions and make the extension possible, we first
assume f is Hölder continuous in Ω̄ and f equals 0 on the boundary ∂Ω.

Theorem 1. Assume f ∈ Cα(Ω̄)(0 < α < 1) with f |∂Ω = 0. Let u ∈ C4,α(Ω̄) be the unique solution of (1)
and functions ũ, f̃ be defined in(2). Then ũ is the classical solution of (3) if and only if f is orthogonal to any
biharmonic function g in Ω satisfying that g can be continuously extended to ∂Ω, i.e.,∫

Ω
f (x)g(x) dx = 0 (4)

for any g ∈ C4(Ω) ∩ C1(Ω̄) satisfying ∆2g = 0 in Ω.

Remark 1. If f ∈ ∆2C∞
0 (Ω), which means that there exists a function w ∈ C∞

0 (Ω) such that f = ∆2w, then
f is orthogonal to any function g ∈ C2(Ω) ∩ C(Ω̄) satisfying ∆2g = 0 in Ω.

Next we assume f is in a Lebesgue space to guarantee that (1) and (3) admit strong solutions.

Theorem 2. Assume f ∈ Lp(Ω)(1 < p < +∞). Let u ∈ W4,p(Ω) ∩ W2,p
0 (Ω) be the unique solution of (1)

and functions ũ, f̃ be defined in(2). Then ũ is the strong solution of (3) if and only if f is orthogonal to any
biharmonic function g in Ω.

Remark 2. Let f ∈ ∆2W4,p
0 (Ω), which means that there exists a function w ∈ W4,p

0 (Ω) such that f = ∆2w,
then f is orthogonal to any biharmonic function g ∈ C4(Ω) ∩ C1(Ω̄).
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2. Proof of Main Results
In this section we first prove a lemma, which will be used later.

Lemma 1. Let g ∈ C4(Ω) ∩ C1(Ω̄) be a biharmonic function and Ω be a bounded C4,α domain in Rn. Then
for any ε > 0, there exists a biharmonic function gε ∈ C4(Ω̄) such that

max
Ω̄

|g(x)− gε(x)| ≤ ε.

Proof. Since g ∈ C1(Ω̄), then for any δ > 0, there exists a function gδ ∈ C∞(Ω̄) satisfies

max
∂Ω

|g(x)− gδ(x)| ≤ δ

2
and max

∂Ω

∣∣∣∣∂g(x)
∂n

− ∂gδ(x)
∂n

∣∣∣∣ ≤ δ

2
. (5)

We solve the following problem 
∆2gε = 0 in Ω,

gε = gδ,
∂gε

∂n
=

∂gδ

∂n
on ∂Ω.

(6)

The problem (6) is solvable and there exists a unique solution gε ∈ C4(Ω̄)( [7]).
Then for any x ∈ Ω, gε(x) and g(x) can be expressed as

gε(x) =
∫

∂Ω
K0(x, y)gδ(y)dσy +

∫
∂Ω

K1(x, y)
∂gδ(y)

∂n
dσy,

g(x) =
∫

∂Ω
K0(x, y)g(y)dσy +

∫
∂Ω

K1(x, y)
∂g(y)

∂n
dσy,

where K0, K1 are the Poisson kernels( [5]).
Therefore, for any x ∈ Ω we have

|g(x)− gε(x)| ≤max
∂Ω

|g − gδ|
∫

∂Ω
|K0(x, y)|dσy

+ max
∂Ω

∣∣∣∣ ∂g
∂n

− ∂gδ

∂n

∣∣∣∣ ∫
∂Ω

|K1(x, y)|dσy. (7)

Fix any x ∈ Ω and denote dx = dist(x, ∂Ω), it follows from ( [5]) that

∣∣Kj(x, y)
∣∣ ≤ C

d2
x

|x − y|n−j+1 , j = 0, 1, y ∈ ∂Ω, (8)

where C is a positive constant.
Using (8) and denote x0 ∈ ∂Ω the point such that dx = |x − x0|, then

∫
∂Ω

|K0(x, y)|dσy ≤ C
∫

∂Ω

d2
x

|x − y|n+1 dσy.

Taking some δ1 > 0 to be determined later.
If x ∈ Ω δ1

2
, where Ω δ1

2
= {x ∈ Ω|dist(x, ∂Ω) ≥ δ1

2 } then

∫
∂Ω

d2
x

|x − y|n+1 dσy ≤ d1−n
x |∂Ω| ≤

(
δ1

2

)1−n
|∂Ω| ≤ C0, (9)

where |∂Ω| is the Lebesgue measure of ∂Ω and C0 = C0(δ1, n, ∂Ω) > 0.
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If x ∈ Ω \ Ω δ1
2

, then

∫
∂Ω

d2
x

|x − y|n+1 dσy ≤
∫

∂Ω\Bδ1
(x0)

d2
x

|x − y|n+1 dσy

+
∫

∂Ω∩Bδ1
(x0)

d2
x

|x − y|n+1 dσy

=I1 + I2.

Since |y − x| ≥ |y − x0| − dx ≥ δ1
2 for any y ∈ ∂Ω\Bδ1(x0), we estimate I1 by

I1 ≤
∫

∂Ω\Bδ1
(x0)

d2
x

(δ1/2)n+1 dσy ≤
(

δ1

2

)1−n
|∂Ω| ≤ C0. (10)

Now we need to estimate I2, we use the method of "straighten out the boundary". Without loss
of generality, we assume x0 = 0 and x lies on the xn-axis, that is, x = (0, . . . , 0, dx). Since Ω is a C4,α

domain, there exists a C4,α mapping φ : Rn−1 → R such that

∂Ω ∩ Bδ1(0) ⊂ {y = (y1, . . . , yn) ∈ Rn∣∣yn = φ(y1, . . . , yn−1), |y′| ≤ C̃δ1},

where y′ = (y1, . . . , yn−1) ∈ Rn−1 and C̃ > 1 is a constant.
For any y ∈ ∂Ω ∩ Bδ1(0), we denote B̃ the ball in Rn−1 and define

ψ : ∂Ω ∩ Bδ1(0) → B̃C̃δ1
(0)

y 7→ z

in the following way {
zi = yi, i = 1, . . . , n − 1,
zn = yn − φ(y1, . . . , yn−1).

It is obvious that ψ is a C4,α mapping and det(ψ) = det(ψ−1) = 1.
Note that Cauchy inequality yields

1
2
|x − y|2 ≤ |x|2 + |y|2 ≤ 5|y − x|2 f or any y ∈ ∂Ω ∩ Bδ1(0).

Therefore, after changing of variables we have

I2 ≤ C
∫

∂Ω∩Bδ1
(0)

d2
x(

d2
x + |y|2

) n+1
2

dσy

≤ C
∫

B̃C̃δ1
(0)

d2
x(

d2
x + |ψ−1(z)|2

) n+1
2

dσ̃z

≤ C
∫ C̃δ1

0

d2
xrn−2

(d2
x + r2)

n+1
2

dr

≤ Cd2
x

∫ ∞

0

1
(dx + r)3 dr

≤ C1. (11)

where C1 = C1(n) > 0.
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By the same argument, using (8) for j = 1 we can compute∫
∂Ω

|K1(x, y)|dσy ≤ C2, (12)

where C2 = C2(δ1, n) > 0.
Taking C = max(1, C0, C1, C2), it following from (9)-(12) that∫

∂Ω
|K0(x, y)|dσy ≤ C and

∫
∂Ω

|K1(x, y)|dσy ≤ C.

Hence, by virtue of (5) and (7), choosing δ = ε
C we obtain

max
Ω̄

|g(x)− gε(x)| ≤ ε.

2.1. Classical Solutions

Now we are ready to prove Theorem 1.

Proof. (1)Necessity.
As f ∈ Cα(Ω̄) and f |∂Ω = 0, we know f̃ ∈ Cα( ¯̃Ω). Then there exist an unique solution v ∈

C4,α( ¯̃Ω
)
∩ C1( ¯̃Ω

)
for (3) ( [7]).

Let u ∈ C4,α(Ω̄) be the classical solution of (1). If ũ is the classical solution of (3), then ũ = v ∈
C4( ¯̃Ω), which implies D3u|∂Ω = 0, D2u|∂Ω = 0, Du|∂Ω = 0.

First we assume that g ∈ C4(Ω̄) satisfies ∆2g = 0. Integration by parts yields that∫
Ω

f (x)g(x) dx =
∫

Ω
∆2u(x)g(x) dx

= −
∫

Ω
∇(∆u(x)) · ∇g(x) dx

=
∫

Ω
∆u(x)∆g(x) dx

= −
∫

Ω
∇u(x) · ∇(∆g(x)) dx

=
∫

Ω
u(x)∆2g(x) dx

= 0.

Next for g ∈ C4(Ω)∩ C1(Ω̄) satisfying that ∆2g = 0 in Ω, by Lemma 1 we find gε ∈ C4(Ω̄) satisfy
∆2gε = 0 such that

max
Ω̄

|g(x)− gε(x)| < ε.

Recalling ∫
Ω

f (x)gε(x) dx = 0,

and sending ε → 0, we have ∫
Ω

f (x)g(x) dx = 0.

(2)Sufficiency
Now f is orthogonal to any biharmonic function in Ω, which can be continuously extended to ∂Ω.

Then f is orthogonal to any harmonic function in Ω, which is continuous on Ω̄.
Let G(x, y) be the Green’s function of (1) in Ω. We know

G(x, y) = Γ(y − x)− ϕ(x, y),
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where Γ(y − x) is the fundamental solution(see chapter1 [8]) and ∆2
yϕ(x, y) = 0, y ∈ Ω,

ϕ(x, y) = Γ(y − x),
∂ϕ(x, y)

∂n
=

∂Γ(y − x)
∂n

y ∈ ∂Ω.

Therefore, it follows from (4) that

u(x) =
∫

Ω
G(x, y) f (y) dy =

∫
Ω

Γ(x − y) f (y) dy, ∀x ∈ Ω (13)

.
Let G̃(x, y) be the Green’s function of (3) in Ω̃, which is

G̃(x, y) = Γ(x − y)− ϕ̃(x, y),

where ϕ̃(x, y) is the solution of the boundary value problem ∆2
yϕ̃(x, y) = 0 in Ω̃; ϕ̃(x, y) = Γ(x −

y), ∂ϕ̃(x,y)
∂n = ∂Γ(x−y)

∂n , on ∂Ω̃. Then,

v(x) =
∫

Ω̃
G̃(x, y) f̃ (y) dy

=
∫

Ω
(Γ(x − y)− ϕ̃(x, y) f (y) dy.

Therefore, it follows from (4) that,

v(x) =
∫

Ω
Γ(x − y) f (y) dy, ∀x ∈ Ω̃, (14)

Case 1. x ∈ Ω.
It follows from (13) and (14) that v(x) = u(x).

Case 2. x ∈ Ω̃ \ Ω.
When y ∈ Ω, Γ(x − y) is a biharmonic function in Ω.
It follows from (14), (4) that

v(x) = 0, ∀x ∈ Ω̃ \ Ω̄.

In view of the continuity of v(x), we have

v(x) = 0, ∀x ∈ Ω̃ \ Ω.

Combining the two cases above, we find that

ũ(x) = v(x), x ∈ Ω̃,

which implies that ũ(x) is the unique classical solution of (3).

3. Strong Solutions
Next we use an approximation argument to prove Theorem 2.

Proof. Now f ∈ Lp(Ω) and then f̃ ∈ Lp(Ω̃). There exist the unique solution u ∈ W4,p(Ω) ∩ W2,p
0 (Ω)

for (1) (see chapter.3 [4] or see chapter.9 [7]).

(1)Necessity
Now v(x) ∈ W4,p(Ω̃) ∩ W2,p

0 (Ω̃) is the strong solution of (3).
Let η(x) : Rn → [0, ∞) be a mollifier satisfying

(i) η(x) ∈ C∞
0 (Rn),
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(ii)
∫

B1

η(x) dx = 1, where B1 is the unit ball centered at the origin.

For ε > 0, Denote

ηε(x) =
1
εn η(

x
ε
).

Then Supp ηε(x) ⊂ Bε, and
∫

Bε

ηε(x) dx = 1, where Bε is the ball with radius ε, centered at the origin.

We extend ũ, f̃ from Ω̃ to Rn by setting ũ(x) = 0, f̃ (x) = 0, x ∈ Rn \ Ω̃. We define

uε(x) =
∫
Rn

ηε(x − y)ũ(y) dy =
∫

Ω
ηε(x − y)u(y) dy;

fε(x) =
∫
Rn

ηε(x − y) f̃ (y) dy =
∫

Ω
ηε(x − y) f (y) dy.

Choose ε <
1
2

dist(∂Ω̃, ∂Ω), and denote Ωε = {x ∈ Rn|dist(x, Ω) < ε}.

It is a simple fact that uε(x), fε(x) ∈ C∞
0 (Ω2ε). Recalling

∆2ũ = f̃ in Ω̃,

we have
∆2uε = fε in Rn.

First Let g ∈ C4(Ω̄) be a biharmonic function in Ω. By Whitney’s extension theorem, we extend g
to be g̃ from Ω̄ to ¯̃Ω such that g̃ ∈ C4( ¯̃Ω)(see [9]) and [10]). By using the fact that uε(x) ∈ C∞

0 (Ω2ε),
we find that ∫

Ω2ε

g̃∆2uε dx =
∫

Ω2ε

uε∆2 g̃ dx,

which implies ∫
Ω2ε

fε g̃ dx =
∫

Ω2ε\Ω
uε∆2 g̃ dx.

On the other hand, we have∫
Ω

f g dx =
∫

Ω
( f − fε)g dx +

∫
Ω2ε

fε g̃ dx −
∫

Ω2ε\Ω
fε g̃ dx

=
∫

Ω
( f − fε)g dx +

∫
Ω2ε\Ω

uε∆2 g̃ dx −
∫

Ω2ε\Ω
fε g̃ dx

= I1 + I2 + I3.

By Hölder inequality, we estimate the three terms I1, I2 and I3 as below:

I1 ≤ max
Ω̄

|g|
( ∫

Ω
| f − fε|p dx

) 1
p |Ω|1−

1
p ;

I2 ≤ max
¯̃Ω

|∆2 g̃|
( ∫

Ω2ε\Ω
|uε|p dx

) 1
p |Ω2ε \ Ω|1−

1
p

≤ max
¯̃Ω

|∆2 g̃|
( ∫

Ω
|u|p dx

) 1
p |Ω2ε \ Ω|1−

1
p ;

I3 ≤ max
¯̃Ω

|g̃|
( ∫

Ω2ε\Ω
| fε|p dx

) 1
p |Ω2ε \ Ω|1−

1
p

≤ max
¯̃Ω

|g̃|
( ∫

Ω
| f |p dx

) 1
p |Ω2ε \ Ω|1−

1
p .

Sending ε → 0, we conclude that ∫
Ω

f g dx = 0,
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which is (4).
Next for g ∈ C4(Ω) ∩ C(Ω̄) satisfying that ∆2g = 0 in Ω. We use the same approximation

argument as in the proof of Theorem 1 to obtain∫
Ω

f (x)g(x) dx = 0.

(2)Sufficiency
Let { fn} ⊂ C∞

0 (Ω) be a sequence satisfying

lim
n→∞

∥ fn − f ∥Lp(Ω) = 0.

Define

f̃n(x) =

{
fn(x), x ∈ Ω,

0, x ∈ Ω̃ \ Ω.

We know that f̃n(x) ∈ C∞
0 (Ω̃) and

lim
n→∞

∥ f̃n − f̃ ∥Lp(Ω̃) = 0.

Let {un} be the classical solutions of Dirichlet problems ∆2un = fn(x) in Ω,

un = 0,
∂un

∂n
= 0 on ∂Ω.

(15)

It is obvious that un ∈ W2,p(Ω) ∩ W2,p
0 (Ω) Let u ∈ W4,p(Ω) ∩ W2,p

0 (Ω) be the unique solution of (1).
It implies that(see [4])

∥un − u∥W4,p(Ω) ≤ C∥ fn − f ∥Lp(Ω), n = 1, 2, · · · .

Let vn be the classical solutions of Dirichlet problems{
−∆2vn = f̃n in Ω̃,
vn = 0, ∂vn

∂n = 0 on ∂Ω̃.
(16)

It is obvious that vn ∈ W4,p(Ω̃) ∩ W2,p
0 (Ω̃) Let v ∈ W4,p(Ω̃) ∩ W2,p

0 (Ω̃), be the unique solution of
system (3).

It implies that

∥vn − v∥W4,p(Ω̃) ≤ C∥ f̃n − f̃ ∥Lp(Ω̃)

≤ C∥ fn − f ∥Lp(Ω). n = 1, 2, · · · .

Let G(x, y) and G̃(x, y) be the Green’s functions of ∆2 in Ω and Ω̃. We know

G(x, y) = Γ(y − x)− ϕ(x, y), G̃(x, y) = Γ(y − x)− ϕ̃(x, y), (17)

where Γ(y − x) is the fundamental solution, and ϕ(x, y) is the solution of the boundary value problem
∆2

yϕ(x, y) = 0 in Ω; ϕ(x, y) = Γ(x − y), ∂ϕ(x,y)
∂n = ∂Γ(x−y)

∂n , on ∂Ω. and ϕ̃(x, y) is the solution of the

boundary value problem ∆2
yϕ̃(x, y) = 0 in Ω̃; ϕ̃(x, y) = Γ(x − y), ∂ϕ̃(x,y)

∂n = ∂Γ(x−y)
∂n , on ∂Ω̃. Thus we

have ϕ(x, y) ∈ C4(Ω̄) and ϕ̃(x, y) ∈ C4( ¯̃Ω).
Let φ(x) ∈ C∞

0 (Ω) is a arbitrary. Since uk and vk are the classical solutions of (15) and (16). By
virtue of Fubini’s theorem, we have
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∫
Ω

uk(x)φ(x)dx =
∫

Ω

[ ∫
Ω

G(x − y) fk(y)dy
]

φ(x)dx

=
∫

Ω

[ ∫
Ω

G(x − y)φ(x)dx
]

fk(y)dy.

Sending k → ∞,we obtain that∫
Ω

u(x)φ(x)dx =
∫

Ω

[ ∫
Ω

G(x − y)φ(x)dx
]

f (y)dy

=
∫

Ω

[ ∫
Ω
(Γ(x − y)− ϕ(x, y))φ(x)dx

]
f (y)dy

=
∫

Ω

[ ∫
Ω

Γ(x − y)φ(x)dx
]

f (y)dy

−
∫

Ω

[ ∫
Ω

ϕ(x, y) f (y)dy
]

φ(x)dx.

It follows from (4) that∫
Ω

u(x)φ(x)dx =
∫

Ω

[ ∫
Ω

Γ(x − y)φ(x)dx
]

f (y)dy (18)

Let ψ(x) ∈ C∞
0 (Ω̃)is a arbitrary.By the same argument as above, we conclude that∫

Ω̃
v(x)ψ(x)dx =

∫
Ω

[ ∫
Ω̃

Γ(x − y)ψ(x)dx
]

f (y)dy (19)

Case 1. x ∈ Ω.
Letψ(x) = φ(x), x ∈ Ω and ψ(x) = 0, x ∈ Ω̃ \ Ω̄. By virtue of (18),(19) we obtain that

u(x) = v(x), a.e. x ∈ Ω,

Case 2. x ∈ Ω̃ \ Ω̄.

Choose ε <
1
2

dist(∂Ω̃, ∂Ω), and denote Ωε = {x ∈ Rn|dist(x, Ω) < ε}. Let φ(x) ∈ C∞
0 (Ω̃ \ Ω2ε)

is a arbitrary. By the same argument as above, we conclude that∫
Ω̃\Ω2ε

v(x)φ(x)dx =
∫

Ω

[ ∫
Ω̃\Ω2ε

Γ̃(x, y)φ(x)dx
]

f (y)dy

=
∫

Ω̃\Ω2ε

[ ∫
Ω

Γ̃(x, y) f (y)dy
]

φ(x)dx

By virtue of(4) we have ∫
Ω̃\Ω2ε

v(x)φ(x)dx = 0

sending ε → 0,we obtain that ∫
Ω̃\Ω

v(x)φ(x)dx = 0

which implies that
v(x) = 0, a.e. x ∈ Ω̃ \ Ω̄,
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Combining the two cases above, we find that

ũ(x) = v(x), a.e. x ∈ Ω̃,

which implies that ũ(x) is the unique strong solution of (3).

4. Generalization
For the following boundary problem of the ∆m equation ∆mu = f in Ω,

u =
∂u
∂n

= · · · = ∂m−1u
∂nm−1 = 0 on ∂Ω,

where m ≥ 3 is an integer, we may consider the zero extension problem.
The similar conclusion may be drawn and proved by the same argument as above.

5. Conclusions
This paper focuses on zero extension for the biharmonic equation of Dirichlet problem. We

established the Theorem 1 and the Theorem 2, which is the necessary and sufficient condition under
the frameworks of classical solutions and strong solutions.
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