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Abstract: Asymptotic properties of the known SAIRP epidemic model are studied under stochastic
perturbations, given by a combination of the white noise and Poisson’s jumps. It is assumed that
these stochastic perturbations are proportional to the deviation of a current state of the system under
consideration from one of the system equilibria. Sufficient conditions of stability in probability for
two different equilibria of the considered system are formulated via a simple linear matrix inequality
(LMI) and are studied via MATLAB. Two demonstrative examples illustrate the obtained results via
numerical simulation of solutions of the considered system of five nonlinear stochastic differential
equations. The research method used here can be applied to many other more complex nonlinear
models in various applications.
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1. Introduction

So-called SAIRP epidemic model is described [1-3] by the system of five ordinary differential equa-

tions
() = &~ 1= p(a - ) XY g1 =) 500+ o)

At = (1 - pl - ) YL s - -4 mac)

I(t) = vA(t) = (6 + w)I(t),
R(t) = 6I(t) — uR(t),
P(t) =yp(1—u)S(t) — (w+ u)P(t).

Here it is assumed that the total population

1)

N(t) = S(t) + A(t) + I(t) + R(t) + P(t), t=0,

is subdivided into five distinct classes:
- susceptible individuals (S(t));
- asymptomatic infected individuals (A(t));
- active infected individuals (I(t));
- removed (including recovered and deceased) individuals (R(t));
- protected individuals (P(t)).
Besides, the total population N(t) has a variable size, the susceptible individuals S(t) become
infected by contact with active infected I(t) and asymptomatic infected individuals A(t), at a rate of

infection
OA(t)+I(t)
PN
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where 0 represents a modification parameter for the infectiousness of the asymptomatic infected
individuals A(t). It is assumed also that all parameters of the system (1) are positive and, besides,
p<lu<l

In [1-3] some properties of the system (1) are studied in the deterministic case, in [4] the SAIRP
epidemic model is studied by the assumption that the system (1) is exposed to stochastic perturbations
of the white noise type [5]. It is supposed also that these stochastic perturbations are directly propor-
tional to the deviation of the system state from one of the two system’s equilibria, that are defined [4]
by the system of five algebraic equations

0A+1
A= |p(1—p(1—u)) N* +pp(1—u) + p|S+wP =0,
0A + 1
p(l—p(1—u)) S—(v+uA=0, 2
VA—(6+u)l=0,
6l —uR =0,
pp(l—u)S —(w+pu)P =0,
with the two solutions:
1) disease-free equilibrium
Eo = (S0, Ao Io, Ry, o),
where
P oplwpgp-w)”
Ay=1I =Ry =0, 3)
plw+p+pp(l—u)]
and
2) endemic equilibrium
EY = (S}, A, I, RY, P)
with
S* — ((U + ‘ll)A Rfl
Tl pypp(-u)] 0
x A -
A% = V+V(1—R01),
VA
L= ———~(1-RyY), 4
OVA
Ry = ———(1-Ry),
TR e R
T+ ptpp—u)] 0
where Ry is the basic reproduction number that is defined as follows:
o _ BO=p(l=m)@C@+p +)@+p) | -

(v+u)(+u)(w+pu+ypp(l—u))

Note also that, summing all equations of the system (2), we obtain N* = A for the both equilibria

(3) and (4).
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In contrast to [1-4], in this paper stability in probability of the both equilibria (3) and (4) of the
SAIRP epidemic model (1) is studied for the first time under stochastic perturbations defined by a
combination of the white noise and Poisson’s jumps. Following LI. Gikhman and A.V. Skorokhod [5],
the SAIRP model (1) becomes an object of the theory of stochastic differential equations with Poisson’s
measure.

Remark 1. losif Ilich Gikhman (1918-1985) and Anatolij Vladimirovich Skorokhod (1930-2011) are two
outstanding Ukrainian mathematicians, whose works have made an invaluable contribution to the development
of the modern theory of stochastic processes, in particular, to the development of the theory of stochastic differential
equations with Poisson’s measure. They are the authors of a large number of fundamental papers and books in the
general theory of stochastic processes and in the theory of stochastic differential equations, in particular, [5-8].

2. Stochastic Perturbations

Let {Q), §,P} be a complete probability space, {§:, t > 0} be a nondecreasing family of sub-c-
algebras of §, i.e., §t, C §t, C § for t; < ty, E be the mathematical expectation with respect to the
measure P.

Let us suppose that the system (1) is exposed to stochastic perturbations of the type of

Gi(t) = qiwi(t) + vivi(t), i=1,..5 (6)
where 0; and 7; are arbitrary constants,
7i(H) =vi(t) = At, i=1,...,5,

w;(t) and v;(t) are respectively §¢-measurable and mutually independent the Wiener and the Poisson
processes, Ev;(t) = A;t, A; > 0 [5-11].

Remark 2. Note that the Wiener processes describe continuous stochastic perturbations of the Brownian motion
type, while the Poisson processes describe stochastic perturbations of the jumps type. Stability of some other
models under stochastic perturbations of the type of Poisson’s jumps is studied in [9-11].

Let us suppose also that the stochastic perturbations (6) are directly proportional to the deviation
of the system state (S(t), A(t), I(t), R(t), P(t)) from one of the equilibria (S*, A*, I*, R*, P*). As a result
we obtain the system of stochastic differential equations [5,8]

ds(t) = [A - (ﬁ(l —p(1— u))(M(;\)]J)Imgbp(l —u)+ ]«l> S(t) + wP(t)} dt
+(5() ~ 5z (1),

14() = B - p1 =) 2 GET 500 - (v + A
+(A() — A)dE(1),

A1(E) = [vA(t) — (6 + W) I(0)at + (I1() — )G ),

AR(1) = [81(1) ~ pR()dt + (R(t) — R)dEa (1),

AP(E) = [gp(1 —0)S(1) — (@ + p)P(dE+ (P(E) — P*)ds(0)

(7)

Note that the equilibrium (S*, A*, I*, R*, P*) of the deterministic system (1) is also the solution
to the system of stochastic differential equations (7). Stochastic perturbations of this type were first
proposed in [12] for the SIR epidemic model and later also for some other mathematical models in
various applications (see, for instance, [13-17] and the references therein).

Let us note also, that unlike the present paper, where the considered system has a dimension
5, in the all mentioned previous works stochastic perturbations of the proposed type are used for
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systems of a dimension less than 5. This means, in particular, that the dimension of the system under
consideration can in principle be increased even more.

3. Linear Approximation

Consider the nonlinear differential equation

(t) = F(x(t)), ®)

where x(t) € R" and the equation F(x) = 0 has a solution x* that is an equilibrium of differential
Equation (8). Using the new variable y(t) = x(t) — x*, represent Equation (8) in the form

y(t) = F(x" +y(b)). ©)

It is clear that stability of the zero solution to Equation (9) is equivalent to stability of the equilibrium
x* of Equation (8).

oF || . . . . .
Let Jr = a—xl , i,j = 1,..,n, be the Jacobian matrix of the function F = {Fj,..., F,} and
]
lim, o o)l = 0, where |y| is the Euclidean norm in R". Using Taylor’s expansion in the form
¥1=0 Ty

F(x*+y) = F(x") + Jr(x")y +o(y)

and the equality F(x*) = 0, we obtain the linear approximation

2(t) = Jp(x")z(t) (10)

of the nonlinear differential Equation (9). So, a condition for the asymptotic stability of the zero
solution of the linear Equation (10) is also a condition for the local stability of the equilibrium x* of the
initial nonlinear Equation (8).

To construct the linear approximation of the system (7) let us put

x(t) = (S(t), A(t), I(t), R(t), P(t))",
X* — (S*,A*, I*,R*,P*),,

y(t) = x(t) —x7,
N*=S§"4+A*+ 1"+ R* + P*.

(11)

Here and everywhere below ' is the sign of transpose.
Representing the system (1) in the form (8) and calculating the Jacobian matrix, we obtain the
linear part of the system (7) in the form

dz(t) =Az(t)dt + i Biz(t)dw;(t) + i Ciz(t)dv;(t), (12)
i=1 i—1

where z(t) € R?, B; and C; are the 5 x 5-matrices with all zero elements besides of respectively b;; = o;
and¢; =v;,i1=1,...,5.
Note that for C; = 0,i =1, ..., 5, linear Equation (12) was obtained in [4] with

an ai a3 a14 a5
az1 a az3 a4 azs
A= 0 v —(6+wu) 0 0 , (13)
0 0 ) —u 0
ypp(l—u) 0 0 0 —(w+n)
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where oA : s
*+ * *
== B p - ) T (1= ) -
S* 0A* +IT*
an:—‘[i(l—p(l—u))m(B—T),
S* PA* + I* 14
1113=—ﬁ(1—p(1—u))m(1—T), ( )
S*(0A* + I*
aq = B(1—p(1— ”))W/
a5 = a14 + w,
and 0A I S
*+ * *
ay = ‘B(l — p(l — u))T<l — m),
S* 0A* + I*
azzzﬁ(l—p(l—u) m(@-T) —(V‘|‘]/l),
(15)

S* PA* + I*
a3 :ﬁ(l—p(l—u) m<1—7>,

Ay = a5 = —P(1 —p(1 - u))%

In particular, for the equilibrium Ejj (3) the elements (14) and (15) of the matrix (13) are respectively
ain =— (pp(1 —u) +u),
S*
a;p =—0p(1—p(1— “))m/

o (16)
a3 =—p(1—p(l—u)) 55,
a4 =0, a5 = w,
and
Ay = dpg = a5 =0,
22 = Op(1— p(1— ) > — (v + 1), )

iy = B~ p(1—0) o

4. Stability

Following [13], let us consider the definitions of the different types of stability for the nonlinear
system (7), linear Equation (12) and the relationship between these two types of definitions (see Remark
3).

Definition 1. Put
y(t) = (S(t), A(t), I(t), R(¢t), P(t)) — (S*, A", I",R*, P¥)
= (S(t) = S*, A(t) — A", I(t) — I",R(t) — R*, P(t) — P¥).

The solution (S*, A*, I*, R*, P*) of the system (7) is called stable in probability if for any €1 > 0 and e; > 0
there exists § > 0 such that y(t) satisfies the condition P{sup |y(t)| > €1} < ey for any y(0) such that
t>0

P{y(0)] <4} =1.

Definition 2. The zero solution to Equation (12) is called:
- mean square stable if for each ¢ > 0 there exists a & > 0 such that E|z(t)|?> < e, t > 0, provided that
E|z(0)|?> < &;

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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- asymptotically mean square stable if it is mean square stable and for each initial value z(0) such that E|z(0)|? <
oo, the solution z(t) to Equation (12) satisfies the condition tlim Elz(t)|> = 0.
— 00

Remark 3. It is known [13] that sufficient conditions for asymptotic mean square stability of the zero solution
of the linear part of a stochastic nonlinear system with the order of nonlinearity higher than one at the same
time are sufficient conditions for stability in probability of the solution of the initial nonlinear system. So, for
investigation of stability in probability of the equilibrium (S*, A*, I*, R*, P*) of the nonlinear system (7) it is
enough to get conditions for asymptotic mean square stability of the zero solution of the linear Equation (12).

Remark 4. Let the function V(z), z € R®, has two derivatives V'V (z) and V2V (z). The generator L of
Equation (12) has the form [5,8,13]

LV(z) =(VV(z)) Az + % iz’BiV2V(Z)Biz
. = (18)
+ ; AilV(z+ Ciz) = V(z) = (VV(2))'Cizl.

Theorem 1. ([13]) Let there exist a function V (z) and positive constants cy, ¢z, ¢3 such that the following

conditions hold:
EV(z(t) > ciElz(t)[>, EV(2(0)) < c|z(0)[%,

ELV(z(t)) < —c3E|z(t)]%

Then the zero solution to Equation (12) is asymptotically mean square stable.

Theorem 2. Let for the matrices A, B; and C;, i = 1, ...,5, of Equation (12) there exists a positive definite
matrix Q such that the following LMI

5
QA+ A'Q+ Y (B/QB; + A;,C/QC;) <0 (19)
i=1

holds. Then the equilibrium (S*, A*, I*, R*, P*) of the system (7) is stable in probability.

Proof. Using the generator (18), for the Lyapunov function V(z) = z’Qz, Q > 0, we have

5 5
LV(z) =27'QAz+ ) 2z'B]QBiz+ ) | A;z'C;QCiz
i=1 . i=1 (20)
=2'|QA+A'Q+ ) (BiOB; + A;CiQG;) |=.
i=1
So, if the LMI (19) holds then via (20)
LV(z) < —c|z|?

for some ¢ > 0 and, therefore, via Theorem 1 the zero solution to the linear stochastic differential
Equation (12) is asymptotically mean square stable.

Via Remark 3 it means that the appropriate equilibrium (5*, A*, I*, R*, P*) of the nonlinear system
(7) is stable in probability. The proof is completed. [J

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Numerical Simulations
5.1. Difference analogue

For numerical simulation of solutions of the system (7) let us construct the difference analogue of
this system. Put
ti=4j, A>0,
S = S( )r A A( ])/ I] = I(t]')/ R] = R(tj)r P] = P(tj)r (21)
w;; = w,(t]) vij = v,(t]) i=1,.,5 j=012,...

Via (21) the difference analogue of the system (7) takes the form

+1;

Sit1 =85+ |A— ﬁ(l—p(l—u))h%—l[}p(l—u)—l—ﬂ Sj +wP;| A
N;j

+(S; = S")[o1(wy,jy1 — wij) + Y1(vejp1 — vi,j — M),

9A +1
A= A+ B = p(1 =) ZHETS; - (v gy
+ (Aj — A%)[o2(wo i1 — W j) + Y2(vaj41 — V2, — A2D)],

+ (L = I")[o3(w3 j41 — w3 j) +73(va 41 — v3; — As)],
Rj+l = R]' + [51] — ij]A
+ (Rj — R*)[og(wy 11 — wa ) + valvgji1 —v3 — Ad)],
Pii1 =P+ [pp(1 —u)S; — (w+ u)P]A
+ (Pj — P*)[os(ws,j 1 — ws,;) + 15(vs,41 — V57 — AsA)],
j=012,...

5.2. Examples

Here two demonstrative numerical examples are considered, where (14), (15), (16), (17) are used
to calculate the matrix (13).

Example 1. Putting

A=15 u=1, 6=1, =04, v=015

(23)
0=0033, w=00013, p=07 u=03 p=15
A ,
we have Nj = ; = 15 and via (3)
(Sp, Ag, Iy, Ry, Py) = (12.5445,0,0,0,2.4555). (24)
Via MATLAB it was shown that for the values of the parameters
=14, 0,=093, 03=12, o03=14, o05=14,
1 2 3 4 5 (25)

vi=A=1 1i=1,.,5

the LMI (19) holds and, therefore, the equilibrium (24) is stable in probability.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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15 18 21 t

Figure 1. Fifty trajectories of the solution of the system (7) with the parameters(23), (25), (26) converge to the
stable equilibrium (24).

In Figure 1 50 trajectories of the solution of the system (7), obtained via the difference analogue (22) with
the parameters (23), (25) and A = 0.06, are shown with the initial values

S(0)=22, A(0)=11, I(0)=4, R(0)=8, P(0)=17. (26)

All trajectories (S(t)-brown, A(t)-violet, I(t)-blue, R(t)-red, P(t)-green) converge to the stable in probability
equilibrium (24).

Figure 2. Fifty trajectories of the solution of the system (7) with the parameters (27), (29), (30) converge to the
stable equilibrium (28).

Example 2. Putting

A=15 pu=1 6=1 =008 v=018,

(27)
§=033, w=00013, p=04, u=03 =2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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rom (5) and (4) we obtain Ry = 1.3541 > 1, N} = A = 15and
from ( 0=

(S%,A%, I, R, PY) = (10.8264,3.3317,0.4509, 0.1488, 0.2422). (28)
Via MATLAB it was shown that for the values of the parameters

o = 1.5, 0 = 0.79, 03 = 1.2, 04 = 1.3, 05 = 1.3,
1=11, 7% =095 93=11, 7, =05 195=1, (29)
M=11, A =159, A3=11, A;=1 As=11,

the LMI (19) holds and, therefore, the equilibrium (28) is stable in probability.
In Figure 2 50 trajectories of the solution of the system (7), obtained via the difference analogue (22) with
the parameters (27), (29) and A = 0.06, are shown with the initial values

S(0)=7, A(0)=45 1(0)=9, R(0)=55 P(0)=27. (30)

All trajectories (S(t)-brown, A(t)-violet, I(t)-blue, R(t)-red, P(t)-green) converge to the stable in probability
equilibrium (28).

Remark 5. Note that for the numerical simulation of trajectories of the Wiener processes w;(t), i =1,...,5, in
Examples 1 and 2 a special algorithm has been used, described in detail in [13] (p.29-31).

Remark 6. For the numerical simulation of the Poisson processes v;(t), i = 1,...,5, similarly to [9-11] the
continuous random variable {; is used, uniformly distributed on the interval (0,1): vijr1 — Vij = 1if § < LA
and vj 1 — v;j = 0 in the contrary case.

One can see that in difference from the similar pictures in [4], where only stochastic perturbations
of the white noise type are considered, here in Figure 1 and Figure 2 the trajectories of all processes
have discontinuities, that is a consequence of jumps in Poisson’s processes.

6. Conclusions

Asymptotic properties of the known SAIRP epidemic model, described by a system of five
nonlinear differential equations, are studied under stochastic perturbations, given by a combination of
the white noise and Poisson’s jumps. It is shown that a sufficient condition of stability in probability for
two equilibria of the considered system is formulated in the form of a simple linear matrix inequality
(LMI), which can be easily studied via MATLAB. Two examples with numerical simulation of solutions
of the considered system illustrate the obtained results.

One of the goals of the proposed paper is to attract the attention of future researchers to extension
of the use of Poisson’s type stochastic perturbations in their own research, to the use of the proposed
algorithm of numerical simulation of this type of perturbations together with perturbations of the type
of white noise and apply this method to many other more complicated nonlinear models of higher
dimensional in various applications.
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