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Abstract: We investigate the thermal conductivity of graphene Moiré superlattices formed by twisting
bilayer graphene (TBG) at small angles, employing approach-to-equilibrium molecular dynamics
and lattice dynamics calculations based on the Boltzmann Transport Equation. Our simulations
reveal a non-monotonic dependence of the thermal conductivity on the twisting angle, with a local
minimum near the first magic angle (6 ~ 1.1 °). This behavior is attributed to the evolution of local
stacking configurations—AA, AB, and saddle-point (SP)—across the Moiré superlattice, which strongly
affect phonon transport. A detailed analysis of phonon mean free paths and mode-resolved thermal
conductivity shows that AA stacking suppresses thermal transport while, AB and SP stackings exhibit
enhanced conductivity owing to more efficient low-frequency phonon transport. Furthermore, we
establish a direct correlation between the thermal conductivity of twisted structures and the relative
abundance of stacking domains within the Moiré supercell. Our results demonstrate that even very
small changes in twisting angle (< 2°) can lead to thermal conductivity variations of over 30%,
emphasizing the high tunability of thermal transport in TBG.

Keywords: graphene; Moiré; molecular dynamics; lattice dynamics

1. Introduction

Thermal management is a fundamental challenge in the electronics industry, especially in the
design of next-generation integrated circuits. Efficient heat dissipation is crucial for the performance
and reliability of ultra-large-scale integrated circuits, where excess heat can degrade functionality and
lifespan [1]. Graphene, with its extraordinarily high intrinsic thermal conductivity, offers a promising
solution for thermal management applications, ranging from heat spreaders to thermoelectric energy
conversion and advanced cooling systems [2,3].

Despite its high thermal conductivity, several factors influence heat transport in graphene, in-
cluding defects, grain boundaries, isotopic composition, strain, and substrate interactions [1-9]. In
particular, nanostructuration techniques, such as nanopatterning and chemical functionalization (e.g.,
hydrogenation, fluorination), have been explored to modulate graphene phonon transport proper-
ties [10-14]. These methods introduce phonon scattering sites that can either suppress or enhance heat
conduction depending on the specific engineering approach. A recent and highly effective method for
tuning graphene thermal conductivity is the creation of Moiré superlattices: these are formed when
two graphene layers are stacked with a twisting angle, creating periodic interference patterns that
significantly alter electronic and phononic properties [15]. In 2011, theoretical studies identified that
specific twisting angles, known as "magic angles," result in flat electronic bands in twisted bilayer
graphene (TBG), with the first magic angle commonly reported around 1.1° [16]. This discovery
led to the observation of exotic phenomena such as correlated insulating states, unconventional
superconductivity, and magnetic ordering in TBG and other 2D material heterostructures [17,18].
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Beyond electronic properties, recent studies have shown that Moiré superlattices also impact
phonon transport and thermal conductivity in TBG. Similarly to other nanostructures, where thermal
conductivity can be tweaked by imposing a superperiodicity [19,20], the realization of Moiré pattern
can enhance or suppress thermal transport properties. Molecular dynamics simulations indicate
that the thermal conductivity of TBG varies non-monotonically with twisting angle [21]. Specifically,
the conductivity decreases as the twisting angle increases, reaching a local minimum at approximately
1.08°, followed by an increase up to ~ 3°, after which it stabilizes. This non-trivial dependence is
attributed to the emergence of Moiré phonons—phonon modes induced by interlayer twisting—that
modify phonon dispersion and introduce additional scattering mechanisms [22]. Theoretical studies
on phonons in twisted bilayer graphene reveal that the stacking order plays a critical role in phonon
transport. Phonon dispersion in AA-stacked, AB-stacked, and twisted bilayer graphene with various
rotation angles shows that the stacking configuration predominantly affects the out-of-plane acoustic
phonon modes [23]. The introduction of Moiré superlattices leads to new phonon branches—entangled
phonons—that originate from the mixing of phonon modes from different high-symmetry directions
in the Brillouin zone. The frequencies of these entangled phonons depend strongly on the twisting
angle and can serve as a mean for non-contact identification of twisting angles in graphene samples.
Furthermore, the emergence of these Moiré phonons significantly influences the thermal conductivity
of twisted bilayer graphene, modifying phonon scattering mechanisms and transport properties [23].
Additionally, twisted multilayer SnSe, Moiré superlattices have been experimentally synthesized and
demonstrate a substantial reduction in thermal conductivity compared to their untwisted counter-
parts [15]. This is primarily due to enhanced phonon scattering, increased lattice mismatch, and the
emergence of localized phonon modes. These findings highlight the potential of superperiodic struc-
tures and Moiré engineering for precise control over heat transport in 2D materials.

Despite these advancements, research on the thermal properties of Moiré superlattices remains
in its early stages, with a limited number of studies focusing on small twisting angles and their
phonon interactions. In this work, we explore the twisting angle dependence of thermal transport in
TBG, with an emphasis on the first magic angle, 1.1°. Furthermore, we aim to establish a connection
between the variations in thermal conductivity and the underlying phonon characteristics of Moiré
superlattices. By investigating the role of Moiré phonons and their influence on heat transport, this
study provides new insights into the fundamental mechanisms governing thermal conductivity in
twisted 2D materials.

2. Methods

In this study, we employed classical molecular dynamics (MD) simulations to calculate the thermal
conductivity of TBG at various twisting angles using the approach-to-equilibrium molecular dynamics
(AEMD) method [24-26]. TBG samples were prepared by first initializing the atomic coordinates of
monolayer graphene sheets with an interatomic spacing of 0.142 nm [27,28]. The sheets were then
duplicated and separated along the z-axis by 0.335 nm [29] to form bilayers. We then rotated one
layer by a precise twisting angle # around a common center, forming a Moiré superlattice. The lattice
parameters of the resulting structure were determined using the relation [30]:

_ Vam
Amoire = W (1)

where a4 is the lattice constant of graphene (~ 0.246 nm). The number of atoms per Moiré unit cell was
calculated as:

)

Nmoire =

sin?(6/2)
We considered nine twisting angles 6: 0.91°,1.02°,1.05°,1.08°,1.12°,1.20°,1.35°, and 1.54°,

corresponding to Moiré unit cells with longitudinal dimensions L ranging from 15.9 to 26.9 nm and
lateral dimensions d from 9.2 to 15.5 nm. The number of atoms in these unit cells varied between 11096
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and 30248 (see Table 1). To construct the simulation supercells, the Moiré unit cells were replicated
along their longest edge, forming samples with lengths L and widths d, containing between one
and seven Moiré unit cells. To avoid artificial strains or stresses, an energy minimization step (box
relaxation) was performed before each simulation.
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Figure 1. (a) Example of 1 x 2 structure of conventional Moiré unit cells, the twisting angle is 7.34°. (b) A schematic
represenation of the subregion used in the simulations. The top half, red, is initially set at the temperature T; = 350
K, while the bottom half, blue, at T, = 250 K. During all the simulation, atoms in the two non-highlighted edges
are constrained to avoid relative translations or rotations between the layers; their width is equal to 0.2 nm.

Table 1. Moiré cells used in simulations, including twisting angle, number of atoms, length L, and width d.

0 0° 091° 1.02° 1.05° 1.08° 1.12° 120° 135° 1.54°

N 39688 30248 25352 23816 22328 20888 18152 14408 11096
L(nm) 297 26.9 24.0 23.2 225 21.8 20.3 18.1 159
d(nm) 175 15.5 17.2 13.4 13.0 12.6 11.7 10.4 9.2

To implement AEMD approach we defined separated regions within our simulation cell, as il-
lustrated in Figure 1b. A step-like temperature profile is initially realized by thermalizing the top
and bottom halves at temperatures T; = 350 K and T, = 250 K, respectively. The system is then
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evolved in the NVE ensemble while monitoring the temperature difference AT (t) between the average
temperatures of the two halves of the supercell. The temperature difference follows an exponential
decay, given by [24,26]

8(T

AT(t) = Z e 1) e~@nI1/T 3)

where T was used as fitting parameter. The thermal conductivity « is finally calculated according to

_ 3NksL
T 4m2t S

(4)

where N is the number of atoms in the system, and kg = 1.380 - 10~2% ] K~! is the Boltzmann
constant. The simulation cell section S is estimated as the width d of the sample multiplied by the
interlayer distance and the number of layers. The length, width, and interlayer distance, are obtained
from a fully relaxed box.

In order to assess the convergence of our results, we adopted the approach proposed by in
Ref. [24]:

e the converged thermal conductivity xcoup is estimated for an infinitely long NVE simulation,
according to

K(trun) = Kconv (1 - ﬁe_tmn /,y> (5)

* the thermal conductivity x« for an infinitely long sample is obtained by a finite-size extrapolation,
a commonly used approach in non-equilibrium simulations [? ]

1 1 A A
= 1+ —+—= 6
Kconv Keo ( + L + L2 + > ©)

MD simulations were performed using LAMMPS [31], employing the AIREBO potential [32,33]
with a time step of 1 fs. The cutoff radius for the Lennard-Jones term was set to 1.02 nm'. NVE runs
lasted between 25 to 35 ps, depending of the simulation cell size. To showcase the adopted protocol
in detail, we consider here the smallest sample of AA-stacked bilayer graphene as a case study. We
remark that the same procedure was applied to all the samples investigated in this work. First, AT ()
was fitted using Eq. (3) for different fitting times, {71, ranging from 1 ps (the first 1000 time-steps of the
NVE run) to 25 ps, effectively covering the entire NVE run.

1 The cutoff radius in LAMMPS AIREBO pair style [33] is defined as a fixed sigma value ¢ = 0.34 nm multiplied by a scale
factor set to 3.
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Figure 2. (a) Estimation of x as a function of the fitting time ¢;; for the smallest sample of AA-stacked bilayer
graphene. Here, Nexp = 5 (see text). Convergence was studied by fitting the points with Eq. (5).(b) The inverse of
the thermal conductivity x as a function of the inverse of the length L for AA-stacked bilayer graphene. The fit
was performed using the second-order approximation of the Taylor series of Eq. (6)

The obtained values of T along with their corresponding uncertainties, 47, are used to obtain
x and an associated error using Eq. (4), as shown in Figure 2a. We found our simulation results to
be converged using a number Ny, = 5 of terms in the sum of Eq. (3), although even a lower N,y
yielded nearly identical: for example, the results for Nexp = 5 and Ny, = 50 differ by less than
0.1%, within the uncertainty margin. This is in line with the findings of Melis et al. [34], who also
observed rapid convergence with increasing Nexp. The calculated x for each sample were determined
by performing a weighted average on 4 statistically independent run with different initial velocities.
The averaged values were reported as a function of L on a 1/« vs. 1/L plot: Figure 2b shows the case
of the AA-stacked graphene sample. A final extrapolation via Eq. (6) up to the second order of the
Taylor expansion, was then used to produce the final value of x for that specific configuration. In what
follows, we will refer to the extrapolated thermal conductivity x. and its uncertainty simply as x and
oK.

3. Results and Discussion

Using this procedure, we initially estimated the thermal conductivities of the graphene monolayer
and bilayers in both the AA and AB stacking configurations, as reported in Table 2:

Table 2. Thermal conductivity expressed in W/mK for monolayer, AA-stacked and AB-stacked bilayers of
graphene simulated with the AIREBO potential.

Monolayer =~ AAstack  ABstack
1240 £30 1040 £100 1400 £40

As stated in the introduction, the thermal conductivity of monolayer graphene remains an area
of active research, with reported values ranging from 600 to 5000 W-m~!.K~! [28,35-38]. However,
our prediction of x = (1240 + 30) W/mK can be limited by size effects, as phonon mean free paths
(MFP) in monolayer graphene can extend up to 10 um [39]. However, the study of these size effects
is beyond the scope of the present work. Our result is in good agreement with Han and Ruan [40],
in which the thermal conductivity at room temperatures converges to 1300 W/mK for macroscopic
sizes. Interestingly, the stacking of the layers appears to significantly influence the thermal conductivity
of bilayer graphene: in Figure 2 we compare our data with those in Han and Ruan [40]. Although there
is no general consensus about thermal conductivity in AA and AB stack [41,42], we remark that the
value reported here are influenced by the adopted interatomic potential. According to the AIREBO
potential, the AA stacking configuration results in an energy of Eg4 = —7.8489 eV per atom, while
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for the AB stacking, Eqp = —7.84936 eV per atom, confirming the AB-stacked bilayer as the most
stable configuration, as also reported by other studies [43]. However, the energy difference is less than
0.4 meV per atom—well below the thermal energy at ambient temperature (approximately 25 meV
at 300 K). Given this small difference, we exclude the large variation in x to depend exclusively on
the relative stability of the two configurations (equivalent calculations performed on ab initio system
using PBE exchange-correlation functional confirmed AB as the most stable structure with an energy
difference of ~ 1.5 meV). Furthermore, the interlayer distances between the two configuration differ by
only ~ 0.03A (dag = 3.39A and dap = 3.42A). Therefore, we cannot attribute the observed differences
in thermal conductivity solely to variations in interlayer distance. We conclude that the significant
difference in thermal conductivity is primarily driven by the stacking of the layers, rather than indirect
factors such as equilibrium energy, interlayer distance, or size. The different stacking configurations
likely modulate phonon transport through the bilayer, potentially suppressing or promoting it.

a) b)
15001 1400} ~~~~~~~~~~
1400 e { 13001
IE 1300 * } ——————————— Q 1200
- < £
L 12007 S 1100{|
T 11001 ¢ HanandRuan: Monol\a\y;é‘r\\ < 10001
This work S
10001 (] Monolayer 9001 $ AAstack
& AAstack ® ABstack
900/ & AB stack 8001 —$— Moiré superlattices
Mondlayer Biléyer 0.0 0.5 1.0 15

0 (degrees)

Figure 3. (a) Thermal conductivity for monolayer, AA-stacked and AB-stacked bilayer graphene compared to
the value reported by Han and Ruan [40] for the monolayer. Lines are just a guide for the eye. (b) Thermal
conductivity x as a function of the twisting angle 6 in TBG simulated with the AIREBO potential. Lines are just a
guide for the eye.

We report the thermal conductivity values for the TBG as a function of the twisting angle 6 in
Figure 3b. While the AB stacking configuration remains the most conductive, the conductivity values
show a considerable variability with respect to the twisting angle. When comparing our results with
those of [44] for the same temperature of 300 K, we observe a significant discrepancy, with their values
being approximately twice as large as ours. As already pointed out, differences can be attributed by the
choice of different force fields, which can have a substantial impact on the computed thermal transport
properties of graphene [45-47]. While a non-monotonic trend with respect to 6 can be identified, we
also observe that a minimum in x occurs at 1.35°. Our results suggest a more irregular trend in the
thermal conductivity of TBG for small twisting angles than initially anticipated, with very small angle
variation resulting in large fluctuation in thermal conductivity. We cannot rule out the possibility that
a more detailed study might reveal additional maxima and minima in this trend. Thermal conductivity
of Moiré superlattices of graphene appears to be a highly-tunable property: in particular, variations
of ~ 33% from the AB stack are observed within less than 2°. We attempt a qualitative explanation
from our estimations for the thermal conductivity of the AA and AB stacks. In fact, Moiré superlattices
in graphene are characterized by the presence of both the stacking types: the great difference in
thermal conductivity manifested by AA and AB stacks can then have a major role in such tunability.
The observed variation in thermal conductivity in TBG can be understood by considering the local
stacking configurations that emerge within the Moiré superstructure. Due to the periodicity of the
Moiré pattern, different stacking regions coexist, each exhibiting distinct phonon transport properties.
We quantified the contribution of different configurations, by estimating the thermal conductivity for
three notable stacking configurations in bilayer graphene—AA, AB, and SP (saddle-point) stacking
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(shown in Figures 4a,b,c)—by solving the Boltzmann Transport Equation (BTE) using the x ALDo
code [48,49]. kALDo computes phonon transport properties using the finite displacement method,
which estimates interatomic force constants (IFCs) by considering harmonic and anharmonic lattice
vibrations, to diagonalize the dynamical matric and solve the BTE.

The analysis of phonon dispersion curves reported in Figure 4d, e, and g for the AA, AB, and SP
configurations respectively, does not reveal any significant variation in the phonon frequencies across
the different stackings. However, more subtle features exhibit marked differences that critically
impact the thermal transport. In particular, the analysis of the MFP distribution (Fig. 4g) and the
mode-resolved conductivity for the three stacking configurations (Fig. 4h) results in some dependence
especially in the low frequency region. The MFP spectral distribution reveals that the AA stacking
has lower values than those of AB and SP, mainly occurring at low frequencies corresponding to
acoustic phonon modes. While the phonon dispersion curves show negligible changes in phonon
dispersion and group velocities, the observed differences in the acoustic regime are reflected in the
mode-resolved conductivity: in agreement with the MFP analysis, AB and SP « distribution is highly
peaked around 3-4 THz, where low-frequency modes (known as quasi-acoustic, low-frequency modes
often fundamental for the propagation of sound-like waves at long wavelengths [50]) contribute
with higher values of thermal conductivity compared to AA. This enhancement is due to their larger
MEFP and more efficient phonon transport in the acoustic range. The cumulative conductivity as a
function of the MFP, shown in the right panel of Figure 4h, provides an additional point of view of
the phenomenon: while phonons in the whole MFP range transport heat more effectively than the SP
configuration, AA « saturates at lower values for phonons with a reduced extension.

The calculated values for total thermal conductivity from the BTE calculations are:

*  AA:1027.406 W-m 1-K™!
* AB:1274969 W-m 1.K™!
e SP:1217.723 W-m L.K™!
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Figure 4. (a, b, ) Schematic represetation of the AA, AB and SP stacking configuration, respectively. (d, e, f)
Corresponding phonon dispersion relations. (g) MFP spectral distribution, (h) mode-resolved conductivity, and (i)
cumulative conductivity (right) for different stacking configurations.

The results indicate that the SP configuration closely resembles the AB stacking in terms of
thermal transport properties, even when considering the offset between the two atomic planes. These
results confirm the findings obtained through the AEMD simulations, both in terms of absolute
thermal conductivity values and the overall trend. From this comparison, it emerges that the SP
configuration is closer to the AB than to the AA stacking. AA stacking has the highest symmetry
among the three, which could lead to fewer restrictions on phonon-phonon scattering processes (like
Umklapp scattering). The lower symmetry of AB and SP configurations imposes stricter selection
rules on which phonon interactions are allowed and this can suppress certain scattering channels
that limit thermal conductivity, effectively increasing the phonon lifetime and thus x compared to
AA [51]. This reflection symmetry is usually altered by interlayer interactions, which allows more
scattering processes. These data suggest that the overall thermal conductivity for intermediate twisting
angles is strongly influenced by the percentage of atoms that are in an intermediate configuration
between the two stacking limits. In fact, although these stacking modes where previously considered
as scattering sites that reduce thermal conductivity in the non-uniform structure [21], we infer from
our observations that the thermal conductivity of TBG samples is intimately related to the composition
in intermediate stacking configurations. In fact, since AB and SP represent structures where the
perfect atom-on-atom stacking of AA is broken by a shift, the thermal conductivity of all the possible
stacking configurations occurring between the AA and AB should be lower than in the extreme cases.
The primary hypothesis to explain this behavior is based on an analogy with silicon/germanium
alloys, where thermal conductivity varies according to the stoichiometry of the mixture [52]. The direct
calculation via BTE cannot be performed, since these intermediate configurations are found to be
metastable with respect to AA, AB, and SP (which we remark to be almost degenerate with respect
to AB, as also found in [53]). Hence, to verify our hypothesis, we quantified for each twisting angle
configuration the percentage of atoms that are exactly in one of the three notable stacking phases. This
estimate was obtained by evaluating the x and y distances of corresponding atoms in the two layers
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and adopting a tolerance of 0.05A. The result of this analysis (Fig. 5) shows a trend similar to that of
thermal conductivity, with a minimum that closely reproduces the minimum observed in the angular
dependence of «.

0.85] 11400
0.801 11300
—0.75
2 112005
&0.701 E
e 111003
$0.651 <
0.60] 11000
0.55] 1900

09 1.0 11 12 13 14 15
O (degrees)
Figure 5. Direct comparison between the thermal conductivity of TBG as a function of the twisting angle 0 (right

y-axis, blue dots) and the relative number of perfect AA, AB, and SP stacking configuration in each TBG sample
(left y-axis, red dots) calculated as (Ng4 + Nap + Nsp)/N, where N is the total number of atoms in each sample.

It is worth noting that, although there is a clear correlation between the percentage of atoms in
defined stacking configurations and thermal conductivity, the two curves do not perfectly overlap. This
discrepancy can be attributed to several factors: limited statistics, as the error bars in the simulations
remain relatively large and may require more samples to improve precision; non-linear phonon
effects, since the phononic states in intermediate configurations may not follow a simple interpolating
trend between the two extreme stackings; complex atomic dynamics, as the assumption of stacking
configuration stability, particularly for the AA phase at finite temperature, may not be entirely valid.
Furthermore, as already mentioned, a treatment based on the BTE would be impractical for the
intermediate stacking configurations and even less feasible for the TBG, due to the very large number
of IFCs required to solve the equations.

4. Conclusions

In this work, we investigated the thermal conductivity of twisted bilayer graphene (TBG) as
a function of the twisting angle using both classical molecular dynamics simulations and lattice
dynamics calculations via the Boltzmann Transport Equation. Our results confirm that the thermal
transport properties of TBG are highly sensitive to the twisting angle, with variations up to 30%
observed over a range of less than 2 °. The thermal conductivity reaches a minimum near the first
magic angle and displays a non-monotonic dependence that correlates with the evolution of local
stacking configurations.

By analyzing ideal AA, AB, and SP stacking arrangements, we showed that the reduced conduc-
tivity of AA stacking is primarily due to reduced mean free paths for low-frequency acoustic modes.
In contrast, both AB and SP stackings are characterized by extended vibrational modes, particularly
in the acoustic regime, which enhances their ability to conduct heat. These observations were cor-
roborated by mode-resolved and cumulative thermal conductivity analyses. In addition, we showed
that the thermal conductivity of TBG can be qualitatively explained by the different distribution of
stacking configurations within the Moiré supercell. In particular, we found that the local proportion of
AA, AB, and SP stacking regions plays a critical role in determining the effective thermal transport.
Regions with higher AA, AB and SP content contribute more efficiently to heat conduction, while areas
characterized by intermediate stacking arrangement can act as bottlenecks due to suppressed acoustic
phonon transport. The correlation between the relative abundance of these stacking configurations
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and the total thermal conductivity underscores the highly tunable nature of heat transport in TBG,
strongly affected by the microscopic structural composition of the Moiré pattern.

Data Availability Statement: The simulation cells for all the structures investigated in this paper and the input
files are available at https:/ /github.com/Manunz15/moire-superlattice

Conflicts of Interest: The authors declare no conflicts of interest.
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