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Bucharest University of Economic Studies; Department of Applied Mathematics; Bucharest, Romania; 
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Abstract: This paper presents a comprehensive multi-period portfolio optimization framework that 

leverages interval analysis, entropy-based diversification, and downside risk control to address 

uncertainty in financial decision-making. Unlike traditional models that rely on point estimates and 

precise probability distributions, the proposed approach captures the inherent imprecision of 

emerging or highly volatile markets by representing asset returns, risks, and liquidity as interval-

valued parameters. This interval representation enhances model realism and flexibility, especially 

when reliable historical data is sparse or market conditions fluctuate unpredictably. The optimization 

objective is to maximize terminal portfolio wealth over a discrete investment horizon, while 

simultaneously ensuring that performance constraints—related to return, risk, liquidity, and 

diversification—are satisfied at each rebalancing period. Risk is modeled using the semi-absolute 

deviation measure, which better reflects investors' aversion to downside losses compared to 

traditional variance-based approaches. Diversification is promoted via a proportion entropy function 

that penalizes overly concentrated asset allocations, fostering robustness in uncertain environments. 

The overall problem is formulated as a multi-objective fuzzy programming model with interval 

coefficients, which is then transformed into a crisp nonlinear optimization problem to enable tractable 

numerical implementation. We validate the model through a simulated case study involving 

cryptocurrencies. The results highlight the model's adaptability to various investor profiles by 

comparing three strategic perspectives: pessimistic, optimistic, and mixed. The proposed framework 

offers a robust, versatile, and computationally efficient tool for portfolio managers aiming to navigate 

uncertainty and optimize performance across multiple financial dimensions. It bridges the gap 

between theoretical modeling and practical asset management in uncertain market condition 
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1. Introduction 

Portfolio selection theory has its roots in the seminal work of Markowitz [16], where asset return 

is measured as the mean and risk as the variance. Over the decades, classical approaches such as the 

mean–variance and mean–variance–skewness models [2,20] have served as cornerstones of modern 

portfolio theory. These models, however, rely heavily on the availability of precise probabilistic 

information—a condition rarely satisfied in practice. In real-world markets, particularly in emerging 

or highly volatile sectors, data scarcity, non-stationarity, and limited liquidity often invalidate the 

assumptions of normality and stationarity upon which traditional models depend [3,21]. 

Furthermore, these traditional frameworks tend to oversimplify investor behavior by reducing 

complex preferences to two criteria—expected return and risk—neglecting aspects such as liquidity 

constraints, market friction, and informational incompleteness. As investor expectations evolve and 

markets grow more turbulent, the necessity for models that acknowledge and incorporate such real-

world imperfections becomes increasingly evident [5,7]. To address these limitations, our study 

adopts interval analysis as a robust and flexible alternative to probabilistic and fuzzy set approaches 
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[1,4,9]. Within this framework, key variables such as return, risk, and liquidity are modeled as 

interval-valued parameters. This formulation accounts for bounded uncertainty without requiring 

complete probabilistic distributions or subjective membership functions [8,10]. By relaxing the 

reliance on precise statistical information, interval analysis makes the portfolio optimization process 

more resilient to data imperfections—particularly valuable in contexts such as cryptocurrency 

markets, where high volatility and limited historical consistency dominate [25]. 

In parallel, contemporary investment strategies demand a broader scope of evaluation. 

Performance is no longer judged solely on the basis of return–risk trade-offs, but also on liquidity, 

rebalancing costs, and portfolio diversity [6,11,22]. Our model addresses this complexity by 

embedding all four components into a unified, dynamic, and computationally tractable optimization 

framework. Liquidity is modeled via interval turnover rates that reflect the variability in asset 

tradability across time [12], while risk is measured through downside semi-deviation, offering a more 

nuanced assessment of loss exposure compared to symmetric variance [23]. 

To ensure that portfolios remain diversified and structurally stable under uncertainty, we 

integrate a Shannon entropy-based diversification index [13,14]. This approach aligns with principles 

from information theory and has demonstrated utility in managing concentration risk and promoting 

long-term portfolio robustness [7,24]. 

Given the inherently multiobjective nature of portfolio selection—where investors aim to 

maximize terminal wealth while managing risk, liquidity, and diversification—we formulate a crisp 

nonlinear optimization model grounded in fuzzy decision-making and interval logic [18,19]. This 

transformation facilitates computational efficiency and allows the model to be solved using hybrid 

metaheuristic techniques and standard solvers [15]. 

In summary, the proposed model offers a comprehensive framework that merges interval 

uncertainty, entropy-based diversification, nonlinear transaction costs, and multiperiod rebalancing. 

The result is a resilient and adaptable portfolio optimization structure, capable of addressing the 

practical challenges posed by dynamic and imperfect markets. As supported by recent contributions 

in the literature [26], such integrative approaches are not only theoretically elegant but also 

computationally feasible and empirically sound. Moreover, the modularity of the methodology 

opens promising avenues for future research, including hybrid models that combine stochastic 

uncertainty with interval-based decision logic [12]. 

Portfolio selection theory has its roots in the seminal work of Markowitz [16], where asset return 

is measured as the mean and risk as the variance. Over the decades, classical approaches such as the 

mean–variance and mean–variance–skewness models [2,20] have served as cornerstones of modern 

portfolio theory. 

These models, however, rely heavily on the availability of precise probabilistic information—a 

condition rarely satisfied in practice. In real-world markets, particularly in emerging or highly 

volatile sectors, data scarcity, non-stationarity, and limited liquidity often invalidate the assumptions 

of normality and stationarity upon which traditional models depend [3,21]. 

Consequently, conventional optimization frameworks may prove inadequate for capturing the 

full spectrum of investor behavior and risk attitudes [5,7]. To overcome these limitations, our study 

adopts interval analysis as a robust and flexible alternative to probabilistic and fuzzy set approaches 

[1,4,9]. Within this framework, key variables such as return, risk, and liquidity are modeled as 

interval-valued parameters, which allow for bounded uncertainty without requiring knowledge of 

full probability distributions or membership functions [8,10]. This feature makes interval modeling 

particularly suitable for applications in high-volatility environments like cryptocurrency markets, 

where uncertainty and noise are intrinsic to asset dynamics [25]. 

Moreover, contemporary investment strategies demand the integration of additional 

dimensions beyond return and risk, including liquidity, transaction costs, and diversification 

[6,11,22]. Our model responds to this complexity by incorporating all four aspects into a unified 

optimization framework. Liquidity is represented via interval turnover rates that capture the 
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variability in market accessibility [12], while risk is evaluated using downside semi-deviation—a 

measure more aligned with investor sensitivity to losses than traditional variance-based metrics [23]. 

To promote diversification, we employ a Shannon entropy-based index [13,14], which reflects 

both portfolio spread and stability under uncertainty. This entropy-driven measure aligns well with 

principles from information theory and has been shown to improve long-term portfolio robustness 

[7,24]. 

Due to the inherently multiobjective nature of the problem—maximizing wealth while 

minimizing downside risk, maintaining liquidity, and ensuring diversification—we formulate a crisp 

nonlinear optimization model grounded in fuzzy decision-making and interval logic [18,19]. This 

transformation renders the problem computationally tractable and enables the use of efficient 

numerical methods and evolutionary algorithms [15]. 

In summary, the proposed model distinguishes itself through its ability to integrate interval 

uncertainty, entropy-based diversification, nonlinear transaction costs, and dynamic rebalancing 

across multiple periods. As supported by recent research [26], such comprehensive frameworks yield 

more resilient and adaptive portfolios, particularly in markets characterized by structural instability. 

Additionally, the methodological foundation of this work allows for future extensions toward hybrid 

uncertainty modeling, where stochastic and interval paradigms are jointly applied [12]. 

The remainder of the paper is structured as follows: Section 2 presents the theoretical 

background and formulates the optimization model. Section 3 offers numerical results and 

discussion. Section 4 concludes with insights and avenues for future research 

2. Materials and Methods 

2.1. Interval Analysis Background 

Many relations and operations defined on sets or pairs of real numbers can be extended to 

operations on intervals. Let 
],[ UL xxx =

 and 
],[ UL yyy =

 be interval numbers as formalized in 

[17,18] and widely used in applications under uncertainty.”. Interval numbers are used to represent 

imprecise data, where only the lower and upper bounds are available [1,12]. 

Definition 1. The equality between interval numbers is defined as follows: 

   yx =  if 
LL yx =

 and 
UU yx =

. 

Definition 2. The median of the interval number 
],[ UL xxx =

 is defined by: 

( )
2

UL xx
xm

+
=

. 

Definition 3. The product between the real number a and the interval number 
 x

 is defined by: 

    

 
 

 







=





==

0if0

0if

0if

a,

a,xa,xa

a,xa,xa

xx|xaxa LU

UL

. 

Let 
],[ UL xxx =

 and 
],[ UL yyy =
 be interval numbers. 

Definition 4. The summation between two interval numbers is defined by: 

     UULL yx,yxyx ++=+
. 

Definition 5. The subtraction between two interval numbers is defined as follows: 
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     LUUL yx,yxyx −−=−
. 

Definition 6. The product between two interval numbers is defined by: 

    ( ) ( ) UULUULLLUULUULLL yxyxyxyxyxyxyxyxyx ,,,max,,,,min=

. 

Definition 7. The inverse of the interval number ],[ UL yyy =  is defined by: 

  







=

LU yyy

1
,

11

 , if 
 y0 . 

Definition 8. The division between the interval numbers 
],[ UL xxx =

 and 
],[ UL yyy =

 is defined 

by: 

 
 
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 , if 
 y0 . 

It can be written, if
 y0  as follows: 
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Now we will extend the classical inequality relations between real numbers to inequality 

relations between interval numbers. 

Let  UL x,xx =  and  UL y,yy =  be interval numbers, with 
RULUL yyxx ,,,

. 

Definition 9. We say that 
   yx   if 

LL yx 
 and 

UU yx 
. 

Definition 10. We say that 
   yx 

 if 







UU

LL

yx

yx

 or 


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
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 or 




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Definition 11. (Ishibuchi and Tanaka,1990) 

We say that  x ≼
 y  if 

 ( )  ( )ymxm  . 

If 
LU yx 

, the interval inequality “  x ≼
 y  ” is said to be optimistic satisfactory. 

If
LU yx 

, the interval inequality “  x ≼
 y  ”is said to be pessimistic satisfactory. 

Definition 12. We say that 
   yx   if 

UL yx 
. 

Definition 13. We say that 
   yx   if 

LL yx 
 and 

UU yx 
. 

2..2. Model Formulation 

Notation 

We consider a financial market with n risky assets for trading. Suppose that an investor intends 

to invest his initial wealth W₀ among the n risky assets at the beginning of period 1 for constructing 

a T-period investment. He can reallocate his wealth at the beginning of each of the following T-1 

consecutive time periods. Since the financial market is extremely complex, many non-probabilistic 

factors affect the financial market. It is impossible to forecast the returns, risk and turnover rates of 

assets precisely by historical data. We assume that the returns, risk and turnover rates of assets are 

characterized by interval numbers. Let the returns of portfolios in T different periods be independent 

of each other. For the sake of description conveniently, let us first introduce the following notations: 

[ 𝑟𝑡,𝑖  ] the return of risky asset i at period t, where [ 𝑟𝑡,𝑖  ] = [ 𝑟𝑡,𝑖 
𝐿 , 𝑟𝑡,𝑖

𝑈  ] , 𝑟𝑡,𝑖 
𝐿 ≤  𝑟𝑡,𝑖

𝑈  

[ 𝛿𝑖,𝑘,𝑡  ] the covariance between [ 𝑟𝑡,𝑖  ] and [ 𝑟𝑡,𝑗  ] with [ 𝛿𝑖,𝑘,𝑡  ]=[𝛿𝑖,𝑘,𝑡
𝐿  , 𝛿𝑖,𝑘,𝑡

𝑈 ], 𝛿𝑖,𝑘,𝑡
𝐿 ≤ 𝛿𝑖,𝑘,𝑡

𝑈  

 𝑐𝑡,𝑖 the transaction cost rate of risky asset i at period t; 

 𝑥𝑡,𝑖  the investment proportion of risky asset i at period t; 

 𝑥𝑡  the portfolio at period t, where  𝑥𝑡 = ( 𝑥𝑡,1,  𝑥𝑡,2, … ,  𝑥𝑡,𝑛) 

[ 𝑅𝑃.𝑡  ] the interval valued return of portfolio at period t, [ 𝑅𝑃.𝑡  ] = ∑  𝑥𝑡,𝑖  [𝑟𝑡,𝑖

𝑛

𝑖=1

] 

[ 𝑅𝑁.𝑡  ] the interval valued return of portfolio at period t, after paying tranxaction cost 

[ 𝑅𝑡  ] the preset minimum expected interval valued return of the portfolio at period t, where 

[ 𝑅𝑡 ] = [ 𝑅𝑡
𝐿 , 𝑅𝑡

𝑈 ], 𝑅𝑡
𝐿 ≤  𝑅𝑡

𝑈 

[ 𝛿𝑡 ] the preset maximum risk tolerance interval valued return of the portfolio at period t, where 

[ 𝛿𝑡 ] = [ 𝛿𝑡
𝐿 , 𝛿𝑡

𝑈 ], 𝛿𝑡
𝐿 ≤  𝛿𝑡

𝑈 

[ 𝐼𝑡,𝑖 ] the interval valued turnover rate of risky asset i at period t , where [ 𝐼𝑡,𝑖  ] = [  𝐼𝑡,𝑖
𝐿 , 𝐼𝑡,𝑖

𝑈  ] , 𝐼𝑡,𝑖
𝐿 ≤

 𝐼𝑡,𝑖
𝑈  

[ 𝐼𝑡  ] the preset minimum expected interval valued turnover rate of the portfolio at period t, where 

[ 𝐼𝑡  ] = [ 𝐼𝑡
𝐿 , 𝐼𝑡

𝑈 ], 𝐼𝑡
𝐿 ≤  𝐼𝑡

𝑈  

𝑒𝑡  the preset minimum diversification degree of the t th period portfolio; 

𝑊𝑡  the available wealth at the end of period t, t = 1,2,…,T. 

Objective and Constraints 

According to before assumptions, the returns, risk and turnover rates of risky assets are denoted 

as interval numbers. Then, the return and covariance of the portfolio  𝑥𝑡 = ( 𝑥𝑡,1,  𝑥𝑡,2, … ,  𝑥𝑡,𝑛)at 

period t can be, respectively, represented by 

[ 𝑅𝑃.𝑡  ] = ∑  𝑥𝑡,𝑖  [𝑟𝑡,𝑖
𝑛
𝑖=1 ] = [ ∑  𝑥𝑡,𝑖  𝑟𝑡,𝑖 

𝐿𝑛
𝑖=1 , ∑  𝑥𝑡,𝑖𝑟𝑡,𝑖 

𝑈𝑛
𝑖=1 ] (1) 

[ 𝛿𝑡 ] =∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘
𝑛
𝑘=1

𝑛
𝑖=1 [ 𝛿𝑖,𝑘,𝑡] = [ ∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘

𝑛
𝑘=1

𝑛
𝑖=1 𝛿𝑖,𝑘,𝑡 

𝐿 , ∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘
𝑛
𝑘=1

𝑛
𝑖=1 𝛿𝑖,𝑘,𝑡 

𝑈 ] (2) 

For transaction cost, we use V shape function to express it. The transaction cost rate of the 

portfolio at period t ( t = 1, 2, …,T ) can be expressed as : 
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[ 𝐶𝑡  ] = ∑  𝑐𝑡,𝑖  [𝑟𝑡,𝑖
𝑛
𝑖=1 ]| 𝑥𝑡,𝑖 −  𝑥𝑡−1,𝑖  | (3), where 𝑐𝑡,𝑖 is a crisp number for all i = 1, 2, …, n and t = 1, 

2, …,T. From Eqs. (1) and (3), the return of portfolio at period t after paying transaction costs can be 

represented by 

 [ 𝑅𝑁.𝑡 ] = ∑  𝑥𝑡,𝑖  [𝑟𝑡,𝑖
𝑛
𝑖=1 ] - [ 𝐶𝑡  ] = [ ∑  𝑥𝑡,𝑖  𝑟𝑡,𝑖 

𝐿 − 𝐶𝑡
𝑈𝑛

𝑖=1 , ∑  𝑥𝑡,𝑖𝑟𝑡,𝑖 
𝑈 − 𝐶𝑡

𝐿𝑛
𝑖=1 ] (4) 

Then, the wealth at the end of period t can be calculated by 

 𝑊𝑡 = 𝑊0  ∏ ( ∑  𝑥𝑗,𝑖  [𝑟𝑗,𝑖
𝑛
𝑖=1 ]  −  [ 𝐶𝑗  ]])𝑡

𝑗=1  or 

 𝑊𝑡 = 𝑊0 [ ∏ (∑  𝑥𝑗,𝑖  𝑟𝑡,𝑖 
𝐿 − 𝐶𝑗

𝑈𝑛
𝑖=1 )𝑡

𝑗=1 , ∏ (∑  𝑥𝑗,𝑖  𝑟𝑡,𝑖 
𝑈 − 𝐶𝑗

𝐿𝑛
𝑖=1 )]𝑡

𝑗=1  (5) 

Solving Eq. (5) recursively, the terminal wealth at the end of period T is: 

𝑊𝑇 = 𝑊0  ∏ ( ∑  𝑥𝑡,𝑖 [𝑟𝑗,𝑖
𝑛
𝑖=1 ]  −  [ 𝐶𝑡  ]])𝑇

𝑡=1  or 

 𝑊𝑇 = 𝑊0  [ ∏ (∑  𝑥𝑡,𝑖  𝑟𝑡,𝑖 
𝐿 − 𝐶𝑗

𝑈𝑛
𝑖=1 )𝑇

𝑡=1 , ∏ (∑  𝑥𝑗,𝑖  𝑟𝑡,𝑖 
𝑈 − 𝐶𝑗

𝐿𝑛
𝑡=1 )]𝑇

𝑗=1  (6) 

Liquidity is one of the main concerns for investors to make a portfolio decision. It measures the 

degree of probability of being able to transform an investment into cash without any significant loss 

in value. The turnover rate of an asset is the proportion of turnover volume to tradable volume of the 

asset, and is a factor which may reflect the asset's liquidity. Generally, investors prefer greater 

liquidity, especially in a bull market, returns on assets with high liquidity tend to increase with time. 

Here, we use the turnover rates of securities to measure their liquidity. It is known that turnover rates 

of assets in the future cannot be accurately predicted in a financial market. In this paper, we assume 

that the turnover rates of assets are characterized by interval numbers. 

Based on the analysis above, the turnover rate of the portfolio at period t can be expressed by: 

[ 𝐼𝑡  ] = ∑  𝑥𝑡,𝑖  [𝐼𝑡,𝑖
𝑛
𝑖=1 ] = [ ∑  𝑥𝑡,𝑖  𝐼

𝐿
𝑡,𝑖

𝑛
𝑖=1 ,  𝑥𝑡,𝑖  𝐼

𝑈
𝑡,𝑖

 ] (7) 

In the traditional portfolio theory, a distributive investment has been regarded as a good policy 

to reduce the risk of portfolio. Diversification degree of portfolio is also a main factor concerns for 

investors to make decisions. Because it is usually accepted as an instrument to diversify the 

unsystematic risk of portfolio. This idea is reflected in a famous saying that "one should not put all 

the eggs into one basket". In other words, it indicates that investors should not allocate all their money 

to just a few securities. Allocating all the money in only a few companies may cause financial disaster. 

How to obtain a well-diversified portfolio has become a problem to researchers. In this paper, we 

measure the diversification degree measure of portfolio at each period by using the Shannon entropy. 

Thus, the diversification degree of the portfolio at period t can be represented by 

𝐻 (𝑥𝑡 ) = − ∑  𝑥𝑡,𝑖𝑙𝑛 𝑥𝑡,𝑖
𝑛
𝑖=1  , t = 1, 2, …,T (8) 

The Multiperiod Portfolio Optimization Model with Interval Numbers 

We assume that the investor is rational. He wants to maximize the terminal wealth obtained at 

the end of period T. At the same time, he also requires the return, risk and diversification degree of 

portfolio at each period that must achieve or exceed the given expected interval levels. Besides, the 

risk of portfolio at each period should be less than the preset maximum risk tolerance interval. Based 

on the analysis above, an interval multi-period portfolio selection model can be formulated as 

follows: 

𝑚𝑎𝑥 𝑊𝑇 = max  𝑊0  [ ∏(∑  𝑥𝑡,𝑖  𝑟𝑡,𝑖 
𝐿 − 𝐶𝑗

𝑈

𝑛

𝑖=1

)

𝑇

𝑡=1

, ∏ (∑  𝑥𝑗,𝑖  𝑟𝑡,𝑖 
𝑈 − 𝐶𝑗

𝐿

𝑛

𝑡=1

)]

𝑇

𝑗=1

 

[ ∑  𝑥𝑡,𝑖 𝑟𝑡,𝑖 
𝐿 − 𝐶𝑡

𝑈𝑛
𝑖=1 , ∑  𝑥𝑡,𝑖𝑟𝑡,𝑖 

𝑈 − 𝐶𝑡
𝐿𝑛

𝑖=1 ] ≥ [ 𝑅𝑡  ] (9) 

[ ∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘
𝑛
𝑘=1

𝑛
𝑖=1 𝛿𝑖,𝑘,𝑡 

𝐿 , ∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘
𝑛
𝑘=1

𝑛
𝑖=1 𝛿𝑖,𝑘,𝑡 

𝑈 ] ≤  [ 𝛿𝑡 ] (10) 

[ ∑  𝑥𝑡,𝑖 𝐼
𝐿

𝑡,𝑖
𝑛
𝑖=1 ,  𝑥𝑡,𝑖  𝐼

𝑈
𝑡,𝑖

 ] ≥ [ 𝐼𝑡  ] (11) 

− ∑  𝑥𝑡,𝑖𝑙𝑛 𝑥𝑡,𝑖
𝑛
𝑖=1  ≥ 𝑒𝑡 (12) 

∑  𝑥𝑡,𝑖 = 1𝑛
𝑖=1  (13) 

 𝑥𝑡,𝑖 ≥ 0 i = 1,2,…,n and t = 1,2,…,T (14) 

where constraint (9) means that the return of the portfolio at period t must be larger than or equal to 

the given minimum expected interval valued return; constraint (10) indicates that the risk of the 

portfolio at period t must be smaller than or equal to the preset the maximum risk tolerate interval; 
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constraint; (11) represents that the turnover rate of the portfolio at period t must be no less than the 

given minimum expected interval valued level; constraint; (12) states that the diversification degree 

of the portfolio at period t must be no less than the given diversification level ; constraint (13) shows 

that the proportion at period t sums to one; constraint (14) denotes that short selling is not allowed 

during the whole investment. 

Solution Methodology 

Stage 1:Find “the best optimal solution, x(1)” by solving the following problem: 𝑚𝑎𝑥 𝑊𝑇 =

max  𝑊0  ∏ (∑  𝑥𝑗,𝑖  𝑟𝑡,𝑖 
𝑈 − 𝐶𝑗

𝐿𝑛
𝑡=1 )𝑇

𝑗=1  

∑  𝑥𝑡,𝑖𝑟𝑡,𝑖 
𝑈 − 𝐶𝑡

𝐿𝑛
𝑖=1 ] ≥ 𝑅𝑡

𝐿  

∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘
𝑛
𝑘=1

𝑛
𝑖=1 𝛿𝑖,𝑘,𝑡 

𝐿 , ] ≤  𝛿𝑡 
𝑈 . 

∑  𝑥𝑡,𝑖  𝐼
𝑈

𝑡,𝑖

𝑛

𝑖=1

≥ 𝐼𝑡
𝐿 

− ∑  𝑥𝑡,𝑖𝑙𝑛 𝑥𝑡,𝑖

𝑛

𝑖=1

 ≥ 𝑒𝑡 

∑  𝑥𝑡,𝑖 = 1

𝑛

𝑖=1

 

𝑥𝑡,𝑖 ≥ 0 i = 1,2,…,n and t = 1,2,…,T 

Stage 2: Find” the worst optimal solution, x(2) “ by solving the following problem: 

𝑚𝑎𝑥 𝑊𝑇 = max  𝑊0  ∏ (∑  𝑥𝑗,𝑖  𝑟𝑡,𝑖 
𝐿 − 𝐶𝑗

𝑈

𝑛

𝑡=1

)

𝑇

𝑗=1

 

∑  𝑥𝑡,𝑖𝑟𝑡,𝑖 
𝐿 − 𝐶𝑡

𝑈𝑛
𝑖=1 ] ≥ 𝑅𝑡

𝑈 

∑ ∑   𝑥𝑡,𝑖 𝑥𝑡,𝑘
𝑛
𝑘=1

𝑛
𝑖=1 𝛿𝑖,𝑘,𝑡 

𝑈 , ] ≤  𝛿𝑡 
𝐿 . 

∑  𝑥𝑡,𝑖 𝐼
𝐿

𝑡,𝑖

𝑛

𝑖 =1

≥ 𝐼𝑡
𝑈 

− ∑  𝑥𝑡,𝑖𝑙𝑛 𝑥𝑡,𝑖

𝑛

𝑖=1

 ≥ 𝑒𝑡 

∑  𝑥𝑡,𝑖 = 1

𝑛

𝑖=1

 

 𝑥𝑡,𝑖 ≥ 0 i = 1,2,…,n and t = 1,2,…,T 

Stage 3 : We obtain the optimal solution given by: x
0
= λx(1)+ (1-λ)x(2) , λ  [0,1]. 

2.3. Case Study: Multiperiod Portfolio Selection Under Interval Uncertainty 

To illustrate the applicability and effectiveness of the proposed multi-period interval-based 

portfolio optimization model, we conduct a numerical case study using four representative assets: 

Bitcoin (BTC), Ethereum (ETH), Solana (SOL), and Binance Coin (BNB). The investment horizon is 

divided into three periods, and all input parameters, including returns, risk levels, and liquidity 

indicators, are modeled as intervals to reflect real-world uncertainty. The interval bounds for return 

and risk were derived from simulated time series reflecting historical volatility patterns and expected 

market dynamics, particularly tailored to the cryptocurrency domain. These intervals capture the 

natural uncertainty and variability inherent to high-volatility assets, enabling realistic scenario-based 

modeling. Table 1 presents the interval-valued returns, risk levels, and liquidity measures for each 

asset across the three investment periods. These values have been generated to simulate the 

variability and imprecision commonly observed in emerging or highly volatile markets such as 

cryptocurrencies. 
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Using the model defined in Section 2.2, we optimize the portfolio allocations under three 

different decision-making strategies: 

- Pessimistic: based on lower bounds for returns and upper bounds for risk. 

- Optimistic: using upper bounds for returns and lower bounds for risk. 

- Mixed: with average values between bounds, reflecting a neutral risk attitude. 

The optimization objective is to maximize the interval-valued terminal wealth WT, while 

satisfying constraints on return, risk, liquidity, and entropy-based diversification at each time step. 

For simplicity, we assume an initial wealth W0 = 1000 u.m, a fixed transaction cost of 0.2% per asset, 

and a minimum diversification entropy threshold of et = 0.9 for all t ∈ {1,2,3}. 

Optimal allocations obtained from the three strategies are summarized in Table 2. 

 

The pessimistic strategy exhibits a more conservative allocation, emphasizing assets with 

relatively tighter return intervals and lower downside exposure. The optimistic strategy shifts capital 

toward higher-return assets with broader intervals, accepting greater risk in pursuit of superior gains. 

The mixed strategy delivers a balanced allocation, aligning with moderate investor preferences. 

The final wealth intervals WT obtained for each strategy are as follows: 

Pessimistic: [ 1085.32, 1163.77] 

Mixed: [ 1123.89, 1245.16] 

Optimistic: [ 1167.42, 1323.55] 

These results underline the model’s ability to provide flexible solutions that adapt to different 

risk attitudes, while managing uncertainty in a structured way through interval analysis and entropy-

based diversification. 
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3. Results and Discussion 

In this section presents and analyzes the numerical results obtained by applying the proposed 

multi-period interval-based portfolio optimization model to a simulated sIn this et of assets under 

uncertainty. Using historical-inspired intervals for returns, risks, and liquidity of four representative 

cryptocurrencies (BTC, ETH, SOL, and BNB), we computed optimal portfolio allocations under three 

strategic scenarios: pessimistic, optimistic, and mixed.The model was solved using an initial wealth 

of W0 = 1000 over three periods, withreallocation allowed at each stage. Constraints related to 

expected return, maximum risk, minimum liquidity, and portfolio diversification—measured via 

entropy—were strictly enforced at each time step. 

As shown in Table 2 of Section 2.3, the portfolio allocations differ substantially across strategies. 

The pessimistic strategy favored a conservative distribution of capital across low-volatility assets, 

minimizing downside exposure. In contrast, the optimistic strategy prioritized high-return intervals, 

allocating more funds to riskier assets in pursuit of superior gains. The mixed strategy offered a 

balanced compromise, resulting in moderate allocations and diversified structure. 

The resulting terminal wealth intervals, derived from cumulative returns over the three periods, 

are as follows: 

Pessimistic: 𝑊𝑇 ∈ [ 1085.32, 1163.77] 

Mixed:  𝑊𝑇 ∈ [ 1123.89, 1245.16] 

Optimistic:  𝑊𝑇 ∈ [ 1167.42, 1323.55] 

The difference between the pessimistic and optimistic outcomes highlights the sensitivity of the 

final wealth to investor attitude toward uncertainty. While the optimistic approach promises higher 

returns, it also exposes the investor to greater variability. On the other hand, the pessimistic strategy 

offers more stability at the cost of potential profit. The mixed approach represents a balanced trade-

off, aligning with moderate risk appetite and diversified exposure. Another key insight from the 

results is the role of entropy-based diversification. Portfolios with higher entropy values 

demonstrated more even capital allocation and were less sensitive to parameter variation, especially 

in mixed and pessimistic scenarios. This reinforces the practical relevance of entropy as a decision-

support metric in uncertain financial environments. 

Overall, the case study confirms that the proposed interval-based multi-periodtimization 

framework offers a robust and flexible tool for portfolio selection under uncertainty. It accommodates 

investor preferences, reflects market imperfections, and integrates multiple performance criteria, 

including return, risk, liquidity, and diversification. 

4. Conclusions and Future Work 

The aim of this paper was to investigate the multi-period fuzzy portfolio selection problem by 

utilizing the concept of interval numbers derived from fuzzy set theory. To this end, we proposed a 

novel optimization framework that explicitly accounts for the imprecision and incompleteness of 

financial information, particularly relevant in emerging or volatile markets. Within the model, the 

return, risk, and transaction cost parameters associated with risky assets were expressed as interval-

valued variables, enabling a more realistic representation of uncertainty. 

The key contributions of this research can be summarized as follows. First, we formulated a 

multi-period fuzzy portfolio selection model that leverages interval analysis to accommodate 

uncertainty across multiple decision horizons. Second, we incorporated practical constraints such as 

transaction costs, minimum expected returns, liquidity thresholds, and diversification levels, which 

enhance the model’s applicability in real-world portfolio management. Third, we employed a fuzzy 

decision-making methodology to convert the interval-based problem into a crisp nonlinear 

optimization model, solvable with existing optimization tools. 

To validate the model, we conducted a comprehensive case study using four representative 

cryptocurrencies and simulated data over a three-period horizon. The model was applied under three 

decision strategies—pessimistic, optimistic, and mixed—illustrating how investor attitudes toward 
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uncertainty affect portfolio composition and terminal wealth. The results confirmed that the model 

is capable of generating robust solutions that balance risk, return, liquidity, and diversification 

objectives across multiple periods. 

Future work could extend the proposed model in several directions. One potential avenue is to 

incorporate dynamic updating mechanisms, where interval parameters are revised at each period 

using real-time market data. Another interesting extension would be to explore hybrid uncertainty 

representations that combine interval and probabilistic components, allowing for a more nuanced 

treatment of risk. Additionally, heuristic or metaheuristic algorithms such as genetic algorithms, 

particle swarm optimization, or reinforcement learning-based methods could be employed to 

enhance computational efficiency, especially for large-scale portfolio problems. Finally, empirical 

validation using real financial datasets from various markets and asset classes could further 

demonstrate the practical value of the model. 
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