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Anisotropic Four-Dimensional Spaces of Real
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Maksut. M. Abenov *, Mars B. Gabbassov, Tolybay Z. Kuanov and Berik I. Tuleuov *

U. A. Dzholdasbekov Institute of Mechanics and Engineering
* Correspondence: berik_t@yahoo.com
t Deceased

Abstract: The article constructs all anisotropic spaces of four-dimensional numbers in which
commutative and associative operations of addition and multiplication are defined. In this case, so-
called "zero divisors" appear in these spaces. The structures of zero divisors in each space are
described and their properties are investigated. It is shown that there are two types of zero divisors
and they form a two-dimensional subspace of the four-dimensional space. A space of 4x4 matrices is
constructed that is isomorphic to the space of four-dimensional numbers. The concept of the spectrum
of a four-dimensional number is introduced and a bijective mapping between four-dimensional
numbers and their spectra is constructed. Thanks to this, methods for solving linear and quadratic
equations in four-dimensional spaces are developed. It is proved that a quadratic equation in a four-
dimensional space generally has four roots. The concept of the spectral norm is introduced in the
space of four-dimensional numbers and the equivalence of the spectral norm to the Euclidean norm
is proved.

Keywords: four-dimensional mathematics; four-dimensional numbers; quaternions; fields;
Frobenius theorem; zero divisors; associative and commutative operations; abstract algebra

1. Introduction

Attempts of generalization of the concept of number were made in mathematics repeatedly. The
very first, appeared successful, the concept of the imaginary which can be provided by ordered
couple of real numbers is, the set of such numbers forms the field, as well as the set of real numbers.
Imaginaries were extremely useful both in theoretical, and in applied application: many problems
seeming unapproachable received transparent treatment in terms of the complex analysis and were
solved in the general view. For example, the main theorem of algebra of availability at least of one
root at the polynomial, other than the constant, with complex coefficients in the field of imaginaries
can be the example. The complex analysis plays the important role in plane problems of mathematics
and mechanics.

The following generalization of the concept of number is the hyper complex four-dimensional
numbers offered by William Hamilton --- quaternions [1] which found important applications in
physics. However it should be noted, quaternions owing to lack of commutativity of multiplication
do not form the field, and, for this reason their application is limited. Because of not commutativity
of multiplication it was not succeeded to construct the full-fledged four-dimensional calculus which
would generalize one-dimensional and two-dimensional analogs.

The known theorem of Frobenius [2] claims that it is impossible to expand further the concept
of number, without having offered some arithmetic property. At the beginning of the 21st century
the Kazakhstan mathematician M. M. Abenov developed other than quaternions four-dimensional
mathematics [3] in which multiplication of numbers is associative and commutative, but at the same
time it is necessary to deal with zero divisors. Abenov managed to construct the harmonious theory
which he called four-dimensional mathematics, and showed some of its applications to the solution
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of problems of hydrodynamics. Further in work [4] he together with M. B. Gabbasov received other
four-dimensional spaces of numbers. In work [5] of M. B. Gabbasov with coauthors analytical
solutions of the initial value problem for mathematical model of the theory of filtration in the three-
dimensional non-stationary case are received. This article serves as the purpose of synthesis of this
theory in the so-called anisotropic case when different measurements have different scales, at the
same time the commutativity and associativity of multiplication remain. It is important to note that
the offered vector spaces of four-dimensional numbers are natural generalization of spaces of one-
dimensional and two-dimensional (complex) numbers.

1. Various anisotropic spaces of four-dimensional numbers

Let's consider space of four-dimensional numbers x = (x;, x,, x3, x,)where x; € R,i = 1,2,34.

Two numbers x = (x1,x,x3,%,) and ¥y = (¥1,¥2,¥3,Ys) are considered as equal if x; = y;,i =
1,2,3,4.

Let's enter addition and subtraction operations as coordinate-wise addition and subtraction
which are associative and commutative.

Let's enter multiplication operation so that it was associative and commutative. Let’s given four
real numbers a, f,y,d, suchareset a,,y,5 that a-f -y -5 # 0. We will call the anisotropic product
of numbers x = (xq,%5,%3,%4) and y = (y¥1,¥2,V3,Vs) anumber z = x -y = (24, 25, Z3,Z2,) wWhere

14 Bs By
Zp = ax;y1 + 0V + X3y + XY,

Z; = axyy; + axyy, + Bxgys + Basy, 1)
Z3 = axzy1 T YX4Yr + aX1y3 + VXY
Zy = axgy; + 6x3y, + 6x,y3 + ax;y,

Further instead of the anisotropic product we will often use just "product” or (a, 8,v, §)-product.
Theorem 1. The entered operation of multiplication meets the following conditions:

1) x-y=y-x (commutativity of multiplication);

2) (x-y)-z=x-(y-z) (associativity of multiplication);

3) (x+y)z=x-z+y-z (associativity of multiplication concerning addition),

forany x,y,z € R4,

Proof. It is carried out by direct check.

We will call (x4,0,0,0) the real number.

Follows from ratios (1) that at multiplication of real number a by four-dimensional number there
is the coordinate-wise multiplication on a-a , that is (a,0,0,0)" (xy,xp x3,%,) =
(aax,, aax,, aaxs, aax,).

The following four numbers are called basic numbers: J; = (i,0,0,0), 2= (0,%,0,0), I3
(Ololil 0)/ ]4- = (050105 i)-
Let's construct the multiplication table of basic numbers (table 1):

Table 1. Products of basic numbers for general case.

Ji Iy Js Js
Ji Ji Iy Js Js
5 3 i 2 L
b b S s Ly’
. . Zs ) 44
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Then any four-dimensional number x = (xy,x;, X3,x,) can be represented as an expantion by
basicnumbers x = x; *J; + X, J, + x5 J3 + x4 " Ja.

The following four numbers are called unit numbers: I, = (1,0,0,0), I, =(0,1,0,0), Iz =
(0,0,1,0), I, = (0,0,0,1). For any number x = (x4, X5, X3,x,) we have x - I; = (axy, ax,, axs, ax,).

Let x = (x1,x,,%3,x,) be a four-dimensional number. Let's consider together with it the
following numbers:

x@ = (xq, %, =3, =%4) = x1J1 + X2J2 — XaJ3 — X4Js,
x®) = (g, =29, X3, —x4) = x1J1 — X2)5 + X3]5 — XaJy,
x® = (a7, =%, —x3,%0) = x1)1 — X2Js — X3/5 + X4J4.

Let's calculate the product x - x® - x® . x®:

x-x@ = (axlz + yjszz —%xsz - ﬁx4, 2ax1%, — 2Bx3x4, 0, 0),

)
x-x@ - xO = (ozzx13 — y8x:x5 — BOx;x35 — Byxyx3 + 2%x2x3x4, a’x?x, — y8x; + BSx,x3 +

Byx:x3 — 2aBxx3x,, a’xix; +y8x3xs — BEX3 + Byxsxi — 2ayx;x,x,, 2a8x1%,x3 — BEXIx, —
oPxbxs — v, + Byxl),

2
xx@ - x® . x® = (a3x4 s x5 +ﬁ7x3 B r = xt = 2aydxixi — 2aBSxix? — 2afyxixi —

2 2 2
282300~ 282 1 -2 3 4 pybrin, 0, 0, 0).

Thus, x-x@® - x® - x® ig the real number.
Definition. The symplectic module of four-dimensional number x = (x4, X,, x3,%,) is called the
real number

x| = (a*xf + y282x3 + 285 + BPy’xf — 2a’ySxixs — 2a’Boxix3 — 2a’Byxixi — 2Pyd*x3x3 —

1
2By?8x3x] — 2B%y8x3xZ + 8afySxixaxsxs)t. (2)

At the same time we assume that numbers «,,y,§ are set so that expression under the radical
is non-negative. As we will see below, such cases are possible, that is there are such values «a,f,y,d
that the four-degree form in the right part of (2) is positively defined for anyx; € R,i = 1,2,3,4.

Definition. The number x* = x® - x® - x®is called the conjugate number to number x.

Then x-x*- 1, = |x|*J;. 3)

Direct calculation gives the conjugate number x* = (x7,x3,x3,x;) to four-dimensional number
x = (X1, X2, X3, X4):

X = xl(“ xj —y6xj — BSx3 — ﬁyx4) +—x2x3x4,

X; = xz(—a x1 + y6x2 ,6’6x3 ﬁyx4) + 2afx1x3x4,
X3 = X3 (—a x1 y5x2 + ﬂ6x3 [)’yx4) + 2ayx1%,%y,
x; = x4(—a x? —y8x3 — Box3 + ,Byxf) + 2adx1x,x3.

Respectively, the conjugate numbers to basic numbers are:
* « _ Y8 x _ BS « _ By
L=l o=5Ju5="73J3 Ji="75"Js
The conjugate numbers to unit numbers are:
¥ — o2 « _ Y8, +_ BS, « _ Br,
Il—all,lz—a 12,13_11 13,14_11 14.

Let x = (x1,x;,%3,%4) be a four-dimensional number with non-zero symplectic module. Then there

1

exist unique x~! called the inverse to x, so thatx - x™1 = x™1 - x = J;. Multiplying both parts of the last
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equality by x*-I; we willget x™-x-x*-I; = x*-I; or |x|*x™! = x*-I;. Let's multiply both parts of

this equality by number (—— 0,00), then, taking into account that L 0,00)-|x|* =
q y by g

a.|x|4‘ a-|x|4'

( ! 0,0,0) - (Ix[4,0,0,0) = I, we will obtain x~"-I; = x* (= 0,0,0) -I. Reducing both parts of

Pl @b
equality by I; we have

x_l— I x*=(x}‘ x_}x_gx_;‘) (4)

alxl* e[ x4 |x|# ]

-1 _ 1
alx|*

Then we will define division operation of four-dimensional numbers as % =y-x x*y if

[x] # 0.
We investigate for what values of constants a, 8,7, §, the symplectic module (2) is non-negative
for any x € R*. For this purpose we will consider various cases of signs of these constants.

1. Case §>0, y>0, § >0.

This case coincides with the general case considered above. In this case the symplectic module
of four-dimensional number (2) can be represented in the following form:

lx|* = a*xf + y28%x5 + B28%x5 + B2yPx) — 2a°ySxix? — 22’ BSxIx3 — 2a’ By xix; — 2By S x3x: —

2 2
2By?8x3x; — 2B y8x2x2 + 8afydx;x,x3x, = [(ax1 —JB8x3) — (\J¥ydx, — \[Byxs) ] [(ax1 +

\/ﬁxs)z — (Vybx, + \/erz)z]r

or in the following forms

et = [(ar — 73) = (VB8 ~Bre) | [(ax +rx) - (JB8x +Bre)’]

and

lx|4 = [(ax1 - \/Wx4)2 — (yéx, - \/ﬁxﬂz] [(ax1 + \/ﬁxég)z — (Vyéx, + \/ﬁxs)z].

As seen from these formulas, the symplectic module of number in this case is not positively defined,
so that is not the module. If the module of number is not well-defined, then further constructions do
not make sense.

2. Case <0, y>0,6>0.

In this case we will replace in definition of multiplication of numbers (1) f with —f and we
will consider 8 > 0 in further. Then multiplication of two four-dimensional numbers is defined by
formulas

_ vé Bs By
2y = ax1y1 + XY — o X3Y3 T X4y

Zy = axpy; + ax;y, — Bxgyz; — Bx3ys )
Zz = axzy; + yxy, + ax;ys + yxyy
zy = axgy; + 6x3y, + 6x,y3 + ax;y,

Then multiplication table of basic numbers takes the following form (table 2):

Table 2. Products of basic numbers in case of 2.

J1 JE! I3 Js
J1 J1 I JE Js
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J ] ) ) 14
? ? 5]1 ;]4 ?13
I3 I3 ) Bé B
;]4 - Eh - ?]2
J. J. 14
! ! ;13 - %]2 - i—];]l

In this case the module of four-dimensional number (2) can be transformed as follows:
|x|* = a*xt +y262%x5 + B26%xE + B?y2xg — 2a%ySxixt + 2a?B6x?x3 + 2a?Byxix? +
2 2
2By8%xixt + 2By?6x3xZ — 2B2y6xix; — 8afySx,x,X3%, = [(ax1 —Jvéx;) + (\JBSxs — \/Byx,) ] -

[(ax1 + \/ﬁxz)z + (\/ﬁx3 + \/Wx4)2]. (6)

As seen from table 2 the basic numbers J; and J, are real, and basic numbers J; and ], are
imaginary. At the same time the module of number (xi,0,x3,0) is defined by the formula [x| =
Ja?x? + B6xZ, that is the number (x;,0,x3,0) can be accepted as the imaginary.

The conjugate number x* = (xi,x;,x3,x;) to the number x = (x, x5, x3,x,) is defined by the
formula:

xj = xy(a?xf — yox? + Box3 + pyxd) — L x5,

x; = xp(—a?xf +y8xg + BOx3 + Pyxi) — 2afx;1x3%x,,

x5 = x3(—a’xf —y6xF — B6xF + Byxi) + 2ayx1xo%x,,

x5 = x4(—a?x? — y6x% + B6x2 — Byx2) + 2a8x,x,x5.

Respectively, the conjugate numbers to basic numbers have the form:

=l =8 == ==,

The conjugate numbers to unit numbers have the form:

* * 149 * Bé % By
I =a’L, I; =;'121 I; = —7'131 I = —7'14.

The conjugate number to the imaginary number (x4, 0, x3,0) has the form % (x4, 0, —x3,0), that
easily follows from the last formulas.

Let's denote the received space of four-dimensional numbers by M,(a,,y, ) where the index
2 stands for the number of the considered case and we will call it anisotropic space of four-
dimensional numbers.

Let's associate with each four-dimensional number x = (x4, X, X3, x,) some matrix F(x) of the
following form:

5 Bs B
Fix)=|ax2 ax; —fx; —fx3 |, )
axs Vxy ax; Yx
\ax4 63 6x, axg /

The mapping F:x — F(x) is one-to-one and surjection. Indeed, for two different numbers x
and y there correspond different matrices and for any matrix of the specified form it is possible to
find the corresponding four-dimensional number.

Then multiplication of two four-dimensional numbers x = (xy, x;, x3,X)and ¥y = (¥1,¥2,¥3, Va)
in the space M,(a,f,v,6) can be represented in the form x -y = F(x) -y where the multiplication
sign in the left part is understood in the sense of (5), and multiplication sign in the right part is treated
as multiplication of the matrix by the vector.

Thus, we defined alternative definition of multiplication of four-dimensional numbers by the
matrix (7).
in the sense of
multiplication is defined by the formula (4), if |x| # 0. Then we will define division operation of four-

. . - 1 .
dimensional numbers as %= y-x1= e x*y,if |x| # 0.

The inverse number to four-dimensional number x = (xq,x,,x3,x,)
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We will call space M,(1,1,1,1) isotropic space M,. In isotropic space the multiplication of two
numbers is defined by equalities
Z1 = X1Y1 + XoY) — X3Y3 — X4V
Zy = XY1 + X1Y2 — X4Y3 — X3V4 @®)
Z3=X3Y1 XY, X1 3+ X))
Zy = X4Y1 + X3Y + XY3 + ax,yy
and the matrix F(x) has the form
X1 Xz TX3 TXy4
X2 X1 TXg TX3
X3 X4 X1 X3 ’ ©)
Xy X3 X3 X

F(x) =

The symplectic module of four-dimensional number in isotropic space M, has the form
|x| = 4\/[(?51 —2)7 + (x5 — x4)%] - [(xg + x2)% + (x5 + %)) (10)
3. Case >0, y<0, 6§ >0.

In this case we will replace in definition of multiplication of numbers (1) y with —y and we will

considery > 0 in further. Then multiplication of two four-dimensional numbers is defined as follows

— vé Bs By
Zy = ax;y1 — XY + X3V T XYy

Zy = axpy; + ax;y, + Bxyys + Bxzys (11)
Z3 = ax3y; — YX4Yr + AX1Y3 —YX2V4
Zy = axgy; + 6x3y; + 6x,y3 + axyy,

The multiplication table of basic numbers it is provided in table 3.

Table 3. Products of basic numbers in case of 3.

Ji /s Js Js
Ji Ji /s Js Js
5 » =4} =y -5J;
> b = ag L)
. . -2, Ly’ 143

In this case the module of four-dimensional number (2) can be transformed as follows:

lx|* = a*xf + y282x5 + B28%x5 + B2YPx) + 2a°ySxix? — 2a?BSxIx3 + 2a° Byxix; + 2By S x3x: —

2 2
2By?8x2x2 + 2%y 5x3x: — 8afySxix,x3x, = [(ax1 —JB8x3) + (ydx, — [Byxs) ] . [(ax1 +

JB8x;) + (73, + Brxs) . (12)

As seen from table 3 the basic numbers J; and J; are real, and basic numbers J, and J, are
imaginary. Then in this case as the imaginary we will accept number (x;, x,,0,0). Respectively, the
module of the imaginary is defined by the formula |x| = \/a?x{ + y6x3.

The conjugate number x* = (x{,x3,x3,x;) to number x = (xy,X;,x3,%,) is defined by the
formula:

xj = x,(a?x? + y8x3 — B8x3 + fyxd) - Llxx5x,,

x; = xp(—a?xf — y6x3 — BSx5 + PyxF) + 2aBx1x3%,,

x3 = x3(—a?xf +y0x3 + BOx3 + Pyxi) — 2ayx,x;%,,

x5 = x4(—a’x} + y6xi — BSx3 — ByxZ) + 2a8x,x,x5.
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Respectively, the conjugate numbers to basic numbers have the form:
* * ¥é « _ P8 * By

L=l 2= _5']21 J3= ;']& Ja= _5']4-

The conjugate numbers to unit numbers have the form:
* _ 2 *__E. *—ﬁ. *—_&.

2
The conjugate number to the imaginary number x = (x4, x,,0,0) has the form % (x;, —x,,0,0).

Let's denote the received anisotropic space of four-dimensional numbers, similarly to the
previous case, by Msz(a,,v,9).
The matrix F(x) from (7) in this case looks as follows:

5 Bs B
(axl B y; xz 7 x3 ) 7}/ x4)
F(x)=| @2 aX; Bxs Bxs . (13)
axz —VXxy ax;  —yxz
\ ax, Ox; 6x, axy /
The mapping F:x — F(x) is one-to-one and onto, and multiplication of two four-dimensional

numbers x = (x1, X3, X3,%4) and ¥y = (¥1,¥2,¥3,Ys) in space Ms(a,,¥y,8) can be represented in the
form x -y = F(x) - y. Division operation is defined similarly to the Case 2.

We will call space M3(1,1,1,1) isotropic spaceMs. In isotropic space the multiplication of two
numbers is defined by equalities

Z) = X1Y1 — X2Y2 T X3Y3 — X4V

Zy = XY1 T X1Y2 + XYz + X3Y,

Z3 = X3Y1 — X4Y2 t X1Y3 — X2Ys’

Zy = X4Y1 t X3Y2 T X2Y3 + X1y,

and the matrix F(x) has the form
X1 —Xp X3 —X4
X, X7 X4 X
x§ —9154 xé; —?Scz ’ (15)
Xy X3 X3 Xp

(14)

F(x) =

The symplectic module of four-dimensional number in isotropic space M; has the form
x| = VI0a = %507 + (o — )] - [0 + x3)% + (e + x0)7]. (16)
It is isotropic space M3 is considered in [1].
Case >0, y>0, § <O0.
In this case we will replace in definition of multiplication of numbers (1) § with —§ and we

will consider 6 > 0 in further. Then multiplication of two four-dimensional numbers is defined by
formulas

_ vé Bs By
Z) = ax;y1 — XY — X3Vt XYy

Zy = axpy; + ax;y, + Bxyyz + Bxzys (17)
Z3 = ax3y; T YX4Yr + ax1y3 + YX2Vy
Zy = axgy; — 6x3Y, — 6%,3 + axyy,

The multiplication table of basic numbers takes the form given in table 4.

Table 4. Products of basic numbers in case of 4.

Ji I I3 Js
Ji Ji P I3 Js
I I y8 ) 14
- ;]1 - a—]4 a_]3
] ] ) 5
’ ’ -—— - 3_2]1 ﬁ]2
a a a
J4 J4 14 B By
a_]3 a_]2 gh
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In this case the module of four-dimensional number (2) can be transformed as follows:
|x|* = a*xf +y262%x5 + B26%xs + B2y2xg + 2a%ySxix? + 2a?f6x?x3 — 2a? By xix? —
2 2
2By 8%xix: + 2By?6x2xZ + 22%ySxixi — 8afySx,x,X3%, = [(axl —JByxs) + (J¥x, —/BSx3) ] -

[(ozx1 + \/ﬁx4)2 + (\/ﬁxZ + \/ﬁxﬂz]. (18)

As seen from table 4 the basic numbers J; and ], are real, and basic numbers J, and J; are
imaginary. Then in this case as the imaginary number we will accept number (xy,x,,0,0) .
Respectively, the module of the imaginary is defined by the formula |x| = \/a?x{ + ydx3.

The conjugate number x* = (x{,x3,x3,x;) to number x = (x4,X;,x3,%,) is defined by the
formula:

xj = xy (ax} +y6x3 + B6x3 — Byxd) — L xx5,,

x5 = xp(—a’x} — y8x3 + POxF — Byxi) + 2aPx;x3xy,

x5 = x3(—a?x? + y6x% — B6x2 — Rlyx2) + 2ayx;x,x,,

x5 = x4 (—a’x} + y6x3 + BSx3 + PyxZ) — 2a6x,x,x5.

Respectively, the conjugate numbers to basic numbers have the form:

K=l ==% 0 == 1 1i=% L

The conjugate numbers to unit numbers have the form:

_ _Bs By

* * 8 * *
B=a?h, B=-C.n, 5=-2.5, =0,

2
The conjugate number to the imaginary number x = (x4, x,,0,0) has the form % (xq, —x,,0,0).
Let's denote the obtained anisotropic space of four-dimensional numbers by M,(«a,S,v,d).
The matrix F(x) from (7) in this case looks as follows:
)2 Bs By

(Xxl - 7x2 - 7x3 ?le-

F(x)=| X2  axy Bxs Bxs | . (19)
axs Yx ax, yx
ax, —O0x; —6x, ax;

It is also easily proved that the mapping F:x — F(x) is one-to-one and on. Alternative
definitions of multiplication and division operations are defined as well as in the previous cases.
We will call space M,(1,1,1,1) isotropic space M,. In isotropic space the multiplication of two

numbers is defined by equalities

Z1 = X1Y1 — X2Y2 — X3Y3 + X4V

Zy = X2Y1 T X1Y2 T X4Y3 + X3V,

Z3 = X3Y1 T X4Y2 + X1Y3 + XYy’

Zy = X4Y1 — X3Y2 — X2Y3 T AX1Y,

and the matrix F(x) has the form
X1 —X2 TX3 X4
X2 X Xy X3
X3 Xy X1 X7
Xy —X3 —X; X

(20)

F(x) = 1)

The symplectic module of four-dimensional number in isotropic space M, has the form
x| = V10 = 27 + O — x3)2] - [ + %) + (e + x3)71. (22)
4, Case <0, y<0, 6§>0.

In this case multiplication of two four-dimensional numbers is defined by formulas

_ vé Bs By
2 = ax;y1 — XY = X3Vt XYy

Zy = axpy; + ax;y, — Bxgyz; — Bx3ys (23)
Z3 = axzy; — YXgY2 + ax1y; — ¥YX2Yy
Zy = axgy; + 6x3y; + 6x,y3 + axyy,

At the same time further we consider that § >0, y >0, § > 0.

The multiplication table of basic numbers takes the form given in table 5.

Table 5. Products of basic numbers in case of 5.
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J1 I I3 J4
Ji J1 I JE J4
I I ) ) 14
- Eh ;]4 - ;]3
] J ) §
’ ’ ?]4 - i—3]1 - %]2
J. J. 14 14
! ! - ?]3 - %]z i_sjl

In this case the module of four-dimensional number (2) can be transformed as follows:
|x|* = a*xt +y262%x5 + B26%xE + B?y2xg + 2a%ySxix? + 2a?B6x?x32 — 2a? By xix? —

2
2By S%x2x? + 2By?8x2x2 + 22%ySxix: + 8afySx;xyXx3x, = [(axl —JByx,) + ( ox, +

\/%9@)2] . [(ax1 + \/ﬁxaz + (\/ﬁxz — \/ﬁxﬂz]. (24)

In this case the module of the imaginary number is defined by the formula |x| = \/a?x? + ydx3
because as imaginarie numbers we take (x;,x,,0,0), as well as in case 4.

Notice that if modules of four-dimensional numbers in cases 2, 3 and 4 were expressed similarly,
then the number module in this fifth case significantly differs from the previous cases.

The conjugate number x* = (x{,x3,x3,x;) to number x = (xy,X;,x3,%,) is defined by the
formula:

. . 28y8
x; = x;(&x} +y6xZ + BUXS — Byx]) + liTyxzxaxél,

x; = x(—a?x? — y8x3 + B6x3 — Byxi) — 2afxx3xy,
x5 = x3(—a’x] + ydx3 — péx3 — PyxZ) — 2ayx;x,%xy,
Xy = x4(—a2x‘12 +y8x3 + BSx3 + ﬁyxf) + 2adx2x)x;3.
Respectively, the conjugate numbers to basic numbers have the form:
* * 1 * Bs « _ By
1=l 2= _g']Zr 5= _E'Jsr Ji= 5'14-
The conjugate numbers to unit numbers have the form:
* * ) * Bs « _ B
I[=dl, T=-200, [=-25 [[ ==L,
2
The conjugate number to the imaginary number x = (x4, x,,0,0) has the form % (xq,—x,,0,0).

Let's denote the obtained space by Ms(a, 5,7, 6).

The matrix F(x) from (7) in this case looks as follows:

ax; — % X, = % X3 ﬁTZ X4
F(x)=|ax2 ax;  —Bx; —Px3|. (25)
ax; —VXxy ax; —vYx
ax, 0x;3 6x, ax

It is also easily proved that mapping F:x — F(x) is one-to-one and on. Alternative definitions
of multiplication and division operations are defined as in the previous cases.

We will call space M5(1,1,1,1) isotropic spaceMs. In isotropic space the multiplication of two numbers
is defined by equalities

Z1 = X1Y1 — XY — X3Y3 + X4Y4

Zy = XY1 + X1Y2 — X4Y3 — X3V (26)

Z3 = X3Y1 — X4Y2 T X1Y3 — XYy’

Zy = X4Y1 T X3 T X0Y3 + axpyy
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and the matrix F(x) has the form
X1 X3 TX3 X4
_[*2 X1 —Xs —X3
F(x) TNx3 x4 X7 —X : (2‘7)
Xy X3 X) X1
The symplectic module of four-dimensional number in isotropic space M5 has the form
|x| = 4\/[(?51 —x0)? + (x + x3)%] - [(xg + 2% + (% — x3)°]. (28)
In [5, 6] properties of isotropic space Ms are investigated.
5. Caseff <0,y >0,6 <O.
In this case multiplication of two four-dimensional numbers is defined by formulas
s s
Z; = ax;y; — %xz}’z + %xﬂ’a - %Mﬂ
2z = axyy + axy, — Bxyys — Bx3ys (29)
z3 = axzy1 +yxy; + ax;y3 + yxo),
zy = axgy; — 6x3y, — 6x,y3 + axyy,
Here we consider that £ > 0,y > 0,8 > 0 in further.
The multiplication table of basic numbers is provided in the following table 6.
Table 6. Products of basic numbers in case 6.
Ji I g Js
Ji Ji I g Js
J2 Iz ) ) 14
—ah ) Pt
E g 5 Bé B
2l peell — 2k
J4 L 14 B By
Pt — a2k -

In this case the module of four-dimensional number (2) can be transformed as follows:
lx|* = a*x? + y28%x5 + B28%xE + B2y2xi + 2a’ySxixs — 2a°féxix: + 2a’Byxix: + 2Py 8% x3x: —

2BY28x3x; + 2B2ySx2x2 + 8aBySx;x,x3x, = [(ax1 - \/ﬁxﬂz + (JvSx, + \/Wx4)2] . [(ax1 +

\/EXS)Z + (\/ﬁxz — \/ﬁxél)z]. (30)

In this case the module of the imaginary number is defined by the formula |x| = \/a?x? + ydxZ.
Definition of the module is somewhat similar to the previous case 5.

The conjugate number x* = (x7,x5,x3,x;) tonumber x = (x1,x,,x3,%,) is defined by the formula:
* 2,2 2 2 2 2Byé
x; = x;(ax} +y6xZ — BSxZ + Byx]) + — XXXy
x5 = x(—a’x] — y8x3 — BSx3 + Pyxi) — 2aPfx;x3xy,
x5 = x3(—a’x] + y8x3 + péx3 + PyxZ) + 2ayx;x,xy,

x; = x,(—a?x? + yéx3 — péx3 — Pyxi) — 2a8x;x,%;3.

Respectively, the conjugate numbers to basic numbers have the form:

* * 14 « _ BS * By
L=l h=—5Ju =3 Ji=—35 s


https://doi.org/10.20944/preprints202504.0236.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 April 2025

11 of 31

The conjugate numbers to unit numbers have the form:
* _ 2 *__Q. *—@. *—_&.
11—0(11,12— o 12,13—a 13,14— . 14.
2
The conjugate number to the imaginary number x = (x;, x,,0,0) has the form % (x4, —x5,0,0).

Let's denote the obtained space by M¢(a, 5,7, 6).
The matrix F(x) from (7) in this case looks as follows:

a’x1 - ; x2 a x3 - X4
Flx)=|ax2 ax;  —Bx; —Px3 | . (31)
ax;  Yx ax;  Yx,
ax, —0x;3 —6x, ax;

Obviously, mapping F:x — F(x)is one-to-one and onto, and defines alternative definition of
multiplication of four-dimensional numbers in space Mg(a,,v,9).
We will call space M¢(1,1,1,1) isotropic space M. In isotropic space the multiplication of two
numbers is defined by equalities
Z1 = X1Y1 — X2Y2 + X33 — X4Y4
Zy = XY1 + X712 — X4Y3 — X3Y4

, 32
Z3 = X3Y1 T XY + X1Y3 + XYy (32)
Zy = X4Y1 — X3V — XpY3 + axpyy
and the matrix F(x) has the form
X1 —X2 X3 X4
_ X X1 X4 —X3
F(X) - X3 Xy X1 Xy : (33)
X4 —X3 —X; X

The symplectic module of four-dimensional number in isotropic space My has the form
x| = V10 =207 + (o + 22 - [Cr + 2302 + (6 = x0)2]. 34
6. Case $>0,y<0,8 <0.

In this case multiplication of two four-dimensional numbers is defined by formulas

— vs BS By
Z) = ax;y1 + XY, — o X3Y3 T X4V

Zy = axpy; + ax1y, + Bxgys + Bxszys (35)
Z3 = ax3y; — VXY + AX1Y3 — Y X2Y4
zy = axgy; — 0x3y, — 6x,3 + ax;y,

Here we consider that § > 0,y > 0,8 > 0 in further.
The multiplication table of basic numbers takes the form given in table 7.

Table 7. Products of basic numbers in case of 7.

Ji I, Js Js
Ji Ji I, Js Js
5 8 i 2 -5Js
b b 2 LY} L3
. . -5 ) 143

In this case the module of four-dimensional number (2) can be transformed as follows:
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lx|* = a*xf + y?62x5 + B28%x5 + BPyPxf — 2a%ySxix3 + 22’ BSx3x? + 2a° By xix? + 2By & x3xd +

2By?6x3x; — 2B2y8x3x3 + 8aBydx;x,x3x, = [(ax1 — \/ﬁxz)z + (/BSx; + \/Exdz] . [(ax1 +

2 2

J¥ox,) + (VBox; — \fBrxs) | (36)

Here the module of the imaginary number x = (x;,0,x3,0) is defined by the formula [x|=
|a2x? + péx3|.

The conjugate number x* = (x7,x5,x3,x;) tonumber x = (x1,x,,x3,%,) is defined by the formula:
* _ 2.2 2 2 2 2ByS

x; = xl(a x7 —y6x; + fbx;5 + ﬁyx4) + — X2X3Xy,

x; = xy(—a’x] +y6xZ + BSx3 + Byx}) + 2aPxx3xy,

x; = x3(—a?x — y8x3 — B6x3 + Byxi) — 2ayx;x:xy,

x; = x(—a?x? — y8x3 + p6x3 — fAX]) — 2a8x1xx3.

Respectively, the conjugate numbers to basic numbers have the form:
* * ys * ﬁs * ﬁy

L=l h=gJu =3 Ji=—3"Js

The conjugate numbers to unit numbers have the form:

* * Yé * Bs . By
11 =C(211, IZ =;'121 13 = _7'13/ 14 = —7'14.

2
The conjugate number to the imaginary number (x;, 0, x3,0) has the form % (x1,0,—x3,0) thateasily

follows from the last formulas.
Let's denote the obtained anisotropic space of four-dimensional numbers by M,(a,S,y,5).

The matrix F(x) from (7) in this case looks as follows:

ys Bs By
ax; Xy X TN
F(x)=| %2 ax;  fBx Bxs | . (37)
axs —YXxy ax; VX,
ax; —06x;3 —6x, axg

We will call space M,(1,1,1,1) isotropic space M,. In isotropic space the multiplication of two
numbers is defined by equalities

Z1 = X1Y1 T XY — X3YV3 — X4Y4
Zy = XpY1 + X1V + X4Y3 + X3V

, 38
Z3 = X3Y1 — X4 T X1Y3 — X2V (38)
Zy = X4Y1 — X3V — XpY3 + ax;Yy
and the matrix F(x) has the form
X1 Xy X3 —Xy4
_[ X2 X1 X4 —X3
F(X) - X3 Xy X1 X5 : (39)
Xy —X3 X2 Xg

The symplectic module of four-dimensional number in isotropic space M; has the form

|x| = i/[(x1 —x3)7 + (x + x)%] - [(xg + x50 + (63 — x0)?]. (40)

7. Case <0,y <0,6 <O.
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In this case multiplication of two four-dimensional numbers is defined by formulas

yé Bs By
Zy = axiy1+ XY + T X3Y3 + XYy

Zy = ax;y; + ax;y, — fxgyz — Brsys
Z3 = ax3Y; — VYX4Y2 + AX1Y3 — VX2V
zy = axgy; — 6x3y, — 06x,¥3 + ax;yy

Here we consider that § > 0,y > 0,6 > 0 in further.
In this case the module of four-dimensional number (2) can be transformed as follows:

lx|* = a*xf + y?62x5 + B28%x5 + PPy7xi — 2a%ySxix3 — 2a?BSx3x? — 2a° By xix? — 2By & x3x: —

2 2
2By?8x3x; — 2B ySx2x2 — 8afydx;x,x3x, = [(ax1 +/B6x3) — (\J¥ydx, — \[Byxs) ] [(ax1 -

\/ﬁxs)z — (Vybx, + \/erz)z]r

or, as follows

et = [(axs +V78) = (VB8 = VBra) ] [(axi = Vr8x) = (VB8 + VBra) ]

or, as follows

el = [(axs + VByxs) = (Jr8x: = JB8x;) | [(ars = Bra) = (B, + Box) |

For this case the symplectic module is not non-negatively defined form.
Thus, we have six various spaces of four-dimensional numbers in which operation of multiplication
and the corresponding modules of numbers are defined by various formulas. Further we investigate

properties of these spaces.

2. Degenerate Numbers in Spaces of Four-Dimensional Numbers

Definition. The four-dimensional number is called nondegenerate if |x| > 0, and degenerate if
|x] = 0.

We investigate solutions of the equation |x| = 0 or degenerate numbers. This equation has
explicit solutions thanks to which we can describe the general structure of degenerate numbers in all
spaces M;(a,B,v,6),i = 2,3,4,5,6,7.

As it follows from definition of the module of number (6) in space M,(«a,f,y,5) there are two

types of degenerate numbers, namely, numbers of the kind (cl,\/%cl,cz, gcz) and

a 5
(cl,——cl, Cy— —c2) for any real ¢; and c,.
VY6 14

We will call numbers of the kind (cl, J% €1, Cz, %cz) degenerate numbers of the first type, and

5
numbers (cl, - \/% €1, Cay— \/; C2> degenerate numbers of the second type.

Obviously, the only degenerate number belonging both to the first and the second type is the
number 0 = (0,0,0,0). Let's denote the set of all degenerate numbers of the first type by 0;, and the set
of all degenerate numbers of the second type by 0;;.

The module of a number in space M;(a,B,y,8) is defined by the formula (12), therefore, in this

s
space there are also two types of degenerate numbers (cl, CZ,\/%CD ECZ) and

(cl, Cy — \/% c,— %cz ), for any real ¢; and c,, which respectively we will call degenerate numbers

of the first type and degenerate numbers of the second type and them will also denote by 0, and
011 .
Number 0 = (0,0,0,0) is the only degenerate number belonging to both types.


https://doi.org/10.20944/preprints202504.0236.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 April 2025 d0i:10.20944/preprints202504.0236.v1

14 of 31

In space My(a,f,v,6) the set of degenerate numbers of the first type O, consists from the

a

numbers(cl, Cy, \/% Ca, N cl>, and the set of degenerate numbers of the second type 0, consists from

the numbers (cl,cz,— %cz,—\/%cl) for any real c¢; and c, that follows from definition of

symplectic module (18).
Similarly, in space Ms(a,f8,v,8) the set of degenerate numbers of the first type O; consists from

the numbers (c¢;, ¢y — [%¢y—==c; ), and the set of degenerate numbers of the second type 0y
52 By g yp

consists from the numbers (cl, Cy, for any real ¢; and c,.

ZCZ’_Lcl)
B= By

In space M¢(a,,y,6) the symplectic module of number is determined by the formula (30),
therefore, the set of degenerate numbers of the first type O; consists of the numbers

(cl,cz,\/%cl, — %‘02) and the set of degenerate numbers of the second type 0, consists of the

a )
numbers | ¢y, ¢;, ——=¢y, |-, | for any real ¢; and c;.
1, %2 \/E 1 B 2 1 2

In space M;(a,f,v,8) we will get from the equation |x| =0 that there are two types of
. a S a é

degenerate numbers, namely, numbers of the kind (cl,ﬁcl, €y — \/; cz> and (cl, —ﬁcl, Cy, ;cz)
for any real c¢; and c, which are respectively degenerate numbers of the first and second types.

Theorem 2. Degenerate numbers in spaces M;(a,f,v,8),i = 2,3,4,5,6,7, have the following
properties:

1) If x,y€eO, then x+y€O0, x—y€O0, x-y€O,.

2) If x,y€ Oy, then x+y €Oy, x—y €0, x*y €O,

3) If x€0,y€0y then x-y=0=(00,0,0).

4) If x€ 0, y& 0,U0y, then x-y € 0,.

5) If X € 0”, y e 01 U 0[[, then Xy € 0”.

The proof is easily follows from definitions of addition and multiplication in the corresponding
spaces.

This theorem describes properties of degenerate numbers in spacesM;(a, 8,v,6),i = 2,3,4,5,6,7.
In particular, it follows from the first two properties that sets 0; and 0, are subspaces of spaces
M;(a,B,v.8),i =2,3,4,5,6,7.

The third property claims that points of subspaces 0; and 0y, are zero divisors. Moreover, as it
will become obvious from further discussions, there are no other zero divisors. Such obvious
description of structure of zero divisors allows to control influence of zero divisors on various
mathematical structures. For example, to build the full-fledged calculus, the differential and integral
calculus and other constructions.

The last approvals of the theorem say that at multiplication of any four-dimensional number by
degenerate number, we will always receive degenerate number.

3. Range of Four-Dimensional Numbers

To each four-dimensional numberx € M;,i = 2,3,...,7, we compared some matrix of F (x),
determined respectively by formulas (7), (13), (19), (25), (31), (37) by means of which multiplication
of two numbers can be reduced to multiplication of this matrix by the vector determined by the
second multiplier.

Theorem 3. The set of matrices F(x) is closed with respect to matrix operations of addition,
subtraction and multiplication and also multiplication of the matrix by the scalar. The inverse matrix
to the nonsingular matrix has the same form.

It can be proved by direct check.
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Theorem 4. For each space M;(a,fB,v,6),i =23456,7, mapping F:x - F(x) for any four-
dimensional numbers x,y has the following properties:

1) Fxxy)=Fx)£FQ);

2) F(cx) =cF(x) forany c €R;

3) Flxy) =FO)F();

4) Fx™D)=F'(x);

5 det(F(x)) = |x|%

6) det(F(x) £ F(») = Ix £ yl%

7) det(F(ax)) = |ax|*;

8) det(F()F()) = lxyl%;

9) det (F _l(x)) = |x~1 |4, where x is nondegenerate number.
Proof. Let's prove the theorem for spaceM,(a, 8,v,6), for other spaces the proof is carried out in a

similar way.

Properties 1) and 2) are obvious. Let's prove property 3).

5 Bs B ) 5 #y
axy %XZ _7X3 —%x4\ /a’y1 %yz —%}@ _Ty4
FOX)F(y) =|ax2 ax;  —Bx; —Px; ay, ay: =By, —Py; |=B,
axs Yxy ax; vYx ays VY ay: Yy
ax; 6x;3 6x, ax; ay; 6y; Sy, ay;

where B is the resulting matrix. Let's calculate elements of the matrix B.
by = a?x1y1 + Y822y, — BSx3ys — Byxyys = azy;

Bys By8 §
by = y6x1y, + yx:y; — %xaﬂ - %xﬂs = %Zz}

= Bys Bys B6
bz = —5/75951}’3 - %xz}’z; — Béxzy; — g Y2 = T2

Bys Bys By
b1y = —Byx1ys — %xzﬁ - %x33’2 = Byxays = —— 2

by = @’x,y1 + a’xyy, — aBxyy; — aBxsy; = az;
by, = y8x,y; + @x;y1 — Byxsys — BSX3y; = azy;
by = —B8x, B — aPx;y, — afxyy; — BSxzy, = —Bzy;
byy = =By x2ys — aBx1y; — Byxsys — aPxsy; = —pzs;
b3y = @’x3y1 + ayxgy, + a’xyy; + ayxyy, = azs;
bz, = y8x3y, + ayxsyr + ayxiy, + y8x,y; = yzy;
b33 = —BSx3y; — BYXyys + @Px1y; + y6x,y, = azy;
b3y = =Byx3y, — Byxsys + ayxiy, + ayxy; = vz,
by = a’x,y; + adxzy, + adx,y; + a’x1y, = azy;
by = y6x,y, + abxzy; + y8x,y, + abx1ys = 6z3;
bys = =péxsys — Béx3ys + abxyy; + adx;y, = 62,;
by = —BYXsys — BEX3Y3 — YOx,9, + @’ x1y; = azy,
where z = (2;,2,23,24) = X" Y.

Let's prove property 4). According to the formula (4), x~1 = L therefore

a.|x|4
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(x); = " |4x1(a x} —y6x3 + Pox3 + Byx]) — | l4x2x3x4,

(™), = |x|4x2(_05 xi +v6x3 + Bx5 + Byxi) — | |4 2 X123,

(x1); = i xs( a’x} — y8x3 — p6x3 + Pyx3) +| v L x1%,%,

_ 1
(s = s~ — 833 + B} — o) + e,

respectively, we have
ax); L, -Bah; -Za,
Fx) = ax™), a(x™); =BT, —BH;

a(x™); y&x ™, a(x™h); y(x™),
a(x™), (1) s(x™ D), alx™),
and
Bs B
axq yzjZ _7353 —7},)@
F(x)=|ax ax; —fx; —Px3
axs yYXu ax; Yxp
ax; Ox; ox, ax;

Multiplying these matrices at each other, we will receive that F(x™!)-F(x) = E where E is the

identity matrix that completes proof.

Let's prove property 5). By definition of the determinant we have

ax; —Pxg —Bx; ys |**2 —Bxs —Pxs
detF(x) = axq [yxy ax; YxX, | ——x; |ax;  axg yx, | —
5x3 6XZ axq @ axy 5x2 axy

ax, ax; —fx3
axs Yxg VX%
ax;, O6x3 axq

ax, ax; —PBxy
axs VYxy axq

+%X4
ax;, O6x3 Ox

B
a x3

Calculating determinants in the last equality, we make sure that

ax; —fx; —Px3
YxXg aXxg Yx2
6x; Ox, ax;

ax, —fxg —Px;
=axq, |ax; ax; X,
ax; 6% ax;

ax, ax; —fx3
axs Yxg VX%
ax; 6x3 ax

= —ax,, = ax;,

ax, ax; —Bx
axs VYxy axq
ax;, O0x3 Oxp

= —axj.

Then detF(x) = a?x,x; + y8x,x5 — BSx3x5 — Byxax; = a- (x-x*), = |x|*

Let's prove property 6). det(F(x) + F(y)) = det(F(x + y)) =|x+yl|*

Proofs of properties 7), 8), 9) are obvious.

Thus, there is the bijection between space of four-dimensional numbers and space of 4 x 4
matrices which maintains arithmetic operations, that is the existing bijection is homomorphism.

Definition. The set of characteristic numbers of the corresponding matrix F(x) is called the
spectrum of four-dimensional number x.

Let's work out characteristic equation for definition of the spectrum of four-dimensional number
x = (X1, %5, %3,%,) in space M,(a,f,y,6):


https://doi.org/10.20944/preprints202504.0236.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 April 2025 d0i:10.20944/preprints202504.0236.v1

17 of 31

14 Bs By

ax; —ph - X X T X
w, axy—p —fx, —px; |=o.
axs Yxy ax; — | £
ax; Ox; 6x;, ax; — U

Let's calculate minors M(ay;) of elements of the first row of the matrix:

ax; — i ¥X, Yy YXg ax;— U
M(ax; —p) = (ax; — M)| ax; _#| + By Sx; ax; —u| Bxs Sx;  Ox,

M(ax; —p) = —p + 3ax;u® + (—3a2x% +y6x7 — BOx] — Byxi) - p + &>x] — aydx;x3 + afdx;x3 +
aByxixi — 2ByEx,xzx;.

2 _ ax; — U X2 axs 1 £ axs ax;—H
M (Ixz) = ax; | 6%, axy —u| +Bx |ax4 ax; — U — Bxs axy 6%, |
s
M %xz) = axp? = 2a(Fxyx; + Brsxy) -+ a(@®xix; — y8x3 — BSx,x2 — Byxoxi + 2afx;x3xy).

axs V29

6x3 axl—u|_(ax1_”)|ax4 ax; — u| '8322 giﬂ

VX4 le1 M|

axs; ax;—Uu axs YXy
6) = s, - |

(ax; = ) |ax4 5x,

M( %x3) = —ax;p? + 2a(ax;xs — yxoxy) -+ a(2ayx;xx, — a’xixg — ySxixg — fOx3 + Pyxzxl).
( ) by ax, Ox;

—7x4) = axgu® + 2a(8x,%3 — axyxy) - p + a(@®xixg + y8x3x, — BSx3x, + Pyxi — 2a8x;x,x3).

Using these values of minors, we will calculate determinant of characteristic equation:
ut — dax +2(3a x? —y8x3 + Box3 + ﬁyxf),u + ( —4a’x; + daySx,x3 — dafSx,x? — dafyx;x; +
8Bydxyx3xy) - + atxt + y282x] + B26%x5 + PPy xi — 2a’ySxix} + 2’ Sxix3 + 2a’ Py xixi +
2By82x3x2 + 2By 8x3x3 — 2B*y8x3xF — 8afydxix,x3%, = 0. (41)
Taking into account the equation (6) we will rewrite the equation (41) as follows:

pt = daxp® + 2(3a’x} — y8x2 + B6xZ + Byx)u? + (—4a’xi + daySx;x? — 4afSx;x3 — dafyx;x; +

8[3y6x2x3x4) U+ [(ax1 — \/ﬁxz)z + (\/ﬁxg — \/Wxég)z] . [(ax1 + \/ﬁxz)z + (\/ﬁxg + \/WJ@)Z] =

0.

Proceeding from the type of free term, we will consider the possibility of decomposition of the
equation on the product of two square trinomials, namely, we will present the last equation in the
form (W +tiu+u) - (WP +tu+uy) =0 where uy = (ax; — \/ﬁxz)z + (\/ﬁxg, - \/ﬁx‘;)zuz =
(ax; + \/ﬁxz)z + (\/ﬁx3 + \/Wx4)2. Expanding the brackets and equating coefficients of degrees
u, we find for t; and t, the following system:

t; +t, = —4ax;
tit, + u1 +u, = 2(3a x? —y8x3 + Box3 + ,Byxf)
Wty + ust, = —4a’x] + daySx;x3 — dafx,x? — daByx;x; + 8BySx,x3%y

This redefined system has unique solution t; = —2(ax; —\/ydx;), t, = —2(ax; +/yéx,).
Therefore, the equation (8) is equivalent to the equation
(12 = 2(ax; = Jydx)p +ug) - (U2 = 2(ax; +Jydx,)u +uy) = 0. (42)

The equation (42) breaks up to two quadratic equations, solving which it is found four
characteristic numbers of four-dimensional number x:


https://doi.org/10.20944/preprints202504.0236.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 April 2025

18 of 31

U = ax; — \/ﬁxz + (\/ﬁxg‘ - \/Wx4)i

o = ax; — \J[y6x, — ([BSx; — [Byxy)i (43)
Us = axy + \/ﬁxz + (\/ﬁm + \/Wx4)i
k/,q =ax; + \/ﬁxz - (\/%9% + \/ﬁx@i

Thus, the spectrum of four-dimensional number x = (xy,x,,%3,%,) in space M,(a,f,v,6)
consists of four pairwise complex conjugate numbers of the form (43).

We will find in the similar way spectra of numbers in spacesM;(a,B,v,8),i = 3,4,5,6,7. The
spectrum of a number x = (x4, X,, X3,%,) in space Mz(a,f,y,6) is

U = ax; — \/ﬁ@ + (\/ﬁxz - \/Wx4)i
o = ax; — [Boxs — (Jy8x, — [Byxy)i (44)
Us = axy + \/ﬁ% + (\/ﬁxz + \/Wx4)i
l/,q =ax; + \/ﬁxg - (\/ﬁxz + \/W)Q})i
The spectrum of a number x = (x, %, x3,x;) in space My(a,B,v,8) is
Uy = axq — \/ﬁx4 + (\/ﬁxz - WJQ)I:
o = ax; — [Byx; — (\Jydx, — [B6x3)i (45)
s = x;+/Brxg + (JySx, +/BSx3)i
Uy = axq + \/Wx4 - (\/ﬁxz + \/ﬁxﬂi
The spectrum of a number x = (x, %, x3,x,) in space Ms(a,B,v,d) is
U = ax; — \/Exé! + (\/ﬁxz + \/ﬁxﬂi
) W = ax; — \/ﬁxég - (\/ﬁxz + \/Exs)i (46)
Uz = ax; + \/W’% + (\/ﬁxz - \/ﬁxﬂi
Uy = axq; + \/ﬁxé; - (\/ﬁxz - \/ﬁx3)i
The spectrum of a number x = (x, x5, x3,x4) in space Mg(a,f,v,6) is
(U; = ax; — \/%x3 + (\/y_dxz + Mx4)i
) Uy = ax; — \/R.XB - (\/ﬁxz + \/Wx4)i )
Uz = axq; + \/ﬁ& + (\/ﬁxz - \/ﬁxﬂi
Uy = axy + \/%x3 - (\/ﬁxz - \/Wx4)i
The spectrum of a number x = (x, %, x3,x,) in space M;(a,B,y,d) is
(m = ax; —\Jy6x, + (VBSxs +/Byxy)i
W = ax; — \/ﬁxz - (\/EJQ + Mx4)i (48)
U = ax; + \/ﬁxz + (\/Ex_g - \/Wx4)i
Lu4 =ax; + \/ﬁxz - (\/ExS - \/ﬁxﬂi
Let's denote the spectrum of a number xby A(x) and consider mapping S:x — A(x) inspaces
M;(a,B,v,8),i =2,3,4,5,6,7.
Theorem 5. The mapping S is one-to-one and onto, so it is a bijection.
Proof. Let's prove the theorem only for space M,(a, B,¥, ), for other spaces the proof is similar.
Letx # y, we will show that then A(x) # A(y). Let's allow opposite, then it means that p;(x) =
w;(y),i = 1,2,3,4, therefore
ax; —\Jy6x, + (\JBOx3 — \[Byxs)i = ayy — ¥y, + (/BSys — /Byys)i,
ax, — \/ﬁxz - (mxa - \/[’)_sz;)i = 5‘J_W1 - \/%YZ - (\/ﬁ_5YS - \/[3_)’)’4)1'/
ax; +/ydx; + (\/ﬁxg + mx4)i = ay, +/y6y, + (\/EY3 + \/ﬁﬂ)i,
ax, + \/ﬁxz - (\/ﬁx3 + \/ﬁx‘;)i =ay, + \/ﬁyz - (\/%3@ + \/ﬁy4)i.

Moving the right parts to the left part and having collecting similar terms, we get

(axy —ayy) — (\/]/_5x2 - \/ﬁ}’z) + ((\/Rxa - \/R}%) - (JEM - \/E}’A,)) =0,
(axy —ayy) — (\/]/_5x2 - \/ﬁ}’z) - ((\/Rxa - \/R}%) - (JEM - \/E}’A,)) =0,
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(ax; —ayy) + (\/ﬁxz - \/ﬁh) + ((\/ﬁ% - \/%3’3) + (\/WM - \/ﬁﬂ)) i=0,
(ax; —ay,) + (\/]/_5x2 - \/ﬁ)’z) - ((\/Rxa - \/R}%) + (JEM - \/E}’A,)) i=0.

From here we obtain
ax; —ay; =0,

\/ﬁxz - \/ﬁ)& =0,
JB8x3 —\[BSy; = 0,
\/ﬁ’% - \/ﬁﬂ = 0.

or, x—y = 0. We received the contradiction with the condition x # y.

Back, we will show that one and only one four-dimensional number can correspond to any spectrum
consisting of numbers of the form (43). Indeed, let u; = a + bi,u, = a—bi,u3 = c+di,u; = c—di is

the spectrum of some four-dimensional number. Then it follows from formulas (43) that

a

+

(ax; ===

Vrox, =7
b
VBSx; =
VBYxXy = %
Corollary. The only number having zero spectrum is the number 0 = (0,0,0,0).
Corollary. Spectra of basic numbers in space M,(a,B,v,6) are A()=(11LL1), A(,) =

|nN|

o
&

| N

@(—1,—1,1,1), A(J;) = @(i, —i,i,—1), A(Jy) = @(—i, i,i,—1). Spectra of basic numbers in other

spaces are written out similarly.

Theorem 6. For any four-dimensional number x = (xy, x,, x3,x,) the equality is hold

xl* = w1 - o 13 - (49)

Proof. Let's carry out the proof of the theorem also only for space M,(a,f,v,d). For other spaces the

proof is absolutely similar.

It follows from equations (43) that u;-u, = (ax1 - \/ﬁxz)z + (\/Ex3 - \/Wx4)2y3 Yy = (ax1 +

2 2
\/ﬁxz) + (/BSx3 + \/Byxy) . Therefore, it follows from equality (6) that u; - u - uz - gy = |x|*.

Corollary. |J;1 =1, || = ‘/Y_s, IJ5] = \/ﬁ, sl = @ in any space M;(a,B,v,8),i =23,4,56,7.

a a

Theorem 7. In each of six anisotropic spaces of four-dimensional numbers the following relations
hold:

1) p(xty) =p(x)+u(y) forany x eR*, y e R*, i =1234;

2) wi(x-y) =p(x) p(y) forany x € R*, y e R, i =1234;

3) wi(b-x)=b-u(x) forany xeR*, beR!, i =1234;

4) w(x™) = (u(x))"! for any nondegenerate x € RY, i =1,2,34,

5) p(x™) =ul(x) forany x €R, i=1234, ne€N;

where p;(x) is the i-th component of the spectrum of four-dimensional number x.
Proof. Let's carry out only for space M,(a,B,v,9).
Relations 1) are obvious. Let's prove the relation 2). According with (5) and (43),
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i (x-y) = (“le)’1 +v6x2y, — BEx3Y3 — BYXays — 05\/)’_5?52)’1 - Of\/ﬁxl)’z + ﬁ\/ﬁxﬂs + 3\/ﬁx33’4) +
(ay/Bx3y1 +v\[BSxsys + ay[BSx1y;s + v[BxX2ys — a[Byxsys — 6 Byxsy, — 53/ Byxy; —
ay[Byx1ys) - i,

o (x-y) = (a’le}h +v6x,y, — BOx3y3 — BYX4ys — a\/ﬁxﬂﬁ - a\/ﬁxﬂ’z + 5\/%&1)’3 + ﬁ\/ﬁxsﬂ) -
(ay/Bx3y1 + vy[BSxsys + ay[BSx1y;s + v[Bx2ys — ay[Byxsys — 6 Byxsy, — 63/ Byxy; —
a\/_x1y4) "1,
w3 Cx - ) = (@Px1y1 + ¥82,9, — BSx3y3 — By xays + anfy8x,y1 + ay[ySx1y, — BJyxsys — By[¥Bxsy,) +
(a\/ﬁxsh + V\/ﬁxﬂz + a\/_xﬂ’s + V\/_xzﬂ + a\/_x4y1 + 5\/_953}’2 + 5\/_Yx2}’3 +
ay[Byx1ys) - i,

pg(x-y) = (052?51)’1 +¥8x2y, — BEX3Y3 — BYXays + ay¥Sx2y1 + ayJyEx1y, — BV € Xay5 —

3\/)’_5953}’4) - (a\/ﬁxa}ﬁ + Vx/ﬁxa’z + a\/ﬁxﬂ’s + V\/Exzﬂ + a\/ﬁxﬂz + 5@’%)’2 +
5\/Wx2}’3 + a\/ﬁxl}@) -

Similarly,
i (x) = (ax; — [ydx,) + (VBx; — \[Byxs) - i
r(x) = (ax; — \/ﬁxz) - (\/ﬁxa - \/ﬁ’@t) "
uz(x) = (ax1 + \/ﬁxz) + (\/ﬁxS + \/ﬁxd i
us(x) = (ax1 + \/ﬁxz) - (\/ﬁxa + \/Wxég) 1.
w ) = (ay; =\¥8y,) + (VBSY; = Byys) -
t(y) = (00’1 - \/V_(Sy,z) - (\/E)% - \/ﬁﬂ) )
ws () = (ays +/v6y2) + (\BSys + \/Brys) -
w ) = (ay; +\v8y2) — (VBSY; +/Byys) - i.
Then
1 (0) - i (v) = (@211 + Y82, — BOX3y5 — Byxgys — ayJy8x,1 — ay[y8xyys + By Sxsy; +
BAY8x3ys) + (ay/BSx3y1 + v[BOxsy, + ay[BOx1ys + V[BEx,ys — an[Byxsy: — 83/ Byxsy, —
8\BYxy3 — aJByxiys) i = i (x - y),

o (x) - (y) = (aleJ’I + Y8y, — BEX3Y3 — BYxsys — ayJ¥Exy; — ay € X1y, + By YOxsy; +

5\/%353}’4) - (a\/%xﬁ’l + Y\/ﬁxﬂz + amxﬂaz + V\/ﬁxz)’az - amxez}ﬁ - 5\/53533/2 -
&/szyg - a\/_x1y4) L= (xy),

w3 - w3 (0) = (@x1y1 + ¥8x2y, — BOx3y5 — Byxsys + ay[y6x,y; + anfy8x1y, — ByJvoxsy; —

BAY8x3ys) + (ay/BSx3y1 + v[BOxsy, + ay[BOx1ys + V[BEx,ys + an[Byxsy: + 83/ Byxsy, +
8\BYx,y3 + aByxiys) i = us(x - y),

pa(x) - (y) = (ale)h +v8x2y, — BSx3y3 — Byxsys + a\/V_5x2Y1 + a\/y_Snyz - ﬁ\/ﬁxﬂs -

B\/ﬁxsﬂ) - (“\/Exs}h + V\/ﬁxﬁ’z + a\/ﬁxﬂ% + Y\/Exzﬂ + a\/ﬁ’@)’l + 5@’%)’2 +
8By x2y; + ay/Byxiys) i = pu(x - y).

The ratio 3) follows from the ratio 2). Let's prove the ratio 4). 2) follows from the ratio

thaty; (x - x™1) = w;(x) - w;(x™1). On the other handx - x~* = J;. Follows from ratios (43) that u;(J;) =
1for alli = 1,2,3,4. Thereforey; (x™1) =

~ ~

~

e~ e~
~ ~

~=
~

Ki (X)
The relation 5) follows from the relation 2) as well.
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The proved theorems show that there are three various approaches for work with four-
dimensional numbers: four-dimensional numbers, 4x4 matrices and four-dimensional imaginary
numbers in the form of the spectrum. For carrying out arithmetic operations these approaches are
equivalent. For the solution of the algebraic equations the most convenient is the spectra approach.

4. Application to the Solution of Systems of the Algebraic Equations

Let's consider the linear algebraic equation ax =b where a = (aj,a;a3a,) and b=
(b1, b, b3, by) are given four-dimensional numbers. Let's assume at first that a is nondegenerate
number, then this equation has the only solutionx = ba™*. Of course, we consider this equation in
one of the spacesM;(a, 8,v,6),i = 2,3,4,5,6,7. Let's find the solution of the equation in isotropic space
M,.

For finding of the inverse number a™!

we will use the theorem 7, according to which we get

pi(a™) = (wi(a))™! for all i=1,2,3,4. Therefore, in isotropic space M, we have

-1 _ aj—ap _ az—ay P — -1
H @) = @y ey @y~ (@)™

-1 _ arj—ap az—ay . -1
a) = + i = a))™d,
2 (@) (a1—ap)?+(az—ag)? = (ag—az)’+(az—ay)? (2(a))

-1 _ aj+ap _ az+ay - -1
4500 = e @ra  arrapirarapr .~ He(@)™

-1 _ aj+ap az+ay . -1
(@) = (a+ar)’+(az+ag)? + (a1+az)2+(a3+ll4)zl = (uaan™.

Knowing the spectrum, we will restore number a™!:

-1 1 aj—ap aj+a) 1 aj—ap
a =13 2 5+ 2 2) 5\ 2 2
2 \(ar-az)"+(az—ay) (ar+azx) +(az+ag)”/ "2 (a;—az) +(az—ay)

a;+ap ) 1( as—ay az+ay ) 1( az—ay az+ay )
(ar+ax)?+(az+ag)?) 2 (a1—ap)’+(az—ag)?  (ag+a)’+(az+ap)?/’ 2 \(a;—a)’+(az—ag)?  (aj+ax)’+(az+ay)?/ |’

Then the solution x = (x4, x,, x3,x,) of linear equation ax = b in the space M, is:

by ( a;—ay aj+ay ) b ( a;—ay aj+a) )
X == -= —
2 \(ag-a)?+(az—ag)? ~ (a;+az)’+(az+ay)? 2 \(ag—ap’+(az—ag)?  (a;+az)’+(az+ay)?
b3 ( asz—ay az+ay ) b4 ( as—ay az+ay )
2 \(a;—a)?+(az—ag)?  (ag+az)?+(az+ay)’ 2 \(ag—a)?+(az—ay)?  (aj+ax)?+(az+ay)?)’
X, = Q( a;—ap ajtay ) _ ﬁ( a;—ap _ aj+ap )
27 2 \@—a)?+(as-as)? ' (ar+ar)?+(as+ag)? 2 \(a1—ap’’+(az—ag)?  (ar+az)’+(az+ay)?
ﬂ( az—ay az+ay ) _ ﬁ( az—ay _ az+ay )
2 \(a1—ap’’+(az—ag)? =~ (ar+az)?+(az+ay)? 2 \(ag—-ap)?+(az—a)?  (az+ay)?+(az+ay)?/)’
X2 = b3 ( aj—ap ajt+ap ) b4( aj—ap ajt+ap )
37 2 \(@-ap?+(as-as? ' (ar+az)?+(az+ag)? 2 \(a;—a)?+(az—ag)?  (ag+ap)?+(az+ay)?
ﬁ( as—ay az+ay ) 2( az—ay _ az+ay )
2 \(ag—ap)?+(az—ay)?  (ag+ax)’+(az+ay)? 2 \(a;—a)?+(az—ag)?  (ag+ap)’+(az+ay)?/)’
X, = b4( a;—ay aj+ay ) b3 ( a;—ay aj+a) )
4+ 72 \(@-a)?+(as-as? | (ar+as)?+(az+ag)? 2 \(a;—a’+(az—ag)?  (ag+ap)?+(az+ay)?
2( asz—ay az+ay ) ﬂ( as—ay _ as+ay )
2 \(a;—a)?+(az—ag)? = (ag+a)?+(az+ay)? 2 \(a1—a)?+(az—ag)?  (ag+ax)’+(az+ay)?

We received the analog of formulas of Kramer for system
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ar;x; + ax; — azx; — auxy = by
ax; + a;x; — azx3 — azxy = b,
asXx + asx, + a;Xs + ArXy = b3’
a;xq + asx, + ar X3 + ajxy = b4

(50)

which is equivalent to the four-dimensional equation ax = b in isotropic space M,.
Similar formulas can be obtained also for other four-dimensional spaces.
Let's assume now that a is a degenerate number. Then if b = (0,0,0,0), then, according to the theorem
2, considered linear equation have infinitely many solutions, namely if a is a degenerate number of
type I, then the solutions of the equation are all degenerate numbers of type I, if a is a degenerate
number of type I, then the solutions of the equation are all degenerate numbers of type II.
Let's assume now that a2 and b be degenerate numbers, and b # (0,0,0,0). Then if a and b are
degenerate numbers of different types, then according to the same theorem 2, considered equation
has no solution. If a and b are degenerate numbers of the same type, then the equation has infinitely
many solutions. Indeed, according to the theorem 7 we have
wi(@p;(x) = u(b),i = 1,2,34.

Suppose that a and b are degenerate numbers of the first type, that is a = (¢;,¢1,¢5,¢;), b=
(d;,d;1,dy,dy). Then u(a) = (0,0,2¢; + 2¢5i,2¢c; — 2¢,1), u(b) = (0,0,2d; + 2d,i,2d; — 2d,i), butu(x) =
(cp = 2 + (x5 — x0)i, %7 — x5 — (3 — x)i, %7 + %, + (x3 + %0, x; + x, — (x3 + x,)i). Substituting these
expressions in the last equations, we have

{(C1 + ) (% + 20 + (x5 + x)i) = dq + dyi

(c1 = D) (xg + 25 = (x5 + x0)0) = dy — dyi’

This system has infinitely many solutions

cidi+crdy cidy—crdq
X1+ x =555 x3+x,="——5—
1 2 ci+e 3 4 ci+c3
. . . . . . crdi+cody
Respectively, solutions of linear equation are four-dimensional numbers| x;, —x; + a0 X3 X +
17%2
cidy—crd
%), for any real x; and x,.
Cl +C2

Similar calculations can be carried out in case when a and b are degenerate numbers of the second
type too.

Thus, in four-dimensional spaces, linear equation ax = b may have no solution, unique solution, or,
infinite set of solutions. We showed this fact on the example of isotropic spaceM,. Check in other
isotropic and anisotropic spaces does not cause difficulties.

2

Let's consider the quadratic equation x = awhere a = (a;,a, a3, a,) is a given four-dimensional

number. As the example we will consider this equation in isotropic spaceM,. In this case this equation

can be rewritten by the definition of multiplication (6) in space M, in the following form:

X7+ x3 —x3—x?=q

2x1x2 — 2X3X4 =
2x1x3 + ZX2.X'4 = das
ZXIX4 + ZXZX3 ay

(51)

For the solution of this equation we will use the spectra approach. Let's assume at first thata is a
nondegenerate number. According to the theorem 7, y;(x?) = ur(x) = pi(a),i =1,.2,34. By definition

of the spectrum in space M,
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(x; — 2 + (x5 — x)0)? = a; — a; + (a3 — ay)i
(g — %y — (x5 — x0)i)? = a; — a, — (a3 — ay)i
(x1 + Xy + (X3 + x4)i)2 =a; + a + (a3 + a4)i,
(1 + x5 — (3 + %)) = a; + a; — (a; + a,)i

or

(X1 = 2507 = (3 = x4)* + 2(x; — %) (3 — X4)i = a7 — ap + (a3 — a)i
(X1 = %)? = (o3 = x4)* = 2(x1 — %) (X3 — x)i = a; — @, — (a3 — ay)i
(1 +2)7 — (3 + x)° + 2(x; + ) (x5 + x)i = a; + a, + (az + a)i’
(1 + x)? = (o3 + x4)° = 2(x1 + %) (X3 + x)i = a; + a, — (a3 + ay)i

From here, equating the real and imaginary parts, we have

(g =2) = (5 —x)" =a; —a
2(x; —x2)(x3 — x4) = a3 — ay
g+ ) = (g +x)’ =a;+a,
2(x1 +x)(x3+x4) =az +ay

(52)

This system has the following four solutions (if all composed the formulas given below make sense):

(b+ + b_ by b_ aztay az—ay az+ay a3—a4) ( by + b_ by b_ az+ay az—ay az+ay
N2 2N2'2NZ N2’ 22by  2N2b-’2V2by  2N2b_ ’ N2 2N2' N2 2N2' 2N2Zby  2V2b.’  2\2by
a3—a4) (b+ b_ by b_ aztay az—ay aztay a3—a4) ( b+ b_ by + b_ as+ay
242b_ ’ V2 22’22 T 2N2'2N2by  2V2b_’2V2by  2N2b_ ! W2 2T 22 N2 22by

as—ay az+ay a3—a4)

Wab_' 2aby | 2V2b_ ‘ where b, = \/al +ap+4/(a; +a)? + (a3 +a)? b_ =

\/01 —ay++/(a; — a)? + (a3 — ap)’.

The obtained solutions are the square root from four-dimensional number a. In particular, in space
M, solutions of the equation x? =J; = (1,0,0,0) are four four-dimensional numbers (1,0,0,0), (0,1,0,0),
(-1,0,0,0) and (0,-1,0,0). And solutions of the equation x> =J; = (0,0,1,0) are the following numbers:
1 1 1 1 1 1 1 1
(5,0.5.0),(—5,0,—5,0),(0,5,0,5),(0,—75,0,—3) . If a=]J,, then the second terms of

formulas for x; and x; are undefined. In this case solving the system (52) for this case we will

receive the following solutions: (1 1 —1) (1 L1 1) (—1 -1l —1) (—1 11 1)
& 2’2720 2/ \2’2r 272) 27 2727 2) 27 27 272)

Thus, system of type (51) have four roots.

Let's assume now that a = (a;,a;, a3, a;) is nonzero degenerate number of the first type. Then system
(52) will take the form

(1= %) = (3= x,)* =0
2(x; = x)(x3 —x4) = 0

. 53
(g 4+ %)% = (03 + x9)* = 204 3)
2(x1 + XZ)(.X'3 + X4) = 2a3
System (53) have the following two solutions: %(b+,b+,§—i,z—i) and —%(b+,b+,§—i,;—i), where b, =

a; + ’a% + a. Similarly, if a = (a;, —a;, a3, —a3) is nonzero degenerate number of the second type,
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then the quadratic equation x? = a has the following two solutions: %(b+,—b+,Z—3,—ﬂ) and
+

by
I _B 4
z( by by, by’ b+)'
That is, if a is degenerate number, then the considered quadratic equation has two solutions which
are also degenerate numbers of the same type.
And at last, if 2=(0,0,0,0), then the considered equation has the only zero solution. Thus, we found all
solutions of the equation x? = a in isotropic spaceM,. In other spaces everything is similar.
Moreover, in the four-dimensional space any quadratic equation ax? + bx + ¢ = 0 has four roots

which are defined by the formula

Y = —b+\/b2—4ac, (54)

2a

if a is nondegenerate number what will easily make sure of, having substituted this expression in the
equation. Thus, we can draw the following conclusion: if aand b? — 4ac are nondegenerate numbers,
then the quadratic equation ax? + bx + ¢ = 0 has 4 roots if a is nondegenerate number, and b’ — 4ac
is the degenerate number, the quadratic equation has two roots and ifb? — 4ac = 0, the quadratic
equation has one root. Solutions of an equation are expressed by formula (54).

Let's assume now that a is degenerate number. Then we will consider various options of numbers b
and c. If b is degenerate number of this kind, as a4, and ¢ is degenerate number of other type, then
the equation has no solution. Indeed, then according to the theorem 2 ax? + bxis degenerate number
of the same type, as a4, and c is degenerate number of other type. Let's give various options of

coefficients of the equation at which the quadratic equation has no solution, in table 7.

Table 7. Options of coefficients of a, b, c.

No | a coefficient b coefficient ¢ coefficient Solution

1 | Degenerate number of | Degenerate number of | Nondegenerate number | There is no

the first type the first type solution

2 | Degenerate number of | Degenerate number of | Degenerate number of | There is no

the first type the first type the second type solution

3 | Degenerate number of | Degenerate number of | Degenerate number of | There is no

the first type the second type the first type solution

4 | Degenerate number of | Degenerate number of | Degenerate number of | There is no

the first type the second type the second type solution

5 | Degenerate number of | Degenerate number of | Degenerate number of | There is no

the second type the first type the first type solution

6 | Degenerate number of | Degenerate number of | Degenerate number of | There is no

the second type the first type the second type solution

7 | Degenerate number of | degenerate number of | Nondegenerate number | There is no

the second type the second type solution

8 | Degenerate number of | Degenerate number of | Degenerate number of | There is no

the second type the second type the first type solution
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In other cases when the coefficient of a is degenerate number, the quadratic equation has two
solutions. Let's consider, for example the case when a = (ay, a;, a;, a;) is degenerate number of the
first type, b = (by, by, b3, by) is nondegenerate number, ¢ = (c;, —cy, c3, —¢3) is degenerate number of
the second type, in isotropic spaceM,. Having passed to the spectrum, we have

wi(@)pg () + (D) (x) + i (c) = 0,i = 1,2,34.
This system will be transformed to the following form:
(b; — by)(x; — x3) — (b3 — by) (x3 — x4) + 2¢;, = 0
(b3 — by)(x; — x3) + (by — b)) (x3 — x4) + 2¢c; = 0
2a;[(x; + x)? — (x5 + x4)%] — 4az(x; + ) (x5 + x,) +
+(b; + b)) (x1 + x3) — (b3 + by) (x5 + x4) = 0 )
2a3[(x; + x)? — (x5 + x)%] + 4a; (g + ) (x5 + %) +
+(b3 + by) (x1 + x3) + (b + b)) (x5 + x4) = 0
Let's introduce the following denotes:
V1 =X1—X
V2 = X3 — Xy
Y3 =x7+ x5
Ve =x3+ x4

Then the system (55) will be rewritten as
(b; — by)y; — (b3 — by)y, +2¢; =0
(b3 — by)y1 + (by — b))y, +2c5 =0
2a; [3’32 - J’f] —4azys;ys + (b + by)y; — (bs + by)y, = 0. (56)
2a;|y3 — yi] + 4a1y5y5 + (b3 + b)y; + (by + b))y, =0

From the first two equations we find

y, = __2¢1(b1—bp)+2c3(b3—by)
I (b1=b2)?+(b3~bg)? ’

_ 2c1(b3—by)—2¢3(b1~b2)
2 (b1—b2)2+(b3—bg)? *

Multiply the third equation by a3, the fourth equation by a; and subtract the third equation from
the fourth:

4(af + a3)ysys + lag(bs + by) — as(by + by)]ys + [ag (by + by) + as(bs + b)lys = 0.

Further we multiply the third equation by a;, the fourth equation by a; and add these equations:
2(af +a3)(y3 = yi) + [az(by + by) + az(bs + b)lys — [as(bs + by) — as(by + by, = 0.

Now we divide both parts of the last equations by 2(a? + a?):

[ai(b3+bg)—az(by+by)] [a;(by+by)+az(b3+by)]

DYt T ) et ey 20
y32 _ J’f + [az(b1+zlzi)%:tj13§()bs+b4)] L — [a1(b3+zlzi)%—+123§()171+b2)] L= 0.
Let's introduce new variables
=y + [a1(bzzlzi);¢:13§()bs+b4)]l
7=y + [a1 (b3 +b4)—a3 (b1 +b)]

4(af+a3)

Then the last equations in new variables will take the form
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(a%—a%)(b1+b2)(b3+b4)—a1a3[(b1+b2)2—(b3+b4)2]
Z3Z4 = 2 7
16(a?+a3)
2 2 (a%—a%)[(ln+b2)2—(b3+b4)2]+4a1a3(b1+b2)(b3+b4)
Z3 - Z4 = 5 .
16(a%+a§)
This system has two solutions
7. = [a;(b1+by)+az(b3+by)]
PTET e
_ 4 lag(b3+by)—a3(b;+by)]
) R
From where
_ _ [ _ lai(b1+by)+az(bs+by)] _ [a;(b3+by)—az(bi+by)]
(y3’ y4) - (0’0)/ (y3'y4) - ( 2(a%+a§) ) 2(a%+a§) )
Respectively,
(x1, %2, X3, %4) = (—dy, dy,d3, —dy), (X1,%,%3,%4) = (—dy — dy,dy — dy,d3 — dy, —d3 — dy),
where d; = c1(by—b3)+c3(b3—by) d, = [ai(b1+by)+az(bz+by)] ds = ¢1(b3—bg)—c3(b1—b3) dy =

(by=by)>+(b3=bg? ’ 4(al+al) ’ 37 T(by-b?4b3-by?

[a;(b3+byg)—az(by+by)]
4(aj+a3) '

Thus we found two solutions of the quadratic equation in case when a is degenerate number of the

first type, b is nondegenerate number, ¢ is degenerate number of the second type, in isotropic

spaceM,. Other cases are investigated the same way.

Let's notice that in isotropic space M, the four-dimensional quadratic equation in components of

four-dimensional number x = (x7, X,, X3, %) is written as

ar(xF 4+ x3 — x3 — x2) + 2a, (35 — x3%) — 2a3(x1x3 + 2%,%4) — 2a,(x;%4 + x,%3) +
+b1X1 + beZ - b3X3 - b4X4 +c; = 0

ay(xF 4+ x3 — x3 — x2) + 2a; (35 — x3%) — 2a,(x1x3 + 2%,%4) — 2a3 (%4 + x,%3) +
+b2X1 + b]XZ - b4.X'3 - b3X4 +c = 0

a3(x12 +x7 — x32 — xf) +2a,(x1% — x3%4) + 2a;(x1%3 + x,%4) + 2a, (%4 + x,%3) +
+b3X1 + b4X2 + b].X'g + bzX4 +c3 = 0

ay,(xF +x3 — x3 — x2) + 2a3 (3, — x3%x) + 2a, (13 + 2%,%4) + 2a; (%4 + x,%3) +
+b4X1 + b3X2 + bzX3 + bIX4 +cy = 0

(57)

and in one-dimensional mathematics there are no methods of solution of systems (57) type. We stated
the simple method of finding of all roots of such systems here.
Similar to (57) systems can be written also in other four-dimensional spaces (anisotropic and

isotropic) and all roots of such systems can be found.

5. Norms of Four-Dimensional Numbers

The symplectic module of four-dimensional number is not norm as the whole space of
degenerate numbers have the zero module. The possibility of determination of norm of four-
dimensional numbers turns spaces M;(a,B,v,6),i = 2,3,4,5,6,7 of four-dimensional numbers into
normed spaces that opens huge opportunities for expansion of results of one-dimensional
mathematics on the four-dimensional case. Therefore the concept of norm plays the important role
in definition of topology of four-dimensional spaces and building of the four-dimensional calculus.

In this section we will define the concept of norm and we investigate its properties.

Definition. Spectral norm of four-dimensional number x = (x, x5, x3,x,) is called the number


https://doi.org/10.20944/preprints202504.0236.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 April 2025 d0i:10.20944/preprints202504.0236.v1

27 of 31

lll = 5 U OO1 + 1121 + s+ [ (D, (58)

where (u; (%), 1 (0, u3(X), ug(x)) is the spectrum of number x.

This definition is universal in the sense that it does not depend on index of the four-dimensional
space.

Let's paint this definition for various spaces of four-dimensional numbers.

In space M,(a,f,v,68) the expression (58) is

[lx]| = %( J(ax1 - \/ﬁxz)z + (\/ﬁm - \/Wxég)z + J(ax1 + \/ﬁxz)z + (\/EJ@ + \/Wxég)z)

(59)

Similarly, the norm in space M;(a,f3,v,8) has the form

[|x]| = %( \/(axl — \/Exﬂz + (\/ﬁxz - \/Wx4)2 + \/(axl + \/ﬁxs)z + (\/ﬁxz + \/Hxéi)z)

(60)

In space My(a,pB,v,8) the norm (58) is

[lx]| = %( \/(axI - \/ﬁxﬂz + (\/ﬁxz - \/ﬁxﬂz + J(ax1 + \/ﬁxég)z + (\/ﬁxz + \/ﬁxs)z).

61
Further in spaces M;(a, 8,7,8), Ms(@ B.7.8), Ms(, B, ,5) (no)rms have the form, respectively (62),
(63) and (64):
o= J(@xi— JBr) + (7 + Box) + (ax + By + (8% - JA5x)’)
(62)
o= J(@xi— JBow) + (7 + JBra) + J(ar +Box) + (5% - JAr) )
(63)
Ixll = g( (@ = y780) + (JBoxs + ) + J(ax + 750 + (JFx; - mx4)2).
(64)

Theorem 8. The spectral norm (58) is norm in spaces M;(a,B,v,8),i =2,3,..,7.

Proof. For the proof it is necessary to prove that expression (58) satisfies the following conditions:
1) llxll =0, lIx]| = 0 if and only if when x = (0,0,0,0).
2) |la- x|l = lalllx|l for any real number a € R.

3) llx+yll <llxll + |yl for any four-dimensional numbers x and y (triangle inequality).

The first two conditions are obvious. Let's prove triangle inequality, following [6]. For this purpose

we will consider two separate inequalities:

(LM, — L,M;)? = 0,
(N;K, — N,K;)? =0,

where Ly, L,, M;, My, Ny, N,, K;, K, are arbitrary real numbers.

Expand the brackets and after algebraic transformations we receive
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2L, L,M;M, < L My? + L2 M,?
2N;N,K;K, < N;°K,” + N,?K;?

Let's add to both parts of the first inequality (L;L,)> + (M;M,)?, and the second inequality (N;N,)? +

(K;K,)?, and, taking the root, we will write

LiL, + M;M, < \/(Lf +M,H) (L, + My?)

N;N, + K;K, < J(le +K7)(N,> + K,7)

Let's double and will add to both parts of the first and second inequalities L2+ L2 + M2 + My” and
N2+ N2 + K + K respectively and take the root:

J@Ly+Ly)2 + (M; + My)? < \/Lf + M2+ \/LZZ + M,?,

VN, + N2+ (K; +K)? < \/le + K2+ \/NZZ + K%,

therefore

1 1
SV L1+ L)+ (M + M2 + 5 (N + N+ (K, + )2 <

%\/le + M, +§\/N12 + K, +§\/L22 + M, +§\/Nz2 + K, (65)

Now depending on that in what space we work, we will enter the corresponding changes of variables,
for example, for space M,(a,B,v,8) we will enter the following changes of variables:
Ly =ax;— \/ﬁxz'llz =ayr — \/ﬁh,
M; = \/Exs - \/Ex@ M, = \/ﬁ}% - \/W}’zp
Ny = ax; +\[y6x,, N, = ay; +[ydy,,

K, = \/Exs + \/E’%I(z = \/E}B + \/ﬁ)’@

Then inequality (65) turns into inequality ||x + y|| < ||x]| + [|y]l.
Definition. Euclidean norm of four-dimensional number x = (xy, x5, x3,x4) inspace M;(a,B,v,6),i =
2,3,...,7 is called the number

Il = a2 + y83 + B8] + B, (66)
Let's notice that there are following relations between spectral and Euclidean norms.
M;(a, B, v, 6):
1t =3 Ul = 278, + x4 Wl + 2478 + x| 67)
M;(a, B, v, 6):

1t =3 Ul = 2B nrs + pxax + Wl + 2Bz + peon ). 69)

M4(ar ﬁ' Y, 5)
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x|l = ;( \/ llxl1% — 2/ By (@x;xq + 8xy%3) + J xl12 + 2By (ax;x, + 5x2x3)>. (69)
Ms(a, B,v, 6):
llxll = ;( J 12 — 2/ By (ax;x, — 8x,%5) + J llx 1 + 2/ By (ax;x, — 6x2x3)>. (70)
Mg (a, B,v, 6):
It =3 Ul = 2B x4 Wl + 2Banzs = peoxo ). 1)

M7((X, ﬁt Y, 6)

Il = §( Il =278 = pxax) + Il + 248, = ) ) 72)

Theorem 9. Spectral and Euclidean norms are equivalent in spaces M;(a,,v,6),i = 2,3,...,7, namely
1
7 Ixlle < llxll < llxllg. (73)

Proof. Let's carry out following [6]. Consider inequality
0<VIZ-M? <1,
where 0 < |M| < L. Let's add to both parts of inequality L and multiply all parts of inequality by 2:
2LSL+AM+2V2 M2 +L—M < 4L

From here after simple transformations we get

VL <I(VI+M+VI—M) < VL.

Out of these inequalities and out of equalities (67) — (72) it is easily brought (73) for all spaces
M(a,B,v,8),i =23,..,7.
Let's denote by N; the set of all points of the four-dimensional space for which ||x|| = [[x|[g.
It follows from relations (67) — (72) that in spaces M;(a,8,v,6),i = 2,3,...,7 the coordinates of points
from the set N, satisfy to the following relations:
In My(a,B,y,8): axix, + Bxsxy = 0.
In M3(a,B,y,6): axixz +yxx, = 0.
In My(a,B,y,06): axixy + 8x,x3 = 0.
In M;(a,B,y,8): axix, — 6x,x3 = 0.
In Mg(a,B,y,6): axixz —yx,x4 = 0.
In M;(a,B,y,8): axix, — Bxzxy = 0.
Theorem 10. In spaces M;(a,B,v,6),i = 2,3,...,7 the set N, is closed with respect to multiplication
and the following equalities hold:
1) Forany x,y € Ny, llxyll = llxllllyll, llxylle = llxllgllylle.

1

2) Forany x,y € O lixll = Zlixllg, llxyll = 2lxlllyll, llxylly = V2llxligllyllg-
1

3) Forany x,y € Oy, llxll = Hlixlle, llxyll = 2llxllyll, llxylle = V2IIxllgllyle-

Proof. We will carry out the proof for space M,(a,B,y,d), for other spaces it is proved the same way.

Let x,y €Ny, and z=xy . Then az;z, + fz3z, = (ax;x; + fx3x,)(a’yi + ySy? + BSy: + Byyi) +
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(ay1y, + By3y4)(a2x12 +y8x2 + B6x3 + Byxf) = 0, that is z € N,. It means that in space M,(a,B,v,6)
the set N is closed with respect to multiplication.

Let's prove equality ||xy|| = l|lx||l|lyll. Represent ||xy|| in the form

llxyll = 2 (VAZ+ B2 + VCZ + D?),

where A = (ax; —y8x,)(ay; = y8y,) = (VBSx; = \[Byxs) (VBEYs — Brys),
B = (VBSx; = \/Brxs)(ay: —\[y8y,) + (ax; = \Jy6x:) (VBSys — /Byys),
C = (ax; +v8x:)(ay: +/v8y,) = (VBSxs + Byxs) (BEYs + By ys),
D = (YBSxs + Byxg)(ays +/v8y) + (axs + y8x:) (VBEYs + By ys)-
Then removing the brackets and considering that x,y € N, we have VAZ + B2 = ||x|lgllyll; and
VCZ + D? = ||x||gllyllz. Then, it follows from definition of the set N, that ||lxy|l = |||yl
Equality [lxyllz = llxllzllyllz follows from the proved equality.

Now prove equality |lx|| =%||x||E for degenerate numbers of the first type. Let x =

a

(Cl,\/%cl,cz, %cz) and y = (d1:Jy—5d1'dz,\/§dz) are degenerate numbers of the first type. Then
x|l = [a?c? +p8c; , lxllg =Vv2 |a?c? +BSc; . Similarly |yl = ’azd% +p8d3 , |yllg =

5 S5 )
V2 /a2d§ +BSd2 . xy = <2ac1d1 - 2%c2d2,J%(zac1d1 - Z%CZdz),Zacldz + Zaczdl,\/;(Zacldz +

2ac, d1)>. Respectively,

llxyll = 2\/a4612d§ + a2B8cids + a2pScid? + B252cids = 2||x|llyll,

llxyllg = 2\/§Ja4c12d'12 + a?B8cid; + a2BScid? + B282c3d3 = V2||xllglly g

For degenerate numbers of the second type the approval of the theorem is proved similarly.
Thus, in the subspace N, the spectral norm accepts the greatest values coinciding with Euclidean

norm, and in the subspace of degenerate numbers its value is less than values of Euclidean norm.

6. Discussions

In this work various anisotropic, including isotropic, spaces of four-dimensional numbers with
associative and commutative multiplication are constructed. At the same time, in these spaces
according to Frobenius [2] theorem, there are so-called "zero divisors". But good news is that the
general form of zero divisors is described explicitly that allows "to fight" against them effectively.

In the article the algebra in four-dimensional numerical spaces is described and important feature of
the constructed algebras is that they are natural generalization one-dimensional and two-
dimensional (complex) algebras that favourably distinguishes them from the theory of quaternions.
The given common solutions of linear and quadratic equations allowed to solve explicitly the system
of four square equations with four unknown. It is shown that such system has generally four roots.
Generally, the modern mathematics has no effective methods of solution of such systems.

And the most important, spectral and Euclidean norms are introduced that turns four-dimensional

spaces into normed spaces. Further it is possible to define and investigate convergence of the
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sequences of four-dimensional numbers and to consider series of four-dimensional numbers. It is
possible to enter various topology and to define functions of four-dimensional numbers.

The authors would like to express their sincere gratitude for the financial support provided by the
Fundamental Research Grant from the Ministry of Science and Higher Education of the Republic of
Kazakhstan (Grant Number: BR20280990).
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