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Abstract: The goal of this study was to quantify the sensitivity of the radial spring rate of a basketball,
and the damping ratios of the first two modes of vibration of the basketball interacting with a Gared
rim, to the change of inflation pressure. The chosen method of empirical modal analysis was impulse-
response, where taps of an impact hammer provided the excitation and an accelerometer measured
the response. The ANSYS 2025R1 Workbench modal analysis system was used to compliment the
empirical modal analysis, by providing additional insight regarding the first two modes of vibration
of the basketball-rim system. Our hypothesis was that the radial spring rate of the basketball would
have a high positive correlation, and the damping ratios of the first two modes of vibration of the
basketball and rim would have a high negative correlation, with respect to basketball inflation
pressure. This study introduced studying the rotation of the modal eigenvectors with respect to the
change of inflation pressure to better understand the physics of basketball-rim vibrations.

Keywords: modal analysis; finite element analysis; basketball; rim; eigenvector rotation; radial spring
rate; modal damping ratios; correlation

1. Introduction

This study was inspired by the works of Okubo [1-6], and interactions with co-author Mont
Hubbard, who analyzed the dynamics of basketball-rim interactions by using nonlinear ordinary
differential equations to describe three components of ball angular velocity and contact point position
on the toroidal rim. The rim and backboard were assumed to be rigid in this study. High speed video
(500-1000 Hz) was used to capture actual basketball bounce tests to assess the radial spring rate and
damping of a basketball. The inflation pressure P=8 psi was kept constant, whereas we varied the
inflation pressure to see what sensitivity it had on the radial spring rate and damping ratio. We
assumed that the rim was elastic, not rigid, and we applied impulse-response modal analysis rather
than employ drop tests.

Other studies proved very useful. The impact studies of Tanaka, et-al., [7], Matsuda, et-al., [8],
Takizawa, et-al., [9], and Yin, et-al.,, [10]. Tanaka used finite element analysis to model carbon-fibre
reinforced golf clubs, specifically to study the effect torsional shaft stiffness had on golf ball impact.
Matsuda used finite element analysis simulated the deformation of the string bed in a tennis racket
due to a tennis ball. Via nonlinear finite element analysis, Takizawa concluded that the nonlinear
mechanical properties of the polymer strings of the badminton racket made the calculated sweet-spot
of the string planes smaller. Yin employed the finite element method to evaluate the von Mises stress
distribution in the string-bed of a badminton racket upon the impact of the hemispherically-shaped
nose of a shuttlecock. Nonuniform string tension, nonlinear friction between strings, and different
impact locations were included in Yin’s study.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Javorksi, et-al.,, [11] first characterized the dynamic behavior of a ceiling-mounted basketball
goal using an impact hammer and a fixed-location accelerometer, and then compared that empirical
analysis to a theoretical finite element analysis. Empirical vibration measurements were taken at
fourteen nodes, ten of which were on the frame supporting the basketball rim and backboard. Only
four nodes were measured on the backboard, at the corners of the backboard, and none on the rim
itself. Overall, 36 frequency response functions were measured, and this study concentrated mostly
on structural vibrations between 2 and 10 Hz. Thus, this important study was focused more on the
structural support of the backboard and rim rather than the elastic vibrations of the backboard and
rim themselves.

The plate vibration studies by Nkounhawa, et-al., [12], Guguloth, et-al., [13], Irving [14],
Dumond, et-al., [15], Andeli¢, et-al., [16], and Geveci, et-al., [17] were all very helpful. Covill, et-al.,
[18] structural study gave additional insight.

2. Modal Analysis of Gared Rim in Isolation

The first analysis is that of one Gared rim in isolation [19]. Figure 1 shows the dimensions of this
Gared Rim [19-20] and how it was mounted to a steel channel in lab D-18, Mahan Hall, at the United
States Military Academy at West Point. A Bruel & Kjeer 4393 Accelerometer [21] was mounted to
outer end of the rim with beeswax. When used, pertubation mass Mp was also hung from the outer
end of the rim.

15.00
[381.0]
©0.625 [15.9]
/ STEEL ROD
A
® Y
X ~——Briiel & Kjeer 4393
Accelerometer
®
218.00
- [535204] - (@457.2]

Figure 1. Dimensions of Gared rim and mounting onto a steel channel.

Figure 2 shows both a lumped spring-mass model and an finite-element model of the flexure of
the Gared rim. The flexure displacement of the finite-element model is color coded, where the color
red denotes maximum flexure displacement, followed by orange, yellow, green, cyan, to blue. Blue
denoted minimum flexure displacement. This flexure of the Gared rim was modeled with the ANSYS
2025R1 [22] Workbench modal analysis system, using 1827 TET10 elements. The TET10 element is a
parabolic, three-dimensional, tetrahedral element with ten nodes, comprising four corner nodes and
six mid-side notes. Build-tree steps 1-22 described in Winarski, et-al., [23], were used to model the
Gared rim.
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Figure 2. Spring-Mass and Finite-Element models of the flexure of one Gared rim.

Table 1 lists the empirical modal measurements of frequency and damping ratio for this Gared
breakaway rim, first with no perturbation mass, then with the perturbation mass Mp. The damped
frequency wd and damping ratio C in Table 1 were measured using the same Briiel & Kjeer (B&K) 2034
signal analyzer, B&K 4393 accelerometer [21], B&K 8202 impact hammer [24], B&K 8200 force
transducer, B&K 2644 line-driver charge-amplifiers [25], and Structural Measurements System (SMS)
StarStruc software as used on the basketball rim and backboard, Winarski, et-al., [26]. The B&K 8202
impact hammer (excitation) was used to gently tap the rim, and the B&K 4393 accelerometer sensed
the subsequent response. The outputs of the Briiel & Kjeer (B&K) 2034 signal analyzer were Frequency
Response Functions (*.FRF) which were Bode plots of amplitude versus frequency and phase angle
versus frequency. Structural Measurements System (SMS) StarStruc software performed the
calculation of frequency and damping ratios.

Table 1. Empirical modal measurements of one Gared rim in isolation.

Pertubation Mass Mp Flexural Frequency w4 Damping Ratio
0 kg (none) 40.25 Hz 0.19327%
0.5 kg 31.55 Hz 0.16007%

Table 2 lists the dynamic mass M1, damping CI1, and spring rate KI calculated via these
equations. First of all, the damping ratios in Table 1 were so low that the natural frequency w of the

spring-mass model was assumed to be equal to the damped natural frequency wa.
wd
w = ~ wd

T e

The first equation is for the natural frequency w of the spring-mass system in Figure 2 without a

perturbation mass. The second equation is for the perturbed natural frequency wp spring-mass
system augmented with a known perturbation mass, Mp.

w =40.25Hz = \/K1/M1
wp =31.55Hz = \/K1/(M1+ Mp)

The following ratio was created from the above two equations, where spring-rate K1 was
eliminated. Table 1 lists the natural frequency w = 40.25Hz without a perturbation mass, followed by
the perturbed natural frequency wp = 31.55Hz caused by the perturbation mass Mp =0.5kg. Solving
for the dynamic mass of the rim gave, M1 = 0.797kg, as shown in Table 2.

Swp = *02%/31 55 = M1+ 05)/M1

The value of the dynamic mass of the rim, M1, allowed calculation of K1 = M1x(27mtw)? = 50,960
N/m, as shown in Table 2. The critical damping was calculated as Cc = 2VK1 x M1 =403 Ns/m. This
gave a value of damping C1=(xCc=0.0019327x403 = 0.779 Ns/m, as shown in Table 2.
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Table 2. Dynamic Mass, Damping, and Spring Rate of one Gared rim in isolation.

Dynamic Mass M1 Damping C1 Spring Rate K1
0.797 kg 0.779 Ns/m 50,960 N/m

The ratio wiwp = 40.25/31.55 = 1.276 was calculated from the empirical modal analysis, Table 1.
The same ratio w/wp of 1.276 was obtained from ANSYS finite element modeling. A point mass of
0.5kg was used to model the perturbation mass Mp = 0.5kg in ANSYS.

Figure 3. Point Mass of 0.5kg used to model the perturbation mass Mp in ANSYS.

After the completion of the quantification of the Gared rim, an A12N basketball was included.

3. Gared Rim and A12N Basketball

This section first determined the dynamic mass M2 of an A12N basketball and its radial spring
rate K2 as a function of internal air pressure P. Then the sensitivity of the radial spring rate K2 of the
basketball versus air pressure investigated. Finally, the damping ratios C of the first and second
modes of the combined A12N basketball and rim versus internal pressure P were calculated.

Table 3 lists the empirical modal measurements of the first two modes of vibration of the
combined Gared rim, previously quantified in Table 2, and an A12N basketball. The same empirical
modal analysis methods used to study the Gared rim in isolation were used to study the Gared rim
and A12N basketball in combination. The A12N basketball was inflated to two air pressures, 68.94kPa
and 34.47kPa. Two added masses Ma atop the basketball were used to engage the A12N basketball
with the rim. These were 0.4kg and 0.8kg, each with an added 65.8g mass to account for a light
stabilizing beam which exerted just enough force to hold the A12N basketball in place.

Table 3. Empirical measurements of first two modes of Gared rim and A12N basketball.

A12N Ball Added Mode-1 w4 Mode-1( Mode-2 wad Mode-2 (
Pressure Mass Ma Frequency = Damping Ratio Frequency Damping Ratio
68.94 kPa 0.4658 kg 18.88 Hz 2.72% 49.65 Hz 1.48%
34.47 kPa 0.4658 kg 17.73 Hz 4.07% 47.63 Hz 2.29%
68.94 kPa 0.8658 kg 16.43 Hz 2.25% 49.21 Hz 1.52%
34.47 kPa 0.8658 kg 15.07 Hz 3.58% 47.34 Hz 1.84%

Using the lumped-parameter model shown in Figure 4, the mass matrix [M] for this two degree-
of-freedom analysis was given as:
Mass Matrix = [M] = [Ml 0 ]
0 M2+ Ma
The symmetric spring matrix [K] was given as:
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Figure 4. Lumped-Parameter and ANSYS models of Rim-Ball Interaction.

To evaluate the eigenvalues A of this two degree-of-freedom system, the determinant of

[M]7*[K] — A[I] was set to zero to produce a quadratic characteristic equation with two solutions.
K1+ K2 1 K2

M1 M1
K2 K2

“Mz+Ma Mz+Ma
The following two equations were derived from the above determinant. In these equations, 41

det =0

was associated with mode 1, and A2 was associated with mode 2, in Table 3.

241 K1+ K2 K2
A= + Ma
4xK1xK2

(A2 — A1)% = (12 4+ A1)? —

M1x (M2 + Ma)
These two equations can be combined to eliminate (M2+Ma), thus giving one equation and one
unknown, namely the radial spring rate of the A12N basketball, K2.

12 — A1)% = (A2 + A1)? 4XK1><[,12+,11 K1+ K2
(2217 = 2 + 21— T x [z 4 an - T
_ _ 2 _ _ 27| —
K2 = M1x (A2 + A1) = 7 [(A2 + A1)? — (32 — A1) ]] K1
M1 X A1 X A2
K2=M1><[(/12+/11)—T]—

Once the radial spring rate of the basketball, K2, was identified, the equation for the dynamic

mass of the basketball M2 was given as:
K2

(2 + 1) - KLEK2

Table 4 lists the calculated dynamic mass M2 and dynamic spring rate K2 of the A12N basketball.
The 22 ounce (0.62kg) specified dead-weight mass of the men’s NCAA size-7 basketball [18] was
surprisingly close to its slightly smaller dynamic mass M2~0.5kg. The circumference of the basketball
was specified at 29.5 inches (749mm).

M2 = Ma
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Table 4. Empirical Mode Frequencies and Eigenvalues, Ball Mass and Spring Rate.

A12N Ball Added Mode-1 Mode-2 Mode-1 11 Mode-2 A2 Ball Mass Ball Spring
Pressure Mass Ma Frequency Frequency Eigenvalue Eigenvalue M2 Rate K2
68.94kPa 04658kg 18.88Hz 49.65Hz  14072.2s? 97319.0s2? 0.503kg 20,748 N/m
34.47kPa 0.4658kg 17.73Hz 47.63Hz  12410.1s? 89561.3s2? 0.481kg 16,457 N/m
68.94kPa 0.8658kg 1643Hz 4921Hz  10657.0s? 95601.7s2 0.454kg 21,029 N/m
34.47kPa 0.8658kg 15.07Hz 47.34Hz 8965.73s? 88474.0s? 0.489kg 16,812 N/m

The eigenvectors {£} associated with the first two modes of vibration were very interesting and
were derived using the following maxtrix equation. To compare these eigenvectors with Figure 4, the
parameters in Tables 3 and 4 were used.

[(Kl +K2)/M1 — A —K2/M1 ]{E} o
—K2/(M2 +Ma) K2/(M2+ Ma) — A

Using the first row of Table 4, where the ball pressure was 68.94 kPa and the added mass was
0.4658kg, the eigenvalue calculated for the first mode was A1 =14072.2 radians?/second2. With K1,
M1, K2, and M2 defined in Tables 3 and 4, the matrix equation for the first orthonormal eigenvector
{€1} became:

[ 75900.2 —26032.6 0.2641}.

21416.2  7344.0 0.9459
Thus, the calculated orthonormal eigenvector {E1} for mode-1 showed the motion of the rim and

] {€1} = 0, the solution of which was {§1} = {

A12N basketball to be in-phase, exactly as shown in Figure 4, with both eigenvector arrows both
pointing down in that figure for mode-1. This eigenvector {1} for mode-1 also indicated that there is
more motion associated with the A12N basketball than the Gared rim, which was also the case for
the ANSYS finite element model.

The ANSYS finite element model for the basketball in Figure 4 was created with via a primitive
thin-shell sphere, which used 6955 TET10 elements. This was the same type of element used to model
the rim, Figure 2. This gave 8782 TET10 elements overall, 1827 for the rim and 6955 basketball, as
shown in Table 5.

Table 5. Elements and Nodes used in ANSYS Finite Element Analysis.

Component TET10 Elements Nodes Corner Nodes Mid Nodes
Gared Rim 1827 3861 685 3176
A12N Basketball 6955 14053 2374 11679
Total 8782 17914 3059 14855

The eigenvalue calculated for the second mode was A2 = 97319.0 radians?/second?. The matrix
equation for the second orthonormal eigenvector {£2} became:

—7346.6 —26032.6 _ . . _ 0.9624
214162 —75902.8] {€2} = 0, the solution of which {§2} = {—0.2716}'

Thus, the calculated eigenvector {£2} for mode-2 showed the motion of the rim and A12N
basketball to be 180° out of phase, exactly as shown in Figure 4. This orthonormal eigenvector {£2}
for mode-2 also indicated that there is more motion associated with the Gared rim than the A12N
basktball, which was also the case for the ANSYS finite element model.

These two orthonormal eigenvectors {£1} = {£11 E12}T and {£2} = {E21 £22)T were then checked
for orthogonality using the equation {£1}T[M]{£2}=0.

M1 21
11 E12}[ 0 M2 J(: Ma] {222} =0

The above equation gave £11xM1xE21 + E12x(M2+Ma)xE22 = 0. Inserting information from the
top row of Table 6 gave 0.2641x0.797x0.9624 — 0.9459x(0.503+0.4658)x0.2716 = 0.0, which shows that
this set of eigenvectors associated with the Gared rim, and the A12N basketball with an internal
pressure P=68.94kPa and an additional mass Ma=0.4658kg, were indeed orthogonal.
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The values of {£1} for mode-1 and {£2} for mode-2 were listed in Table 6 for both inflation
pressures P and both added masses Ma. The check for orthogonality, {£1}T[M]{£2}, was also included
in Table 6.

Table 6. Orthonormal Eigenvectors {1} for Mode-1 and {£2} for Mode-2.

A12N Ball Added Mode-1 {£1} Mode-2 {£2}

Pressure P Mass Ma Eigenvector Eigenvalue E1IMIte2}
68.94 kPa 0.4658 kg {0.2641, 0.9459)T {0.9624, -0.2716}T 0.0
34.47 kPa 0.4658 kg {0.2282, 0.9614}T {0.9722, -0.2341}T 0.0
68.94 kPa 0.8658 kg {0.2569, 0.9493)T {0.9806, -0.1961}T 0.0
34.47 kPa 0.8658 kg {0.2224, 0.9636)T {0.9869, -0.1609}T 0.0

Figure 5 depicts the rotation of the eigenvectors due to change of inflation pressure P, using the
information from the first two rows of Table 6, where the added mass Ma was 0.4658kg.

1
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Figure 5. Rotation angle O of Eigenvectors as a function of Basketball Pressure P.

Figure 5 shows a 39.3 milliradian (2.25 degrees) clockwise rotation of orthonormal eigenvectors
{E1} for Mode-1 and {&2} for Mode-2 as the inflation pressure P was increased from 34.47kPa to
68.94kPa. Figure 5 provides a visual depiction of the physics of increased inflation pressure. As
indicated in the first two rows of Table 6, as inflation pressure increases from 34.47kPa to 68.94kPa,
the magnitude of £11 increases from 0.2282 to 0.2641 while the magnitude of £12 decreases from
0.9614 to 0.9459. Simulateously, the magnitude of £21 decreases from 0.9722 to 0.9624 while the
magnitude of £22 shifts from -0.2341 to -0.2716. The net result is that the pair of orthonormal
eigenvectors {£1} for Mode-1 and {£2} for Mode-2 rotates clockwise.
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When the added mass mass Ma was 0.8658kg, the bottom two rows of Table 6, a similar 37.4
milliradian (2.14 degrees) clockwise rotation of orthonormal eigenvectors {1} for Mode-1 and {£2}
for Mode-2 was calculated, as the inflation pressure P was increased from 34.47kPa to 68.94kPa. The
series by Davis, et-al., “The Rotation of Eigenvectors by a Perturbation,” [27-29], was helpful in
understanding the perturbation-induced rotations of eigenvectors in Figure 5 and Table 6.

4. Variation of Radial Spring Rate and Damping Ratio of A12N Basketball
versus Pressure

In Table 7, the variation of the radial spring rate K2 of the A12N basketball versus internal
pressure P was calculated as AK2/AP. The statistical cross-correlation between radial spring rate K2
of the A12N basketball versus internal pressure P was calculated at 99.72%, with 100% representing
a perfect direct correlation. The =PEARSON function in Excel was used to calculate this cross-
correlation. The units of AK2/AP were N/m divided by N/m? (Pascals) which simplified to meters m.
AK2/AP>0 indicated that the higher the internal pressure P, the stiffer the basketball.

The statistical cross-correlation between the radial spring rate K2 of the A12N basketball versus
added mass Ma was calculated at 7.45%, with 0% representing no correlation at all. Thus, the added
mass Ma had no meaningful effect on the radial spring rate of the A12N basketball, as evidenced by
AK2/AP=0.124m for Ma=0.4658kg and AK2/AP=0.122m for Ma=0.8658kg.

Table 7. Variation of Basketball Radial Spring Rate K2 with respect to Ball Pressure.

Added A12N Ball Ball Spring A12N Ball Ball Spring AK2/AP
Mass Ma Pressure P Rate K2 Pressure P Rate K2
0.4658 kg 68.94 kPa 20,748 N/m 34.47 kPa 16,457 N/m 0.124 m
0.8658 kg 68.94 kPa 21,029 N/m 34.47 kPa 16,812 N/m 0.122m

In Table 8, the variation of the damping ratios C of the first and second modes of the combined
A12N basketball and Gared rim versus internal pressure P were calculated as AC/AP. The statistical
cross-correlation between damping ratios C of the first two modes of vibration of the A12N basketball
and rim versus internal pressure P was calculated at -94.14% for the first mode of vibration and a -
87.05% for the second mode of vibration, with -100% representing a perfect inverse correlation.
AC/AP<Q in all cases, indicating that the higher the internal pressure P, the lower the damping ratios
of the first two modes of vibration of the A12N basketball and Gared rim.

Table 8. Variation of Basketball-Rim Damping Ratios C with respect to Ball Pressure P.

Added A12N Ball Dampin A12N Ball Dampin
Mass Ma Mode Pressure P Ratirt)) (,g Pressure P RatiI:) Cg AC/AP
0.4658 kg 1 68.94 kPa 2.72% 34.47 kPa 4.07% -0.0392 %/kPa
0.4658 kg 2 68.94 kPa 1.48% 34.47 kPa 2.29% -0.0235 %/kPa
0.8658 kg 1 68.94 kPa 2.25% 34.47 kPa 3.58% -0.0386 %/kPa
0.8658 kg 2 68.94 kPa 1.52% 34.47 kPa 1.84% -0.0093 %/kPa

5. Conclusions

Our hypothesis was confirmed, namely that the radial spring rate K2 of the basketball would
have a high positive correlation and the damping ratios of the first two modes of vibration of the
basketball and rim would have a high negative correlation with respect to the inflation pressure P.
The statistical cross-correlation between radial spring rate of the basketball versus internal pressure
P was calculated at 99.72%, with 100% representing a perfect direct correlation. The statistical cross-
correlation between damping ratios C of the first two modes of vibration of the basketball and rim
versus internal pressure P was calculated at -94.14% for the first mode of vibration and a -87.05% for
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the second mode of vibration, with -100% representing a perfect inverse correlation. We found that
AK2/AP>0 and AC/AP<O0 in all cases, reinforcing our correlations.
We also found that the diagram of the rotation of the eigenvectors of our basketball-rim system
was very instructive in explaining the changes in the modes of vibration versus inflation pressure P.
There is a limitation to the basketball-rim modeling presented in this study. There are many
possible designs of rims which meet NCAA standards. This study only involved one basketball rim,
so this study is currently not comprehensive across the entire sport of basketball.
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Abbreviations

The following abbreviations were used in this manuscript:

[K] Spring Matrix
K1 Dynamic Spring Rate of the Gared Rim, N/m
K2 Dynamic Radial Spring Rate of the A12N Basketball, N/m
[M] Mass Matrix
M1 Dynamic Mass of the Gared Rim, kg
M2 Dynamic Mass of the A12N Basketball, kg
Ma Added Mass to top of A12N Basketball, kg
Mp Perturbation Mass added to Gared Rim, kg
P Inflation Pressure of A12N Basketball, kPa
A Eigenvalue, square of natural frequency, radians?/second?
{E1} Orthonormal Eigenvector, describing vibration directions of mode-1
{£2} Orthonormal Eigenvector, describing vibration directions of mode-2
C Damping Ratio
0 Rotation angle of Eigenvectors due to Inflation Pressure P, milliradians
(o) Natural Frequency, Hertz
wd Damped Natural Frequency, Hertz
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