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Abstract

The multimessenger bound on the speed of gravitational waves, |cr/c — 1| <1015, imposes a stringent
filter on modified gravity theories. We present the first phenomenological test of a PT-symmetric
quaternionic (PTQ) framework, where luminal tensor propagation (c7=1) is not a tuned feature but a
structural consequence of the underlying symmetries. In its weak-field limit, this framework yields
a one-parameter dictionary that links cosmology and galaxy kinematics through a single, global,
dimensionless parameter e. This single parameter leads to three key predictions: (1) it fixes the
MOND acceleration scale as ap = ecHp; (2) it attributes the diversity of galaxy rotation curves to a
predictable, geometry-only efficiency factor ¥ ~ (h/r); and (3) it unifies the cosmological parameter
Qp and the galactic parameter ay. We test these predictions using a full-likelihood analysis of the
SPARC galaxy sample. Our results show that the PTQ model statistically outperforms standard MOND
(ABIC ~ 38). We validate the geometric nature of x through a novel thickness test, finding a strong
correlation (R2 ~ 0.818) between the dynamically inferred «, disk thickness, and surface density.
Finally, we demonstrate that the theory passes a crucial cross-scale consistency test, where « reconciles
the cosmological and galactic determinations of e. The PTQ framework thus emerges as a predictive,
testable, and empirically successful theory that resolves the tension between galactic dynamics and
gravitational wave constraints.

Keywords: modified gravity; gravitational-wave speed; MOND phenomenology; galaxy rotation
curves; PT symmetry; information criteria

1. Introduction

The joint observation of GW170817 and GRB170817A established that gravitational waves travel
at the speed of light with exquisite precision, |cr/c — 1| <1071° [2]. This single measurement acts
as a formidable guillotine for a vast landscape of modified gravity theories. Concurrently, persistent
mass discrepancies in galaxies and clusters continue to motivate alternatives to cold dark matter, most
notably Modified Newtonian Dynamics (MOND) [7]. This creates a dual challenge for any viable
theory of gravity: it must (i) respect the strict luminality constraint cr=1 without fine-tuning, and (ii)
simultaneously account for the empirical regularities of disk galaxy kinematics.

A PT-symmetric quaternionic (PTQ) geometry was recently proposed to meet the first challenge
from first principles [1]. Its theoretical structure, based on a PT-scalar projection and projective
invariance, enforces a "coefficient-locking" mechanism. This mechanism, derived directly from the
imposed symmetries, guarantees that the kinetic and gradient terms for tensor perturbations are
identical, thereby fixing cr=1 structurally.

This work addresses the second challenge by developing and testing the PTQ framework’s
predictions for disk galaxies. In its late-time, weak-field limit, the theory yields a one-parameter
cosmology—galaxy dictionary governed by a single, global, dimensionless parameter, €. This leads to a
powerful and predictive structure for galactic dynamics, encapsulated in three core hypotheses that
form the roadmap of this paper:
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1.  Global Viability: The PTQ framework provides a statistically superior description of galaxy
rotation curves compared to standard MOND. This relies on the prediction that the MOND
acceleration scale is directly tied to the Hubble constant: ag = ecHj.

2. Geometric Origin of Diversity: The observed diversity in rotation curves (i.e., the scatter in the
Baryonic Tully-Fisher Relation) is not random but is governed by a predictable, geometry-only
efficiency factor, k ~ (h/r), which quantifies how a galaxy’s thickness intercepts the background
field.

3.  Cross-Scale Consistency: The single parameter ¢ provides a consistent link between the cos-
mological dark energy density, Q4 (¢) = €2/(1 + %), and galactic dynamics. The framework’s
internal consistency can be decisively tested by checking if the values of ¢ inferred from these
two vastly different scales can be reconciled by the geometric factor «.

By systematically testing these interconnected hypotheses against observational data, we will demon-
strate that the PTQ framework offers a compelling, unified, and empirically successful solution to the
dark universe problem.

2. The PTQ Framework: Principles and Low-Energy Predictions

The phenomenological success of the PT-symmetric quaternionic (PTQ) framework, which we
will demonstrate in the subsequent sections, stems from a disciplined theoretical structure governed
by two fundamental principles detailed in Ref. [1]. Here, we summarize the physical essence of these
principles and present the resulting low-energy predictions that will be tested against observational
data. Throughout this work, we adopt the project-first convention: scalar observables are formed by
applying the PT-scalar projector, denoted by Ppr{-}, *before* their evaluation (see Appendix A).

2.1. Core Principles: PT Symmetry and Projective Invariance

The foundation of the PTQ framework is a metric-affine (Palatini) geometry endowed with torsion,
where the observable sector of physics is sculpted by symmetry.

2.1.1. Scalar PT Projection.

All fundamental scalar densities in the gravitational action are first mapped to the real, PT-even
subspace via the projector Ppr{X} := (X + X*). This selection rule structurally eliminates u-odd
contributions (the imaginary branch of the quaternionic split), thereby ensuring a real action density
and a Hermitian Hamiltonian for the scalar sector. This principle removes many of the problematic
degrees of freedom that plague generic modified gravity theories.

2.1.2. Projective Invariance.

Metric-affine geometries admit projective transformations of the connection. The PTQ framework
implements this symmetry using a Stueckelberg compensator, which restricts observables to depend
only on a projectively invariant torsion trace. In the low-energy spurion posture adopted here, the
Stueckelberg field is non-dynamical, serving to eliminate the axial and traceless components of torsion
from the observable spectrum. As proven in Ref. [1], these two symmetries together enforce a coefficient-
locking identity in the quadratic action for tensor modes. This identity forces the kinetic and gradient
coefficients to be equal (K = G) without any parameter fine-tuning, which in turn guarantees that the
tensor propagation speed is exactly luminal (c = 1), consistent with the multimessenger bound.

2.2. Weak-Field, Late-Time Posture: MOND Phenomenology and the Dictionary

In the weak-field, late-time universe relevant to galaxy dynamics, the PTQ framework predicts a
direct link between cosmology and outer-disk kinematics. This connection is governed by a single,
global, dimensionless parameter &:

&2

=iy ag(e) = ecHy, vz(r) = v%ar(r) +xagr. 1)

Qn(e)
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Here, « is a derived geometric efficiency, not a free parameter. It quantifies how a finite-thickness disk
intercepts the isotropic background acceleration field set by ag. The theory predicts that x ~ (h/r)
(see Appendix B.4), providing a concrete geometric mechanism for the observed diversity of rotation
curves and the scatter in the Baryonic Tully-Fisher Relation (BTFR).

The empirical program of this paper is thus twofold: (i) to infer a single value of € from the galaxy
population and establish the framework’s global viability, and (ii) to perform a direct geometry test by
confronting the dynamically inferred efficiency, k¥, with disk-thickness measurements. We formalize
these tests in Section 3; the commands for reproducing all results are provided in Appendix D.

2.3. Minimal Cosmology Map: From Action to Qo (€)

To demonstrate that the cosmology-galaxy dictionary is a prediction rather than a postulate, we
now summarize a compact and auditable derivation of the first two entries of Eq. (1). Full details and
normalizations are provided in Appendix A and Appendix A .4.

2.3.1. The Project-First Action.

As per the project-first rule, all scalar observables are defined using the PT-scalar projector
Prr{X} = %(X + X*) applied *before* evaluation. We begin with the quaternionic split of the metric

G =g Tugil, g = diag(~1,a%%a%), @

and the dimensionless imaginary blocks, which describe the IR deformations,

géé) = g := eHpt, gi(jI) =as0j;, as:= (eHp/c)r. 3)

The Einstein—-Hilbert action is then constructed in the project-first form:

2
Sexx = 258 [ dx Por{ V= de1G} Por{R(G)). @

2.3.2. Derivation of the Effective Density.

Using the exact projected measure from Appendix A.3, we expand both PPT{ Vv —det G} and
Pprr{R(G)} to second order in the small parameters ag and «as. All #-odd terms are eliminated by the
PT-projection. The resulting PT-even scalar density is

&2

(R) Hj 4
R(g )+—+€20+0(a) , (5)

PPT{\/—detG} PPT{R(G)} = 1

where C > 0 is a geometry-independent coefficient derived from the a and a2 terms (see Appendix A
for closed forms). By identifying the constant term in Eq. (5) as an effective vacuum energy density,

M3 e2Hj
Peff = —- —2C, ©6)

2 1+¢

we can define the dark energy density parameter as
2
__ Peff € ¢

= — . 7
AT T i+e 6 @

To align with standard FRW conventions, we set the normalization constant C = 6 (see Appendix A.4
for details). This yields the final cosmology map presented in the main text:

2

QA(S) = 1"‘782’

ao(e) = ecHp . (8)
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This result is consistent with the dictionary in Eq. (1). The closure curve O, (¢) and its intersection
with the Planck band, shown in Figure A1 (Appendix A.4), are central to the cross-scale consistency
tests in Sec. 5.3.

Remark 1. The theoretical posture adopted here is conservative. It retains only the PT-even scalar branch
of the theory, respects projective invariance in all observables, and is truncated at second order in ag and os.
Higher-order terms, suppressed by O(a*), are negligible in the late-time, weak-field regime relevant to our
empirical analysis.

3. Empirical Framework

Building on the symmetry posture and low-energy predictions of Section 2, this section specifies
how those predictions are translated into testable hypotheses on galaxy rotation-curve (RC) data. We
define the models, clarify the parameter structure, and lay out the precise tests for our three core
hypotheses regarding global viability, the geometric origin of x, and cross-scale consistency.

3.1. From Asymptotic Law to a Screened Model

In the PTQ weak-field, late-time limit, the theory predicts a simple linear law for outer-disk
kinematics:
v*(r) = Vg (r) + (ecHo) 1 (r> Ry), ©)

where the acceleration scale ag = ecH) is fixed by the cosmology map derived in Section 2.3. However,
real datasets contain significant information at inner-to-intermediate radii, where effects such as finite
disk thickness, bars, warps, and phase decoherence can reduce the effective coupling to the isotropic
background. To bridge the idealized asymptotic law with realistic, full-radius data, we introduce a
minimal, physically-motivated screening function that acts as a global turn-on:

x4

S(x;q) = T ai’ where x = r/Ryand g = O(1). (10)

This yields the primary model used in our analysis, the PTQ-screen model:
0% (r) = v}, (r) + S(r/Ry;q) (ecHy) 7. (11)

By construction, S — 0asr — 0 and S — 1 for r > Rj. The global shape parameter 4 models the
transition but, crucially, does not rescale the asymptotic amplitude, which remains set solely by the
fundamental parameter ¢ and the geometry-only factor «.

3.2. Parameter Structure and Model Comparison

At a fundamental level, PTQ is a one-parameter theory, governed by the global, dimensionless
parameter . The geometric efficiency « is not a tunable parameter but a derived, physical prediction of
the theory. Table 1 summarizes the parameter structure for the main competing models in our analysis.

Table 1. Parameter structure for the primary models.

Model Fundamental Parameters (Global) Nuisance Parameters
PTQ-screen ° (Cosmo!ogy link) Per-galaxy stella'r M/L ratios (Yy)
g (screening shape) Global systematic velocity floor (0sys)

Per-galaxy stellar M/ L ratios (Yy)

MOND 4o (acceleration scale) Global systematic velocity floor (0sys)

The Test of Hypothesis 1: Global Viability

We test the global viability of PTQ-screen by performing full-likelihood fits on the entire SPARC
sample and comparing its statistical performance against a suite of benchmark models, including
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MOND, a one-parameter NFW model, and a Baryon-only model. We use the full-likelihood Bayesian
Information Criterion (BICy,;) as the primary metric for model selection, as it properly penalizes
model complexity.

3.3. Hypothesis 2 Test: Geometric Origin of x

The central galaxy-scale prediction of PTQ is that x behaves as a geometric efficiency, x ~ (h/r),
rather than an extra free parameter.

The Test

We test this prediction with a novel thickness-x-X. validation. First, we dynamically infer the
value of « for each galaxy from its rotation curve fit. We then test whether this inferred « correlates
with independently measured geometric and physical properties of the galactic disk. Specifically, we
construct the following bivariate scaling relation at a characteristic outer-disk radius R:

logh = a + blogx(R.) + clogZiot(Ry), ‘ (12)

where F is the observed vertical scale height and X is the local total surface density. Strong evidence
for Hypothesis 2 would be the discovery of a statistically significant correlation (high R?) where both b
and ¢ are non-zero, confirming that « is a physical quantity anchored in galactic structure.

3.4. Hypothesis 3 Test: Cross-Scale Consistency

The most profound claim of the PTQ framework is that the single parameter ¢ consistently links
cosmology and disk-galaxy kinematics.

The Test

We subject this claim to a joint closure test, which serves as the theory’s primary falsifiability
clause. The test proceeds in two steps:

1.  We independently determine ¢ from two scales: ecs is fixed by matching the theory’s prediction
for Q) (¢) with cosmological data (from Planck); egc is inferred from the global fit to the SPARC
galaxy sample.

2. We then test if the ratio of these two values can be reconciled by the geometric efficiency, i.e., if
K =~ €RC / €cos-

If this relationship holds within observational uncertainties—meaning the amplitude mismatch is

consistent with the measured geometry of disks ((/r))—the single-parameter picture is validated. If

not, the framework is falsified.

3.5. Scope and Falsifiability

All scalar observables in this paper adopt the project-first rule: apply the projector Ppr{-} before
forming scalars (Appendix A), ensuring the reality of observables. The IR dictionary used in the
RC analysis (Eq. (1)) is derived in Section 2.3. The falsifiability of the framework is codified in the
joint closure test of Hypothesis 3: if the cosmology-inferred €.os and the RC-inferred erc cannot be
reconciled by the geometric efficiency factor, the single-parameter unification picture is ruled out.

4. Methodology for Empirical Tests

This section details the methodology used to test the hypotheses laid out in Section 3. We
first describe the data and the full-likelihood framework for the rotation curve (RC) analysis, which
addresses Hypothesis 1 (Global Viability). We then specify the data assembly, regression model, and
model selection criteria for the thickness-x-% experiment, which is designed to test Hypothesis 2
(Geometric Origin of x).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.1. Rotation Curve Analysis: Data, Covariance, and Models
4.1.1. Dataset and Preprocessing

Our primary dataset is the SPARC compilation, which provides photometric and kinematic
data for 175 disk galaxies [9]. We utilize the per-galaxy data tables containing radii (r), line-of-sight
velocities (v}os), deprojected circular velocities (vgps), and mass-model templates (Vgisk, Ubuige, Ugas),
along with their geometric parameters and uncertainties. Standard preprocessing is applied, including
unit harmonization and the use of band-consistent stellar templates. Our baseline quality cuts are:
inclination i > 30°, fractional distance error 6D /D < 0.2, and the SPARC quality flag Qual < 2.

4.1.2. Full Per-Galaxy Covariance

To robustly account for all significant sources of uncertainty in the RC fits, we model the velocity
vector y, for each galaxy as a multivariate Gaussian with a full covariance matrix Cg. This matrix
includes contributions from measurement errors, uncertainties in distance (D) and inclination (i), and
a global systematic velocity floor (osys):

Cg = diag(arzr\eas,g) + O'I%),g ]D,g]g,g + Uiz,g ]i,g];,rg + Ugys INg' (13)

The Jacobian matrices (Jp ¢, J; o) propagate the geometric uncertainties into velocity space, ensuring a
statistically rigorous treatment of correlated errors.

4.1.3. Velocity Models and Priors

The model velocity, v2, odel (73 0), consists of the baryonic component v%__and a component arising

from the non-baryonic sector. The key difference between competing theories (e.g., PTQ vs. MOND)

lies in their prescription for this non-baryonic term. For the PTQ framework, we consider two variants:

¢ Base PTQ: The minimal, asymptotic model, v = v%ar + (ecHp)r.

¢  PTQ-screen: The primary model used in our analysis, which incorporates the universal turn-on
function S(r/Ry; q) from Eq. (10): v* = 02, + S(r/R4;q) (ecHp)r.

For all models under comparison, we fit a standard set of nuisance parameters, including per-galaxy

stellar mass-to-light ratios (Y) and the global systematic floor (cgys), using weakly-informative priors.

4.2. The Thickness Test: Data Synthesis and Regression Model

The test of Hypothesis 2 requires a dedicated dataset and a specific regression analysis.

4.2.1. Data Assembly

We use an augmented version of the SPARC dataset (sparc_with_h.csv) that includes measure-
ments of the disk half-thickness / for a subsample of galaxies from the S*G survey. To test the bivariate
scaling relation in Eq. (12), we require three quantities evaluated at a representative outer-disk radius
R, (defined as the radius where v4;q peaks):

1.  Disk half-thickness, h: Taken directly from the S*G catalog for the N = 19 galaxies in our
subsample.

2. Dynamically-inferred efficiency, x(R,): Computed for each galaxy using the best-fit parameters
from the main RC analysis (PTQ-screen). Since « is an asymptotic property, we infer its value by
isolating the outer-disk acceleration amplitude where the screening function approaches unity;,
S(r/Rgz;q) = 1:

v%bs (Ry) — vlzaar (Ry)

K(Ry) = S(R./Ry;q) a0 Ry

(14)

3.  Total surface density, Xot(R,): As per-radius profiles are generally unavailable, we synthesize
this value from global photometry (L3 4) and gas mass (M), assuming exponential disk profiles.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.2.2. Regression and Model Selection

We fit the bivariate log-linear model from Eq. (12) using Weighted Least Squares (WLS), with
weights derived from the observational uncertainties on h. To compare this model against simpler,
nested alternatives (x-only and X-only), we use the finite-sample corrected Akaike Information Crite-
rion (AICc), which is appropriate for the small sample size (N = 19) of this test. The robustness of the
fit is further validated using leave-one-out cross-validation (LOO-CV) and bootstrap resampling.

4.3. Statistical Tools for Model Comparison
4.3.1. Likelihood Family

For the RC fits, our baseline analysis employs a multivariate Gaussian likelihood, constructed
from the Mahalanobis distance 5(% = r; Ce 1rg, where rg is the residual vector for galaxy g:

log Lg(0) = —1 Y [(5? +log | det Cg| + N, log(Zn)} . (15)
8

For robustness checks, a heavy-tailed multivariate Student-f likelihood is also available.

4.3.2. Information Criteria

To compare the statistical evidence for different theoretical models, we use full-likelihood infor-
mation criteria. Given the maximum likelihood estimate 8 and the total number of effective parameters
k, we compute the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC):

AlCqy = —2log £(0) +2k,  BICqy = —2log £L(8) +kIn N, (16)

where N =}, Ny is the total number of data points. Model rankings are based on the differences
(AAIC, ABIC) within a fixed dataset and likelihood family. This rigorous approach ensures that model
comparisons properly penalize complexity and are based on the full statistical information available in
the data.

5. Empirical Tests and Results

Having established the theoretical predictions of the PTQ framework (Section 2) and the method-
ology for testing them (Section 4), we now confront the theory with observational data. Our analysis
proceeds along the structured roadmap defined in Section 3, testing each of the three core hypotheses
in sequence.

5.1. Hypothesis 1 Test: Global Statistical Evidence

To test the global viability of the framework, we fit the PTQ-screen model to the entire SPARC
sample using a single shared global parameter, ¢, and the full-likelihood methodology described in
Section 4. Table 2 presents the information criteria (AIC and BIC) for PTQ-screen against several
key benchmark models. The comparison uses identical data preprocessing and nuisance parameter
treatment across all models to ensure a fair evaluation. The benchmark set includes standard MOND, a
one-parameter NFW dark matter model, and a baryon-only model which serves as the null hypothesis.

The results, summarized in Table 2, show that PTQ-screen is decisively favored by the Bayesian
Information Criterion (ABICy,; =~ 38 relative to MOND), achieving a superior fit at a comparable
model complexity. According to the Jeffreys’ scale, a ABIC > 10 constitutes decisive evidence for the
model with the lower BIC value. This finding provides a strong positive answer to Hypothesis 1. The
enormous ABICy,j for the Baryon-only model (= 5307) quantitatively demonstrates the severity of the
mass discrepancy problem that these theories aim to solve.

Furthermore, the best-fit value for the single global parameter, ¢ ~ 0.186, yields a universal
acceleration scale ap = ecHy. As shown in Figure 1, this universal scale successfully describes

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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the common outer-disk residual-acceleration plateau observed across the SPARC sample, thereby
confirming a key, unifying prediction of the theory.

Table 2. Global model comparison on SPARC (Gaussian family). N = 1782 data points for all rows. The PTQ-
screen model is decisively favored by the BIC, indicating superior statistical evidence in support of Hypothesis 1.
A Dbrief description of the models is as follows: PTQ-screen, the primary model of this work; MOND (free ay), the
standard MOND paradigm where 4y is a free parameter; PTQ-v, a PTQ variant using a MOND-like interpolation
function; NFW-1p, a standard Cold Dark Matter model with a one-parameter Navarro-Frenk-White halo profile;
PTQ (linear), the unscreened, asymptotic version of PTQ; Baryon-only, the null hypothesis assuming gravity is
solely sourced by observed baryons.

Model kN Xy logLrn  AlCqy  BIChy  AAICh; ABICk
PTQ-screen 94 1782 1992.29 —6792.45 1377290 14288.54 0.00 0.00
MOND (freeag) 93 1782 1981.71 —6815.33 13816.66 14326.81 43.75 38.27
PTQ-v 93 1782 2001.58 —6815.82 13817.64 14327.79 4473 39.25
NFW-1p 183 1782 3736.88 —7145.30 14656.60 15660.44 883.69  1371.90
PTQ (linear) 93 1782 2039.63 —7363.64 14913.28 15423.43 1140.37  1134.89
Baryon-only 92 1782 232724 —9453.34 19090.68 19595.34 5317.78  5306.80
1e—10 Stacked residual-acceleration plateau

187 —— median

1.4 - 16-84%

12

£

~ 1.0+

;?%08' \‘c"-"»f\.,
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Figure 1. Outer-disk residual-acceleration plateau. After subtracting the baryonic contribution, the residual
acceleration for all SPARC galaxies tends to a common plateau. This is consistent with the single global scale
ap = ecHy predicted by the PTQ framework, with the best-fit value being ¢ ~ 0.186.

5.2. Hypothesis 2 Test: Validation of the Geometric Efficiency x

The PTQ framework predicts that the efficiency factor « is a geometric observable. We test this by a
self-consistency pipeline (Sec. 4.2): « is inferred from rotation-curve kinematics, and then regressed
against the independently observed disk thickness / and total surface density X at a representative
radius R, (per-galaxy mode, N = 19 with available /).!

A weighted least-squares (WLS) fit of the bivariate log-linear model (Eq. (12))

logh = a + bclogx + cx log Lot

yields
a = 4.68 1+ 0.65, b, = —2.56 +0.33, cy = 1.12+0.14,

1 Where per-radius Z(R) is unavailable, we adopt a conservative, single-point galaxy-level fallback for ot at R, using L3 ¢

and My (with the stated gas and helium factors); this keeps Yot independent of the RC fit.
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with a coefficient of determination R? ~ 0.818. Model comparison decisively favors the two-factor fit:
AAIC, ~ 224 (vs. k-only) and ~ 19.4 (vs. Z-only). Leave-one-out (by-galaxy) and bootstrap resampling
confirm coefficient stability (LOO stds ~ [0.20, 0.11, 0.04] for [a, by, cx]), supporting robustness.

For intuition, the sign pattern is physically transparent: at fixed Ztot, larger geometric efficiency
(higher x) predicts a smaller physical thickness (b, < 0), while higher ¥ predicts a larger thickness
(cx > 0). This elevates x from a mere fit parameter to a geometry-anchored observable, thereby
providing a strong positive answer to Hypothesis 2.

5.3. Hypothesis 3 Test: Cross-Scale Consistency

The final and most stringent test is that of cross-scale consistency, which probes the core claim
that a single parameter ¢ links cosmology and galaxy dynamics. This test constitutes the framework’s
falsifiability clause, as outlined in Sec. 3. We perform a two-tiered closure test.

Level I (Strict e-Closure).

We first compare the value of ¢ inferred from galaxy rotation curves (egc ~ 0.186 £ 0.012) with
the value inferred from cosmology. From the map Q4 (&) = €2/ (1 + ¢2), the Planck measurement of
Qp ~ 0.69 implies a cosmological value ecos =~ 1.49. The large discrepancy (erc < €cos) shows that
the strict, naive closure test fails decisively. This failure is not a weakness but a crucial finding: it rules
out a direct identification and motivates the necessity of the geometric efficiency factor «.

Level I (Geometry-Assisted Closure).

The framework predicts that the amplitude mismatch is physically meaningful, representing the
geometric efficiency with which a 2D disk intercepts a 3D background field, such that x =~ erc/éecos.
Using the values from our analysis, we predict a required efficiency of

n ERC 0.186
= ——~—— ~0.125. 17
T s 149 (17)
This predicted value is remarkably consistent with the typical thickness-to-radius ratio ((h/r) ~ 0.1)
observed in disk galaxies. This successful Level-II closure, which requires no new free parameters,
provides strong support for the geometric interpretation of x and the overall consistency of the
single-parameter PTQ framework across vastly different physical scales.

5.4. Summary of Key Findings

The empirical investigation presented in this section yields primary conclusions that provide
strong, positive answers to our three hypotheses:

1. Global Viability is Supported: In a global comparison against MOND, the PTQ-screen model is
statistically preferred by a decisive margin (ABICg,);; ~ 38), offering a more compelling description
of the SPARC rotation curve data.

2. Geometric Origin of x is Supported: The theory’s central, parameter-free prediction is validated
by a novel thickness test. The discovery of a strong bivariate correlation (R? ~ 0.818) between
disk thickness, inferred efficiency «, and surface density confirms that « is a physical property of
the galaxy, not just a fitting parameter.

3.  Cross-Scale Consistency is Achieved: The framework successfully passes a non-trivial, geometry-
assisted closure test. The efficiency factor x, by reconciling the factor-of-ten amplitude mismatch
between cosmological and galactic scales, reinforces the claim that a single parameter ¢ unifies
these two domains.

Further robustness checks and diagnostics, detailed in Appendix F, reinforce these conclusions. To-
gether, these results establish the PTQ framework as a robust, predictive, and empirically successful
theory.
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6. Discussion

The empirical tests presented in Section 5 have successfully validated the primary hypotheses of
the PTQ framework, establishing it as a statistically robust and predictive theory of galaxy kinematics.
This work constitutes the first comprehensive phenomenological test of a foundational theory of
gravity that is, by construction, manifestly consistent with the multimessenger constraint cr = 1 [1].
Here, we discuss the implications of our findings, interpret the key results within a unified physical
picture, and outline future prospects.

6.1. A Unified Picture: From Fundamental Symmetries to Galactic Diversity

The primary success of this work is the establishment of a coherent link from the fundamental
symmetries of the PTQ framework to the observed diversity of galaxy rotation curves. The theory’s
two foundational pillars—the PT-scalar projection and projective invariance—not only ensure its
theoretical consistency at the cosmological level (i.e., cr = 1) but also give rise to a specific, testable
structure on galactic scales.

Our empirical findings reinforce this unified narrative. The successful test of Hypothesis 1 (Table 2)
confirms that a single parameter, ¢, can indeed bridge cosmology and galaxy kinematics, yielding a
universal acceleration scale ay = ecHj that accurately describes the outer-disk dynamics (Figure 1).
This connection is powerfully substantiated by the successful Level-II cross-scale closure test (Sec. 5.3),
where the apparent amplitude mismatch between cosmological and galactic scales is naturally resolved
by a derived geometric efficiency factor x ~ 0.125, a value consistent with typical disk-thickness ratios.

This brings us to the most significant result of our analysis: the validation of Hypothesis 2. The
strong bivariate relation found in the thickness test (Eq. (12), Figure 2) is a principal claim of this paper.
It demonstrates that the disk thickness # is jointly and robustly predicted by the dynamically-inferred
geometric efficiency x and the local surface density X. This result elevates x from a mere fitting
parameter to a physical quantity with a clear geometric and observational anchor. The empirical sign
pattern of the fit coefficients (bx < 0,cx > 0) provides a fascinating phenomenological insight: at
a fixed surface density, galaxies with higher geometric efficiency (larger «) exhibit smaller physical
thickness, suggesting a more compact vertical structure. While a detailed microphysical model of this
relationship is beyond our current scope, its high explanatory power (R? ~ 0.818) provides compelling,
structural evidence for the PTQ framework.

0.25 0.25
A o 0.25
0.00 ° 0.00 ¢ 0.00
) [ J
—0.25 A —0.25 ® -0.25
g —0.50 g -0.501 ¢ ~0.50
X X ° W
< < —
S 075 S ~0751 ° e o 0.75 2
g g 2
~ -1.00+ o = —-1.004 ° —1.00
®9 9
—1.25 1 ~1.251 -1.25
-1.50
~1.50 1 ~1.50
[ ] [ ]
. . . . . . . . , -1.75
1.2 1.4 1.6 18 2.0 12 14 16 18 2.0
l0g10 K logio K
(a) log h vs. log x with the x-only WLS fit line. (b) Same scatter, colored by log Xio; the bivariate WLS

fit yields R? ~ 0.818.

Figure 2. Disk thickness at R,: joint control by geometry and surface density. Panel (a) illustrates the weak
x-only trend, motivating the inclusion of Xiyt. Panel (b) visualizes the role of Xt (color scale), for which the
two-factor model explains the data significantly better than either univariate alternative.
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6.2. Methodological Lessons, Limitations, and Future Directions

Our investigation offers several lessons while also highlighting current limitations, which in turn
point to clear avenues for future work.

6.2.1. Methodological Lessons

The consistency of our results across multiple diagnostics (see Appendix F) underscores the
robustness of the geometric signal. The success of the per-galaxy analysis, contrasted with the null
result from stacked profiles (see Figure A2c), serves as a crucial methodological insight: probing subtle,
geometry-dependent effects like those predicted by PTQ requires per-object analysis, as heterogeneous
stacking can easily wash out the signal.

6.2.2. Limitations and Future Work

The primary limitation of the current study is the modest sample size (N = 19) for the thickness
test. While our statistical analysis is appropriate for this regime, the universality of the discovered
relation must be confirmed with a larger and more homogeneous dataset. Furthermore, our use
of synthesized, galaxy-level surface densities is a proxy dictated by data availability. Future work,
directly addressing these limitations, should prioritize the construction of an expanded galaxy catalog
featuring resolved, per-radius measurements of both stellar and gas surface densities (X« (R), Zgas(R))
and homogeneous measurements of disk thickness (1, R;), for example, using data from the S*G survey
or the James Webb Space Telescope (JWST).

6.2.3. Falsifiable Predictions
The PTQ framework offers a rich set of sharp, falsifiable predictions that invite further testing:

1.  Joint Cosmological and Galactic Inference: The most powerful test would be a combined,
multi-probe analysis of cosmological data (e.g., CMB, BAO, SNe) and galaxy rotation curves. A
joint inference must yield a consistent value for the single, universal parameter e. Any statistically
significant inconsistency would decisively falsify the framework’s core premise.

2. Redshift Evolution: The theory predicts a specific redshift evolution of the acceleration scale,
a9(z) = ecH(z). This can be tested with high-redshift galaxy kinematics (from JWST or ELTs) or
gravitational lensing (with the Rubin Observatory or Euclid), holding e fixed at its low-redshift
value.

3.  Standardized Reporting: To facilitate cross-study comparisons and meta-analyses, we advocate
for standardized reporting of the thickness relation using a normalized variant (e.g., log(h/hy) =
a’' +blog(x/xg) + ...) with explicitly stated fiducial values.

In summary, the PTQ framework emerges from this study as a compelling and empirically
successful alternative to the standard dark matter paradigm. It provides a foundational origin for
MOND-like phenomenology, is structurally consistent with gravitational wave constraints, and makes
novel, testable predictions that distinguish it from its competitors. The evidence presented here
strongly motivates further theoretical development and targeted observational campaigns to probe
this new picture of gravity and cosmology.

7. Conclusions

In an era where multimessenger astronomy demands that any viable theory of gravity must
respect the luminal speed of gravitational waves, we have presented the first comprehensive phe-
nomenological test of the PT-symmetric quaternionic (PTQ) framework—a theory designed from first
principles to meet this very constraint [1]. This work demonstrates that a theory built to be consistent
at the cosmological scale can simultaneously provide a compelling, foundational origin for the MOND
phenomenology observed on galactic scales. Our analysis shows that the PTQ framework is not
just another competitor to MOND, but a deeper, more predictive structure that successfully unifies
cosmology and galaxy kinematics.
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Our key findings, based on a rigorous, full-likelihood analysis of the SPARC dataset, converge on
a powerful, self-consistent picture:

() Statistical Superiority: The PTQ framework, in its "screened" variant, is decisively favored
over standard MOND by the Bayesian Information Criterion (ABICg,;; ~ 38). This highlights
its superior explanatory power and economy in describing the observed data.

(ii) Validated Geometric Prediction: The theory’s most novel, parameter-free prediction—that
the diversity of galaxy rotation curves is governed by a geometric efficiency, x—is strongly
supported by our independent thickness test. The discovery of a robust correlation (R? ~
0.818) between the dynamically inferred «, the disk thickness, and the surface density provides
powerful empirical validation for the geometric nature of the framework.

(iii) Cross-Scale Unification: The framework passes a non-trivial closure test, where the geometric
efficiency « is shown to naturally reconcile the parameters governing cosmology and galaxy
dynamics. This confirms the theory’s unifying power, linking physics across vastly different
scales via a single global parameter, €.

These results, fully reproducible via the provided scripted pipeline, suggest that the phenomena
currently attributed to dark matter may indeed be a manifestation of a subtle, yet universal, geometric
property of spacetime. The PTQ framework provides a concrete realization of this idea, resolving the
long-standing tension between the success of MOND on galactic scales and the stringent constraints
from fundamental physics.

By successfully passing its first crucial observational tests, the PTQ framework emerges as a
promising candidate for a unified solution to the dark universe problem. It offers a path forward
that is not only empirically successful on galactic scales but is also, by construction, in harmony
with the foundational pillars of modern gravitational physics. Future theoretical work and next-
generation observational campaigns—particularly those measuring galactic vertical structure with
higher precision and over larger samples—will provide sharper tests of its unique geometric predictions
and further illuminate this new frontier.
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Appendix A. PT Projection and Quaternionic Splitting

This appendix supplies the algebraic backbone for PT-symmetric quaternionic spacetime: (i) the
PT-scalar projector and its properties; (ii) a PT-covariant metric split with closed-form inverses;
(iii) an exact projected volume via a “log trick”; and (iv) a compact route from the Einstein-Hilbert
(EH) action to an effective vacuum density p.¢ that fixes the cosmology map Q (¢) = €2/ (1 + €2).
We also summarize the geometric origin of the interception factor x ~ (h/r).

Appendix A.1. Algebra and the PT-Scalar Projector
We work in the quaternion algebra H = spang {1, i,j, k} with conjugation *. A unit pure quater-
nion (the “imaginary axis” of the spacetime split) is

u = nii + nyj + nzk, n%+n%+n§:1, w=—u, u*=-1.
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The real two-dimensional subalgebra
Cuo={a+bulabeR}~C
obeys (a + bu)(c +du) = (ac — bd) + (ad + bc)u.

PT action and projection.

PT acts by (t,x) — (—t, —x), a(t) — a(—t), and u — —u. For any X € C, we define the PT-scalar
projector

HPT[X] = (X + X*)

N~

which is linear, idempotent, and commutes with derivatives on real components. Writing a scalar as
T = Iy + u I} with Iy, [; € R, one has

‘ HPT[I] =IheR ‘

so u-odd (PT-odd) pieces are eliminated and all scalar observables are manifestly real.

Readers’ box — Project first, then evaluate. Every scalar entering the action or observables
is the PT projection ITpr[-] of the corresponding quaternionic quantity, ensuring reality and
enforcing the PT-even selection rule.

Appendix A.2. Metric Split and Exact Block Inverses

We adopt the PT-covariant quaternionic split

Gu = giﬁ) + ugg,), g;(ﬁ) = diag(—1,4% a%,4a?). (A1)

The imaginary blocks are dimensionless IR deformations scaled by Hy:

I I eH
g(()o) = ag := eHyt, gl(j) = s 51‘]‘/ N 1= TO r.

Using (A +uB)~! = (A — uB)/(A?+ B?) in C,, the exact inverse blocks read

11— y =250 g4 ij .
G0 _ 1 uzxgl Gi 9 O —a *asud , Vi _ g (A2)
1+ a3 1+a4a2

They are manifestly real after PT projection since the denominators are positive reals.

Appendix A.3. Projected Measure and the “Log Trick”
With Gy; = 0 and commuting spatial blocks,

det G = a® (=1 + agu) (1 + asu)°.
For any Z € C, one has Ilpr[In Z] = 1 In(ZZ*), so
IIpr[In(—detG)] = 6Ina+ %ln(l + a3) + %ln(l + ).

Exponentiating half yields the exact positive projected volume:

pr[V—detG] = a® (1 +a3)Y/* (1 +a2)3* € Ry. (A3)
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Its weak-field expansion is
1 3
@1+ 2ad+ a2+ 0(ah)].
4 4
Appendix A.4. From EH to peg: a compact, auditable route
We now derive the constant (vacuum-like) piece generated by the PT-projected EH density.
Starting from Egs. (A2)-(A3), expand the PT-projected Ricci scalar to quadratic order in (ag, o ):

eH
= —01’

Por{R(G)} = R(g®)) + Agad + Asa? + O(a*),  ap:=eHot, as: , (A4)

with all #-odd and mixed terms annihilated by Ppr{-}. Multiplying by the projected measure,
v 1 3
PPT{ —detG} PPT{R(G)} =4° R(g(R)) 4 Z)\Oa%_i_ Z/\S a§+0(a4) ) (A5)

Late-time homogeneity fixes Ay = As = A, and FRW conventions (normalizing the background
curvature pieces) yield

24
A= e (A6)
Thus the constant part of the EH density is
—— 5 24 af+3a2 4 6&2H?
|:PPT{ _detG} ,PPT{R(G)}}const — 1 +€2 4 - 1 ‘|‘82 ’ (A7)

so that the effective vacuum density identified from Sgyy = MTIZ’ S d*x Ppr { v — det G} Ppr{R(G)} is

M2 6¢2H?
Pett = T2 (A8)
Dividing by 3M3 H3 gives the cosmology map
Ople) = et _ € (A9)
3M2HZ 1+¢?

as quoted in the main text. Higher-order terms are suppressed by O(a*) in the late-time, weak-field
posture.
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Figure A1. Closure curve for the cosmology map. The PT-projected EH density implies Q4 (e) = €2/ (1 + €2)
(solid curve). The shaded band shows the Planck range; the intersection fixes ecos for cross-scale closure tests
(Appendix E.3).

Appendix A.5. Geometric Interception: Derivation of x

At late times the background sets an isotropic acceleration density « cHy. Only the flux threading
a disk’s side area can do radial work on circular orbits. For a Gaussian surface at radius r,

Syl h(r)
Seon = 4712, Sy = Atrh(r) = -2 = —~ 2,
sph cyl ( ) Ssph 7
This defines the geometry-only interception efficiency
K(r) ~ @ (A10)

and the effective outer-disk acceleration a§f(r) ~ x(r) [ecoscHp]. Equivalently, for dimensionless
inferences,
ere(r) =~ k(7) €cos-

At a representative outer radius 7.,

_ (" ¢ L
ngom = <;>r~r* —= ﬁ, é = R7d, ni= Rfd (All)
so the observable ratio obeys
. €
k= RC~ Kgeom (Al2)
€cos

linking rotation-curve amplitudes to disk thickness without introducing new free parameters.

Appendix A.6. Independence, Domain of Validity, and Summary

Independence. Identities (A2)—-(A3) are exact in C,; no small-¢ expansion is assumed. PT
projection guarantees real scalars.
Use regime. The late-time, weak-field posture requires
s €eHp r

2= 2 <1 (outer disks), lag] = eHpt S O(1) (late times),

comfortably satisfied by SPARC-like datasets and local tests.
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Takeaways. (i) Project-first PT projection removes u-odd pieces and yields real scalar observables.
(if) The metric split admits closed inverses and an exact projected volume, enabling an auditable map
Qn(e) = €2/(1 + €2) via Appendix A 4. (iii) The weak-field circular-orbit limit gives ag = ecHy and
v? = v}, + apr. (iv) Disk amplitudes are reduced by a derived geometry factor x ~ (h/r), so that
K ~ Kgeom provides a direct, falsifiable geometry test.

Appendix B. Geometric Dynamics: Axial 2-Form F,,,, Antisymmetric Stress S, and
Thin-Disk Weak-Field Limit

This appendix establishes the geometric dynamics underlying the PT-symmetric quaternionic
spacetime model. It derives the axial 2-form F,,, antisymmetric stress S, and discusses the
weak-field limit in the context of a thin disk. The result is a formal, closed system that guarantees
local energy-momentum conservation and reveals the origin of the acceleration scale ay = ecHj
in the weak-field regime.

Appendix B.1. Axial 2-Form and Vorticity

We begin by defining the axial 2-form w® in terms of the velocity vector u* as follows:
p— Leproc
wh = 7e Uy Vs,

where /7% is the Levi-Civita symbol, and u, represents the velocity vector field. The 2-form wf
encodes the vorticity of the spacetime, i.e., the rotational motion of the spacetime metric.
Next, we define the field strength tensor FPW as the contraction of wP:

Ey = ewaﬁu“wﬁ.

This tensor represents the geometric "magnetic field" in the spacetime, similar to the field strength in
electromagnetism, but arising from the spacetime’s curvature and dynamics.

Appendix B.2. Antisymmetric Stress and Conservation

The antisymmetric stress tensor S” is defined as:
"
S = ¢l Bk,

where B, is the spatial dual of the field strength F,, corresponding to the "magnetic field" in the
spacetime. We can interpret S” as the flow of angular momentum or stress across spacetime.
The momentum balance equation is given by the following continuity equation:

A (pv") + VIV = pay + V57,

where p is the mass density, o' is the velocity, and IT7 is the stress-energy tensor. The term V]'Sij repre-
sents the divergence of the antisymmetric stress, and is responsible for local energy and momentum
conservation in the spacetime.

Because the force density is the divergence of an antisymmetric stress, local conservation is
guaranteed once we include the field stress-energy tensor. Importantly, this formalism does not require
the introduction of any global preferred frame; it is manifestly covariant.
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Appendix B.3. Thin-Disk Weak-Field Limit

In the thin-disk limit, we assume that the spacetime is weakly curved and that the disk is
infinitesimally thin. In this case, the acceleration ag is constant and can be expressed as:

ag = ecHy,

where ¢ is the dimensionless parameter linking cosmological and galactic dynamics, and H is the
Hubble constant.
In the weak-field limit, the rotation curve v?(r) is given by:

02(r) = vﬁar(r) + agr,

where U% (1) is the baryonic velocity contribution, and agr represents the acceleration due to the dark
matter component in the MOND-like regime. This result is valid in the outer disk, where the dark
matter’s influence becomes significant.

Appendix B.4. Geometric Interception x

We now consider the geometric interception factor « (), which describes how the geometry of the
disk affects the rotation curve. The geometric interception is given by:

where h(r) is the half-thickness of the disk at radius r. This factor quantifies the efficiency with which
the disk geometry intercepts the isotropic background acceleration density ecHp.

We further refine this result by considering the representative outer radius r, of the disk, where
the rotation curve flattens. At this radius, we find that:

where erc and o5 are the dimensionless parameters inferred from the galaxy’s rotation curve and
cosmological background, respectively. This result provides a direct link between the geometrical
properties of the galaxy and the cosmological parameters governing the spacetime dynamics.

Appendix B.5. Assumptions, Hierarchy, and Domain of Validity
The results derived in this section hold under the following assumptions:

¢  The disk is thin and weakly curved.

¢  The system is in a steady state, with no significant changes in the overall configuration over time.

e The analysis applies at radii r 2 2R, where R; is the characteristic disk scale length.

*  The results are valid in the outer disk, where the influence of baryonic matter dominates at small
radii, and the dark matter is effectively captured in the weak-field approximation.

Outside of these conditions, particularly at smaller radii or in the presence of strong curvature or
non-circular motions, these results may break down, and additional corrections may be necessary.

Appendix B.6. Takeaway

The geometric dynamics presented in this appendix form the foundation for understanding the
kinematics of disk galaxies within the PT-symmetric quaternionic spacetime framework. The axial
2-form, antisymmetric stress, and geometric interception factor provide a clear and mathematically
rigorous description of the underlying spacetime dynamics, ensuring conservation laws and re-
vealing the origin of the acceleration scale a¢. These results are crucial for connecting cosmological
parameters to the observed galaxy dynamics.
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Appendix C. PT-Quaternionic Quantum Mechanics Probability Interpretation:
Time-Invariant Inner Product and the Born Rule

This appendix provides the mathematical foundations for the probability interpretation in PT-
symmetric quaternionic quantum mechanics. It develops the right quaternionic Hilbert space,
establishes the time-invariant positive-definite metric G, and demonstrates the conservation of
probability density under the evolution of quantum states. The Born rule is validated in this
framework, and the uniqueness of the metric G is shown under PT symmetry. This appendix
ensures that the quantum mechanical measurement process is consistent and observable within
the quaternionic spacetime context.

Appendix C.1. Right Quaternionic Hilbert Space and Observables

In PT-symmetric quaternionic quantum mechanics, the state vectors reside in a right quaternionic
Hilbert space. The state evolution is governed by the equation:

.0
lgtlf = Hy,

where H is the Hamiltonian of the system. The Hilbert space is equipped with a positive-definite
metric G that satisfies the condition:
H'G = GH,

which ensures the preservation of the inner product under time evolution. The inner product is defined
as:

(¢lp)c = ¢ Gy,

where ¢ is the conjugate transpose of the state vector . This inner product is time-invariant, ensuring
that the total probability is conserved in the quantum system.

Appendix C.2. Probability Density Conservation
The probability density j® associated with the state vector ¢ is defined as:

P =y'Gy.

The time evolution of the probability density is given by the continuity equation:

d (05, _
ﬁ/]dx—o,

which ensures the conservation of probability. This result holds for all PT-symmetric systems, and in
the case where the additional geometric structure becomes trivial (¢ — 0), the framework reduces to
standard complex quantum mechanics.

Appendix C.3. Uniqueness of the Metric G Under PT Symmetry

Under the PT symmetry constraint, the metric G is unique up to unitary transformations that
commute with the Hamiltonian H. This uniqueness is crucial for ensuring that the probabilistic
interpretation of the theory is well-defined. The unique metric G allows for consistent measurement
and probability conservation, and the framework converges to standard quantum mechanics in the
limit e — 0.

Appendix C.4. Born Rule in PT-Symmetric Quaternionic Quantum Mechanics

The Born rule in PT-symmetric quaternionic quantum mechanics states that the probability of
an observable outcome is given by the square of the inner product between the state vector and
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the corresponding eigenstate. More formally, if ¢ is the state vector of the system and ¢; is the i-th
eigenstate of an observable, the probability of measuring the eigenvalue associated with ¢; is given by:

P; = [(¢l¢;)c|*

This result is consistent with the standard interpretation of quantum mechanics, but the key difference
is that the inner product (i|¢;)¢ is evaluated in the quaternionic Hilbert space, which incorporates PT
symmetry into the quantum framework.

Appendix C.5. Takeaway

This appendix provides a detailed mathematical foundation for the probability interpretation
in PT-symmetric quaternionic quantum mechanics. The time-invariant inner product, the conser-
vation of probability density, and the uniqueness of the metric G ensure that the framework is
consistent with the principles of quantum mechanics while extending the formalism to incorporate
PT symmetry. This interpretation allows for observable quantum measurements and maintains the
validity of the Born rule in the quaternionic spacetime model.

Appendix D. Reproducibility / Recipes (End-to-End Workflow)
Appendix D.1. Scope

This appendix provides a complete, end-to-end workflow to reproduce all artifacts presented
in this manuscript. It covers: (i) software environment setup; (ii) data fetching and preprocessing;
(iii) commands for running all model fits and diagnostic tests; and (iv) an authoritative file map
cross-referencing manuscript items to their source files.

Appendix D.2. Environment and Data Preparation
Appendix D.2.1. Software Environment

All operations should be performed from the root of the repository.

# 1. Set up the virtual environment
python3 -m venv .venv

source .venv/bin/activate

# 2. Install dependencies
python -m pip install -U pip
pip install -r requirements.txt

pip install -e .

Appendix D.2.2. Path Variables

Define the following environment variables for consistent path management.

export RUN_TAG=paper_run # A unique tag for this build
export RESULTS=results/${RUN_TAG} # Root directory for model outputs
export FIGDIR=paper_figs # Directory for final manuscript figures

Appendix D.2.3. SPARC Data: Fetch and Preprocess

ptquat fetch --out dataset/raw
ptquat preprocess \
--raw dataset/raw --out dataset/sparc_tidy.csv \

--i-min 30.0 --reldmax 0.20 --qual-max 2
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Appendix D.2.4. S*G Disk Thickness Data: Fetch and Merge

The following commands provide a transparent route to obtain and merge the S*G data.

bash scripts/vizier_s4g_query.sh
python scripts/etl_s4g_h.py --sparc dataset/sparc_tidy.csv

This process generates the final merged table dataset/geometry/sparc_with_h.csv.

Appendix D.2.5. Note on Xt

If per-radius ¥(R) columns are unavailable in the merged file, the thickness regression will fall
back to a single-point estimate at R, using stellar and gas proxies (M/L at 3.6 ym; HI-to-gas and helium
factors). The corresponding CLI flags must be supplied (see below).
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Appendix D.3. Model Fitting and Core Analyses
Appendix D.3.1. Global RC Fits (Six Models)

Run all six models using the Gaussian likelihood.

# Main model and benchmarks
ptquat fit --model ptqg-screen --data dataset/sparc_tidy.csv --outdir ${RESULTS}/ptq-screen_gauss

ptquat fit --model mond --data dataset/sparc_tidy.csv --outdir ${RESULTS}/mond_gauss
ptquat fit --model nfwlp --data dataset/sparc_tidy.csv --outdir ${RESULTS}/nfwlp_gauss
ptquat fit --model ptg-nu --data dataset/sparc_tidy.csv --outdir ${RESULTS}/ptq-nu_gauss
ptquat fit --model ptq --data dataset/sparc_tidy.csv --outdir ${RESULTS}/ptq_gauss
ptquat fit --model baryon --data dataset/sparc_tidy.csv --outdir ${RESULTS}/baryon_gauss
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Appendix D.3.2. Thickness—x—X Regression (Hypothesis 2 Test)
python -m ptq.experiments.kappa_h \
--sparc-with-h dataset/geometry/sparc_with_h.csv \
--per-galaxy --rstar vdisk-peak --wls \
--m136 0.5 --rgas-mult 1.7 --gas-helium 1.33 \
--loo --bootstrap 5000 --cv-by-galaxy \
--out-csv dataset/geometry/kappa_h_used.csv \
--report-json ${RESULTS}/ptq-screen_gauss/kappa_h_report.json \
--out-plot ${RESULTS}/ptq-screen_gauss/kappa_h_scatter.png

Why these flags? The -m136/-rgas-mult/-gas-helium options enable the R, single-point fallback
for Lot when per-radius £ (R) is missing; -1oo/-bootstrap -cv-by-galaxy ensures by-galaxy cross-
validation and resampling.

Appendix D.3.3. Cross-Scale Closure Test (Hypothesis 3 Test)

ptquat exp closure \
--results ${RESULTS}/ptq-screen_gauss \
--omega-lambda 0.69 --omega-sigma 0.01 \
--plot ${FIGDIR}/omega_eps_curve.png

Appendix D.4. Robustness and Diagnostic Checks (for Appendix F)
Appendix D.4.1. Posterior Predictive Checks (PPC)
ptquat exp ppc --results ${RESULTS}/ptq-screen_gauss --data dataset/sparc_tidy.csv

Appendix D.4.2. Error Stress Test

ptquat exp stress --model ptg-screen \
--data dataset/sparc_tidy.csv --outroot ${RESULTS}/stress \
--scale-i 2 --scale-D 2

Appendix D.4.3. Inner-Disk Masking

ptquat exp mask --model ptg-screen \
--data dataset/sparc_tidy.csv --outroot ${RESULTS}/mask \
--rmin-kpc 2.0

Appendix D.4.4. Hy Sensitivity Scan

ptquat exp HO --model ptg-screen \
--data dataset/sparc_tidy.csv --outroot ${RESULTS}/HO_scan \
--HO-1ist 60 67.4 70 73 76

Appendix D.4.5. z-Profile Coverage

ptquat exp zprof \
--results ${RESULTS}/ptq-screen_gauss \
--data dataset/sparc_tidy.csv \
--nbins 24 --min-per-bin 20 --eps-norm cos \
--prefix z_profile

Appendix D.5. Final Artifact Aggregation and Crosswalk
Appendix D.5.1. Generate Final Comparison Table and Figures

After all fits and experiments are complete, this script aggregates the results and can also emit the
QO —¢ curve used in the main text.
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python scripts/make_paper_artifacts.py \
--data dataset/sparc_tidy.csv \
--out ${RESULTS}/paper_bundle \
--figdir ${FIGDIR} \
--models baryon mond nfwlp ptq ptq-nu ptg-screen \
--results-dir ${RESULTS} \
--make-omega-eps --omega 0.69 --omega-sigma 0.01
Appendix D.5.2. Manuscript Crosswalk
Main-text item Source file(s)
Table 2 (AIC/BIC) $RESULTS/paper_bundle/ejpc_model_compare.csv
Figure 1 (Residual plateau) $FIGDIR/plateau_ptq-screen_gauss.png
Figure 2 (Thickness test) $FIGDIR/kappa_h_scatter*.png
Figure A2 (Diagnostics) $FIGDIR/kappa_gal*.png, $FIGDIR/kappa_profile*.png
Figure A1 (QQp—¢ curve) $FIGDIR/omega_eps_curve.png

Coefficients/statistics for Figure 2 $RESULTS/ptq-screen_gauss/kappa_h_report. json
Regression sample used for Figure 2 dataset/geometry/kappa_h_used.csv

Appendix D.5.3. Determinism and Provenance

Reproducibility is ensured by fixing bootstrap seeds (via default internal seeds), adding a small
jitter in Cholesky factorizations, and using a consistent full-likelihood parameter count. All artifacts
were produced by the commands listed above.

Appendix E. One-Click Productization Kit
Appendix E.1. Purpose

This appendix provides a referee-facing kit to regenerate all core manuscript artifacts with minimal
friction, reusing the environment setup from Appendix D.

Appendix E.2. Quickstart
Activate the virtualenv (Appendix D.2) and set the path variables:
export RUN_TAG=full_20251014_084358

export RESULTS=results/${RUN_TAG}
export FIGDIR=paper_figs
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Appendix E.3. One-Liner Execution

The following commands will regenerate the primary results of the paper.

# 1) (If needed) rebuild input datasets
# bash scripts/vizier_s4g_query.sh
# python scripts/etl_s4g_h.py --sparc dataset/sparc_tidy.csv

# 2) Run all six global model fits (this may take time)
ptquat fit --model ptq-screen --data dataset/sparc_tidy.csv --outdir ${RESULTS}/ptq-screen_gauss

ptquat fit --model mond --data dataset/sparc_tidy.csv --outdir ${RESULTS}/mond_gauss
ptquat fit --model nfwlp --data dataset/sparc_tidy.csv --outdir ${RESULTS}/nfwilp_gauss
ptquat fit --model ptg-nu --data dataset/sparc_tidy.csv --outdir ${RESULTS}/ptq-nu_gauss
ptquat fit --model ptq --data dataset/sparc_tidy.csv --outdir ${RESULTS}/ptq_gauss
ptquat fit --model baryon --data dataset/sparc_tidy.csv --outdir ${RESULTS}/baryon_gauss

# 3) Main Hypothesis-2 experiment (thickness-kappa-Sigma)
python -m ptq.experiments.kappa_h \
--sparc-with-h dataset/geometry/sparc_with_h.csv \
--per-galaxy --rstar vdisk-peak --wls \
--m136 0.5 --rgas-mult 1.7 --gas-helium 1.33 \
--loo --bootstrap 5000 --cv-by-galaxy \
--out-csv dataset/geometry/kappa_h_used.csv \
--report-json ${RESULTS}/ptq-screen_gauss/kappa_h_report.json \
--out-plot ${RESULTS}/ptq-screen_gauss/kappa_h_scatter.png

# 4) Aggregate comparison tables and collect key figures (incl. $\Omega-\texorpdfstring{$\varepsilon$}{epsilon} curve)
python scripts/make_paper_artifacts.py \

--data dataset/sparc_tidy.csv \

--out ${RESULTS}/paper_bundle \

--figdir ${FIGDIR} \

--models baryon mond nfwlp ptq ptq-nu ptg-screen \

--results-dir ${RESULTS} \

--make-omega-eps --omega 0.69 --omega-sigma 0.01
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Appendix E.4. Minimal Re-run Checklist

1.  Ensure the environment is active and paths are set.

2. Ensure input data exists; if not, run step 1.

3. Run all global model fits (step 2).

4. Run the main experiments and artifact aggregation (steps 3 and 4).

5. Confirm all artifacts listed in the Manuscript Crosswalk (Appendix D.5) are generated.

Appendix F. Supplementary Figures and Diagnostics

This appendix collects additional, non-duplicative, and fully reproducible diagnostics that com-
plement the main text. All artifacts are produced by the scripted commands in Appendix D, ensuring
identical data selection, covariances, and parameter accounting as in the main analysis.

Appendix F.1. Complementary Kinematic Diagnostics for

In addition to the primary thickness test (Sec. 5.2), we performed several kinematic tests to further
probe the geometric nature of x. These diagnostics, summarized in Figure A2, provide consistent
support for our framework.

Per-galaxy Single-Radius Diagnostic (Figure A2a).
At a characteristic radius 7, (defined from the data), a Deming regression between the observed

amplitude ratio y = e (7+)/€cos and a geometric predictor yields a strong correlation (R? = 0.678).
This indicates a scale-free efficiency consistent with the geometric hypothesis.

Strict Negative Control (Figure A2b).

To rule out model-induced artifacts, we performed a negative control test by redefining 7, from the
model instead of the data. This inverts the trend (slope ~ —9.64) and yields a large negative R?> ~ —25.7,
confirming the correlation is data-driven.

Radius-Resolved Stacked Profile (Figure A2c).

We stacked the profiles of multiple galaxies, plotting y(r) versus x = r/Ry;. This yields a null
detection of the expected 1/x amplitude (R*> ~ 0.012). This is consistent with the expectation that
heterogeneous stacking washes out subtle, per-galaxy geometric signals, reinforcing the importance of
per-object analysis.

o galaxies
64 -—— y=x
—— deming fit: y=4.80x+-0.23, R’=0.68

== (n/€den)/x
stacked 16-84%
~—— stacked median

Eeft(r + )/ecos

o galaxies 01
—y=x

-1 . —— deming fit: y=-9.64x+0.68, R?=-25.69 e —

0.0 0.2 0.4 0.6 0.8 1.0 12 14 - 0.0 01 0.2 03 0.4 e 0 “5;-"»7-‘—-71; ---------- 1 ; ---------- 27‘;7“
Kpred = (M/gen) Rolr Kpred = (N/gen) Ralr X =tRd
(a) Per-galaxy diagnostic (b) Negative control (model-defined  (c) Stacked profile (null detection)
(fomax = 0.95) )

Figure A2. Complementary diagnostics for the geometric efficiency . (a) Strong per-galaxy correlation confirms
the geometric signal. (b) A strict negative control (redefining r, from the model) destroys the correlation, ruling
out artifacts. (c) Median-stacked profiles show a null detection, indicating that heterogeneity washes out the
signal in stacked analyses.
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Figure A3. Robustness of the single-radius diagnostic. Left: inner-radius shift to f; = 0.80. Middle/Right:
Deming error-ratio sweeps (A € {0.5, 2.0}). These tests confirm the stability of the correlation observed in
Figure A2a.

Appendix F.2. Model Robustness and Diagnostic Checks

We performed a series of diagnostic tests to validate the statistical performance and robustness of
the PTQ-screen model. The commands for these tests are listed in Appendix D.4.

Posterior Predictive Checks (PPC).

PPCs are used to assess whether the model generates data that is statistically similar to the
observed data. Our analysis yields a 68% coverage of 0.66 and a 95% coverage of 0.90. These values
are close to the ideal targets of 0.68 and 0.95, respectively, indicating that the PTQ-screen model and its
inferred covariance structure provide a good statistical description of the underlying data distribution.

Stress Tests and Data Masking.

To test the model’s robustness against systematic uncertainties and data selection, we performed
two stress tests. First, we artificially doubled the reported uncertainties on galaxy distance and
inclination. Second, we masked all data points within the inner 2 kpc of the galaxies. In both scenarios,
the best-fit global parameters (g, ) and the main statistical conclusions (e.g., the preference over
MOND) remained stable, demonstrating that our results are not driven by specific error assumptions
or by the complex inner regions of galaxies.

Hy Sensitivity.

As the PTQ framework explicitly links agy to the Hubble constant via a4y = ecHj, we tested the
model’s sensitivity to the chosen value of Hy by varying it from 60 to 76 km/s/Mpc. The analysis
shows that while the best-fit value of ¢ adjusts as expected (a higher H leads to a lower ¢), the overall
goodness-of-fit (as measured by AIC/BIC) remains stable across this range. This confirms the internal
consistency of the model and shows that the results are not critically dependent on the precise value of
Hj within its currently debated range.

Appendix F.3. Cross-Scale Closure Details

Here we provide the quantitative details of the two-tier closure test summarized in Section 5.3.

Inputs.

From our global SPARC analysis, the rotation-curve-inferred value for the global parameter is
erc = 0.186 = 0.012. For the cosmological side, we adopt the Planck 2018 best-fit value for the dark
energy density, Q5 ~ 0.685. Using the derived map O (&) = €2/ (1 + €2), this implies a cosmology-

inferred value of ecos = /Qp /(1 — Qp) = 1.475.

The Two-Tier Test.

*  Level I (Strict e-Closure): The large difference |erc — €cos| > 30 represents a clear failure of the
strict closure test. This quantitatively isolates the amplitude mismatch between the cosmological
and galactic scales and motivates the physical role of the geometric efficiency «.
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e Level II (Geometry-Assisted Closure): The framework predicts this mismatch is resolved by
the geometric efficiency, ¥ = erc/ecos- Using the values above, the predicted efficiency is
% ~ 0.186/1.475 ~ 0.126. This value is consistent with the typical disk-thickness-to-radius ratios
of order 10! observed in spiral galaxies. This successful Level-II closure, which requires no new
free parameters, supports the geometric interpretation of x validated by the thickness test.

Appendix G. Theoretical Basis for the Screened Model

This appendix provides the theoretical underpinning for the physically-motivated "PTQ-screen”
model introduced in Section 3.1. We show that the screening function S(r/Ry; q) is not an ad hoc
addition, but emerges naturally from a more complete effective field theory (EFT) description that
respects the core symmetries of the PTQ framework.

Appendix G.1. Stueckelberg Completion and the Origin of Screening

The projective invariance central to the PTQ framework can be made manifest at the level of the
action by introducing a Stueckelberg field, e(x). A minimal, two-derivative completion that respects
all symmetries is given by:

R(e,) — sni(T, — 34¢)% — 2 2(3,6)? ], (A13)

Mp
2 2 2

Ssic = /d4x\/ —8

where 7}, is the torsion trace. The mass-like term for the projectively invariant combination (7, — d,€)
dynamically enforces the alignment of the torsion trace with the gradient of the Stueckelberg field,
leading to the pure-trace condition (Hypothesis 2) on-shell.

The key insight is how this relates to the screening phenomenon. The term m3.(7,, — 9,€)? can
be seen as an interaction between the gravitational (torsion) and the Stueckelberg sectors. In the
low-energy regime relevant to galaxy dynamics (E < mr), this interaction is "frozen," leading to
the simple asymptotic law where torsion effectively traces the background geometry. However, at
higher energy/curvature scales, or in regions with complex dynamics (i.e., the inner parts of galaxies),
fluctuations are not entirely negligible. The coupling to the Stueckelberg field effectively provides a
mass to the torsion trace, causing its propagation to be screened over a characteristic length scale.

The function S(r/Ry; q) introduced in Section 3.1 serves as a phenomenological model for the
form factor of this screening effect. It captures the universal behavior of how the coupling to the
background acceleration is suppressed at small radii (where local dynamics dominate) and recovers its
full strength in the asymptotic, weak-field limit. The exponent g parameterizes the efficiency of this
screening mechanism, which depends on the details of the low-energy effective theory.

Appendix G.2. The Spurion Limit as the Asymptotic Regime

The "spurion limit" discussed in the foundational paper [1] corresponds to the idealized, low-
energy regime where screening effects are negligible. This can be achieved in two equivalent ways:

1. Hard penalty limit: Taking my — co. This effectively freezes the dynamics of (7, — d,€),
enforcing the pure-trace alignment rigidly at all scales. This corresponds to the asymptotic PTQ
law without any screening (S = 1).

2.  Lagrange multiplier limit: Replacing the mass term with a Lagrange multiplier constraint
A¥(Ty — 9,€). This also enforces the alignment strictly.

Our PTQ-screen model thus provides a crucial bridge between this idealized theoretical limit and the
reality of observational data, which necessarily includes transitional, non-asymptotic regions.

Appendix G.3. Summary and Hook to Main Text

In essence, the PTQ-screen model is the appropriate effective description of the PTQ framework
when applied to realistic, full-radius galactic data. The screening function S(r/Ry; q) is not an arbitrary
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addition but a physically motivated form factor representing the transition from a dynamically complex,
screened inner region to the simple, asymptotic outer disk where the foundational theory’s predictions
hold true. The statement used throughout the paper, "PTQ-screen is the model used for analysis," is
justified because it is the most accurate and data-inclusive implementation of the PTQ framework’s
low-energy effective theory.

Appendix H. String Theory Motivations: UV Origin and Optional Readings

This appendix provides a UV-motivated sketch that helps seed the spatial imaginary block used in the
main text. It outlines the dimensional hierarchy from the string scale to the late-time Hy-anchored
coupling, and presents clear falsifiability tests. All scalar observables are defined after the PT-scalar
projection Ilpr[X] = 1(X + X*) (Appendix A.1); the main results do not rely on any particular
compactification beyond this operational rule.

Appendix H.1. Setup and Fixed IR Dictionary
We begin with the quaternionic split (Appendix A.2):

G = gﬁ) + ug,%), gﬁ) = diag(—1,4% a%,4a°), (A14)

where the dimensionless imaginary blocks are given by:

eH,
g(()(l]) = eHot, gz(]I) = beffréij/ bets = TO y (A15)

where 7 = Vx*xk and u is a fixed unit pure quaternion (1> = —1, u* = —u). The single dimensionless
parameter € governs both cosmology and rotation curves (RC):

&2

Op=——
A 1+€2,

v*(r) = v2,.(r) + (ecHp)r (main text).

Appendix H.2. Internal Flux — External Rotational B;j(x) (Controlled Ansatz)
Consider type-II compactification on X with a two-cycle X, threaded by quantized NS-NS flux:

1 27N
—— | B=NEZ, bying=—>—, [bstring] = L2
27ta % string gg string

Buscher T-duality along one leg of 35 can map a constant internal flux to a coordinate-dependent
profile for an external two-form, while the dielectric (Myers) effect aligns an internal SU(2) direction
[46,47]. Motivated by these mechanisms, we adopt the rotational ansatz:

Bjj(t,X) = bering a(t)” € X |,

which respects spatial isotropy at the projected scalar level (odd-in-u pieces cancel under Ilpr).
Equation (H.2) is a UV hypothesis to be checked (or ruled out) in explicit compactifications; our IR
results do not depend on the details as long as the dictionary (A15) holds.
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Internal NS-NS flux on T-duality & dielectric External rotational profile
27%0/ /B=N orientation (u) Bjj a2€ijkxku
PT-scalar projection Quaternionic metric
HPTH G = g(R) + ug(l)

{ Real observables }

(QA, ap, . - )

Figure A4. Concept pipeline (full version). Internal flux induces an external rotational B;;(x), which deforms the

metric in the quaternionic direction u; scalars are made real by IIpt. The IR dictionary (A15) is the only ingredient

used in the main text.

Appendix H.3. The 1061 Hierarchy: From , [ bstring to begr

The spatial block requires a linear coupling beg with units L~. String theory naturally supplies a

linear scale , /string ~ £5 1 so we factorize:

beg = /b string F dimless

Anchoring to (A15) yields:

begi ¢sHo
Fdimless = =¢€ c Cvol gwarp 4 shape gIR/ uv
\/ bstring

dimensionless modulators, O(10+0-3)

Using ¢s ~ 10® mand Hy/c ~ 7.3 x 107 m~!, we get:

tsHo 73x10°%2, =

e&fo ~10-61 (e = O(1)),

so the dominant suppression is purely geometric (string length vs. Hubble radius).

Table Al. Dimensional ladder from bstrmg to begr. Only bstring carries units; the product of dimensionless

factors targets ~ 1070 (benchmark).

Factor Symbol Expression Units Benchmark
String (linear) scale \/@ ~ 1/l L1 103 m~!
Dominant ratio — elsHy/c 1 ~ 10761
Modulators Co CvolGwarpCshape IR /UV 1 100+(0-8)
Effective begt Dstring Fdimless L1 ~ 1026 m-1

Appendix H.4. DBI Guidance and an Effective Linearisation
On a Dp worldvolume, the Dirac-Born-Infeld (DBI) action [45] is:

Sper = —Tp /d’”lx\/f det(guv + Buv).

This action organizes powers of B non-linearly. For the rotational profile (H.2), schematically:

\/ —det(g + B) :a3\/1+xb§tringrz+-~~, k>0,
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so a naive perturbative expansion produces an r? term. Empirically, outer RCs prefer an approxi-
mately linear residual. We therefore employ a controlled, IR-effective bridge (preserving the projection
rule):

SH()
B}H/B;W ~ bege?, | begt =  f

interpretable as a coarse-grained linearisation or a non-perturbative resummation (e.g., dielectric
polarization, open-string condensates). No extra freedom is introduced in the IR: the PTQ(-screen)
family remains one-parameter in e.

Appendix H.5. Projection, Isotropy, and Scope

All quaternionic quantities enter observables only via projected scalars. Since B;; o eijkxku is odd
in u, any scalar built from it has the form Sy + uS; and projects to Sy € R. Isotropy of projected
observables follows since spatial indices are contracted with §;; in the block form (Appendix A.2). The
UV discussion only motivates the scale beg; the main-text closure and RC results do not depend on a
specific compactification.

Appendix H.6. Fixed vs. UV-Sensitive Pieces & Falsifiability
Fixed by Construction (IR).

®  Projection rule ITpy; dictionary beg = eHp/c;
2

*  Linear RC term (ecHp)r; cosmology map Qa = 5.

Appendix H.6.1. UV-Sensitive (To Be Checked)

*  Realisation of an external rotational B;;(x) with an internal SU(2) tag u;
*  Composition of Fyimess in (H.3);

*  Microscopic origin of the effective linearisation (H.4).

Appendix H.6.2. Kill Switches (Any One Sulffices)
(K1) No controlled compactification yields an external B;; o« eijkxku.
(K2)  Achieving Fgimess ~ 107! requires {s ¢ [1073,10%] in all known vacua.

(K3)  Joint constraints (SPARC RCs + ()5 ) force inconsistent € under the single-parameter closure.

Appendix H.7. UV-Steered Null Tests and Observational Hooks

e Redshift Lever Arm: If the residual is H(z)-anchored, a¢(z) = ecH(z) with fixed ¢.

e Stacked Weak Lensing of Outer Disks: A universal residual shear slope « ¢ after baryon
subtraction at fixed Y.

e Tully-Fisher Residuals: A pattern of residuals at fixed Y, consistent with the linear (ecHp)r term.

Appendix H.8. Implementation Notes (What Enters the Code)

Only the IR dictionary (A15) is used by the pipeline. All scalar constructions (likelihoods, informa-
tion criteria, curvature scalars) are built in C,, and projected by Ilpt; block inverses and determinants
are handled in closed form (Appendix A.2). No extra parameters beyond ¢ are introduced.

Summary of Appendix H. A rotational, string-motivated B;j(x) provides a plausible UV handle
for the quaternionic deformation used in the main text. Dimensional analysis alone shows that
¢sHy/c ~ 107! supplies the required hierarchy to map , [ bstring ~ {5 Ldown to beg ~ 10726 m~1, with
only mild compactification modulators. All observables remain real by the project-first rule, and the
phenomenology is governed by a single Hy-locked parameter e. The UV ingredients above are explicit
falsifiability hooks: they can be sharpened into compactification searches and cross-scale observational
tests.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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