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Featured Application: Design of robust and tracking controller for four-link manipulator arm is an
important subject for many industrial applications such as COVID-19 prevention robotics,
agricultural mobile robotics, mining mobile robotics, space exploration mobile robotics, lower limb
rehabilitation robotics, biped walking robotics and underwater robotics.

Abstract: Robust control of the four-link manipulator arm (FLMA) is an important subject for many
industrial applications such as COVID-19 prevention robotics, lower limb rehabilitation robotics and
underwater robotics. This study uses the feedback linearized approach to stabilize the complex
nonlinear FLMA without applying nonlinear approximator that includes the fuzzy approach and the
neural network optimal approach. The article proposes a new approach based on the “first” derived
nonlinear convergence rate formula of FLMA to control the highly nonlinear dynamics. The linear
quadratic regulator (LQR) method is often applied in the balance controlling space of the
underactuated manipulator. This proposed approach takes the place of LQR approach without the
necessary trial and error operations. The implications of proposed approach are “globally” valid,
whereas the Jacobian linearized approach is “locally” valid. In addition, the main innovation of the
proposed method is to perform “simultaneously” additional performances including the almost
disturbance decoupling performance that takes the place of the traditional posture-energy approach
and avoids some torque chattering behaviour in the swing-up space, and globally exponential stable
performance without solving the Hamilton-Jacobin equation. Comparative examples show that the
proposed controller is superior to the singular perturbation and the fuzzy approaches.

Keywords: almost disturbance decoupling performance; COVID-19 prevention robotics; feedback
linearized approach; four-link manipulator arm; nonlinear convergence rate;

1. Introduction

The automation of manipulator arm has gained tremendous attention in recent decades due to
their wide range of engineering applications, such as agricultural mobile robotics [1], mining mobile
robotics [1], space exploration mobile robotics [2], lower limb rehabilitation robotics [3], biped
walking robotics [4[, unmanned ground vehicle [5]and underwater robotics [6]. There are two types
of manipulator arm: underactuated one [7 - 9], which is a kind of a nonlinear system with fewer
control inputs than degrees of freedom, and fully actuated one [5,6,10,11], which is not. In general,
underactuated manipulator arms are grouped into vertical types which are controlled by gravity and
planar types which are not.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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For the vertical underactuated manipulator, the linear Jacobian approximated model of the
inverted equilibrium position is completely controllable because the controllability matrix of the
linear Jacobian approximated model is full rank. For most traditional approaches of solving the
complexity of vertical underactuated manipulator, the operation space is mainly separated into a
swing-up space and a balance space. In the swing-up space, the control methods include posture-
energy approach [12], energy-based approach [13], direct fuzzy control approach [11], fuzzy model
reference learning control approach [11], adaptive fuzzy control approach [11], and then the linear
quadratic regulator (LQR) optimal method [14] is applied in the balance space. However, to be
quickly captured in the swing-up space for the manipulator arm, the control needs to be built an exact
combination of energy and posture, and this property is difficult to be accomplished due to the
complexity of the system dynamics [9]. Moreover, some torque chattering change occurs in the
swing-up space and then the energy is quickly pumped into the system [9]. In general, in order to
control the nonlinear dynamics well, the disturbance decoupling and the global stability should be
simultaneously required [15]. To achieve these requirements, some significant approaches, such as
model predictive control [16], deep rcement learning [17], multi-objective control [18], backstepping
control [19] and preview control [20], have been adopted for complex nonlinear systems. However,
in the aforementioned approaches, a serious common drawback is that the considered nonlinear
systems should be approximated to be linear dynamics by the Taylor expansion for small effect
operating range. This serious drawback may be impractical for the FLMA. To solve nonlinear serious
drawback of the FLMA, nonlinear function approximators, such as neural network optimal approach
[21] and famous fuzzy method [22], have been adopted to reduce the caused errors [23]. The main
drawback of famous fuzzy method is that constructing fuzzy rule base needs to rely on many past
accumulated knowledges, and then the system performance is almost determined by the
constructed experience rule base [24]. The neural network optimal approach is an intelligent
supervised learning approach that requires the operating network to offer many sample points [25].
The performance of controller design for the neural network method is completely limited by only
applying the current state value. Moreover, complicated interconnecting structure and digital
computing loads let the physical realization of nonlinear function approximators be impractical. LQR
is a common method that calculates the weighting matrices Q and R for a Jacobian linearized system
via trial and error operation. Some improved approaches of calculating the weighting matrices, such
as genetic algorithm approach and Kalman’s pole-assignment approach, have been proposed in
recent decades. However, their main serious drawbacks including high computing effort and slowly
convergent rate of globally optimal solution limit their performances [26].

On the other hand, planar underactuated manipulator is not constrained by gravity, so any
position of the manipulator arm is the equilibrium point and the linear Jacobian approximated model
at any equilibrium point is uncontrollable [27]. The control approaches for the vertical underactuated
manipulator cannot be applied for planar underactuated manipulator. The researches of controlling
planar underactuated manipulator are extensive and some important methods, such as the nilpotent
approximated method [28], the converting-chained form method [29] and the order-reduction
method [30], have been proposed to perform the position control for planar underactuated
manipulator. However, the aforementioned approaches of controlling the planar underactuated
manipulator are only valid for the nominal plant model. In real systems, nonlinear acting factors need
to be considered [31] and then aforementioned approaches cannot be applied for the practical planar
underactuated manipulator.

So far, it is obvious to see that the robust and tracking controller design for manipulator arm still
is a challenging subject due to the strict global stability requirement and disturbances reduction
involving on the nonlinear system dynamics. Stimulated by these points, we apply feedback
linearized approach to construct the robust and tracking controller of manipulator arm with the
almost disturbance decoupling, adjustable convergence rate and “globally” exponentially stable
performances and take the place of “locally” Jacobian linearized method. Feedback linearized
approach have contributed many significant researches [32-36] in industrial applications, such as the
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dual parallel-PMSM system [32], the grid-tied packed e-cell inverter [33], PHEVs charging station
[34], artificial pancreas [35] and the weak AC grid integration [36].

References [37,38] had exploited the fact that the stricter tracking error condition of almost
disturbance decoupling performance including absolute error, integral error and input-to-state-stable
error is involved to reduce the disturbance effect. However, they can only achieve the almost
disturbance decoupling performance of nonlinear system without the nonlinearity multiplied with
disturbance requirement and the non-Lipschitz nonlinearity requirement. Therefore, the almost
disturbance decoupling performance cannot be achieved for the following nonlinear system:
x () =tan” (x,)+ W, (1), X,()=u, , y,=x=0,, where o, and u, are the output and control input,
respectively. On the contrary, the almost disturbance decoupling performance can be well achieved
by the proposed method. The main novelty of this study is to design robust and tracking controller
for nonlinear complex FLMA. Major contributions of this study are summarized as follows:

(i) This study has “first” presented the convergence rate formula of the nonlinear FLMA.

(ii) The FLMA is first designed by applying the feedback linearized approach with the almost
disturbance decoupling performance that takes the place of the traditional posture-energy approach
and avoids some torque chattering change behaviour in the swing-up space. Moreover, the proposed
approach takes the place of LQR approach without the necessary trial and error operations.

(iii)A robust and tracking controller is presented to possess the global exponential stability
without solving the Hamilton-Jacobi equation that requires to be solved for the famous H-infinity
approach.

(iv)The study has proposed a new approach to improve the shortcoming of traditional fuzzy
function approximators without many design experiences and knowledges.

(v)The implications of this proposed method are “globally” valid, whereas the Jacobian
linearized approach is “locally” valid.

2. Complete Mathematical Model for Four-link Manipulator Arm

The FLMA is a great platform for industrial mechanics as it is highly nonlinear control system
with disturbances. In this section, we will apply Euler-Lagrange equation to derive the dynamic
equations of the FLMA shown in Figure 1.

7, sin(6, +6, +6,)

4

L, sin(6, +6,)

r, sin(6, +6;)

A

A

l,sin 6,

Figure 1. The four-link manipulator robot arm.

Four-link manipulator arm is made up of aluminum. The dynamic model parameters are
selected as follows: the length of link =/, = =[,=1m , the distance for the center of mass

h=r=r=r=025m , the mass of link m =m,=m;=m,=1lkg and the inertia moment of link

I,=1,=1,=1,=1kg-m". Defining the potential energy E,, the kinetic energy E, , the joint torque 7, the
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Lagrangian term L as the difference between the kinetic energy and potential energy, and applying
the Euler-Lagrange equation yield the dynamic equation of the FLMA to be

L=E-E, ey
{2 )
dt\ 9o 26
6=[6 6, 6 6] 3)
7=, 7, 7, 1,| @)

Let the centroid translational position vector and velocity vector of linkibe 2. and v, , and
centroid rotational position vector and velocity vector of linkibe 0. and @, . From the fundamental

definitions of position vector and velocity vector, we get

dP.  OP. 40 ] -
_ _dF, _OF 4o _, df 6

Vo E— =57 .= vv'_:JV- (5)
Yoodt 96 dt TV odt 77
J 2 (6)
Y
dQ. 90, dé 7] -
b = 0, :&_ﬁglw 49 _ ;6 @)
oodt 00 dt todt ‘
and
90
J = 8
Then the kinetic energy E, of the manipulator arm will be given by
& . 1S
EK=_Zmz c vz‘ +_Zmla)z L C
2 i=1 ' 2 i=1
S (2,72 )§+1§4:§T(J "1, 9
&M\ )OFS 0 2 St )
1 = 4 X
=—0T( (md, 2, +4, 14, )je
2 P o ’ ’
Define
1< - X
Eq =52 m0"(1,1,)0 (10)
i=1
14 = KX
Ey=52.0" (1,11, P an
i=1
4
D=y (mJ,"J, +1, 1.1, (12)
i=1
Substituting (10)~(12) to (9) obtains
1 = -
E.,=E.+E,, =50T199>0 (13)

From (1)(2) and (13), we get
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4 i;(lérpéj —aEf +8Ef =7 (14)
dt| 9o\ 2 00 06
Then
dl1 | 9E. OE, _
21 (p+D")6 |- Tk + T2 o
dt[2(~ ') } 20 90 ' (15)
Since the matrix D possesses positive definite property and D=D" , we get
95@5_1(15@5}6’% 16)
206\ 2 00
ie.
Qé{@'—lié@}éjﬁbjﬁ =7 (17)
206 00
Define
10 ;
C=D-——06'D 18
T T 200 7 (18)
and
__OE
g==s=la & & al (19)

From (17)~(19), it is more practical to rewrite the Euler-Lagrange equation of the manipulator
arm in more compact form for control purpose as follows:

DO+CO+5=7 (20)

where g is the vector of gravity force, C denotes the Coriolis matrix of the manipulator arm.

Observing the structure of (19) obtains

Cy= > Tyb, 1)
1<k<4
where
oD. 19D,
r,=—"4a % o)
Y06, 200 (22)
Define
Y {} (23)
and
(m, 0 0 0 0 0]
00 m 0 0 0 0
o0 0 om0 00 o4
10 0 0 I, 0 O 24)
0 0 0 0 I, 0
0 0 0 0 0 I,

Then (12) can be rewritten to be
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D

4
2. 4MJ (25)
i=1

Observing Figure 1 yields the centroid translational position vector to be P,=[0 0 /],

- T = T
F, =[r2czcl HeS rzsz] , Py =[lzczcl +repG ho,s +rcys, L+, +r3523] and

Le,¢ +heyey 1,00,
Py = 5Le,s, + 10,8, + 1,008, (26)

LS, + 1,8, +7,8,,, +1,

where ¢, =cosf and s,=sin6, . ¢, =cos(6+60,+6,) , s, =sin(6+6,+6,) , c;=cos(6,+6)) , s, =sin(6+6,) .

ik

Applying (6) to the centroid translational position vector gets

00 00
Jv] =0 0 0 O (27)
00 00
-1c,s, —hs,c, 0 0
‘sz = K66 ThS,S, 00 (28)

0 ne, 0 0

_ZZCZSI_FSCZSSI _lzszcl_rssz3cl 13836 0
S, =| hootnese  —hsys —nsys —nsys 0 (29)

0 L, +rey 136y 0

_lzczsl _1302331 TGS _lzszcl _laszzcl —TSmG —13S236’1 TISmG TSuG
I, =| hoGHhenG A1one =S5 —hSnS —1SpS) —hSnS —HSnS iSmS, (30)

0 Le, +hey, 1,6+, Ly 1,00, o

Observing Figure 1 yields the centroid rotational position vector to be 0, =[0 0 QI]T ,
= T

0,=[0 6, 6], 0,=[0 6,+6, 6] and0,=[0 6,+6,+6, 6] . Using (8) to the centroid

rotational position vector obtains

J,=|0 000 (31)
J,=[0 100 (32)

J,=|0 110 (33)

J,=[0 1 11 (34)
000

Substituting (24)~(25) and (27)~(34) to (25) yields the matrix D as
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D, 0 0 0
D= 0 D, D, D, (35)
- 0 D, Dy Dy
0 D, Dy, D,
where
Dy=1,+1,+1,+1,+ mz”zzcz2 + m3]22022 +2mylyre,0, 36
+m3r320223 + m4lzzcj +2myLLesCoy +2mlyr ey, + m4132€§3 +2mlr,¢55¢55 (36)
D, = Iy2 + ]y3 + Iy4 + m2r22 + m3lz2 + m2r32 +2mylrc,
+m4122s22012 + 2m41213s2s23c12 + m4132 s223c12 +2m,lyr, 45235234‘312 (37)
+2m4lzraszsz34clz + ’"4”4232234012
Dyy=1,+1 ,+mlrc+mllc,+mlrc, +2mlrc,
S > (38)
+myry +myls +myr,
D, = ]y4 +myrc, +mlrc, + mAVAZ (39)
Dy=1,+1,+ my +ml; +2mLrc, +m,r} (40)
Dy, =1, +mlrc, +mgr; (41)
Dy =1, +myr; (42)
Let us combine (21) and (22) and get the matrix Cas
¢, ¢, 0 0
C= G Gy Gy Gy (43)
TG G Gy Gy
C, Cp Cy Cy

where

C,, = {myry sin(26,) — m, 17 sin(26,) — 2m,l,r, sin(26, + 6,)

—myr{ sin(26, +26,) — m,[; sin(26,) — 2m,L,1, sin(26, + 6,)

=2m,Lr,sin(20, + 20, + 6,) — m 17 sin(26, + 26,) — 2m L1,

sin(26, +16, + 6,) — m,r} sin(26, + 26, + 204)}6’2 (44)
2, 1,5,,C, — 20,1 5,,Coy — 2L 15,5, — 2m, L1, S ,5,C, — 2m 128,50y

21,07 13,Coy — 27,8 3Cns — 2,775 234Cs 4}93

5 .
H2my L1, 5034C, = 2M L1 S534Co — 2,8, 5534C534 16,

i 120 2 2, 2
Gy = {m 5,556, + 2myL15,5,8,,¢, + mylys 55,

45)
2, 2 ; (
217818538734 C T2 13 13818,8 134C, 1818346116y
- 2 2 2
Gy = imyry 8,6, +myly5,¢, +mylyris ;) + Ml 1ss,C05 + Myrys 5055
2
Amly5,¢y + bl ,Cy +mLLS,Coy + MLT Sy ¢y + ML Cyy (46)

2 2 2
FML3 853055 + MylT, 13, Cos + LTS 53Co3 + M1 85340230 16,
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_ 2.2 2.2
Coy ={=2m,y5,8,¢, = 4m L Lis,,5,¢, = 2m [is,57,¢,
2,2 e
A 1,818538534C, — AM1y18,5,8 53,0, — 2m 1y 8182,0, 16, +
2. 2 2 2 20 2
{mLs,cic, +mybls,cic,s +mblis,icic, + mlisycic,, +
ML T, 80,CEC oy + M LTS3, CoCo, + Myl F,S,ClCy,, + mylr,S e
44374523€C) Cozy 44374523461 €3 4laTyS2C) Cozg T MyLy13S8934C1 Gy
2 2 ; 2 2. 2
ATy $534C, Copy 6, +{2ml, 1385 + 2m Ll iy + 2mylisycicy,
2 2 2 2 2 2
A2myL1,8,,C) Coy + 2, 7,83,C1 Coy + 2m 11,8567 Cogy + 2185341 Coy 1Oy

2 2 2 2 ;
H2m Lrs 50 Cony + 2myL1s,C Cony + 21 853,C1 oy 1O,
G,y ={=myl,rysy —myLLs, = mlyrys,, 105 +{-m,byr,s,, —2m,li1,s,}6,
Cy ={=mLr, 53,30, + {-mLr,s;, —m,lr,s,}6,

_ 2
G, = {m,L, 18,0, + Myt 555055 + mblis e, +mybr,s,c,

2 2 )
ML 52,Co3 + MTS534Co + ML S 13Cony + M7 S234Co3 16

_ 2 2. 2 2
Gy, ={mylyrysy —myblis,cicyy — Myls € Coy = MlTS 5,61 Oy

. 1
2 2 2 2
—M31yS534C Coy = ML 8,01 Cogy — M1y S234C1 Cry 16, + {_Emzlzrsss

1 1 . 1 .
—5m4121353 —Em4lzr4s34}03 +{-ml,r,s,, —2mLy1,s, +Em4lzr4ss4}04
1 1 1 . .
Cy= {E mylyrs, + Em4121353 + Em4lzr4534}92 +{=2mlyr,s,,} 6,

1 . .
Gy = {Em4lzr4s34}92 +{-mlr,s,} 6,

_ 2 2
Cy = {myLy1y853,C, + Myl 813, Coy + M7 8234020 16,
C,, = {—mylir,5,,CCoyy — M L1, S,CEC, — M S, ClC }0
a2 403738231 Cozq — Myl TySHCy Cozg = MY S934C1 Co3y 50
L Lo L ) ! L s, 16
+m s, +5m4 T3y +mylr,s, 10, + {_Em4lzr4s34 _Em4 NARLA

1 . . 1 )
Cy= {Em4lzr4ss4 +mylir,s,}0, +{m,Lr,s,}6; + {_Em4lsr4s4}64

1 1 . 1 .
Cy= {Em4lzr4s34 +5m413r454}92 + {Em4l3r4s4}‘93

From Figure 1, we get the potential energy of manipulator arm as

E, =gml +gm,(l, +r,8,)+gm(l, +1,8,+71;5,)
+gm, ([ +1,8,+ 185,47, 855,)

where g =9.8 Nt/kg . Applying (19) gets
g,=0
g, = gmync, + gmyl,c, + gmsr,c,, + gm,l,c, + gm,lic,, + gm,r,cy,
g, = gmy 1y, + gmylic,; + gmyr,cyy,

84 = 8MyT4Chsy

Using (35) yields the inverse of the matrix D to be

(47)

(48)

(49)

(50)

(1)

(52)

(33)

(54)

(35)

(56)

(57)

(58)

(59)
(60)
(61)

(62)


https://doi.org/10.20944/preprints202503.1847.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 March 2025

9 of 38
I, 0 0 O
D = 0 I, I I, (63)
B 0 Iy Iy I
0 5, L, I,
where
Al = D22D33D44 _D22D32A _DZD44 + 2D23D24D34 _D;Dsz (64)
1
1, =—
=3 (65)
D,,D,, - D’
n= X Zl = (66)
— _D23D44 + D24D34
Iy = 67)
D,.D,,—D,,D
1, =B 2433 (68)
A
D,D,,—D’
I, = %lu (69)
— _D22D34 + D23D24
Ly =R (70)
D,,D,, - D’
Pt it 23 71
= 71)
From (43) and (63), we get
L, 0 0 O0}C, C, O 0 D, D, ©0 0
DC= 0 I, Iy LG Cy Gy Gy - D, D, D, Dy, (72)
- 0 I, Iy LG C, C; C D, D., D, Dy
0 1, Ly I,)|Cy Cp Cy C D, D., D. D.
where
D, =1,C, (73)
D, =1,C,+1,,G, +1,,C, (74)
D, =1,,G, +1,,C,, + 1,,C, (75)
D, =1,C,+1,,G, +1,C, (76)
D, =1,C, (77)
D, =1,Cy, +1,,C, +1,,C,, (78)
Dy, =1,,C,, + 1;,C,, +1,,C,, (79)

D,y =1,,Cp + 1,Cy +1,,Cy (80)
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Dy = 1,Coy + Gy + 1,C (81)
D sy = 1,Cy + 1;,Cy + 1, G (82)
D,y =5,Cy + I,Cis + 1,,Cyg (83)
Dy =1,Cy + 1,Cy, + 1,C,, (84)
D, =1,,C,, + 1;,C,, + 1,,C,, (85)
Dy =1,Co + 1,Cy, + 1,,C,, (86)
Multiplying (63) with (19) yields
I, 0 0 O0|g D,
. |0 L, I, L,|g D,
D 1g: 22 23 24 2 || e (87)
0 I, Iy Iy| g D,
0 1L, L, I,] &, Dg4
where
Dgl =1, (88)
D,, =18, +158;+1,8, (89)
Dy =158, + 1385 + 13,8, (90)
D, =18, +1,8,+1,8, (91)
From (20), we obtain
6=-D"'CO-D'g+D'T (92)
Substituting (63), (72) and (87) to (92) gets
él = _Dcllél - Dclzéz - Dgl +1,7, (93
éz = _Dczlél - Dczzéz - Dcz3é3 - Dc24é4 - DgZ Ty + 1T + 1,7, (94
é3 = _Dc3lél - Dcszéz - Dc33é3 - Dc34é4 - Dg3 137, + Ity + 1T, (95
é4 = _Dc4191 - Dc4292 - Dc43é3 - Dc44é4 - Dg4 + [24T2 + [3473 + [44T4 (96

Define the state, input and noise variables of the FLMA to be the following physical quantities:
)?E[xl X Xy X X X Xy xs]Tlxl =6, x, =91rx3 =6,,x, =92rx5 =6, X, =93rx7 =6,,x =94/”1 =7
2
U =T,U =T, U =T, and ZIQ;Hnoiseij .
=
Therefore, the state-space dynamic model of the FLMA with real physical values can be
represented as

[xl xs]Tz[fl()?) fg()?)]r

_ _ _ I S 97
+|:gﬂ)71(X) gﬂ)j(X):H:u/bil(X) ube(X)] +Zéj9noiseij &7
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[yol()—() yo4(X)] [ 1(X) 0-04()—():|T

fi=x

fo==D,x,=D,,x,—D,

gl

fi=x,

Ja==D.y%, =D, X, = D,y = D,y Xy — D

c g2
Js =%
fs =D,5%, = D3y %, = Dig3Xg = D 3y x _Dg3

fr=x
fe==D., %, —D.,x,—D..x =D, % —Dg4
g,,=[0 7, 0 0 0 0 0 0]
8,.=[0 0 0 1, 0 1, 0 L,]
gn.=[0 0 0 1, 0 1, 0 L,]
§u.=[0 0 0 1, 0 1, 0 L,]

*

46, ,=[sinz 0.0 0 0 0 0 0]

*

G0, »=[0 0 sinz 0 0 0 0 0]
on:91+éI:xl+xlzaol
y02=92+92=x3+x35002

V=640, =x5+% =0,

Vor =6 +6, =X, +X, =0,
Then the nominal system will be

X(t) = F(X(0)+ g (X (1)),

3,(0)=6,(X(1)

and it is assumed to have the vector relative frequency{d, .d,,.d ,.d,,} ={LL11} [39]:

<i> The following condition holds:

L, L.0,(X)=0

foralll<i,j<4,k<d, -1, where the symbol Lis the Lie operator.

<ii>The square matrix
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(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)
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(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)


https://doi.org/10.20944/preprints202503.1847.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 March 2025

12 of 38

Em
A= : : (120)
Lg”UL?W‘IO'm(X) Y ijsm‘la (X)

- om

Lg/b,l Lij"710'01 (X) o L m Li?]ilo-ul (X)

has nonsingular property. The norms of pre-specified tracking signals y/,,,1<i<4 and its firstd,,

derivatives are bounded by positive constants B, , as

“ [ytirack H y;rack(l) [ "y:rack(dni)] “ S Btirack’ 1 S l S 4 (121)
and the spanning distribution
G= Span{gﬂg ’gtbgagfbjagfbj} (122)

is involutive.

3. Robust and Tracking Controller Design of the FLMA System

Since the FLMA system has the well-defined relative degree property and involutive
distribution performance, then the mapping

PR >R (123)
defined as
— . . T . . T
g]in_i = I:éin_l o glin_dm. :' = [¢lin_l o ¢)/in_da,» :I
0 -1 r (124)
= [Lfgm. e LY crw.] JA<i<4
d=d +d,+d, +d, =4 (125)
¢n0n7k Ennonik’k:do +1,d0 +2’“"n (126)
and
Ly, Puon s = 0,k=d, +1,d,+2,---,n,1< j<4 (127)
= T
5[1'/1 = [5[!’/171 glin72 o glinido :| (128)
— T
nnon = [n)10n7d0+1 non_d,+2 . .nnonin:l (129)
_ T
non = [Lf¢nanida+l Lf¢non7d0+2 . 'wanonin :|
(130)

T
EI:pnon_dDH pnon_d0+2 pnon_n:l

is an one-to-one and onto, infinitely continuous and differentiable function according to
reference [39,40], i.e,

ElinJ = glt'nil = ¢1§'n71 = L(}O-ol = 'xl +x2’ (131)
EIWLZ = 6112'%1 = ¢112'n71 = L§002 =X+ X, (132)
glin_:‘? = fl?n_l :¢l?n_l = L(}O-as =X+ X, (133)

Eh‘n_zt = fl?n_l = ¢l?n_1 ELOfO—M =X, + X, (134)
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nmerS = ¢non75 = xl _ytlrack (135)
nnon76 = ¢non76 = x3 - yt2rack (136)
nnon77 = ¢non77 = xS - ytiack (137)
nnonj% = ¢nan78 = x7 _yttack (138)

Assume that the nonlinear FLMA system possesses the well-defined involutive property. Then
the mapping ¢ defined by (124)~(127) is a one-to-one and onto, infinitely continuous and
differentiable function and it will transform original nonlinear system into partially linear subsystem
and partially nonlinear subsystem as follows [39,40] as follows:

glm 1= 01 |:f+gﬂ; u;b+zq ( un_j gnoise_j):|

Jj=1
— £l N
_glin_Z +z

139
= j( un_j +6noise_j ) ( )

fllin _d, -1
_9Ly7o
—_— + u, + +6 .
aX |:f gﬂ) §d zq/ ( un_j noise _j ):| (140)
ILy o,
:f]li;tdol ;[a—qu (eunj"'enoise,j)
é'l — a¢l‘inid”, ﬁ
lin_d,, 0—,)? dt
aLy "o, [ -
a—X]|:f+gfb u +Zq]( un_j Hnoisej):|
=Lro, +L, Ly'o,u+-+L, Lo, u, (141)
z Ldl B (11 —k
Zl( J(eunJJrenoisej)
j=
ghn 1= &AD‘, |:f+gﬂ) u/b+zq ( un_j 6nuise_j):|
v Jo,, (142)
=& )| =225 (0 +6
lin_2 jzz; &X q/( un_j numc_/)
fl‘i‘ndﬁ,fl
Ly o,
i L i, + +6 . .
0—)X |:f gtb /b ;qj ( un_j noise _ j ):| (143)

Ld 4—2 i
= é:llz'nid[,‘, +ZP:{ 04 q ](Bunj-‘renoisej)

J=1
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fl?n _dyy
ILy o,
0—)—X|:f+gtb u/b +zq/ ( unJ+0naiseij)
—Ld“0'04+Lg,“Lj4 ‘o, g Uy T (144)
+L,, Lo, uy
L )4 0-04 o
+Zl:( J(eunj-‘renw'sej)
. Mo 1| - .
77mm7k Z—“_k f+gtb 'u/b +qu (eunj-f—anaiseij)
X =
145
_ +Zpl(a¢"”" k_*J(a o) (145)
= pnon = q un_j noise _ j
_k = X J j _J
Since
u,=L"o, (146)
u, =L, Lo, (147)
the transformed dynamics of nonlinear FLMA system (139)~(145) can be rewritten to be
é:,/lmg(t) = ézlmfdt,, SUy FUUp T U Uy
2( o
+ _‘Ld‘(‘”_lo-o jq* 6un '+0noive j 148
;(07)( f 1 /( j ~,/) ( )
5hn_1 é:lm dy, TUea TUgulUg T T UGl g 4
P (149)
-1
Z( v L o o4jq] (gun_/+6noise_j)
.non _k pnon k
(150)
+z( —‘q)non k(X)jqj (eunJ+6nozve j) k=d0+1"”’n
V=& n1Si<4 (151)

Hence
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) )
.[_do! 5171 U, Uy Ugn Ugiy Ugy || Up
) .
L do | _ 51271 _ U,y " Uppy Uz Ugpy Ugyy ||[Up 2
.13_1103 51371 Uy Ugzy Uz Uyzy Ugsy || Up 3
5.1 p 51471 Ueq Uggr Uy Ugaa Ugas || Yp_a
- ~
z[i_ 17, j (6, O )
I\ oX (152)
2 J
. ]Zl(o')_X OZJqJ MVIJ VIOISE ])
S Jale o)
_— 0 q un VlUle
S\ox } B
S e Jale o)
= aX 04 MVIJ mnse _J |
. . T T
[nnonid‘,#—l e nmmin(t):| =|:p,w,,7dn+] A pnonin]
(2 (6,76, ;)
+ q +0
;[aX ¢non d, +qu un_j noise _j (153)
(9 . r
-= g. e .+6 . .
;(aX ¢m7nnjqj( un_j nmseij)
yw = §1i’n_l (154)
To build the robust feedback linearization controller
fp = A7, 4} (155)
we use the vector
- T , » - » T
u, = [”bl Uy Uy ”b4] = |:L‘;” o, L‘; o, L‘} o, L‘} 0'04]
T (156)
= [ucl ch uc3 uc4] = ﬁc
and the virtual input [39]
l;v = [uvl uv2 uv3 uv4 ]T (157)

Then we can transform (152) into the following model
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£l .
S| &
5127%2 — 5[2 1
513_11” 1371
5147(104 14,1
- 5 .
—I%"c, |g,(6,, 16,
121[8)( S al]ql( un_j nmse_/) (158)
Uy N d dyy—1 e
' —L" o (9 +0
_ u, . JZ:‘(&X f onqJ( un_j nmsei])
- uv3 - & d—1 "
—=L? ‘(6 +6
Uy ;(aX S 0-03 q]( un_j 7101567_/)
SR oy —1 _x
_;(ﬁl’j O-o4jqj (aunj-’_gnoiseij )_
From (158), we get
& 0=4 o =D+ B[ 50 i 0 0 )
- _dy; i = oX ! o J\Zun_j noise _j (159)

d,=1,i=1,2734

Next we will demonstrate in detail how to design the robust and tracking controlle
ii, =A"{-u,+i,} with the pre-specified tracking signals y,.. = Vi = Vit = Viur =76

The initial values of the states are set to be
X0)=[1 010101 0 (160)

The desired robust and tracking controller is built by

uvi = ytirm'k(dm) - 8_‘10‘ all I:LOO-‘" ()?) - ytimck ]
- al [Llfo'gf (X) = Vhaer” ] e (161)
e, [ L0, (D) =y, " | 1si<4

where y, ., is the desired tracking signal and ¢, are elements of the Hurwitz matrix

shown by
0 1 0o - 0 |
0 0 1 0
A = : : =[-50] .i=1,.4 (162)
0 0 0 1
_—a{ -5 -0 - —0:;0’_ 1y

Based on feedback linearization approach, then we propose the robust controller
with the pre-specified tracking signals y, . = Vi = Viex = Vowr =7/6 as follows:

= A7 (<, +0,) = A ([ o ) [y e u]) (163)
D, 0 0 0

A—I — O D22 D23 D24 (164)
O D23 D33 D34
0 D24 D34 D44
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—£7(50)(x, +x, —7/6
3

( )
—£7(50)(x, +x, —7/6)

u =
"= (50) (x, +x, — 7/6)
—£7(50)(x, +x,—7/6)

h+/
_ | LS
i, =

S+ Js

itk

w =Dy [_fl -5 _‘9_1(50)(x1 X, _”/6)]

u, =D, [_]{3 —fa _8_1(50)(x3 + X, _”/6)]
+Dy, I:_fs ~ fo =€ (50) (x; +x, _”/6)]
+D,, [_f7 — fy — € (50)(x; +x _7[/6)]

uy =D, [_fa ~fi—¢€" (50)(x3 X, _7[/6):|
+D; [_fs — fo =€ (50) (x; +x, _”/6)]
+Dy, [~ = fy =7 (50)(x, +x,—7/6) ]

u, =Dy [~ fi— f - €7 (50) (x, +x, —7/6) |
+Dy, [ 1y = 1, = €7 (50) (s +x, — 7/6) |
+D, [, — £y =€ (50) (x, +x, ~7/6) |
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(165)

(166)

(167)

(168)

(169)

(170)

For the convenience of the following discussions, let's define some related

parameters as

i gi _ iU
ej - §lin7j ylrack

i = il r 9’(%1
Cruck =€ €€, | €

track

=eei=1,2,,4,j=1,2,.d,,

n
J i

- - — T
e, =|:el’ € ey (t)] e R

track —

FRRS

- _ -7
Crack E[efm e e“m } e R
_ ;
B=[00 - 0 1]

pmm (glin ’ ﬁnon )
T
= |:Lf¢non7d(,+l Lf¢non7dn+2 . .Lf¢mm7n :|

T
=|:pnon7do+l pnon7d0+2 pnonin]

(171)

(172)

(173)

(174)

(175)

(176)

(177)


https://doi.org/10.20944/preprints202503.1847.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 March 2025

18 of 38

where the Lyapunov system matrix 4 is a Hurwitz matrix whose eigenvalues lies in

the left half coordinate plane and one can use Matlab to obtain the adjointing
Lyapunov system matrix £, >0of the following Lyapunov equation:

Lyap
(4)' P, +P, A ==I (178)
Yoax (Plygp) = Max. eigenvalue of P, (179)
Yoin (P,,) = min. eigenvalue of P, (180)

s’

}/max =max { }/max (I)l}yap )’ 7max (vaap )’ T }/max (PLiap )}

(181)
= max{0.01,0.01,---,0.01} = 0.01
7;1in = min{}/min (PLlyap )’ }/min (PLzyap )’ T }/min (Pljvap )} (182)
=min{0.01, 0.01,---,0.01} = 0.01
and
Plivap = })Li'ap = PLSyap = [)L‘;ap = 0'01 (183)

To demonstrate further the complete feedback linearization control design of
nonlinear FLMA system, let’s define one assumption and two definitions as

Assumption 1. The following inequality holds:

e

track

Pron 16T Ct) = Pry G711 0| S M, ([ ]) (184)

Where Mmm > O and Ianon_t (t’ ﬁnoﬂ ’Elrack) = Ibnon (Elin > ﬁnon) *
Definition 1.

Consider a nonlinear system X = f(z,X,i,,,) with an Lipschitz inputi,,, , where X is

input

Lipschitz state variable, f:[0,00)xR"xR" -»R" is differentiable and infinitely

continuous. This system is defined to be input-to-state stable if

¥ < 1) ] s 5 (155)

where xis a K -class function and y denotes a KL -class function.

Definition 2.

A nonlinear system with noise inputi,,, is defined to possess the almost disturbance

decoupling performance, if the following properties hold:
<i>The nonlinear system has input-to-state stable property for noise input

noise *

<ii>Output tracking errors meet the following two inequalities for initial time 7, and
the initial state X (z,) :

N T e B e | (156)
5 0 STSE
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)+ J sl

n()l se || )
l

belong to K -class functions. From (159), we get
[flﬂnil([) - .).)zimck:| = [é[i‘nid - y;::ck l):| [lj(uw - yzr([ik))

2( s
P

d,=1,i=1234

noise _ j ):|

From (171),(173) and (188), we obtain

{”’ } [, =y’ ) + [Z

J=1

_XLc}o,lo-oijq; (Hunj+6n<:ise,j ):|

Substituting (161) and (162) into (189) obtains

i=1-,4

{e;m'}:[_a;m](ed ){gz( _ 4o ]q;(ewmwj)}

Then, from (145), (153), (162), (174) and (190), we obtain

e yr + @, (0,0 +0,,)i=14

C/k

nnon pnan (f]zn > 77m ) + ¢77 on ( noise + éun )

= Pon i (Thons€,, )+ P,

— £l P —
Yoi = glinil’l -

where
d -
£ a_)?o-m ql
g (&)= :
&% i g g
aX r oi 1
i=1,---,4
a —k
§¢non_dg+l ql
?,, (€)= .

[seen )
a)—(; ¢non7n ql

J
J

( noise + un)

1,4

d :
dui dui -1 "
£ (E) =L" o, j q,

*

K} _
a)—(; ¢non_d0+1 qp
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(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)
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ém)ise = [gnoiseil(t) anoixeip(t):r‘ (196)

8,=[6,.0» ~ 6,,0] (197)

It is worth noting that the one-to-one and onto, infinitely continuous and
differentiable function converts the original nonlinear FLMA into a partially
nonlinear subsystem and partially linear subsystem whose state variables are
denoted by &, .&, .&, -&,  and 7, ;~7,,, s , respectively. In order to meet the

requirements (184) and

a)nonl ﬁnon ’ < Jnon (ﬁnon) s a)nonZ ﬁnon ’ (198)
Vz']non + (Vﬁ”m, Jnon )T pnon (t! ﬁnon b 0) s _16ax']non (199)
||V77,,M Jnon < a)nan3 ﬁmm ’wnon3 > 0 (200)
we constructJ,,, and ¥, to be the Lyapunov functions of nonlinear subsystem (192)
and linear subsystem (191), respectively and then combine these Lyapunov functions
to be a composite Lyapunov function J,,,,,, as follows:
Jlin+non = "]nan + k(g)n/;m = Jnon
S (T L (5 - 201
+k(8) ( VVII]V! (etlmck ) + I/Vllzrt (etzmck ) + VVI?}‘! (etsmck ) + VV}; (e;ack )) ( )
where the function k() : R+ — R~ satisfies lim k(&) =0 and
lim——=0
£-0 k(g) (202)
k(g) =20000/¢ (203)
y 15T, = SR .
VVlin = E etrack PLyap etmck s = 0'0056trauk etrack L= 1’ ) 4 (204)
Jnnn = nr%orLS +eeet ﬂinnji > (205)
_ 2 — 2
Dont "nnon" S Vnon < DBpon2 "nnan s Opont = 19 DBrony = 1 (206)
pnonit(t’ﬁnon’a) = [el1 _ﬂnorLS elz _ﬂnon76 613 _ﬂnon77 614 _ﬂnon78 ]T (207)
N N _— N _ 2
pnonit (t9 nnan > elrack ) - pnonJ (t9 77n(m > 0)“
Y S S . (208)
o [ I L o RV
“Vﬁnw, Jnon = “[zﬂnon75 277non76 277non77 277non78 :m
(209)

_ 2 2 2 2 = _
- 2\/7711011_5 + 77non_6 +77non_7 +77non_8 < DByon3 ||77non "’ DOyonz = 2
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Vt"]non + (Vﬁ,m,, Jnon )T pnon_t (t’ ﬁnon 2 0)

210
= _2(77301175 +7750n76 +7730n77 +7730n78) < _16ax (ﬁnon )’ax = 0125 ( )

Then, the differentiation of the composite Lyapunov function J,,,,,, is described as

T

0t (6 ) P‘*}}

<[V (V) P )

2 2
Al ||u<ém+éw>u]—2—’;{ ]
<[V (V) o (07,00
T

~(VoTson) Paon (t.7,,:0)

V)T ) Tl )
A ||{||¢f, [ e o |
Vol B+ )]

AN Ly,,) Vo (Pijup)

2

+%];—2||¢}“ 128 <. +%||(9W+9W)2+--

Bt ] e

o
)
)
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<-lée J, 6 +a,,

bl u———W,
+%’;—§||¢;,,.,,|r||a;@|| %u@w I
2
A M S AN |

{ —( ) =
e |7,

|1 21k ||‘/’%m||2||PLlw||2_,.
o 2 V67,,(B,,)

i

22 1 &%)
W+ 5o
T ) 00

2

e

where the matrix H is positive definite, and

( ) 11 11]2
H(e
1112 1122

121 &
=160 -, |

w M
H12 — non3 non -
v 2k(8)wnonl 7min

s _LEJW)H@M||2||Pimp||2_ ) [121}“5)"% Iz [
P \22) Uy (B, 22) 1V &,,(PL,)
i.e.
e ST M+ B 40, )|

where y,,. (H) denotes the minimum eigenvalue of the matrix A .

Define

!
Hy +H, _[(Hn _H22)2 +4H122j|é

a,(e) = y
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(215)
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T'=2a.e) (218)
1 = > sup 0, +6 2 (219)
1= 22 tosrgt un noise
. k(g) .
T‘Z =min {wnonl > (T) }/min } (220)
Applying (217) into (216) yields
Yoin () =201, (221)
. ~ — 2
Jlin+nun < _2a’lsJ/in+n0n +2_52“(9n0ise + eun )
(222)
o= ey Sla = |2
<-T- 7; ( 77non + etrack )+Z ( noise + eun)
Define
T
JE— —_— _— — — 7 —
Curack = l:exlmck o ej:ack :| = |:el1 elem:| 4 eiem € S{do_l (223)
and get
Jlin+non
o TR ) S s s P (224)
<-T- TZ [ ﬂmm +“€1 + Crem +5“(6noixe + eun )

Next, we will prove the fact that the proposed feedback linearization control achieves
the almost disturbance decoupling performance, and the globally exponential
stability of the FLMA system in Appendix A. Therefore, the proposed robust tracking
control (163) will indeed drive the tracking errors of the FLMA system into the global
ultimate attractor.

Noting that we can extend above complete design process to obtain one more general
significant theorem for general uncertain nonlinear control systems with
disturbances as follows:

[5 o 5] =[AD) ~ £D]
g, (D) gD ][, () - w, (D] (225)

8/ (D) 8 (O] XG0

(7,0 3, (D] =[0,X) + 0,XD] (226)

ie.,

)= )+ 80 (RO +8F, + 306, (227)
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7,(0)=6,(X(1) (228)
where u, = [u b M 2 U ]T A E[yoly(,z - 'yo,,j denote the input and output,
respectively, X@t)= [xl (#) x, () -x, (t)]r is the state variable,

6

noise

z[ﬁm.se?l(t) B, (1) 6,0, p(t)JT is the noise vector, g; denotes the noise_adjoint

vector. Assume f=[fif,-f ], ‘gﬂ,z[gbilgfbif-gfbﬁ} and 6,= [0,0,0,,] to be

continuous functions, and Jf, to be the matched uncertainty vector term
o2 _
8£,=>.46, ;, whered, E[Q,U(t) 6, )6, p(t)JT is defined to be the uncertainty
j=1

vector.

Assumption 2. The following inequality holds:

pnanit (t’ ﬁnan 2 Etrack ) - pnanit (tﬂ ﬁnon 2 O)" < Mmm ( Etrack ) (229)
Where Mnon > 0 and Ibnnnit (t’ ﬁmm ’Etmck) = Ibnon (Elin ’ﬁnnn) :
Then the nominal system will be
X(0) = f(X(©0)+g, (X ()it (230)
3,()=06,(X (1)) (231)

and it is assumed to have the vector relative frequency{d,.d,,.--d,,} [39]:

2 > om

<i>The following condition holds:

L
L, L;0,(X)=0 (232)

forall1<i,j<m,k<d, -1, where the symbol Lis the Lie operator.

<ii>The square matrix

Lg/bil Lﬁfl?l_]o-ﬂl ()?) o Lg_/b,m L‘}{O] ‘10-01 ()?)
4= : : (233)
Lg/bil L‘;"m 710-0”1 ()?) e Lg/b,m L?Jmilo-am ()?)

has nonsingular property. The norms of pre-specified tracking signals y! ,,1<i<m

and its first 4, derivatives are bounded by positive constants B, , as:

i i (D i (dy) i P
H [ytmck H ytrack PR ytmck ] “ < Btrack > 1 Sism (234)

and the spanning distribution

G ESpan{gtbilﬂgtbj’.“!gtbim} (235)

is involutive. Then the mapping ¢ : R" — R" defined as
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— . . T . . T
g]in_i = [fllin_l o g]’in_do,» :I = |:¢)llin_] e ¢/Iin_d0,» :I (236)
=[Lo,X) o, .d, =d,+d,++d,
¢non7k (A_}(t)) = nnonik (t)9 k = d() + 1’ d() + 2’ e n (237)
and
Ly @ (X (@) =0,k =d, +1,d,+2,--,n,1< j<m (238)

is an one-to-one and onto, infinitely continuous and differentiable function according
to reference [39].
Let J,, and W,, be the Lyapunov functions of nonlinear subsystem and linear

subsystem, respectively and then combine these Lyapunov functions to be a

composite Lyapunov function J,,,,,,, as follows:
Jlin+non = Jnon + k(g)VVlin (239)
Wi =W (¢ )4tz (240)
i\l e
VV”” (enm ) = Ee; 11111 x PL.WI’ emz(l( (241)

Theorem 1. A differentiable and infinitely continuous function J,,: %" —%" for

transformed nonlinear subsystem can be found to make the following three
inequalities hold:

2

(a) a)rmnl 77mm ’ < Jnon (ﬁm)n) < wm)nl 77mm (242)
(b) Vt‘]non + (V)]na" Jnon )T ﬁnon (t’ ﬁnon ’ 0) S - 1 6ax‘]non (243)
(C) ||Vf],m,, Jnan < a)mm3 ﬁnon ’wnanS >0 (244)
Design the robust and tracking controller to be
i, = A =i, +ii,} (245)
_ T T
ub = [ubl ubZ e ubm ] = I:L‘%l O-ol L‘}OZ O-()Z e L‘%m O-()m :| (246)
ﬁv = [uvl uvZ o uvm ]T (247)
— 0 (d,) ~dyi i 0 v i
uvi = ytrack —-£ Cvl |:Lf O-oi (X) - ytrack ]
(248)

-l [Ll o,(X)-y.." ] -, [L‘; T, (X)- y:rack(dai_l)]
Then the nonlinear system possesses the almost disturbance decoupling performance
with the globally exponential stability:

H(e) = H, H,
= H, H, (249)
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121 @ 2
H, =160, — —tond |\ gy 250
" ' 22 wmml ¢”W” || ( )
w M
H,, =—| o (251)
Zk(g) Wnonl min
oo ] Elzle(f)"(/’; || 1Py ~ _lele(e)llfp; || |PL'fap (252)
2 gy;ax 22 / £ 7mm( me 22 / £ 7mm 1)an1ap
Hn+H22_[(H11_H22)2+4H122:|% 253
o ()= y (259)
T=2x(¢) (254)
m+1 ’
T = su é +0 255
1 22 (to Srgt noise J ( )
. k(€) -
T‘Z = min {wmml H % ymin } (256)
. 0 o & g[ d j
a)—( oi ql aX oi qp
¢;, (e)= 5 : (257)

do; ldai -1 a. e ot | [ 4o q
E ( o, O.niqu £ ( = L/ O-oijqp

9 O G 7.
a)? ¢non7d()+1 ql a)? ¢non7d[,+1 qp

?,,, (€)= 3 : (258)
(a JJ 5 (a j_
a X nan n ql a )? ¢non n

where the matrix H is positive definite, and the continuous function k(g): R* — R*
satisfies lim k(€) =0 and

lim——=0
£-0 k(g) (259)

Moreover, the desired tracking errors can be exponentially reduced by adjusting the
parameter 7 -7, > 1 with the convergence rate formula

T-T,
A (260)
Amax = maX{ non2 > Ymax } (261)

and the desired tracking errors of control system are exponentially attracted into a
global final attractor B, with the convergence radius formula
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T
T-T,

r= (262)
To effectively build robust and tracking controller, a significant algorithm of FLMA

is summarized as follows, and then a powerful Python software system of controller
design is constructed in the next section according to this proposed algorithm.

(Step 1)Obtain the vector relative frequencyd,,,-,d,, according to the given outputs
G0,

(Step 2)Appropriately construct the one-to-one and onto, infinitely continuous and
differentiable function ¢ based on (123)~(127).

(Step 3)From (162) and (178), appropriately choose parameters ¢, such that 4 are

Hurwitz matrices with stable eigenvalues and obtain the positive definite 7, >0 of

Lyap
the Lyapunov equation with the aid of Matlab toolbox.
(Step 4)Choose the Lyapunov function J,, to meet the requirements (184) and

(198)~(200). If the vector relative frequency is equal to the system dimension, i.e.
d,+--+d, =n,then this step will be omitted and directly go to (Step 5).

(Step 5)From (212)~(215), (217)~(220), appropriately design parametersk,¢,(€),e to
meet 7 -7, >1. It is worth noting that if the value of 7 -7, is larger, the convergence rate

is faster.
(Step 6)Finally, the robust and tracking controller can be built by (163).

4. Simulations of the FLMA System

It can be verified that the related requirements of Theorem 1 hold if we choose £=0.01,
k(e)=2000Je ,d, =d,,=d,,=d, =1,0,=1,H,=2,T=2,T,=1,H,=100¢", H, = 0.1 /4. Hence the robust

7 ol

and tracking controller will make the tracking errors converge to the globally final attractor by
Theorem 1. The real tracking errors of the FLMA system (epsion=0.01) are plotted in Figure 2.
Therefore, the designed controller can indeed make the outputs track the pre-specified signals
Voack = Veak = Vit = Vo =7/6 . From (260)~(261) and Figure 2~Figure 3, it is obvious to see that the
convergent rate of tracking error with smaller epsion is better than a larger epsion. Moreover, the
dynamic trajectories show the overall tracking errors “before”, “on” and “after” entering the globally
final attractor in the positive z direction for Figure 4, Figure 5 and Figure 6, respectively, where the
length of the arrow denotes the convergence-radius of the globally final attractor. Other individual
tracking errors of the output 1~output 4 are shown in positive x direction, negative x direction,
positive y direction and negative y direction for Figure 4, Figure 5 and Figure 6, respectively.

—— output 1 —— output 2

0 2 4 6 0 2 4 6
time x10° time x10°

[ oupus |

Figure 2. The output trajectories for £=0.01.
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6 6
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0t 0t
] 2
]
2 %2 \
[ 0
0 02 04 06 0.8 0 0.2 0.4 06 08
time time

Figure 3. The output trajectories for&=1.

time=0.00012881
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4 o
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4 /P ER2=2.3488
@
K 0 = O/P ER3=2.0519
: Y

4 /P ER4=2.4593

-2

3

4

4

y-axis

x-axis

Figure 4. Tracking error before entering the global final attractor.

time=0.00022969

4
3
2 /P ER1=1.3674
4 /P ER2=13685
o — O/P ER3=1.026
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N /P ER4=1.4931
4 ;
2 =N ;
-3 :
-4
4
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Figure 5. Tracking error on entering the global final attractor.
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time=0.0056284

/P ER1=0.0033463

/P ER2=0.00066608

/7

©/P ER3=0.0020038

z-axis

EN N N T ST IS

/P ER4=0.0083118

y-axis

Figure 6. Tracking error after entering the global final attractor.

5. Comparisons to Traditional Approaches

In this section, we will compare the performance of proposed approach with traditional fuzzy
approach [41] and the singular perturbation method with high-gain feedback [38].

Figure 7 is the general structure of traditional fuzzy approach whose input variables of the IF-
THEN rules are assigned to be the tracking error e(r) and its time derivative é(¢) . The output variable
is the fuzzy controlu,,, . For easy calculation, the desired membership functions ofe,,, (), ¢,,., () and

u,,., are assigned to be the triangular shape functions as shown in Figure 8~Figure 10. The desired

fuzzy control rule base foru,,_ is constructed in Table 1. The rule base, fuzzy inference engine and

fuzzy

defuzzifier adopt the standard Macvicar-Whelan rule base, the Mamdani method and the centroid

¥y e
- . [ Inference
Qutput Fuzzifier . Defuzzifiery u,.,
differentiator || Engine

Ya
Tracking

method, respectively.

Signal

Figure 7. General structure of traditional fuzzy approach.

V4
NB NM NS| PS PM PB

-

-1 -05-02002 0.5 1

Figure 8. Triangular shape membership functions fore(z) .

V4
NB NM NS| PS PM PB

-
'

-1 -05-02002 05 1

Figure 9. Triangular shape membership functions for é(¢) .
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z
NB NM NS| PS PM PB

»
>

-1 -05-02002 05 1

Figure 10. Triangular shape membership functions foru,_, .

Table 1. MACVICAR-WHELAN fuzzy control rule base.

Uy, Cact (1)

NB | NM | NS | ZzE PS PM | PB

NB | PB | PB PB PB PM | PS ZE

NM | PB | PB PB PM | PS ZE NS
¢ | Ns | PB | PB PM | PS ZE NS NM
ZE [PB | PM | PS ZE NS NM | NB

PS | PM | Ps ZE NS |NM [ NB | NB

PM | PS | ZE NS |NM | NB | NB | NB

PB | ZE | Ns NM |[NB |NB | NB | NB

With the aid of Matlab fuzzy toolbox, comparative tracking error responses of the proposed
approach and traditional fuzzy controller design for the FLMA are shown in Figure 11 ~ Figure 14.
From Figure 11 ~ Figure 14, it is obvious to see that the convergence rate of the proposed approach is
faster than the traditional fuzzy approach.

1 T
Fuzzy approach
095 Target position
Proposed approach
09y 1
0851
S o8
©
>
5 075
=3
3 o7
0.65
06
0.55
0.5

time

Figure 11. The output tracking error for the output 1.
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09
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o o
~ @

I
=)

Fuzzy approach
Target position
Proposed approach |

051

0.4

Figure 12. The output tracking error for the output 2.

25 3 3.5 4 4.5 5
time

095

09r

085
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075
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065

06
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Target position
Proposed approach

0.5

Figure 13. The output tracking error for the output 3.

25 3 35 4 45 5
time

09r

08

o
3

output value
o
(=2}

Fuzzy approach
Target position
Proposed approach | |

05

04 F

0.3

Figure 14. The output tracking error for the output 4.

25 3 35 4 45 5
time

Following the second comparative example, we will make some comparison between the
proposed approach and the famous singular perturbation method [37,38]. The sufficient condition in
[37,38] needs that the nonlinearity multiplied by the disturbance meets the structural triangle

criterion.

References [37,38] had exploited the fact that the following system cannot achieve the almost

disturbance decoupling performance:
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X, (1) _ tanfl(xz) 0 1
o

V,=x=0,,w,.([)=01sint (264)

noise
It is easy to derive the following items: L;o, =0, =x,, L, L0, =0, L0, =tan"(x,),

L Lo =;and

A
0
G 1 0 26
= = 5
Ep —L I3 1+x§ (265)
g fo-ol

Hence the sufficient condition of [37][38] is not satisfied since g is not complete,
and then the almost disturbance decoupling problem cannot be not solved. On the
contrary, this almost disturbance decoupling problem can be solved via the proposed
approach by the controller

u, = (l +x; ) [-sint—52(x, —sint+tan"' x, —cost)] (266)

The output response of the nonlinear system for (263) is shown in Figure 15.
Therefore, the designed controller can indeed make the output track the pre-specified
signals y},, =sinfand achieve the almost disturbance decoupling performance.

Qutput trajectory

— — ~Tracking signal

Qutput value

0 5 10 15
Time (seconds)

Figure 15. The output trajectory of feedback-controlled system for (263).

6. Conclusion

Continuous spreading COVID-19 virus stimulates us to design the robust controller of the highly
nonlinear FLMA by the feedback linearized approach that possesses almost disturbance decoupling
performance taking the place of the traditional posture-energy approach and avoiding torque
chattering change behaviour in the swing-up space, and other globally exponential stability
performance without solving the famous Hamilton-Jacobin equation. The disturbance has a sensitive
effect on FLMA and then this article addresses stricter disturbance requirements including absolute
value error, integration error and input-to-state stable condition.
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This study derives successfully the nonlinear convergence rate formula of the FLMA and the
related convergence radius of the globally final attractor. Moreover, in order to clearly show that
dynamic trajectories of the output tracking-errors for the nonlinear FLMA system converge to the
global final attractor, one Matlab software are completely designed to demonstrate the tracking-error
trajectories before, on and after entering the globally final attractor.

The simulation results of two demonstrative examples show that the convergence rate using
proposed controller is faster than using traditional fuzzy controller, and superior to the traditional
singular perturbation approach.
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Appendix A

In Appendix A, we will prove that the nonlinear FLMA system with the proposed control can
achieve the three almost all disturbance decoupling performances, the convergent radius formula
and the globally exponential stability. First, applying (224) easily gets

In Appendix A, we will prove that the nonlinear FLMA system with the proposed control can
achieve the three almost all disturbance decoupling performances, the convergent radius formula
and the globally exponential stability. First, applying (224) easily gets

2

T
é

Jininon 71T,
< _TT;( ﬁnun ’ + a 2j+2_52“( Anoisg +9wl) 2 Sz_sz“(ém)f“"’ +9’”’) 2
Jlin+non +T'Tz e_l1 2 (A'l)
s 1 [l + [ T+ )]
5 _ — 2
< (B +8L)

ie.
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50 = BN
J/zn+non el S E (enoixe + eun ) (A2)
Integrate both sides of the inequality (A.2) to get
Tivenon () = Tirenan (1) + T T (v @) = ¥, (r))zdrsz—sz | “(6 +0, [ ar (A3)
ie.
T-L[(va @~y @) dr< .., (to)+2—52 (6 +8. ) a2 (A4)
Therefore,
[(ra@-r @fdrslumb), 5 Mg g\ (A5)
. 1, 271, :
Similarly, we can extend above result to be
4 . 2
(3, @) dz
f
(A.6)
< Jlin+non (tO) + 5 j” (é‘nome +éun) Zd’z"z <i<4

T, 22T

and then we can conclude that the third almost disturbance decoupling requirement is
achieved. Next, we will achieve the first almost disturbance decoupling performance.
(222) can be rewritten as

2

>(@,.+a,)

j]ianon - _2as"]1in+mm + 22
(A7)
2 = 2. dla ~ |12
<-T-T, ( Unon + ezrack )+£‘( noise +0un)
Let
|5} track—total ’ = Etrack ’ + ‘nan ’ (A8)
Combining (A.7) and (A.8) yields
‘jl nnnnn -T-T, "J’t ck—tota l" “ (A9)
Then
. _ _ 2
‘]Iin+nun < _(T : T’Z - 1) ("j}track—mmI"z ) - ||j)lmrk—t0m1 ||2 + 2_52“(9noise + 6101 ) (A].O)

Therefore, the state trajectory lying in the outside of the global ultimate attractor is
described by

) 51 =
_||ytravk7totul ||2 + Z“( Hnoise + Hun )“ <0 (A'll)

Then
Tisern €T T, =1) Pt ) (A12)

From (181), (198), (201) and (204), we get


https://doi.org/10.20944/preprints202503.1847.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 March 2025

35 of 38
_ 1 2 3 4 4
Jlin+norl - Jnon + k(g)(VV]in + VVIirl + I/Vlin + VV/in (etrack ))
=R 1 N e 4 o
< a)mmZ nnon + k E 7max (})Lyap) etrack +ot ymax (Iijap) etrack
(A.13)
o2 1 . — P P
S a)nortZ nrmn + k? ymax etrack +ot etrack
e 1 . = 2
S a)nnnZ nn(m + k E 7/max elrack
. k .
Define A, =max Dy Vo and we can get
_ 2
ireson < Ao (Pt (A.14)
Similarly, we can achieve
Jlin+n(m = Jmm + k(g)(VVh]n + Vthn + VVIASn + VVIA‘L )
Y 1 1 -’ 4 o
2 a)nunl nmm + kE 7min (PLyap) etmck +eet 7min (PLyap) etmck
_ o2 1 . — 1 1P (A15)
= wnunl nnan + kE ymin etrack +oet erruck
_o2 ) T
2 a)nanl ﬂrmn + kE 7min e!rack
. . k . .
Define A, =min Doy Vi and we can obtain
_ 2
Amin ( ytrackfrntal ) < Jlin+mm (A'16)
Combining (A.14) and (A.16) gets
_ 2 _ 2
A ( Y track-total ) S Jiirenon < B ( Viracktotal ) (A.17)

From (A.11)-(A.12) and (A.17) and the input-to-state stable theorem [40], we can
conclude that the first almost disturbance decoupling requirement is achieved.
Next, we will achieve the first almost disturbance decoupling performance.
Combining (A.7), (A.8), (A.17) and (219) gets

: T-T,

Jlin+non = _A_leirH—mm +7{ (A.].S)

'max

Applying the comparison theorem to (A.18) yields

T-T,
—2(-) AT
Jlin+non (t) < Jlin+non (tO )e o + Tmﬂ}l 7t 2 tO (Alg)

2

Then we can get

T-T
2 rern (o) 32wl [ 2A T
1) = Vi ()| S | [FHR0Z 2oy | me ] A20
IROREOIEN P T T (A.20)

and
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. 27 (1) ztw)  [2A T
y. () (;)|g Zimsnonto) 280 | L0y
track k;/min k;/minT . Tz (A21)

2<i<4

Observing (A.21) verifies the second almost disturbance decoupling requirement
and the convergence rate of tracking errorsis rz/s,, . It is obvious to see that we can

change the value of r.7,to adjust the convergence rate. Moreover, from (A.7), (A.8)

and (219) , we get

H — 2

Jlin+n0n < _T ! T2 ("ytrackftaml ) + TI (A22)
Considering the output trajectory for |¥,._w|>7> r= f% yields J,.,.<0 ,and

"
then any sphere
_ Elrack L= 2 — 2
B{ = 77 * etrat‘k | + 77mm SK (A23)

will be a global final attractor of the nonlinear FLMA system with the convergent
1
T-T,

2

radius r=

Next, we will verify the globally exponential stability of the nonlinear FLMA
system. Combining (A.17) and (A.19) yields

) AT,
Jlin+n0n (t) < Jl[n+non (tO )e B +&1 9t 2 t() (A24)
T-T,
and
T-T,
- 2 ) AT
Amin y track—total < Jlin+mm < Jmm (tO )e i +—1
T-T,
1, (A.25)
- 2 Ta ) AT
< Amax | ytrack—total (tO )" e ™ + T. T;
Then
T-T,
_ 2 AL - 2 A le) T A
| ytrackftotal < A_mm ytrackftotal (tO )" e B + T 17; A_mm (A26)

Hence we can achieve the globally exponential stability of the global final attractor.
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