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Featured Application: Design of robust and tracking controller for four-link manipulator arm is an 
important subject for many industrial applications such as COVID-19 prevention robotics, 
agricultural mobile robotics, mining mobile robotics, space exploration mobile robotics, lower limb 
rehabilitation robotics, biped walking robotics and underwater robotics. 

Abstract: Robust control of the four-link manipulator arm (FLMA) is an important subject for many 
industrial applications such as COVID-19 prevention robotics, lower limb rehabilitation robotics and 
underwater robotics. This study uses the feedback linearized approach to stabilize the complex 
nonlinear FLMA without applying nonlinear approximator that includes the fuzzy approach and the 
neural network optimal approach. The article proposes a new approach based on the “first” derived 
nonlinear convergence rate formula of FLMA to control the highly nonlinear dynamics. The linear 
quadratic regulator (LQR) method is often applied in the balance controlling space of the 
underactuated manipulator. This proposed approach takes the place of LQR approach without the 
necessary trial and error operations. The implications of proposed approach are “globally” valid, 
whereas the Jacobian linearized approach is “locally” valid. In addition, the main innovation of the 
proposed method is to perform “simultaneously” additional performances including the almost 
disturbance decoupling performance that takes the place of the traditional posture-energy approach 
and avoids some torque chattering behaviour in the swing-up space, and globally exponential stable 
performance without solving the Hamilton-Jacobin equation. Comparative examples show that the 
proposed controller is superior to the singular perturbation and the fuzzy approaches. 

Keywords: almost disturbance decoupling performance; COVID-19 prevention robotics;  feedback 
linearized approach; four-link manipulator arm; nonlinear convergence rate; 
 

1. Introduction 

The automation of manipulator arm has gained tremendous attention in recent decades due to 
their wide range of engineering applications, such as agricultural mobile robotics [1], mining mobile 
robotics [1], space exploration mobile robotics [2], lower limb rehabilitation robotics [3], biped 
walking robotics [4[, unmanned ground vehicle [5] and  underwater robotics [6]. There are two types 
of manipulator arm: underactuated one [7–9], which is a kind of a nonlinear system with fewer 
control inputs than degrees of freedom, and fully actuated one [5,6,10,11], which is not. In general, 
underactuated manipulator arms are grouped into vertical types which are controlled by gravity and 
planar types which are not. 
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For the vertical underactuated manipulator, the linear Jacobian approximated model of the 
inverted equilibrium position is completely controllable because the controllability matrix of the 
linear Jacobian approximated model is full rank. For most traditional approaches of solving the 
complexity of vertical underactuated manipulator, the operation space is mainly separated into a 
swing-up space and a balance space. In the swing-up space, the control methods include posture-
energy approach [12], energy-based approach [13], direct fuzzy control approach [11], fuzzy model 
reference learning control approach [11], adaptive fuzzy control approach [11], and then the linear 
quadratic regulator (LQR) optimal method [14] is applied in the balance space. However, to be 
quickly captured in the swing-up space for the manipulator arm, the control needs to be built an exact 
combination of energy and posture, and this property is difficult to be accomplished due to the 
complexity of the system dynamics [9]. Moreover, some torque chattering change occurs in the 
swing-up space and then the energy is quickly pumped into the system [9]. In general, in order to 
control the nonlinear dynamics well, the disturbance decoupling and the global stability should be 
simultaneously required [15]. To achieve these requirements, some significant approaches, such as 
model predictive control [16], deep  rcement learning [17], multi-objective control [18], backstepping 
control [19] and preview control [20], have been adopted for complex nonlinear systems. However, 
in the aforementioned approaches, a serious common drawback is that the considered nonlinear 
systems should be approximated to be linear dynamics by the Taylor expansion for small effect 
operating range. This serious drawback may be impractical for the FLMA. To solve nonlinear serious 
drawback of the FLMA, nonlinear function approximators, such as neural network optimal approach 
[21] and famous fuzzy method [22], have been adopted to reduce the caused errors [23]. The main 
drawback of famous fuzzy method is that constructing fuzzy rule base needs to rely on many past 
accumulated  knowledges, and then the system performance is almost determined by the 
constructed experience rule base [24]. The neural network optimal approach is an intelligent 
supervised learning approach that requires the operating network to offer many sample points [25]. 
The performance of controller design for the neural network method is completely limited by only 
applying the current state value. Moreover, complicated interconnecting structure and digital 
computing loads let the physical realization of nonlinear function approximators be impractical. LQR 
is a common method that calculates the weighting matrices Q and R for a Jacobian linearized system 
via trial and error operation. Some improved approaches of calculating the weighting matrices, such 
as genetic algorithm approach and Kalman’s pole-assignment approach, have been proposed in 
recent decades. However, their main serious drawbacks including high computing effort and slowly 
convergent rate of globally optimal solution limit their performances [26]. 

On the other hand, planar underactuated manipulator is not constrained by gravity, so any 
position of the manipulator arm is the equilibrium point and the linear Jacobian approximated model 
at any equilibrium point is uncontrollable [27]. The control approaches for the vertical underactuated 
manipulator cannot be applied for planar underactuated manipulator. The researches of controlling 
planar underactuated manipulator are extensive and some important methods, such as the nilpotent 
approximated method [28], the converting-chained form method [29] and the order-reduction 
method [30], have been proposed to perform the position control for planar underactuated 
manipulator. However, the aforementioned approaches of controlling the planar underactuated 
manipulator are only valid for the nominal plant model. In real systems, nonlinear acting factors need 
to be considered [31] and then aforementioned approaches cannot be applied for the practical planar 
underactuated manipulator. 

So far, it is obvious to see that the robust and tracking controller design for manipulator arm still 
is a challenging subject due to the strict global stability requirement and disturbances reduction 
involving on the nonlinear system dynamics. Stimulated by these points, we apply feedback 
linearized approach to construct the robust and tracking controller of manipulator arm with the 
almost disturbance decoupling, adjustable convergence rate and “globally” exponentially stable 
performances and take the place of “locally” Jacobian linearized method. Feedback linearized 
approach have contributed many significant researches [32–36] in industrial applications, such as the 
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dual parallel-PMSM system [32], the grid-tied packed e-cell inverter [33], PHEVs charging station 
[34], artificial pancreas [35] and the weak AC grid integration [36]. 

References [37,38] had exploited the fact that the stricter tracking error condition of almost 
disturbance decoupling performance including absolute error, integral error and input-to-state-stable 
error is involved to reduce the disturbance effect. However, they can only achieve the almost 
disturbance decoupling performance of nonlinear system without the nonlinearity multiplied with 
disturbance requirement and the non-Lipschitz nonlinearity requirement. Therefore, the almost 
disturbance decoupling performance cannot be achieved for the following nonlinear system:

( )1
1 2( ) tan ( )−= + noisex t x w t , 2( ) = fbx t u , 1 1 1= ≡o oy x σ , where 1oσ and fbu are the output and control input, 

respectively. On the contrary, the almost disturbance decoupling performance can be well achieved 
by the proposed method. The main novelty of this study is to design robust and tracking controller 
for nonlinear complex FLMA. Major contributions of this study are summarized as follows: 

(i) This study has “first” presented the convergence rate formula of the nonlinear FLMA. 
(ii) The FLMA is first designed by applying the feedback linearized approach with the almost 

disturbance decoupling performance that takes the place of the traditional posture-energy approach 
and avoids some torque chattering change behaviour in the swing-up space. Moreover, the proposed 
approach takes the place of LQR approach without the necessary trial and error operations. 

(iii)A robust and tracking controller is presented to possess the global exponential stability 
without solving the Hamilton-Jacobi equation that requires to be solved for the famous H-infinity 
approach. 

(iv)The study has proposed a new approach to improve the shortcoming of traditional fuzzy 
function approximators without many design experiences and knowledges. 

(v)The implications of this proposed method are “globally” valid, whereas the Jacobian 
linearized approach is “locally” valid. 

2. Complete Mathematical Model for Four-link Manipulator Arm 

The FLMA is a great platform for industrial mechanics as it is highly nonlinear control system 
with disturbances. In this section, we will apply Euler-Lagrange equation to derive the dynamic 
equations of the FLMA shown in Figure 1. 

A

B

C

D

1r 2r

3r

4r

1l1l

1l
2 2sinr θ

2 2sinl θ

3 2 3sin( )r θ θ+
3 2 3sin( )l θ θ+

4 2 3 4sin( )r θ θ θ+ +

2l

3l

4l

1h

2h

3h

4h

1θ

2θ

3θ

4θ

 
Figure 1. The four-link manipulator robot arm. 

Four-link manipulator arm is made up of aluminum. The dynamic model parameters are 
selected as follows: the length of link 1 2 3 4 1= = = =l l l l m , the distance for the center of mass

1 2 3 4 0.25= = = =r r r r m , the mass of link 1 2 3 4 1= = = =m m m m kg and the inertia moment of link
2

1 2 3 4 1= = = = ⋅I I I I kg m . Defining the potential energy PE , the kinetic energy KE , the joint torque τ , the 
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Lagrangian term L as the difference between the kinetic energy and potential energy, and applying 
the Euler–Lagrange equation yield the dynamic equation of the FLMA to be 

= −K PL E E  (1) 

 ∂ ∂ − =   ∂ ∂ 


d L L
dt

τ
θθ

 (2) 

[ ]1 2 3 4≡
 Tθ θ θ θ θ  (3) 

[ ]1 2 3 4≡ Tτ τ τ τ τ  (4) 

Let the centroid translational position vector and velocity vector of link i be


ICP and 
ICv  , and 

centroid rotational position vector and velocity vector of link i be


ICQ  and 
ICω . From the fundamental 

definitions of position vector and velocity vector, we get 

∂
≡ = ⋅ ≡ ⋅ = ⋅

∂

     
 

i i

i i i

c c
c v v

dP P d dv J J
dt dt dt

θ θ θ
θ

 (5) 

∂
≡

∂





i

i

c
v

P
J

θ
 (6) 

∂
≡ = ⋅ ≡ ⋅ = ⋅

∂

     
 

i i

i i i

c c
c

dQ Q d dJ J
dt dt dtω ω

θ θω θ
θ

 (7) 

and 

∂
≡

∂





i

i

cQ
Jω θ

 (8) 

Then the kinetic energy KE of the manipulator arm will be given by 

( ) ( )

( )

4 4

1 1
4 4

1 1

4

1

1 1
2 2

1 1
2 2
1
2

= =

= =

=

= +

= +

 = + 
 

 

 



  


      
   

  
   

i i i i

i i i i

i i i i

T T
K i c c i c i c

i i

T T T T
i v v i

i i

T T T
i v v i

i

E m v v m I

m J J J I J

m J J J I J

ω ω

ω ω

ω ω

θ θ θ θ

θ θ

 (9) 

Define 

( )
4

1

1
2 =

≡ 
  

 i i

T T
Kv i v v

i
E m J Jθ θ  (10) 

( )
4

1

1
2 =

≡ 
  

 i i

T T
K i

i
E J I Jω ω ωθ θ  (11) 

( )
4

1=

≡ +    i i i i

T T
i v v i

i
D m J J J I Jω ω  (12) 

Substituting (10)~(12) to (9) obtains 

1 >0
2

= + =
  


T
K Kv KE E E Dω θ θ  (13) 

From (1)(2) and (13), we get 
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1
2

  ∂ ∂∂   − + =   ∂ ∂ ∂ 

      
T K PE Ed D

dt
θ θ τ

θ θθ
 (14) 

Then 

( )1 +
2

∂ ∂  − + =  ∂ ∂ 

   
 

T K PE Ed D D
dt

θ τ
θ θ

 (15) 

Since the matrix

D possesses positive definite property and =

 
TD D , we get 

1+
2

∂∂  − + = ∂ ∂ 

         
  

T PED D Dθ θ θ θ τ
θ θ

 (16) 

i.e. 

1+
2

∂∂ − + = ∂ ∂ 

       
  

T PED D Dθ θ θ τ
θ θ

 (17) 

Define 

1
2

∂≡ −
∂

 
 

TC D Dθ
θ

 (18) 

and 

[ ]1 2 3 4
∂

≡ ≡
∂

  TPEg g g g g
θ

 (19) 

From (17)~(19), it is more practical to rewrite the Euler–Lagrange equation of the manipulator 
arm in more compact form for control purpose as follows: 

+ + =
    
 
D C gθ θ τ  (20) 

where g is the vector of gravity force,

C denotes the Coriolis matrix of the manipulator arm. 

Observing the structure of (19) obtains 

1 4≤ ≤

= Γ 
ij kji k

k
C θ  (21) 

where 

1
2

∂ ∂
Γ = −

∂ ∂
ij kj

kji
k i

D D
θ θ

 (22) 

Define 

 
≡  
  





i

i

i

vJ
J

Jω

 (23) 

and 

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 
 
 
 

≡  
 
 
 
  

i

i

i
i

xi

yi

zi

m
m

m
M

I
I

I

 (24) 

Then (12) can be rewritten to be 
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4

1=
≡   i

T
i i

i
D J M J  (25) 

Observing Figure 1 yields the centroid translational position vector to be [ ]1 10 0=
 T
cP l ,

[ ]2 2 2 1 2 2 1 2 2=
 T
cP r c c r c s r s , [ ]3 2 2 1 3 23 1 2 2 1 3 23 1 1 2 2 3 23= + + + +

 T
cP l c c r c c l c s r c s l l s r s and 

2 2 1 3 23 1 4 234

4 2 2 1 3 23 1 4 234 1

2 2 3 23 4 234 1

+ + 
 = + + 
 + + + 


c

l c c l c c r c c
P l c s l c s r c s

l s l s r s l

1

 (26) 

where cos≡i ic θ and sin≡i is θ . cos( + + )≡ijk i j kc θ θ θ , sin ( + + )≡ijk i j ks θ θ θ , cos( + )≡ij i jc θ θ , sin ( + )≡ij i js θ θ . 

Applying (6) to the centroid translational position vector gets 

1

0 0 0 0
0 0 0 0
0 0 0 0

 
 =  
  

 vJ  (27) 

2

2 2 1 2 2 1

2 2 1 2 2 1

2 2

0 0
0 0

0 0 0

− − 
 = − 
  

 v

r c s r s c
J r c c r s s

r c
 (28) 

3

2 2 1 3 23 1 2 2 1 3 23 1 3 23 1

2 2 1 3 23 1 2 2 1 3 23 1 3 23 1

2 2 3 23 3 23

0
+ 0
0 0

− − − − − 
 = − − − 
 + 

 v

l c s r c s l s c r s c r s c
J l c c r c c l s s r s s r s s

l c r c r c
 (29) 

4

2 2 1 3 23 1 4 234 2 2 1 3 23 1 4 234 3 23 1 4 234 4 234

2 2 1 3 23 1 4 234 1 2 2 1 3 23 1 4 234 1 3 23 1 4 234 1 4 234 1

2 2 3 23 4 234 1 3 23 4 234 4 2340
v

l c s l c s r c s l s c l s c r s c l s c r s c r s c
J l c c l c c r c c l s s l s s r s s l s s r s s r s s

l c l c r c l l c r c r c

− − − − − − − − − 
 = + + − − − − − − 
 + + + + 



1 1 1 1


 (30) 

Observing Figure 1 yields the centroid rotational position vector to be [ ]1 10 0=
 T

cQ θ , 

[ ]2 2 10=
 T

cQ θ θ ,  [ ]3 2 3 10= +
 T

cQ θ θ θ and [ ]4 2 3 4 10= + +
 T

cQ θ θ θ θ . Using (8) to the centroid 

rotational position vector obtains 

1

0 0 0 0
0 0 0 0
1 0 0 0

 
 =  
  


Jω  (31) 

2

0 0 0 0
0 1 0 0
1 0 0 0

 
 =  
  


Jω  (32) 

3

0 0 0 0
0 1 1 0
1 0 0 0

 
 =  
  


Jω  (33) 

4

0 0 0 0
0 1 1 1
1 0 0 0

 
 =  
  


Jω  (34) 

Substituting (24)~(25) and (27)~(34) to (25) yields the matrix

D as 
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11

22 23 24

23 33 34

24 34 44

0 0 0
0
0
0

 
 
 =
 
 
  



D
D D D

D
D D D
D D D

 (35) 

where 
2 2 2 2

11 1 2 3 4 2 2 2 3 2 2 3 2 3 2 23
2 2 2 2 2 2

3 3 23 4 2 2 4 2 3 2 23 4 2 4 2 234 4 3 23 4 3 4 23 234

2
2 2 2

z z z zD I I I I m r c m l c m l r c c
m r c m l c m l l c c m l r c c m l c m l r c c

= + + + + + +

+ + + + + +
 (36) 

2 2 2
22 2 3 4 2 2 3 2 2 3 3 2 3 3

2 2 2 2 2 2 2 2
4 2 2 1 4 2 3 2 23 1 4 3 23 1 4 3 4 23 234 1

2 2 2 2
4 2 4 2 234 1 4 4 234 1

2

2 2
2

= + + + + + +

+ + + +

+ +

y y yD I I I m r m l m r m l r c

m l s c m l l s s c m l s c m l r s s c
m l r s s c m r s c

 (37) 

23 3 4 3 2 3 3 4 2 3 3 4 2 4 34 4 3 4 4

2 2 2
3 3 4 3 4 4

2= + + + + +

+ + +
y yD I I m l r c m l l c m l r c m l r c

m r m l m r
 (38) 

2
24 4 4 2 4 34 4 3 4 4 4 4= + + +yD I m l r c m l r c m r  (39) 

2 2 2
33 3 4 3 3 4 3 4 3 4 4 4 42= + + + + +y yD I I m r m l m l r c m r  (40) 

2
34 4 4 3 4 4 4 4= + +yD I m l r c m r  (41) 

2
44 4 4 4= +yD I m r  (42) 

Let us combine (21) and (22) and get the matrix 

C as 

11 12

21 22 23 24

31 32 33 34

41 42 43 44

0 0 
 
 =
 
 
  



C C
C C C C

C
C C C C
C C C C

 (43) 

where 
2 2

11 2 2 2 3 2 2 3 2 3 2 3
2 2

3 3 2 3 4 2 2 4 2 3 2 3
2

4 2 4 2 3 4 4 3 2 3 4 3 4

2
2 3 4 4 4 2 3 4 2

3 2

{ sin(2 ) sin(2 ) 2 sin(2 )
sin(2 2 ) sin(2 ) 2 sin(2 )

2 sin(2 2 ) sin(2 2 ) 2

sin(2 1 ) sin(2 2 2 )}
{ 2

C m r m l m l r
m r m l m l l
m l r m l m l r

m r
m l

θ θ θ θ
θ θ θ θ θ

θ θ θ θ θ
θ θ θ θ θ θ θ

= − − +

− + − − +

− + + − + −

+ + − + +

+ −


2 2

3 23 2 3 3 23 23 4 2 3 23 2 4 2 4 234 2 4 3 23 23

2
4 3 4 234 23 4 3 4 23 234 4 4 234 234 3

2
4 2 4 234 2 4 3 4 234 23 4 4 234 234 4

2 2 2 2

2 2 2 }

{ 2 2 2 }

r s c m r s c m l l s c m l r s c m l s c

m l r s c m l r s c m r s c

m l r s c m l r s c m r s c

θ
θ

− − − −

− − −

+ − − −





 (44) 

2 2 2 2
12 4 2 1 2 1 4 2 3 1 2 23 1 4 3 1 23 1

2 2
4 3 4 1 23 234 1 4 2 4 1 2 234 1 4 4 1 234 1 2

{ 2

2 +2 }

C m l s s c m l l s s s c m l s s c

m l r s s s c m l r s s s c m r s s c θ
= + +

+ +   (45) 

2 2 2
21 2 2 2 2 3 2 2 2 3 2 3 23 2 3 2 3 2 23 3 3 23 23

2
4 2 2 2 4 2 3 23 2 4 2 3 2 23 4 2 4 234 2 4 2 4 2 234

2 2
4 3 23 23 4 3 4 234 23 4 3 4 23 234 4 4 234 234 1

{

}

= + + + +

+ + + + +

+ + + + 

C m r s c m l s c m l r s c m l r s c m r s c
m l s c m l l s c m l l s c m l r s c m l r s c

m l s c m l r s c m l r s c m r s c θ
 (46) 
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2 2 2 2
22 4 2 1 2 1 4 2 3 1 2 23 1 4 3 1 23 1

2 2
4 3 4 1 23 234 1 4 2 4 1 2 234 1 4 4 1 234 1 1
2 2 2 2 2 2

4 2 2 1 2 4 2 3 2 1 23 4 2 3 23 1 2 4 3 23 1 23
2 2

4 3 4 23 1 234 4 3 4 234 1 2

{ 2 4 2

4 4 2 }
{

C m l s s c m l l s s s c m l s s c

m l r s s s c m l r s s s c m r s s c
m l s c c m l l s c c m l l s c c m l s c c

m l r s c c m l r s c c

θ
= − − −

− − − +

+ + + +

+



2 2
3 4 2 4 2 1 234 4 2 4 234 1 2

2 2 2 2 2
4 4 234 1 234 2 3 2 3 3 4 2 3 2 1 23 4 3 23 1 23

2 2 2 2 2
4 3 4 23 1 234 4 3 4 234 1 23 4 2 4 2 1 234 4 4 234 1 234 3

2
4 3 4 23 1 234 4 2 4

} { 2 2 2

2 2 2 2 }

{2 2

m l r s c c m l r s c c

m r s c c m l r s m l l s c c m l s c c

m l r s c c m l r s c c m l r s c c m r s c c

m l r s c c m l r

θ

θ

+ +

+ + − + +

+ + + +

+ +




2 2 2

2 1 234 4 4 234 1 234 42 }s c c m r s c c θ+ 

 (47) 

23 3 2 3 3 4 2 3 3 4 2 4 34 3 4 2 4 34 4 3 4 4 4{ } { 2 }= − − − + − − C m l r s m l l s m l r s m l r s m l r sθ θ  (48) 

24 4 2 4 34 3 4 2 4 34 4 3 4 4 4{ } { }= − + − − C m l r s m l r s m l r sθ θ  (49) 

2
31 4 2 3 23 2 3 3 23 23 4 2 3 23 2 4 2 4 234 2

2 2
4 3 23 23 4 3 4 234 23 4 3 4 23 234 4 4 234 234 1

{

}

= + + +

+ + + + 
C m l r s c m r s c m l l s c m l r s c

m l s c m l r s c m l r s c m r s c θ
 (50) 

2 2 2 2
32 3 2 3 3 4 2 3 2 1 23 4 3 23 1 23 4 3 4 23 1 234

2 2 2 2
4 3 4 234 1 23 4 2 4 2 1 234 4 4 234 1 234 2 3 2 3 3

4 2 3 3 4 2 4 34 3 4 2 4 34 4 3 4 4 4 2 4 34 4

{
1} {
2

1 1 1} { 2 }
2 2 2

C m l r s m l l s c c m l s c c m l r s c c

m l r s c c m l r s c c m r s c c m l r s

m l l s m l r s m l r s m l r s m l r s

θ

θ θ

= − − −

− − − + −

− − + − − +



 

 (51) 

33 3 2 3 3 4 2 3 3 4 2 4 34 2 4 3 4 34 4
1 1 1{ } { 2 }
2 2 2

C m l r s m l l s m l r s m l r sθ θ= + + + −   (52) 

34 4 2 4 34 2 4 3 4 4 4
1{ } { }
2

= + − C m l r s m l r sθ θ  (53) 

2
41 4 2 4 234 2 4 3 4 234 23 4 4 234 234 1{ }= + + C m l r s c m l r s c m r s c θ  (54) 

2 2 2 2
42 4 3 4 23 1 234 4 2 4 2 1 234 4 4 234 1 234 2

4 2 4 34 4 2 4 34 4 3 4 4 3 4 2 4 34 4 3 4 4 4

{ }
1 1 1{ } { }
2 2 2

C m l r s c c m l r s c c m r s c c

m l r s m l r s m l r s m l r s m l r s

θ

θ θ

= − − −

+ + + + − −



   (55) 

43 4 2 4 34 4 3 4 4 2 4 3 4 4 3 4 3 4 4 4
1 1{ } { } { }
2 2

= + + + −  C m l r s m l r s m l r s m l r sθ θ θ  (56) 

44 4 2 4 34 4 3 4 4 2 4 3 4 4 3
1 1 1{ } { }
2 2 2

= + + C m l r s m l r s m l r sθ θ  (57) 

From Figure 1, we get the potential energy of manipulator arm as 

1 1 2 1 2 2 3 1 2 2 3 23

4 1 2 2 3 23 4 234

( s ) ( s s )
( s s s )

= + + + + +
+ + + +

PE gm l gm l r gm l l r
gm l l l r

 (58) 

where 9.8 Nt/kg=g . Applying (19) gets 

1 0=g  (59) 

2 2 2 2 3 2 2 3 3 23 4 2 2 4 3 23 4 4 234g gm r c gm l c gm r c gm l c gm l c gm r c= + + + + +  (60) 

3 3 3 23 4 3 23 4 4 234= + +g gm r c gm l c gm r c  (61) 

4 4 4 234=g gm r c  (62) 

Using (35) yields the inverse of the matrix

D to be 
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11

22 23 241

23 33 34

24 34 44

0 0 0
0
0
0

−

 
 
 =
 
 
  



I
I I I

D
I I I
I I I

 (63) 

where 

34 23 24

2 2 2
1 22 33 44 22 44 23 24 34 332Δ ≡ − − + −D D D D D D D D D D D D  (64) 

11
1

1=
Δ

I  (65) 

34

2
33 44

22
1

−
=

Δ
D D D

I  (66) 

23 44 24 34
23

1

− +=
Δ

D D D DI  (67) 

23 34 24 33
24

1

−=
Δ

D D D DI  (68) 

24

2
22 44

33
1

−
=

Δ
D D D

I  (69) 

22 34 23 24
34

1

− +=
Δ

D D D DI  (70) 

23

2
22 33

44
1

−
=

Δ
D D D

I  (71) 

From (43) and (63), we get 

11 11 12 11 12

22 23 24 21 22 23 24 21 22 23 241

23 33 34 31 32 33 34 31 32 33 34

24 34 44 41 42 43 44 41 42 43 44

0 0 0 0 0 0 0
0
0
0

c c

c c c c

c c c c

c c c c

I C C D D
I I I C C C C D D D D

D C
I I I C C C C D D D D
I I I C C C C D D D D

−

     
     
     = ≡
     
     
          


 (72) 

where 

11 11 11=cD I C  (73) 

21 22 21 23 31 24 41= + +cD I C I C I C  (74) 

31 23 21 33 31 34 41= + +cD I C I C I C  (75) 

41 24 21 34 31 44 41= + +cD I C I C I C  (76) 

12 11 12=cD I C  (77) 

22 22 22 23 32 24 42= + +cD I C I C I C  (78) 

32 23 22 33 32 34 42= + +cD I C I C I C  (79) 

42 24 22 34 32 44 42= + +cD I C I C I C  (80) 
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23 22 23 23 33 24 43= + +cD I C I C I C  (81) 

33 23 23 33 33 34 43= + +cD I C I C I C  (82) 

43 24 23 34 33 44 43= + +cD I C I C I C  (83) 

24 22 24 23 34 24 44= + +cD I C I C I C  (84) 

34 23 24 33 34 34 44= + +cD I C I C I C  (85) 

44 24 24 34 34 44 44= + +cD I C I C I C  (86) 

Multiplying (63) with (19) yields 

111 1

222 23 24 21

323 33 34 3

424 34 44 4

0 0 0
0
0
0

−

    
    
    = ≡     
    

        




g

g

g

g

DI g
DI I I g

D g
DI I I g
DI I I g

 (87) 

where 

1 11=gD I  (88) 

2 22 2 23 3 24 4= + +gD I g I g I g  (89) 

3 23 2 33 3 34 4= + +gD I g I g I g  (90) 

4 24 2 34 3 44 4= + +gD I g I g I g  (91) 

From (20), we obtain 

1 1 1=- − − −− +
    
  
D C D g Dθ θ τ  (92) 

Substituting (63), (72) and (87) to (92) gets 

1 11 1 12 2 1 11 1= − − − +  
c c gD D D Iθ θ θ τ  (93

2 21 1 22 2 23 3 24 4 2 22 2 23 3 24 4= − − − − − + + +    
c c c c gD D D D D I I Iθ θ θ θ θ τ τ τ  (94

3 31 1 32 2 33 3 34 4 3 23 2 33 3 34 4= − − − − − + + +    
c c c c gD D D D D I I Iθ θ θ θ θ τ τ τ  (95

4 41 1 42 2 43 3 44 4 4 24 2 34 3 44 4= − − − − − + + +    
c c c c gD D D D D I I Iθ θ θ θ θ τ τ τ  (96

Define the state, input and noise variables of the FLMA to be the following physical quantities: 

[ ]1 2 3 4 5 6 7 8≡ Tx x x x x x x x x , 1 1=x θ , 2 1= x θ , 3 2=x θ , 4 2= x θ , 5 3=x θ , 6 3= x θ , 7 4=x θ , 8 4= x θ , 1 1=u τ

, 2 2=u τ , 3 3=u τ  , 4 4=u τ and 
2

*
_

1
j noise j

j
q θ

=
  . 

Therefore, the state-space dynamic model of the FLMA with real physical values can be 
represented as 

[ ]1 8 1 8

2
*

fb_1 fb_4 _1 _ 4 _
1

( ) ( )

( ) ( ) ( ) ( )

TT

T

fb fb j noise j
j

x x f X f X

g X g X u X u X q θ
=

 =  

   + +    

 
  

      
 (97)
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1 4 1 4( ) ( ) ( ) ( )
T T

o o o oy X y X X Xσ σ   =   
   

   (98)

1 2≡f x  (99)

2 11 2 12 4 1≡ − − −c c gf D x D x D  (100)

3 4≡f x  (101)

4 21 2 22 4 23 6 24 8 2≡ − − − − −c c c c gf D x D x D x D x D  (102)

5 6≡f x  (103)

6 31 2 32 4 33 6 34 3≡ − − − − −c c c c gf D x D x D x D x D  (104)

7 8=f x  (105)

8 41 2 42 4 43 6 44 8 4≡ − − − − −c c c c gf D x D x D x D x D  (106)

[ ]fb_1 110 0 0 0 0 0 0 Tg I=  (107)

[ ]fb_2 22 23 240 0 0 0 0 Tg I I I=  (108)

[ ]fb_3 23 33 340 0 0 0 0 Tg I I I=  (109)

[ ]fb_4 24 34 440 0 0 0 0 Tg I I I=  (110)

[ ]*
1 _1 sin 0 0 0 0 0 0 0 T

noiseq tθ =  (111)

[ ]*
2 _ 2 0 0 sin 0 0 0 0 0 T

noiseq tθ =  (112)

1 1 1 1 1 1o oy x xθ θ σ= + = + ≡   (113)

2 2 2 3 3 2o oy x xθ θ σ= + = + ≡   (114)

3 3 3 5 5 3o oy x xθ θ σ= + = + ≡   (115)

4 4 4 7 7 4o oy x xθ θ σ= + = + ≡   (116)

Then the nominal system will be 

fb( ) ( ( )) ( ( ))= +
   


fbX t f X t g X t u  (117)

( ) ( ( ))=
 

o oy t X tσ  (118)

and it is assumed to have the vector relative frequency{ } { }1 2 3 4, , , 1,1,1,1o o o od d d d =  [39]: 

<i> The following condition holds:  

_
( ) 0

fb j

k
g oifL L Xσ =


 (119)

for all1 , 4i j≤ ≤ , 1< −oik d , where the symbol L is the Lie operator. 
<ii>The square matrix 
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1 1

_1 _

_1 _

1 1
1 1

1 1

( ) ( )

( ) ( )

o o

fb fb m

om om

fb fb m

d d
g f o g f o

d d
g f om g f om

L L X L L X

A
L L X L L X

σ σ

σ σ

− −

− −

 
 

≡  
 
  

 


 
 


 (120)

has nonsingular property. The norms of pre-specified tracking signals ,1 4i
tracky i≤ ≤ and its first oid

derivatives are bounded by positive constants i
trackB as 

( )(1), , , , 1 4oidi i i i
track track track tracky y y B i  ≤ ≤ ≤   (121)

and the spanning distribution 

fb_1 fb_2 fb_3 fb_4{ , , , }G span g g g g≡      (122)

is involutive. 

3. Robust and Tracking Controller Design of the FLMA System 

Since the FLMA system has the well-defined relative degree property and involutive 
distribution performance, then the mapping 

: ℜ → ℜn nϕ  (123)

defined as 

lin_ _1 _ _1 _

10 ,1 4

oi oi

oi

T Ti i i i
i lin lin d lin lin d

Td
oi oif fL L i

ξ ξ ξ ϕ ϕ

σ σ−

   ≡ ≡   

 ≡ ≤ ≤  


 


 (124)

1 2 3 4 4o o o o od d d d d≡ + + + =  (125)

_ _ , 1, 2, ,non k non k o ok d d nϕ η≡ = + +   (126)

and 

_ _ 0, 1, 2, , ,1 4
fb jg non k o oL k d d n jϕ = = + + ≤ ≤  (127)

_1 _ 2 _ ≡  



o

T

lin lin lin lin dξ ξ ξ ξ  (128)

_ 1 _ 2 _+ + ≡  
 

o o

T

non non d non d non nη η η η  (129)

_ 1 _ 2 _

_ 1 _ 2 _

o o

o o

T

non f non d f non d f non n

T

non d non d non n

L L Lρ ϕ ϕ ϕ

ρ ρ ρ

+ +

+ +

 ≡  

 ≡  

 


 (130)

is an one-to-one and onto, infinitely continuous and differentiable function according to 
reference [39,40], i.e, 

1 1 0
lin_1 _1 _1 1 1 2 ,≡ = ≡ = +ξ 


lin lin ofL x xξ φ σ  (131)

2 2 0
_ 2 _1 _1 2 3 4 ,≡ = ≡ = +ξ 


lin lin lin ofL x xξ φ σ  (132)

3 3 0
_ 3 _1 _1 3 5 6 ,≡ = ≡ = +ξ 


lin lin lin ofL x xξ φ σ  (133)

4 4 0
_ 4 _1 _1 4 7 8 ,≡ = ≡ = +ξ 


lin lin lin ofL x xξ φ σ  (134)
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1
_ 5 _ 5 1≡ ≡ −non non trackx yη φ  (135)

2
_ 6 _ 6 3≡ ≡ −non non trackx yη φ  (136)

3
_ 7 _ 7 5≡ ≡ −non non trackx yη φ  (137)

4
_8 _ 8 7≡ ≡ −non non trackx yη φ  (138)

Assume that the nonlinear FLMA system possesses the well-defined involutive property. Then 
the mapping ϕ  defined by (124)~(127) is a one-to-one and onto, infinitely continuous and 
differentiable function and it will transform original nonlinear system into partially linear subsystem 
and partially nonlinear subsystem as follows [39,40] as follows: 

( )

( )

1 *1
_1 fb _ _

1

1 *1
_ 2 _ _

1

+

+

=

=

 
= + ⋅ + 

 
 = +  
 





   



p
o

lin fb j un j noise j
j

p
o

lin j un j noise j
j

f g u q
X

q
X

∂σξ θ θ
∂

∂σξ θ θ
∂

 

  

(139)

( )

( )

1

1

1

1

1
_ 1

2
1 *

fb _ _
1

2
11 *

_ _ _
1

+

+

o

o

o

o

lin d

d p
f o

fb j un j noise j
j

dp
f o

lin d j un j noise j
j

L
f g u q

X

L
q

X

ξ

∂ σ
θ θ

∂

∂ σ
ξ θ θ

∂

−

−

=

−

=

 
= + ⋅ + 

 
 

= +   
 







  




 
(140)

( )

( )

1

1

1

1 1 1

_1 _

1

1
_1

_

1
1 *

fb _ _
1

1 1
1 1 1 1

1
1 *

_ _
1

+

+

o

o

o

o o o

fb fb m

o

lin d
lin d

d p
f o

fb j un j noise j
j

d d d
o g o g o mf f f

dp
f o

j un j noise j
j

dX
X dt

L
f g u q

X

L L L u L L u

L
q

X

∂ϕ
ξ

∂
∂ σ

θ θ
∂

σ σ σ

∂ σ
θ θ

∂

−

=

− −

−

=

=

 
= + ⋅ + 

 
= + + +

 
+   

 





   


 

  






 

  

(141)

( )

( )

4 *4
_1 fb _ _

1

4 *4
_ 2 _ _

1

+

+

p
o

lin fb j un j noise j
j

p
o

lin j un j noise j
j

f g u q
X

q
X

∂σξ θ θ
∂

∂σξ θ θ
∂

=

=

 
= + ⋅ + 

 
 = +  
 





   



 

  

(142)

( )

( )

4

4

4

4

4
lin_ 1

2
4 *

fb _ _
1

2
41 *

_ _ _
1

+

+

o

o

o

o

d

d p
f o

fb j un j noise j
j

dp
f o

lin d j un j noise j
j

L
f g u q

X

L
q

X

ξ

∂ σ
θ θ

∂

∂ σ
ξ θ θ

∂

−

−

=

−

=

 
= + ⋅ + 

 
 

= +   
 







  




 
(143)
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( )

( )

4

4

4 4

_1

4

_ 4

4

4
_

1
4 *

fb _ _
1

1
4 4 _1

1
4 _ 4

1
4 *

_ _
1

+

+

o

o

o o

fb

o

fb

o

lin d

d p
f o

fb j un j noise j
j

d d
o g o fbf f

d
g o fbf

dp
f o

j un j noise j
j

L
f g u q

X

L L L u

L L u

L
q

X

ξ

∂ σ
θ θ

∂

σ σ

σ

∂ σ
θ θ

∂

−

=

−

−

−

=

 
= + ⋅ + 

 
= + +

+

 
+   

 





 





  






 (144)

( )

( )

_ *
_ fb _ _

1

_ *
_ _ _

1

+

+

p
non k

non k fb j un j noise j
j

p
non k

non k j un j noise j
j

f g u q
X

q
X

∂ϕ
η θ θ

∂
∂ϕ

ρ θ θ
∂

=

=

 
= + ⋅ + 

 
 

= +  
 





   


 
 (145)

Since 

oid
ci oifu L σ≡   (146)

_

1 ,oi

fb j

d
dij g oifu L L σ−≡   (147)

the transformed dynamics of nonlinear FLMA system (139)~(145) can be rewritten to be 

( )
1

1

1 1
_1 _ 1 11 _1 14 _ 4

1 *
1 _ _

1

( )

+

o

o

lin lin d c d fb d fb

p
d

o j un j noise jf
j

t u u u u u

L q
X

ξ ξ

∂ σ θ θ
∂

−

=

= = + + +

 +  
 

 

  


 

  

(148)

( )
4

4

4 4
_1 _ 4 41 _1 44 _ 4

1 *
4 _ _

1

+

o

o

lin lin d c d fb d fb

p
d

o j un j noise jf
j

u u u u u

L q
X

ξ ξ

∂ σ θ θ
∂

−

=

= = + + +

 +  
  

  


 (149)

( )
_ _

*
_ _ _

1
( ) + , 1, ,

non k non k

p

non k j un j noise j o
j

X q k d n
X

η ρ

∂ ϕ θ θ
∂=

=

 + = + 
 



 

  
 (150)

_1,1 4i
oi liny iξ= ≤ ≤  (151)

Hence 
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o1

o2

3

4

1 1
_ _1 _11 11 12 13 14

2 2
_ _1 2 21 22 23 24

33
3 31 32 33 34_1_

44 4 41 42 24 44_1_

o

o

l d l fbc d d d d

l d l fc d d d d

c d d d dll d

c d d d dll d

uu u u u u
uu u u u u

u u u u u
u u u u u

ξ ξ
ξ ξ

ξξ
ξξ

                       = = +                          

 
 




( )

( )

( )

( )

o1

o2

o3

o4

_ 2

_ 3

_ 4

1 *
1 _ _

1

1 *
2 _ _

1

1 *
3 _ _

1

1 *
4 _ _

+

+

+

+

b

fb

fb

p
d

o j un j noise jf
j

p
d

o j un j noise jf
j

p
d

o j un j noise jf
j

d
o j un j noise jf

j

u
u

L q
X

L q
X

L q
X

L q
X

∂ σ θ θ
∂
∂ σ θ θ

∂
∂ σ θ θ

∂
∂ σ θ θ

∂

−

=

−

=

−

=

−

 
 
 
 
 
  

 
 
 

 
 
 +
 
 
 

 
 
 






















1

p

=

 
 
 
 
 
 
 
 
 
 
 
 
 


 (152)

( )

( )

_ 1 _ _ 1 _

*
_ 1 _ _

1

*
_ _ _

1

( )

+ +

+

+ +

+
=

=

   =   
  
  

 

 
 

  





  

 



o o

o

T T

non d non n non d non n

p

non d j un j noise j
j

Tp

non n j un j noise j
j

t

q
X

q
X

η η ρ ρ

∂ ϕ θ θ
∂

∂ ϕ θ θ
∂

 
(153)

_1= i
oi liny ξ  (154)

To build the robust feedback linearization controller 
 

1{ }fb b vu A u u−= − +    (155)

we use the vector 

[ ]
[ ]

1 2 3 4
b1 b2 b4 b4 1 2 3 4

c1 c2 c3 c4 c

o o o o
TT d d d d

b o o o of f f f

T

u u u u u L L L L

u u u u u

σ σ σ σ ≡ ≡  

= ≡

   



 (156)

and the virtual input [39] 

[ ]v 1 v2 v3 v4
T

vu u u u u≡  (157)

Then we can transform (152) into the following model 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 March 2025 doi:10.20944/preprints202503.1847.v1

https://doi.org/10.20944/preprints202503.1847.v1


 16 of 38 

 

( )

( )

o1

o2

3

4

o1

o2

1 1
_ _1

2 2
_ _1

33
_1_

44
_1_

1 *
1 _ _

1

1 *1
2 _ _

v2

3

v4

+

+

o

o

l d l

l d l

ll d

ll d

p
d

o j un j noise jf
j

dv
o j un j noise jf

j

v

L q
X

u
L q

Xu
u
u

ξ ξ
ξ ξ

ξξ
ξξ

∂ σ θ θ
∂
∂ σ θ θ

∂

−

=

−

=

   
   
   
  =  
   
   
    

 
 
 

   
  
  = +

 
 
  

 



 
 








( )

( )

o3

o4

1

1 *
3 _ _

1

1 *
4 _ _

1

+

+

p

p
d

o j un j noise jf
j

p
d

o j un j noise jf
j

L q
X

L q
X

∂ σ θ θ
∂
∂ σ θ θ

∂

−

=

−

=

 
 
 
 
 
 
 

     
 

  
    















 (158)

From (158), we get 

( )oi

oi

1 *
_1 _ _ _

1

oi

( ) 1 +

1, 1,2,3,4

p
di i

l l d vi oi j un j noise jf
j

t u L q
X

d i

∂ξ ξ σ θ θ
∂

−

=

  = = +     
  

= =

 
  

 (159)

Next we will demonstrate in detail how to design the robust and tracking controlle
1{ }fb b vu A u u−= − +

   with the pre-specified tracking signals 1 2 3 4 6= = = =track track track tracky y y y π .

The initial values of the states are set to be 

[ ](0) 1 0 1 0 1 0 1 0≡ Tx  (160)

The desired robust and tracking controller is built by 

( ) 0
1

1 1 (1)
2

1 ( 1)1

( )

( )

( ) ,1 4

oi oi

oi

oi oi

oi

d di i i
vi track f oi track

d i i
f oi track

d di i
d f oi track

u y L X y

L X y

L X y i

ε α σ

ε α σ

ε α σ

−

−

− −−

 ≡ − − 
 − − − 
 − − ≤ ≤ 







 (161)

where i
tracky is the desired tracking signal and

oi

i
dα are elements of the Hurwitz matrix

shown by 

[ ]1 1

1 2 3

0 1 0 0
0 0 1 0

50 , 1, , 4
0 0 0 1

oi
oi oi

i
c

i i i i
d d d

A i

α α α α

×

×

 
 
 
 ≡ = − =
 
 
 − − − − 




  




 (162)

Based on feedback linearization approach, then we propose the robust controller
with the pre-specified tracking signals 1 2 3 4 6= = = =track track track tracky y y y π as follows: 

( ) [ ] [ ]( )1 1
1 4 1 4

T T
fb b v b b v vu A u u A u u u u− −= − + = − +      (163)

11

22 23 241

23 33 34

24 34 44

0 0 0
0
0
0

D
D D D

A
D D D
D D D

−

 
 
 =
 
 
 

 (164)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 March 2025 doi:10.20944/preprints202503.1847.v1

https://doi.org/10.20944/preprints202503.1847.v1


 17 of 38 

 

( )
( )
( )
( )

1
1 2

1
3 4

1
5 6

1
7 8

(50) 6
(50) 6
(50) 6
(50) 6

−

−

−

−

 − + −
 − + − =  − + −
 
− + −  


v

x x
x x

u
x x
x x

ε π
ε π
ε π
ε π

 (165)

1 2

3 4

5 6

7 8

+ 
 + =
 +
 + 


b

f f
f f

u
f f
f f

 (166)

( )1
1 11 1 2 1 2(50) 6− = − − − + − u D f f x xε π  (167)

( )
( )
( )

1
2 22 3 4 3 4

1
23 5 6 5 6

1
24 7 8 7 8

(50) 6

(50) 6

+ (50) 6

−

−

−

 = − − − + − 
 + − − − + − 
 − − − + − 

u D f f x x

D f f x x

D f f x x

ε π

ε π

ε π

 (168)

( )
( )
( )

1
3 23 3 4 3 4

1
33 5 6 5 6

1
34 7 8 7 8

(50) 6

(50) 6

+ (50) 6

−

−

−

 = − − − + − 
 + − − − + − 
 − − − + − 

u D f f x x

D f f x x

D f f x x

ε π

ε π

ε π

 (169)

( )
( )
( )

1
4 24 3 4 3 4

1
34 5 6 5 6

1
44 7 8 7 8

(50) 6

(50) 6

+ (50) 6

−

−

−

 = − − − + − 
 + − − − + − 
 − − − + − 

u D f f x x

D f f x x

D f f x x

ε π

ε π

ε π

 (170)

For the convenience of the following discussions, let’s define some related
parameters as 

( 1)
_

i i i j
j lin j tracke yξ −≡ −  (171)

1 2
oi

oi

T di i i i
track de e e e ≡ ∈ℜ   (172)

1 , 1,2, , 4, 1,2, ,i j i
j j oie e i j dε −≡ = =   (173)

1 2 ( ) oi

oi

T
di i i i

track de e e e t ≡ ∈ℜ   (174)

1 2 4 o

track track track

T
d

tracke e e e ≡ ∈ℜ   (175)

[ ] 1
0 0 0 1 ,1 4

oi

Ti
d

B i
×

≡ ≤ ≤


  (176)

_ 1 _ 2 _

_ 1 _ 2 _

( , )

o o

o o

non lin non
T

f non d f non d f non n

T

non d non d non n

L L L

ρ ξ η

ϕ ϕ ϕ

ρ ρ ρ

+ +

+ +

 =  

 =  

 





 (177)
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where the Lyapunov system matrix i
cA is a Hurwitz matrix whose eigenvalues lies in

the left half coordinate plane and one can use Matlab to obtain the adjointing
Lyapunov system matrix 0i

LyapP > of the following Lyapunov equation: 

( )i T i i i
c Lyap Lyap cA P P A I+ = −  (178)

max ( )i
LyapPγ ≡  max. eigenvalue of i

LyapP  (179)

min ( )i
LyapPγ ≡  min. eigenvalue of i

LyapP  (180)

{ }
{ }

* 1 2 4
max max max maxmax ( ), ( ), , ( )

max 0.01, 0.01, ,0.01 0.01
Lyap Lyap LyapP P Pγ γ γ γ≡

≡ =




 (181)

{ }
{ }

* 1 2 4
min min min minmin ( ), ( ), , ( )

min 0.01, 0.01, ,0.01 0.01
Lyap Lyap LyapP P Pγ γ γ γ≡

≡ =




 (182)

and 

1 2 3 4 0.01Lyap Lyap Lyap LyapP P P P= = = =  (183)

To demonstrate further the complete feedback linearization control design of
nonlinear FLMA system, let’s define one assumption and two definitions as 
 
Assumption 1. The following inequality holds: 

( )_ _( , , ) ( , ,0)− ≤   
non t non track non t non non trackt e t M eρ η ρ η  (184)

where 0>nonM and _ ( , , ) ( , )≡
   

non t non track non lin nont eρ η ρ ξ η . 

Definition 1. 

Consider a nonlinear system ( , , )=
  

inputX f t X u with an Lipschitz input inputu , where

X is

Lipschitz state variable, :[0, ) n n nf ∞ ×ℜ ×ℜ → ℜ


is differentiable and infinitely
continuous. This system is defined to be input-to-state stable if 

( )
0

0 0( ) ( ) , sup ( )
≤ ≤

 ≤ − +  
 

  
input

t t
X t X t t t u

τ
γ κ τ  (185)

whereκ is a K -class function and γ denotes a KL -class function. 

Definition 2. 

A nonlinear system with noise input noiseu is defined to possess the almost disturbance
decoupling performance, if the following properties hold: 
<i>The nonlinear system has input-to-state stable property for noise input noiseu . 

<ii>Output tracking errors meet the following two inequalities for initial time 0t and
the initial state 0( )


X t : 

( )
0

1 0 0 3
2

1( ) ( ) ( ) , sup ( )i
oi track noise

t t
y t y t X t t t u

τ
κ κ τ

κ ≤ ≤

 − ≤ − +  
 

   (186)
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and 

( ) ( )( )
0 0

2 2
5 0 3( ) ( )

t t
i

oi track e noise
t t

y y d X u dτ τ τ κ κ τ τ
 

 − ≤ +  
  

 
   (187)

where 1κ belongs to KL -class function, 2κ and 4κ are positive constants, and 3κ , 5κ

belong to K -class functions. From (159), we get 

( )

( )

oi oi

oi

oi

( 1) ( )
_1 _

1 *
_ _

1

oi

( ) 1

+

1, 1,2,3,4

i d i di i i
lin track lin d track vi track

p
d

oi j un j noise jf
j

t y y u y

L q
X

d i

ξ ξ

∂ σ θ θ
∂

−

−

=

   − = − = −     
  +   

  
= =

 

  

  (188)

From (171),(173) and (188), we obtain 

( ) ( )oi oi oi

oi

1 ( ) 1 *
_ _

1
1 +

p
d i d di

d vi track oi j un j noise jf
j

e u y L q
X

∂ε σ θ θ
∂

− −

=

    ′ = − +       
    

 
  (189)

Substituting (161) and (162) into (189) obtains 

( ) ( )oi

oi oi

1 *
_ _

1
+

1, ,4

oi

p
di i i

d d d oi j un j noise jf
j

e e L q
X

i

∂ε α ε σ θ θ
∂

−

=

    ′  = − +           
=

 




 (190)

Then, from (145), (153), (162), (174) and (190), we obtain 

( )
.

, 1, , 4
track track lin

i i i i
c noise une A e iξε ϕ θ θ= + + =

 
  (191)

( )
( )_

( , )

( , , )
non

track non

non non lin non noise un

non t non noise unt e

η

η

η ρ ξ η ϕ θ θ

ρ η ϕ θ θ

= + +

≡ + +





    
    (192)

_1, 1, , 4i
oi liny iξ= =   (193)

where 

* *
1

1 1* *
1

( )

1, , 4

lin

oi oi oi oi

f f

oi oi p

i

d d d d
oi oi p

q q
X X

L q L q
X X

i

ξ

ε σ ε σ

ϕ ε

ε σ ε σ− −

 ∂ ∂    
    ∂ ∂    

 ≡
 

∂ ∂    
    ∂ ∂    

=



  

 
  



 (194)

* *
non_ 1 1 _ 1

* *
_ 1 _

( )

o o

non

d non d p

non n non n p

q q
X X

q q
X X

η

ϕ ϕ

ϕ ε

ϕ ϕ

+ +
 ∂ ∂    
    ∂ ∂    
 ≡
 

∂ ∂    
    ∂ ∂    



  

 
  

 (195)
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_1 _( ) ( )
T

noise noise noise pt tθ θ θ ≡  


  (196)

_1 _( ) ( )
T

un un un pt tθ θ θ ≡  


  (197)

It is worth noting that the one-to-one and onto, infinitely continuous and
differentiable function converts the original nonlinear FLMA into a partially
nonlinear subsystem and partially linear subsystem whose state variables are
denoted by 1 2 3 4

_1 _1 _1 _1, , ,lin lin lin linξ ξ ξ ξ and non_5 _ 8~ nonη η , respectively. In order to meet the

requirements (184) and 
2 2

1 2( )≤ ≤  
non non non non non nonJω η η ω η  (198)

( ) ( , ,0) 16∇ + ∇ ≤ −
 

non

T
t non non non non x nonJ J t Jη ρ η α  (199)

3 3, 0
non non non non nonJη ω η ω∇ ≤ >

  (200)

we construct nonJ and linW to be the Lyapunov functions of nonlinear subsystem (192)
and linear subsystem (191), respectively and then combine these Lyapunov functions
to be a composite Lyapunov function lin nonJ + as follows: 

( ) ( ) ( ) ( )( )1 1 2 2 3 3 4 4

( )

( )

lin non non lin non

lin track lin track lin track lin track

J J k W J

k W e W e W e W e

ε

ε

+ ≡ + ≡

+ + + +
 (201)

where the function ( ) :k ε + +ℜ → ℜ satisfies
0

lim ( ) 0k
ε

ε
→

= and 

0
lim 0

( )→
=

kε

ε
ε

 (202)

( ) 20000k ε ε=  (203)

1 , 0.005 , 1, ,4
2

T T
i i i i i i

lin track Lyap track track trackW e P e e e i≡ = =   (204)

2 2
_5 _8,non non nonJ η η≡ + +  (205)

2 2
1 2 1 2, 1, 1non non non non non non nonVω η ω η ω ω≤ ≤ = =   (206)

1 2 3 4
_ 1 _ 5 1 _ 6 1 _ 7 1 _8( , , ) [ ]T

non t non track non non non nont e e e e eρ η η η η η= − − − −   (207)

( ) ( ) ( ) ( ) ( )

2

_ _

2 2 2 2
1 2 3 4
1 1 1 1

( , , ) ( , ,0)

, 1

non t non track non t non

non track non

t e t

e e e e M e M

ρ η ρ η−

 = + + + ≤ =  

   

 (208)

_5 _6 _7 _8

2 2 2 2
_5 _6 _7 _8 3 3

2 2 2 2

2 , 2

non non non non non non

non non non non non non non

Jη η η η η

η η η η ω η ω

 ∇ =  

= + + + ≤ =



  (209)
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( ) ( )
_

2 2 2 2
_ 5 _ 6 _ 7 _8

( ) ( , ,0)

2 16 , 0.125
non

T
t non non non t non

non non non non x non x

J J tη ρ η

η η η η α η α

∇ + ∇

= − + + + ≤ − =


 

  (210)

Then, the differentiation of the composite Lyapunov function lin nonJ +  is described as 

( )

1 1 1 1 1 1

4 4 4 4 4 4

2

non

track track

track track

lin non

T

t non non non

T T

track Lyap Lyap track

T T

track Lyap Lyap track

t non

J

J J

k e P e e P e

e P e e P e

J

η η

+

• •

• •

 = ∇ + ∇  
     
+ +               

     
+ + +               

= ∇ +









( ) ( )( )

( ) ( )

( ) ( )

( ) ( )

_

1 1 1 1 1 1

4 4 4 4 4 4

1

( , , )

2

2

non non

track track

lin

T

non non t non track noise un

T
T

Lyap c c Lyap

T
T

track Lyap c c Lyap track

TT

noise un Lyap

J t e

k e P A A P e

k e P A A P e

k P

η η

ξ

ρ η ϕ θ θ

ε

ε

θ θ ϕ
ε

 ∇ + +  
    + + +        

   + +       

+ +

 
  



  ( )1 1 4 4 4
track lin track

T

Lyape P eξϕ
   + +  

    


 

( )

( )

( )
( )
( )

_

2 2

1 4

_

_

_

( , , )

+
2

( , ,0)

( , ,0)

(

non

non non track track

non

non

non

T

t non non non t non track

non noise un

T

t non non non t non

T

non non t non

T

non non t

J J t e

kJ e e

J J t

J t

J

η

η η

η

η

η

ρ η

ϕ θ θ
ε

ρ η

ρ η

ρ

≤ ∇ + ∇
 

  ∇ + − + +  
 

 ≤ ∇ + ∇  

− ∇

+ ∇



 







 

 


 

 

 , , )non trackt eη

 

( )

( )

( )

1 1 1 4 4 4

1 4

1 4
max max

2
2 22 21 1 1
2

( ) ( )

121 1
22 22

1

lin track lin track

non non

lin track

noise un Lyap Lyap

non noise un

lin lin

Lyap Lyap

Lyap noise un

k P e P e

J

W Wk
P P

k P e

ξ ξ

η η

ξ

θ θ ϕ ϕ
ε

ϕ θ θ

ε γ γ

ϕ θ θ
ε

  
  + + + +

    

+ ∇ +

 
− + + 

  

+ + + +

+

 


 



 


( )
2

2 22 24 4 4
2

21 1
22 22lin trackLyap noise un

k P eξϕ θ θ
ε

+ +
 
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( )

( )

( )

3

3 *
max

2
2 22 21 1 1
2

2
2 22 24 4 4
2

3

1

16

1

121 1
22 22

121 1
22 22

12116
22

non

lin track

lin track

non

x non non non non track

non non noise un lin

Lyap noise un

Lyap noise un

non
x

non

J M e

k W

k P e

k P e

η

ξ

ξ

η

α ω η

ω η ϕ θ θ
ε γ

ϕ θ θ
ε

ϕ θ θ
ε

ωα ϕ
ω

≤ − +

+ + −

+ + +

+ + + +

≤ − − 



 

 

 


( )
2

2

3
*

1 min

2
2

non

non non
non lin

non

J

M
J kW

k

ω
ω γ

  
      
 
 +
 
 

 

( ) ( )

( )

2 22 21 1 4 4

* 2 1 2 4
max min min

2 2

2

1 121 121
1 122 22( ) ( )2 2

5
22

5
22

lin linLyap Lyap

Lyap Lyap

lin noise un

non
non lin noise un

lin

k P k P

P P

kW

J
J kW H

kW

ξ ξϕ ϕ
εγ ε γ ε γ

θ θ

θ θ

 
 − − − −
  
 

+ +

 
 = − + +     



 

 

 (211)

where the matrix H is positive definite, and 

11 12

12 22

( )  
≡  
 

H H
H

H H
ε  (212)

2 23
11

1

12116
22

= − 
non

non
x

non

H η
ωα ϕ
ω

 (213)

3
12 *

1 min2 ( )

 
 = −
  

non non

non

w M
H

k wε γ
 (214)

2 2 2 21 1

22 * 2 1 2
max min min

( ) ( )1 121 121
1 122 22( ) ( )2 2

lin lin

m m
Lyap Lyap

m
Lyap Lyap

k P k P
H

P P
ξ ξε ϕ ε ϕ

εγ ε γ ε γ
   = − − −   
   



  (215)

i.e. 

( ) 2

min
5( )
22lin non lin non noise unJ H Jγ θ θ+ +≤ − + +

   (216)

where min ( )Hγ denotes the minimum eigenvalue of the matrix H . 

Define 

1
2 2 2

11 22 11 22 12( ) 4
( )

4

 + − − + ≡s

H H H H H
α ε  (217)
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2 ( )≡ sT α ε  (218)

0

2

1
5 sup +
22 un noise

t t
T

τ
θ θ

≤ ≤

 ≡  
 

 
 (219)

*
2 1 min

( )min ,
2

 ≡  
 

non
kT εω γ  (220)

Applying (217) into (216) yields 

min ( ) 2= sHγ α  (221)

( )

( ) ( )

2

22 2
2

52
22

5
22

lin non s lin non noise un

non track noise un

J J

T T e

α θ θ

η θ θ

+ +≤ − + +

≤ − ⋅ + + +

 

 
 (222)

Define 

11 4 1 1 1
1 , o

track track

T
T

d
track rem reme e e e e e −   ≡ ≡ ∈ℜ     

  (223)

and get 

( )
2 2 22 1 1

2 1
5
22

lin non

non rem noise un

J

T T e eη θ θ

+

 ≤ − ⋅ + + + + 
 


   (224)

Next, we will prove the fact that the proposed feedback linearization control achieves
the almost disturbance decoupling performance, and the globally exponential
stability of the FLMA system in Appendix A. Therefore, the proposed robust tracking
control (163) will indeed drive the tracking errors of the FLMA system into the global
ultimate attractor. 
Noting that we can extend above complete design process to obtain one more general
significant theorem for general uncertain nonlinear control systems with
disturbances as follows: 

[ ]1 1

fb_1 fb_m _1 _

*
_1 _ _

1

( ) ( )

( ) ( ) ( ) ( )

+ ( ) ( )

TT
n n

T

fb fb m

pT

un un n j noise j
j

x x f X f X

g X g X u X u X

f X f X qδ δ θ
=

 =  

   +    

  +  

 
  

     

  

 (225)

1 1( ) ( ) ( ) ( )   =   
   

 
T T

o om o omy X y X X Xσ σ  (226)

i.e., 

*
_

1
( ) ( ( )) ( ( ))

=

= + + +
     



p

fb fb un j noise j
j

X t f X t g X t u f qδ θ  (227)
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( ) ( ( ))=
 

o oy t X tσ  (228)

where _1 _ 2 _ ≡  
 

T

fb fb fb fb mu u u u , 1 2
T

o o o omy y y y≡   
  denote the input and output,

respectively, 1 2( ) ( ) ( ) ( ) T
nX t x t x t x t≡   


 is the state variable,

_1 _ 2 _( ) ( ) ( ) ≡  



T

noise noise noise noise pt t tθ θ θ θ  is the noise vector, *
jq denotes the noise_adjoint

vector. Assume 1 2
T

nf f f f≡   


 , fb_1 fb_2 fb_m ≡  
  


fbg g g g and ≡

oσ  1 2   T
o o omσ σ σ to be

continuous functions, and

unfδ to be the matched uncertainty vector term

*
_

1=

≡
 p

un j un j
j

f qδ θ , where _1 _ 2 _( ) ( ) ( ) ≡  



T

un un un un pt t tθ θ θ θ is defined to be the uncertainty

vector. 
 
Assumption 2. The following inequality holds: 

( )_ _( , , ) ( , ,0)− ≤   
non t non track non t non non trackt e t M eρ η ρ η  (229)

where 0>nonM and _ ( , , ) ( , )≡
   

non t non track non lin nont eρ η ρ ξ η . 

Then the nominal system will be 

fb( ) ( ( )) ( ( ))= +
   


fbX t f X t g X t u  (230)

( ) ( ( ))=
 

o oy t X tσ  (231)

and it is assumed to have the vector relative frequency{ }1 2, , ,o o omd d d  [39]: 

<i>The following condition holds: 

_
( ) 0

fb j

k
g oifL L Xσ =


 (232)

for all1 ,i j m≤ ≤ , 1< −oik d , where the symbol L is the Lie operator. 

<ii>The square matrix 

1 1

_1 _

_1 _

1 1
1 1

1 1

( ) ( )

( ) ( )

o o

fb fb m

om om

fb fb m

d d
g f o g f o

d d
g f om g f om

L L X L L X

A
L L X L L X

σ σ

σ σ

− −

− −

 
 

≡  
 
  

 


 
 


 (233)

has nonsingular property. The norms of pre-specified tracking signals ,1≤ ≤i
tracky i m

and its first oid derivatives are bounded by positive constants i
trackB as: 

( )(1), , , , 1  ≤ ≤ ≤  oidi i i i
track track track tracky y y B i m  (234)

and the spanning distribution 

fb_1 fb_2 fb_m{ , , , }≡   G span g g g  (235)

is involutive. Then the mapping : ℜ → ℜn nϕ defined as 
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lin_ _1 _ _1 _

10
1 2( ) ( ) ,−

   ≡ ≡   

 ≡ ≡ + + +  


 

 
 

oi oi

oi

T Ti i i i
i lin lin d lin lin d

Td
oi oi o o o omf fL X L X d d d d

ξ ξ ξ ϕ ϕ

σ σ
 (236)

_ _( ( )) ( ), 1, 2, ,≡ = + +


non k non k o oX t t k d d nϕ η  (237)

and 

_ _ ( ( )) 0, 1, 2, , ,1
fb jg non k o oL X t k d d n j mϕ = = + + ≤ ≤


  (238)

is an one-to-one and onto, infinitely continuous and differentiable function according
to reference [39]. 
Let nonJ and linW be the Lyapunov functions of nonlinear subsystem and linear
subsystem, respectively and then combine these Lyapunov functions to be a
composite Lyapunov function lin nonJ + as follows: 

( )lin non non linJ J k Wε+ ≡ +  (239)

( ) ( )1 1
track track

m m
lin lin linW W e W e= + +  (240)

( ) 1
2

≡
track track track

T
i i i i i

lin LyapW e e P e  (241)

Theorem 1. A differentiable and infinitely continuous function :
− +ℜ → ℜ

n r

nonJ for
transformed nonlinear subsystem can be found to make the following three
inequalities hold: 

(a) 2 2
1 2( )≤ ≤  

non non non non non nonJω η η ω η  (242)

(b) ( ) ( , ,0) 16∇ + ∇ ≤ −
 

non

T
t non non non non x nonJ J t Jη ρ η α  (243)

(c) 3 3, 0
non non non non nonJη ω η ω∇ ≤ >

  (244)

Design the robust and tracking controller to be 

1{ }−= − +  
fb b vu A u u  (245)

[ ] 1 2
1 2 1 2

o o om
TT d d d

b b b bm o o omf f fu u u u L L Lσ σ σ ≡ ≡    
    (246)

[ ]1 2≡  T
v v v vmu u u u  (247)

( ) 0
1

1 1 ( 1)1 (1) 1
2

( )

( ) ( )

oi oi

oi oi oi

oi

d di i i
vi track f oi track

d d di i i i
f oi track d f oi track

u y L X y

L X y L X y

ε α σ

ε α σ ε α σ

−

− − −−

 ≡ − − 
  − − − − −   



 


 (248)

Then the nonlinear system possesses the almost disturbance decoupling performance
with the globally exponential stability: 

11 12

12 22

( )  
≡  
 

H H
H

H H
ε  (249)
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2 23
11

1

12116
22

= − 
non

non
x

non

H η
ωα ϕ
ω

 (250)

3
12 *

1 min2 ( )

 
 = −
  

non non

non

w M
H

k wε γ
 (251)

2 2 2 21 1

22 * 2 1 2
max min min

( ) ( )1 121 121
1 122 22( ) ( )2 2

lin lin

m m
Lyap Lyap

m
Lyap Lyap

k P k P
H

P P
ξ ξε ϕ ε ϕ

εγ ε γ ε γ
   = − − −   
   



  (252)

1
2 2 2

11 22 11 22 12( ) 4
( )

4

 + − − + ≡s

H H H H H
α ε  (253)

2 ( )≡ sT α ε  (254)

0

2

1
1 sup +

22 ≤ ≤

+  ≡  
 

 
un noise

t t

mT
τ

θ θ  (255)

*
2 1 min

( )min ,
2

 ≡  
 

non
kT εω γ  (256)

* *
1

1 1* *
1

( )

− −

 ∂ ∂    
    ∂ ∂    

 ≡
 

∂ ∂    
    ∂ ∂    



  

 
  

lin

oi oi oi oi

f f

oi oi p

i

d d d d
oi oi p

q q
X X

L q L q
X X

ξ

ε σ ε σ

ϕ ε

ε σ ε σ

 (257)

* *
non_ 1 1 _ 1

* *
_ 1 _

( )

o o

non

d non d p

non n non n p

q q
X X

q q
X X

η

ϕ ϕ

ϕ ε

ϕ ϕ

+ +
 ∂ ∂    
    ∂ ∂    
 ≡
 

∂ ∂    
    ∂ ∂    



  

 
  

 (258)

where the matrix H is positive definite, and the continuous function ( ) :k ε + +ℜ → ℜ

satisfies
0

lim ( ) 0k
ε

ε
→

= and 

0
lim 0

( )→
=

kε

ε
ε

 (259)

Moreover, the desired tracking errors can be exponentially reduced by adjusting the
parameter 2 1⋅ >T T with the convergence rate formula 

2

max

⋅
Δ
T T  (260)

*
max 2 maxmax ,

2
 Δ ≡  
 

non
kω γ  (261)

and the desired tracking errors of control system are exponentially attracted into a
global final attractor rB with the convergence radius formula 
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1

2

=
⋅
Tr

T T
 (262)

To effectively build robust and tracking controller, a significant algorithm of FLMA
is summarized as follows, and then a powerful Python software system of controller
design is constructed in the next section according to this proposed algorithm. 
(Step 1)Obtain the vector relative frequency 1, ,o omd d according to the given outputs

1, ,o omσ σ . 
(Step 2)Appropriately construct the one-to-one and onto, infinitely continuous and
differentiable functionφ based on (123)~(127). 
(Step 3)From (162) and (178), appropriately choose parameters

oi

i
dα such that i

cA are
Hurwitz matrices with stable eigenvalues and obtain the positive definite 0>i

LyapP of

the Lyapunov equation with the aid of Matlab toolbox. 
(Step 4)Choose the Lyapunov function nonJ to meet the requirements (184) and
(198)~(200). If the vector relative frequency is equal to the system dimension, i.e.

1 + + =o omd d n , then this step will be omitted and directly go to (Step 5). 
(Step 5)From (212)~(215), (217)~(220), appropriately design parameters ( ), ,sk α ε ε  to
meet 2 1⋅ >T T . It is worth noting that if the value of 2⋅T T is larger, the convergence rate
is faster. 
(Step 6)Finally, the robust and tracking controller can be built by (163). 

4. Simulations of the FLMA System 

It can be verified that the related requirements of Theorem 1 hold if we choose 0.01=ε ,

( ) 2000k ε ε= , 1 2 3 4 1= = = =o o o od d d d , 1=sα , 11 2H = , 2=T , 2 1=T , 1
22 100 −=H ε ,

1
4

12 0.1
−

= −H ε . Hence the robust 

and tracking controller will make the tracking errors converge to the globally final attractor by 
Theorem 1. The real tracking errors of the FLMA system (epsion=0.01) are plotted in Figure 2. 
Therefore, the designed controller can indeed make the outputs track the pre-specified signals

1 2 3 4 6= = = =track track track tracky y y y π . From (260)~(261) and Figure 2~Figure 3, it is obvious to see that the 
convergent rate of tracking error with smaller epsion is better than a larger epsion. Moreover, the 
dynamic trajectories show the overall tracking errors “before”, “on” and “after” entering the globally 
final attractor in the positive z direction for Figure 4, Figure 5 and Figure 6, respectively, where the 
length of the arrow denotes the convergence-radius of the globally final attractor. Other individual 
tracking errors of the output 1~output 4 are shown in positive x direction, negative x direction, 
positive y direction and negative y direction for Figure 4, Figure 5 and Figure 6, respectively. 

 
Figure 2. The output trajectories for 0.01=ε . 
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Figure 3. The output trajectories for 1ε = . 

 

Figure 4. Tracking error before entering the global final attractor. 

 

Figure 5. Tracking error on entering the global final attractor. 
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Figure 6. Tracking error after entering the global final attractor. 

5. Comparisons to Traditional Approaches 

In this section, we will compare the performance of proposed approach with traditional fuzzy 
approach [41] and the singular perturbation method with high-gain feedback [38]. 

Figure 7 is the general structure of traditional fuzzy approach whose input variables of the IF-
THEN rules are assigned to be the tracking error ( )e t and its time derivative ( )e t . The output variable 
is the fuzzy control fuzzyu . For easy calculation, the desired membership functions of ( )tracke t , ( )tracke t and

fuzzyu are assigned to be the triangular shape functions as shown in Figure 8~Figure 10. The desired 
fuzzy control rule base for fuzzyu is constructed in Table 1. The rule base, fuzzy inference engine and  

defuzzifier adopt the standard Macvicar-Whelan rule base, the Mamdani method and  the centroid 
method, respectively. 

differentiator

Tracking
Signal

dy

         
Output

y
Fuzzifier

Inference
Engine Defuzzifier fuzzyu

Rule Base

e
−

+

 
Figure 7. General structure of traditional fuzzy approach. 

1− 0.5− 0 0.5 1

PBPS

Z

NSNB PMNM

0.20.2−  

Figure 8. Triangular shape membership functions for ( )e t . 

1− 0.5− 0 0.5 1

PBPS

Z

NSNB PMNM

0.20.2−  

Figure 9. Triangular shape membership functions for ( )e t . 
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1− 0.5− 0 0.5 1

PBPS

Z

NSNB PMNM

0.20.2−  

Figure 10. Triangular shape membership functions for fuzzyu . 

Table 1. MACVICAR-WHELAN fuzzy control rule base. 

fuzzyu  ( )tracke t  

NB NM NS ZE PS PM PB 

 

 

( )tracke t  

NB PB PB PB PB PM PS ZE 

NM PB PB PB PM PS ZE NS 

NS PB PB PM PS ZE NS NM 

ZE PB PM PS ZE NS NM NB 

PS PM PS ZE NS NM NB NB 

PM PS ZE NS NM NB NB NB 

PB ZE NS NM NB NB NB NB 

With the aid of Matlab fuzzy toolbox, comparative tracking error responses of the proposed 
approach and traditional fuzzy controller design for the FLMA are shown in Figure 11 ~ Figure 14. 
From Figure 11 ~ Figure 14, it is obvious to see that the convergence rate of the proposed approach is 
faster than the traditional fuzzy approach. 

 

Figure 11. The output tracking error for the output 1. 
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Figure 12. The output tracking error for the output 2. 

 

Figure 13. The output tracking error for the output 3. 

 

Figure 14. The output tracking error for the output 4. 

Following the second comparative example, we will make some comparison between the 
proposed approach and the famous singular perturbation method [37,38]. The sufficient condition in 
[37,38] needs that the nonlinearity multiplied by the disturbance meets the structural triangle 
criterion. 

References [37,38] had exploited the fact that the following system cannot achieve the almost 
disturbance decoupling performance: 
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( )1
1 2

fb noise
2

x (t) 0 1tan x
u w (t)

x (t) 1 00

−      
= + +      

      




 (263)

1 1 1, ( ) 0.1sin= ≡ =o o noisey x w t tσ  (264)

It is easy to derive the following items: 0
1 1 1= =f o oL xσ σ , 0

1 0
fbg f oL L σ = , 1 1

1 2tan ( )−=f oL xσ ,

1
1 2

2

1
1fbg f oL L

x
σ =

+
and 

2
1 2

1

0
01

1
fb

fb

g f o

g
xL L σ

 
  ≡ =    +   

  (265)

Hence the sufficient condition of [37][38] is not satisfied since g is not complete,
and then the almost disturbance decoupling problem cannot be not solved. On the
contrary, this almost disturbance decoupling problem can be solved via the proposed
approach by the controller 

( )2 1
fb 2 1 2u 1 x [ sin t 52(x sin t tan x cos t)]−= + − − − + −  (266)

The output response of the nonlinear system for (263) is shown in Figure 15.
Therefore, the designed controller can indeed make the output track the pre-specified
signals 1 sin=tracky t and achieve the almost disturbance decoupling performance. 

 

Figure 15. The output trajectory of feedback-controlled system for (263). 

6. Conclusion 

Continuous spreading COVID-19 virus stimulates us to design the robust controller of the highly 
nonlinear FLMA by the feedback linearized approach that possesses almost disturbance decoupling 
performance taking the place of the traditional posture-energy approach and avoiding torque 
chattering change behaviour in the swing-up space, and other globally exponential stability 
performance without solving the famous Hamilton-Jacobin equation. The disturbance has a sensitive 
effect on FLMA and then this article addresses stricter disturbance requirements including absolute 
value error, integration error and input-to-state stable condition. 
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This study derives successfully the nonlinear convergence rate formula of the FLMA and the 
related convergence radius of the globally final attractor. Moreover, in order to clearly show that 
dynamic trajectories of the output tracking-errors for the nonlinear FLMA system converge to the 
global final attractor, one Matlab software are completely designed to demonstrate the tracking-error 
trajectories before, on and after entering the globally final attractor. 

The simulation results of two demonstrative examples show that the convergence rate using 
proposed controller is faster than using traditional fuzzy controller, and superior to the traditional  
singular perturbation approach. 
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Appendix A 

In Appendix A, we will prove that the nonlinear FLMA system with the proposed control can 
achieve the three almost all disturbance decoupling performances, the convergent radius formula 
and the globally exponential stability.  First, applying (224) easily gets 

In Appendix A, we will prove that the nonlinear FLMA system with the proposed control can 
achieve the three almost all disturbance decoupling performances, the convergent radius formula 
and the globally exponential stability.  First, applying (224) easily gets 

 
 
 

( ) ( )

2
1

2 1

2 2 22 1
2

5 5
22 22

lin non

non rem noise un noise un

J T T e

T T eη θ θ θ θ

+ + ⋅

 ≤ − ⋅ + + + ≤ + 
 



   
 

( )

( )

2
1

2 1

2 22 1
2

2

5
22

5
22

lin non

non rem noise un

noise un

J T T e

T T eη θ θ

θ θ

+ + ⋅

 ≤ − ⋅ + + + 
 

≤ +



 

 

 

(A.1)

 

i.e. 
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( )
2 21

2 1
5
22lin non noise unJ T T e θ θ+ + ⋅ ≤ +

   (A.2)
 

Integrate both sides of the inequality (A.2) to get 

( ) ( ) ( ) ( )
0 0

221
0 2 1

5( ) ( )
22track

t t

lin non lin non o noise un
t t

J t J t T T y y d dτ τ τ θ θ τ+ +− + ⋅ − ≤ + 
 

 (A.3)

 

i.e. 

( ) ( ) ( )
0 0

221
2 1 0

5( ) ( ) +
22track

t t

o lin non noise un
t t

T T y y d J t dτ τ τ θ θ τ+⋅ − ≤ + 
 

 (A.4)

 

Therefore, 

( ) ( ) ( )
0 0

22 01
1

2 2

5( ) ( ) +
22track

t t
lin non

o noise un
t t

J t
y y d d

T T T T
τ τ τ θ θ τ+− ≤ +

⋅ ⋅ ⋅ 
 

 (A.5)

 

Similarly, we can extend above result to be 

( )
( ) ( )

0

0

2

20

2 2

( ) ( )

5 ,2 4
22

t
i

oi track
t

t
lin non

noise un
t

y y d

J t
d i

T T T T

τ τ τ

θ θ τ+

−

≤ + + ≤ ≤
⋅ ⋅ ⋅




 

 (A.6)

 

and then we can conclude that the third almost disturbance decoupling requirement is
achieved. Next, we will achieve the first almost disturbance decoupling performance.
(222) can be rewritten as 

( )

( ) ( )

2

22 2
2

52
22

5
22

lin non s lin non noise un

non track noise un

J J

T T e

α θ θ

η θ θ

+ +≤ − + +

≤ − ⋅ + + +

 

 
 (A.7)

 

Let 
2 2 2

track total track nony e η− ≡ +   (A.8)
 

Combining (A.7) and (A.8) yields 

( ) ( ) 22
2

5
22lin non track total noise unJ T T y θ θ+ −≤ − ⋅ + +

   (A.9)
 

Then 

( )( ) ( ) 22 2
2

51
22lin non track total track total noise unJ T T y y θ θ+ − −≤ − ⋅ − − + +

    (A10)
 

Therefore, the state trajectory lying in the outside of the global ultimate attractor is
described by 

( ) 22 5 <0
22track total noise uny θ θ−− + +

   (A.11)
 

Then 

( )( )2
2 1lin non track totalJ T T y+ −≤ − ⋅ −   (A.12)

 

From (181), (198), (201) and (204), we get 
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( )1 2 3 4 4

2 22 1 1 4 4
2 max max

2 22 * 1 4
2 max

2 2*
2 max

( )

1 ( ) ( )
2

1
2
1
2

lin non non lin lin lin lin track

non non Lyap track Lyap track

non non track track

non non track

J J k W W W W e

k P e P e

k e e

k e

ε

ω η γ γ

ω η γ

ω η γ

+
 = + + + + 
 
 ≤ + + + 
 

 ≤ + + + 
 

≤ +

 

 



 (A.13)

 

Define *
max 2 maxmax ,

2non
kω γ Δ ≡  

 
and we can get 

( )2
maxlin non track totalJ y+ −≤ Δ   (A.14)

 

Similarly, we can achieve 

( )1 2 3 4

2 22 1 1 4 4
1 min min

2 22 * 1 4
1 min

2 2*
1 min

( )

1 ( ) ( )
2

1
2
1
2

lin non non lin lin lin lin

non non Lyap track Lyap track

non non track track

non non track

J J k W W W W

k P e P e

k e e

k e

ε

ω η γ γ

ω η γ

ω η γ

+ = + + + +

 ≥ + + + 
 

 ≥ + + + 
 

≥ +

 

 



 (A.15)

Define *
min 1 minmin ,

2non
kω γ Δ ≡  

 
and we can obtain 

( )2
min track total lin nony J− +Δ ≤  (A.16)

Combining (A.14) and (A.16) gets 

( ) ( )2 2
min maxtrack total lin non track totaly J y− + −Δ ≤ ≤ Δ   (A.17)

From (A.11)-(A.12) and (A.17) and the input-to-state stable theorem [40], we can
conclude that the first almost disturbance decoupling requirement is achieved.
Next, we will achieve the first almost disturbance decoupling performance. 
Combining (A.7), (A.8), (A.17) and (219) gets 

2
1

max
lin non lin non

T TJ J T+ +
⋅

≤ − +
Δ

  (A.18)

Applying the comparison theorem to (A.18) yields 

( )2
0

max max 1
0 0

2

( ) ( ) ,
⋅

− −
Δ

+ +
Δ

≤ + ≥
⋅

T T
t t

lin non lin non
TJ t J t e t t

T T
 (A.19)

Then we can get 

( )2
0

max21 0 max 1
1 * *

min min 2

2 ( ) 2( ) ( )
T T t t

lin non
o track

J t T
y t y t e

k k T Tγ γ

⋅
− −

Δ+ Δ
− ≤ +

⋅
 (A.20)

and 
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( )2
0

max20 max 1
* *
min min 2

2 ( ) 2( ) ( ) ,

2 4

track

T T
t t

i lin non
oi

J t T
y t y t e

k k T T
i

γ γ

⋅
− −

Δ+ Δ
− ≤ +

⋅
≤ ≤

 (A.21)

Observing (A.21) verifies the second almost disturbance decoupling requirement
and the convergence rate of tracking errors is 2 maxT T⋅ Δ . It is obvious to see that we can
change the value of 2⋅T T to adjust the convergence rate. Moreover, from (A.7), (A.8)
and (219) , we get 

( )2
2 1lin non track totalJ T T y T+ −≤ − ⋅ +  (A.22)

Considering the output trajectory for ,track totaly r− >  1

2

Tr
T T

≡
⋅

 yields 0+ <
lin nonJ  , and 

then any sphere 

2 2:
   ≡ + ≤  
   


track

r track non
non

e
B e rη

η
 (A.23)

will be a global final attractor of the nonlinear FLMA system with the convergent

radius 1

2

Tr
T T

≡
⋅

. 

Next, we will verify the globally exponential stability of the nonlinear FLMA 
system. Combining (A.17) and (A.19) yields 

( )2
0

max max 1
0 0

2

( ) ( ) ,
T T

t t

lin non lin non
TJ t J t e t t

T T

⋅
− −

Δ
+ +

Δ
≤ + ≥

⋅
 (A.24)

and 

( )

( )

2
0

max

2
0

max

2 max 1
min 0

2

2 max 1
max 0

2

( )

( )

T T
t t

track total lin non non

T T t t

track total

T
y J J t e

T T

T
y t e

T T

⋅
− −

Δ
− +

⋅
− −

Δ
−

Δ
Δ ≤ ≤ +

⋅

Δ
≤ Δ +

⋅




 (A.25)

Then 

( )2
0

max
2 2max max1

0
min 2 min

( )
⋅

− −
Δ

− −
Δ Δ

≤ +
Δ ⋅ Δ

 
T T

t t

track total track total
Ty y t e

T T
 (A.26)

Hence we can achieve the globally exponential stability of the global final attractor.
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