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Article  

On a Characterization of the Ruled Cubic Surface in 
PG(4,q) 
Daniela Tondini 

Department of Political Sciences, University of Teramo, Campus Universitario di Coste Sant’Agostino, Via R. 
Balzarini, 1, I64100 Teramo Italy, dtondini@unite.it  

Abstract: Some five years ago, S.G. Barwick and Wen-Ai Jackson provided a nice combinatorial 
characterization of the ruled cubic surface in PG(4,𝑞). They proved that, in PG(4,q), qph odd, q9, a 
point-set K of size q2+2q+1 and class [q+1,2q+1,3q+1]3, such that every plane that contains four points 
of K contains at least q+1 points of K, is the ruled cubic surface. They also showed that the incidence 
plane condition is sharp, but nothing they wrote about the size assumption. In this note, by proving 
that, in PG(r,q), r5, q9, a set of class [q+1,2q+1,3q+1]3 is of class [q2+2q+1,3q22q+1,3q2q+1]4, we show 
that the size assumption cannot be removed. 

Keywords: three-character sets, three-intersection sets, ruled cubic surface, characterization. 
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1. Introduction 

Foundations of Mathematics deal with what objects are investigated and what are basic 
properties of the investigated objects. An algebraic manifold K can be thought as a set of points in a 
projective space that has a certain behavior with respect to subspaces. In a finite projective space 
PG(r,q) the manifold K contains a finite number k of points and the intersection manifolds also have 
a finite number of points. By characterization of a manifold we mean the classification of those ksets 
of PG(r,q) which, by axiom, possess a certain number of properties of the given manifold. The 
manifold is considered characterized if it is demonstrated that a kset that satisfies of the axiomatized 
properties is the manifold for at most a few exceptions for particular values of q (sporadic cases), see 
[1]. The characterization will be a robust result when the required axioms are few and significant and 
there are also few sporadic cases. This note is inspired by a paper of S.G. Barwick and Wen-Ai Jackson 
in which a combinatorial characterization of a ruled cubic surface is provided. They proved that, in 
PG(4,q), q odd, q9, a (q2+2q+1)-set K of class [q+1,2q+1,3q+1]3 such that every plane that contains four 
points of K contains at least q+1 points of K is the ruled cubic surface, cf. [2]. The Authors gave an 
example which demonstrates that the last plane incidence condition is sharp, i.e. it cannot be 
removed. A natural question is if also the size condition is sharp. In this note we give an affirmative 
answer. 

2. Materials and Methods 

In PG(r,q), the projective space of dimension r and order q, with q=ph, a prime power, let K denote a 
kset, i.e. a set of k points. For each integer i such that iqd+…+q+1, let us denote by ti=ti(K), the 
number of dsubspaces of PG(r,q) meeting K in exactly i points. The numbers ti are called the characters 
of K with respect to the d-subspaces, see [3]. Let mmms be s integers such that 
0m<m<,<msqd…q+1. A set K is said to be of class [mmms]d if ti  0 only if im m  ms. 
Moreover, K is said to be of type m m  msd if ti  0 if and only if im m  ms. The integers 
m m   ms are called intersection numbers with respect to the dsubspaces and K is said to be an s-
intersection set with respect to the dimension d. A fundamental problem in finite geometry is the 
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classification, i.e. the list of the geometric figures belonging to a given class, see [4-8]. Therefore, it is 
essential to know the class to which a geometric configuration that one is examining belongs. In 
PG(4,q), a ruled cubic surface is a variety 𝑉ଶ

ଷ of dimension 2 and order 3. A ruled cubic surface is 
unique up to projective equivalence. A ruled cubic surface 𝑉ଶ

ଷ in PG(4,q) is constructed as follows: 
let C be an irreducible conic and let l be a line skew to the plane containing C in PG(4,q). Denote by 
θ, φ the non-homogeneous coordinates of points on l and C respectively. Associate θ and φ with a 
projectivity h (so that φ=h(θ)), join corresponding points and so obtain a set of q+1 pairwise disjoint 
lines in PG(4,q). Call these lines generator lines of the resulting surface 𝑉ଶ

ଷ. The line l contained in 𝑉ଶ
ଷ  

is the unique line incident with each generator line; l is called the line directrix of 𝑉ଶ
ଷ. The conic C has 

one point in common with each generator line and is called a conic directrix of 𝑉ଶ
ଷ; there exist q2 conic 

directrices on the surface 𝑉ଶ
ଷ  in PG(4,q). The ruled cubic surface in PG(4,q) has the following 

properties, cf. [2]. The number of points is q2+2q+1. Any solid of PG(4,q) meets in either q+1, or 2q+1, 
or 3q+1 points. Any plane of PG(4,q) with more than three points meets in either q+1, or 2q+1 points. 
Any line with more than two points meets K in q+1 points. A natural question arises: is it possible to 
characterize ruled cubic surfaces by its incidence numbers with respect to d-subspaces? In [2] the 
following result is proved. 

Result. In PG(4,q), q odd, q9, a set K of q2+2q+1 points is a ruled cubic surface if and only if K has class 
[q+1,2q+1,3q+1]3 and every plane that contains four points of K contains at least q+1 points of K.      

In [2] p. 7, the Authors gave an example which demonstrates that the plane incidence condition is 
sharp, but nothing they wrote about the size condition. In this note by proving the following theorem 
we show that also the size condition is sharp.      

Theorem. In PG(r,q), with q=ph a prime power, q9, a set of class [q+1,2q+1,3q+1]3 is of class 
[q2+2q+1,3q22q+1,3q2q+1]4. 

3. In PG(r,q), q9, class [q+1,2q+1,3q+1]3  class [q2+2q+1,3q22q+1,3q2q+1]4 

Let K denote a kset of class [q+1,2q+1,3q+1]3 in PG(r,q), r5, kq+1, q9. To calculate class with respect 
to dimension four, we fix a subspace of dimension four. Double counting the number of solids, the 
number of pairs P, where PK and  is a solid through P, and the number of pairs (P Q),, 
where P Q  K and  is a solid through P and Q, leads to the following equations:   

ቐ

𝑡௤ାଵ + 𝑡ଶ௤ାଵ + 𝑡ଷ௤ାଵ = 𝑞ସ + 𝑞ଷ + 𝑞ଶ + 𝑞 + 1

(𝑞 + 1)𝑡௤ାଵ + (2𝑞 + 1)𝑡ଶ௤ାଵ + (3𝑞 + 1)𝑡ଷ௤ାଵ = 𝑘(𝑞ଷ + 𝑞ଶ + 𝑞 + 1)

𝑞(𝑞 + 1)𝑡௤ାଵ + 2𝑞(2𝑞 + 1)𝑡ଶ௤ାଵ + 3𝑞(3𝑞 + 1)𝑡ଷ௤ାଵ = 𝑘(𝑘 − 1)(𝑞ଶ + 𝑞 + 1)

 (3)

Considering the first two equations modulo q, we get that 

𝑡௤ାଵ + 𝑡ଶ௤ାଵ + 𝑡ଷ௤ାଵ ≡ 1    (mod 𝑞), 

𝑡௤ାଵ + 𝑡ଶ௤ାଵ + 𝑡ଷ௤ାଵ ≡ 𝑘    (mod 𝑞). 
(4)

From which, we find that k1 (mod q). Putting k=aq+1 and solving the system of equations, it follows 
that 

2𝑡௤ାଵ(𝑎𝑞 + 1)= 

= (𝑞ଶ + 𝑞 + 1)𝑎ଶ − (5𝑞ଷ + 6𝑞ଶ + 5𝑞 + 5)𝑎 + (6𝑞ସ + 11𝑞ଷ + 7𝑞ଶ + 6𝑞 + 6) 
(5)

As 𝑡௤ାଵ(𝑎𝑞 + 1) ≥ 0, we have either    
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𝑎 <
5𝑞ଷ + 6𝑞ଶ + 5𝑞 + 5 − ඥ𝑞଺ − 8𝑞ହ − 10𝑞ସ + 14𝑞ଷ + 9𝑞ଶ + 2𝑞 + 1

2(𝑞ଶ + 𝑞 + 1)
 (6)

or     

𝑎 >
5𝑞ଷ + 6𝑞ଶ + 5𝑞 + 5 + ඥ𝑞଺ − 8𝑞ହ − 10𝑞ସ + 14𝑞ଷ + 9𝑞ଶ + 2𝑞 + 1

2(𝑞ଶ + 𝑞 + 1)
. (7)

it follows that 

𝑡ଶ௤ାଵ(𝑎𝑞 + 1)= 

−(𝑞ଶ + 𝑞 + 1)𝑎ଶ + (4𝑞ଷ + 5𝑞ଶ + 4𝑞 + 4)𝑎 − (3𝑞ସ + 7𝑞ଷ + 4𝑞ଶ + 3𝑞 + 3). 
(8)

As 𝑡ଶ௤ାଵ(𝑎𝑞 + 1) ≥ 0, we have     

ସ௤యାହ௤మାସ௤ାସିඥସ௤లା௤రାଵ଺௤యାଵ଺௤మା଼௤ାସ

ଶ(௤మା௤ାଵ)
≤ 𝑎 ≤

ସ௤యାହ௤మାସ௤ାସାඥସ௤లା௤రାଵ଺௤యାଵ଺௤మା଼௤ାସ

ଶ(௤మା௤ାଵ)
  (9)

it follows that 

2𝑡ଷ௤ାଵ(𝑎𝑞 + 1)= 

= (𝑞ଶ + 𝑞 + 1)𝑎ଶ − (3𝑞ଷ + 4𝑞ଶ + 3𝑞 + 3)𝑎 + (2𝑞ସ + 5𝑞ଷ + 3𝑞ଶ + 2𝑞 + 2) 
(10)

As 𝑡ଷ௤ାଵ(𝑎𝑞 + 1) ≥ 0, we have either    

𝑎 <
3𝑞ଷ + 4𝑞ଶ + 3𝑞 + 3 − ඥ𝑞଺ − 4𝑞ହ − 6𝑞ସ + 2𝑞ଷ + 5𝑞ଶ + 2𝑞 + 1

2(𝑞ଶ + 𝑞 + 1)
 (11)

or     

𝑎 >
3𝑞ଷ + 4𝑞ଶ + 3𝑞 + 3 + ඥ𝑞଺ − 4𝑞ହ − 6𝑞ସ + 2𝑞ଷ + 5𝑞ଶ + 2𝑞 + 1

2(𝑞ଶ + 𝑞 + 1)
. (12)

As ସ௤యାହ௤మାସ௤ାସିඥସ௤లା௤రାଵ଺௤యାଵ଺௤మା଼௤ାସ

ଶ(௤మା௤ାଵ)
<

ଷ௤యାସ௤మାଷ௤ାଷିඥ௤లିସ௤ఱି଺௤రାଶ௤యାହ௤మାଶ௤ାଵ

ଶ(௤మା௤ାଵ)
<

ହ௤యା଺௤మାହ௤ାହିඥ௤లି଼௤ఱିଵ଴௤రାଵସ௤యାଽ௤మାଶ௤ାଵ

ଶ(௤మା௤ାଵ)
, we find that      

ସ௤యାହ௤మାସ௤ାସିඥସ௤లା௤రାଵ଺௤యାଵ଺௤మା଼௤ାସ

ଶ(௤మା௤ାଵ)
≤ 𝑎 ≤

ଷ௤యାସ௤మାଷ௤ାଷିඥ௤లିସ௤ఱି଺௤రାଶ௤యାହ௤మାଶ௤ାଵ

ଶ(௤మା௤ାଵ)
  (13)

It is easy to verify that    

𝑞 + 1 <
4𝑞ଷ + 5𝑞ଶ + 4𝑞 + 4 − ඥ4𝑞଺ + 𝑞ସ + 16𝑞ଷ + 16𝑞ଶ + 8𝑞 + 4

2(𝑞ଶ + 𝑞 + 1)
< 𝑞 + 2 (14)

and     
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𝑞 + 2 <
3𝑞ଷ + 4𝑞ଶ + 3𝑞 + 3 − ඥ𝑞଺ − 4𝑞ହ − 6𝑞ସ + 2𝑞ଷ + 5𝑞ଶ + 2𝑞 + 1

2(𝑞ଶ + 𝑞 + 1)
< 𝑞 + 3 (15)

it follows that 𝑎ଵ = 𝑞 + 2 and 𝑘ଵ = 𝑞ଶ + 2𝑞 + 1. 

As 
ଷ௤యାସ௤మାଷ௤ାଷାඥ௤లିସ௤ఱି଺௤రାଶ௤యାହ௤మାଶ௤ାଵ

ଶ(௤మା௤ାଵ)
<

ହ௤యା଺௤మାହ௤ାହାඥ௤లି଼௤ఱିଵ଴௤రାଵସ௤యାଽ௤మାଶ௤ାଵ

ଶ(௤మା௤ାଵ)
<  

<
ସ௤యାହ௤మାସ௤ାସାඥସ௤లା௤రାଵ଺௤యାଵ଺௤మା଼௤ାସ

ଶ(௤మା௤ାଵ)
, we find that      

ହ௤యା଺௤మାହ௤ାହାඥ௤లି଼௤ఱିଵ଴௤రାଵସ௤యାଽ௤మାଶ௤ାଵ

ଶ(௤మା௤ାଵ)
≤ 𝑎 ≤

ସ௤యାହ௤మାସ௤ାସାඥସ௤లା௤రାଵ଺௤యାଵ଺௤మା଼௤ାସ

ଶ(௤మା௤ାଵ)
. (16)

It is easy to verify that    

3𝑞 − 3 <
5𝑞ଷ + 6𝑞ଶ + 5𝑞 + 5 + ඥ𝑞଺ − 8𝑞ହ − 10𝑞ସ + 14𝑞ଷ + 9𝑞ଶ + 2𝑞 + 1

2(𝑞ଶ + 𝑞 + 1)

< 3𝑞 − 2 

(17)

and     

3𝑞 − 1 <
4𝑞ଷ + 5𝑞ଶ + 4𝑞 + 4 + ඥ4𝑞଺ + 𝑞ସ + 16𝑞ଷ + 16𝑞ଶ + 8𝑞 + 4

2(𝑞ଶ + 𝑞 + 1)
< 3𝑞 (18)

it follows that (𝑎ଶ, 𝑎ଷ) = (3𝑞 − 2,3𝑞 − 1) and (𝑘ଶ, 𝑘ଷ) = (3𝑞ଶ − 2𝑞 + 1, 3𝑞ଶ − 𝑞 + 1). 

Therefore, a set of class [q+1,2q+1,3q+1]3 is a set of class [q2+2q+1,3q22q+1,3q2q+1]4 in PG(r,q), q9. 

4. Discussion 

It is surprising how little is known about the relation between classes of different dimensions. 
In [3] p. 783, M. Tallini Scafati proved that in PG(r,q) a two-intersection set with respect to the 
dimension dr2 is a two-intersection set with respect to any other larger dimension. Unfortunately 
the situation is very different for three-intersection sets due to a partial result of P. Vasarelli who 
proved that in PG(r,q2) a set of class [1,q+1,q2+1]1 is of class [q2+1,q2+q+1,q3+1,q3+q+1,q3+q2+1,q4+q2+1]2, 
see [9]. Thus, a natural question is: are there three-intersection sets that are such for two consecutive 
dimensions? Following this line of research, in this note we have given an affirmative answer. 

5. Conclusions 

As a consequence we conclude that, since one-character sets are trivial, cf. [1], in PG(r,q), q9, a 
set of class [q+1,2q+1,3q+1]3 is a set with at least two intersection numbers with respect to the 
dimension four and, therefore, the size incidence condition of the combinatorial characterization of 
the ruled cubic surface by S.G. Barwick and Wen-Ai Jackson in [2] is sharp. 
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