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Abstract: The Twin Prime Conjecture is a hypothesis that asserts the existence of infinitely many prime
pairs of the form (p, p + 2) and is considered one of the most longstanding open problems in analytic
number theory. In this study, we present a new approach to proving the infinitude of twin primes by
examining specific prime number intervals. In particular, we demonstrate that there must be at least
one twin prime pair within the interval (pipii1, p2 ,1)- First, we prove that there is at least one prime
in this interval using the Prime Counting Function, and then we establish that there are at least two
primes. Subsequently, by employing the Hardy-Littlewood estimate and the Montgomery-Vaughan
relations, we mathematically prove that at least one of these primes must form a twin prime pair.
Additionally, we analyze the error term in this study, showing that the ratio of the error term to the
main integral approaches zero, thereby ensuring the robustness of the obtained result.

Keywords: twin prime conjecture; prime number theorem,; hardy-littlewood estimate; montgomery-
vaughan inequalities; analytic number theory,; prime number distribution

1. Introduction

The distribution of prime numbers has been one of the most fundamental and challenging problems
in analytic number theory. Understanding the behavior of prime numbers is of great importance not only for
theoretical mathematics but also for modern cryptography and computer science [1,2].

In particular, the question of whether there are infinitely many prime pairs of the form (p, p + 2), known
as twin primes, has remained unsolved for nearly two centuries [3,4]. The Twin Prime Conjecture, which asserts
the existence of infinitely many twin prime pairs, is one of the most famous unproven hypotheses.

In this study, we asymptotically analyze specific prime intervals to prove the infinitude of twin primes and
demonstrate that at least one twin prime must exist within these intervals.

Specifically, the interval (py - pry1, p% +1) has been chosen for analysis due to previous studies on the
subject [5].

2. Methods

Definition 1. (Prime Counting Function)
7t(x) = It is the number of prime numbers up to x.
The following formula is known for the distribution of prime numbers:

x
log x

7t(x)

Definition 2. (Twin Prime Counting Function)

)

715(x) = It is the number of twin prime numbers up to x.
Hardy-Littlewood twin prime estimate:

* o d
sz(x) ~ 2C2/2 (logtt)z (2)

C, is a constant and is calculated as follows:
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(e

p=3

This is approximately:

Cy ~ 0.6601618 @)

Definition 3. (Montgomery-Vaughan inequalities.)

Montgomery and Vaughan developed a powerful asymptotic relation that examines the distribution of
prime numbers in specific intervals, particularly useful for predicting the average density of twin prime pairs.

Montgomery-Vaughan inequalities:

x
Y (n(n+2) —7(n) ~ — ®)
n<x log” x
3. Theorems and Proofs
Lemma 1. There is at least one prime number in the interval (py - 1, P 1)
Proof. According to the Prime Number Theorem:
x
o) ~ o ©
The number of prime numbers in this interval is:
(prsr) — T(Prprin) @)
Approximately:
Piia PiPit
2 + +
s N o) T N 8)
Pict) ® Flog py TP S Tog e+ log pry
Hence:
Pisa PkPk+1
2 + +
s — 1(prprst) =~ - )
(Pia) = MPP1) = G0y Tog pe+log e
By showing that this is > 1, we can prove that there is at least one prime:
P PkPr+1
kil >y CRPL (10)
2logpry1 — 2logpria
2
Pki1 — PrPr+1 >1 (1)
21og pit1
In this case, we must examine the following expression to verify the inequality:
Pii1 — PkPrs1 > 2108 priq (12)
It is evident that this expression is true.
Lemma 2. There are at least two prime numbers in the interval (py - pri1, p,% 1)
Proof. Based on Lemma 1, we can obtain the following expression:
Prsa PkPr+1
Akl > CRPL (13)
2log pia1 2log pi+1
Therefore:
Pri1 — PrPr
Pl PRPRHL 5 (14)
2log pr+1
As aresult:
Pke1 — PPie1 2 410g Py (15)

It is also evident that this expression is true.
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Theorem 1.

Vk, there is at least one twin prime pair in the interval (py - pri1, p,% 1) (16)

Propositon 1. We obtain the same expression using the Hardy-Littlewood and Montgomery-Vaughan
relations.
Proof. Using the Hardy-Littlewood formula, we obtain the following expression for the interval we have

defined:
- ( > ) - ( ) 2C /Pfﬂ dt (17)
2 — : ~ 20 T
Pet1 P Piest Pk Pr+1 (log t)z
Similarly, by using the Montgomery-Vaughan relations, we can obtain the same expression:
P%H p? dr
k+1
Y (it —mm) =~ [T 5 (18)
N=pkP+1 Pepe log” ¢
Proposition 2. The ratio of the error term to the integral converges to 0 for the obtained expression.
Proof. The Hardy-Littlewood formula, including the error term, is expressed as follows:
xodt X
=2C / 4+ O —— 19
) =26 [ ogiis + g ) 9
The error term here is:
X
Hy(x) =0 —5 (20)
log” x
The Montgomery-Vaughan formula, including the error term, is expressed as follows:
b b dt b
n(n+2)—rm(n)) = / +0 21
r;z( ( ) () a log*t <log3b 1)
The error term here is:
Hy(b) =0 —2— (22)
2 log® b
Let us recall our integral:
pZ
_ [Pen dt (23)

pipint log? t

To calculate the error term, let’s compute the integral approximately:

bdt b—a
/u (log )2~ (logh)? @)

2
. Pin ~ PP

(25)
(log pi,4)?
Here,
10%(?’%4-1) = 2log pr+1 (26)
(log pt41)* = (2log pxs1)* = 41og” priy 27)
Therefore:
Pri1 — PkPrit
I Ao Dkl TREED 5 + (28)
4log” piy1
To simplify further:

px ~ klogk (29)
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From here:
Pr+1 — Px = O(\/Pk) (30)
Prir — PiPrat = Prat (Pt — Pe) (31)
= Pe+10(\/Px) (32)
Pii1 — PePrsr ~ O(piay/Pr) (33)
Therefore, our integral is:
~ Pk+12 VPk (34)
4log” piy1
The error term is:
Hy = o(” 1 VP ) (35)
4log” piia

To determine whether the error term can be neglected in the integral calculation, we need to compute the
ratio of the error term to the integral:

O Pk+1 \/lTk
Hy 410g” prs

I - Pi+1y/Pk (36)
4 10g2 Pr+1
H 1
Zk o( ) (37)
I log pi+1
Since we are doing asymptotic analysis, we need to look at the limit at infinity:
He (38)
Prii—oo I

As a result, the error term can be neglected.
Proposition 3. The value of the integral is greater than or equal to 1.
Proof. At this stage, we need to calculate the integral in more detail.

P dt
=[S (39)
pr-prsr log™t

According to prime number theory:

px ~ klogk (40)

PrPrs1 = (klogk) - ((k+1)log(k+1)) (41)

Pe ~ (k+1)log? (k + 1) (42)

log(pkpri1) =~ logk +1log(k+ 1) +1loglogk +loglog(k + 1) (43)
log(p?.1) ~ 2(log(k +1) +loglog(k +1)) (44)

We can express the integral as follows:

; /IOg(Pfu) et du
1

(45)
og(pipin) U2

U
/e“u’2du ~ 6—2 (46)
u


https://doi.org/10.20944/preprints202503.0585.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2025

50f7
Hence:
u
Ik ~ [%] log(pkpk =+ 1)108(17%“) (47)
Here, the upper limit will be as follows:
2
Pi+1
—_— 4
(2log(k+1))2 48)
The lower limit will be as follows:
PkPr+1
—_— 4
(logklog(k+1))2 49)
Therefore, the integral becomes:
2
I ~ Pita _ PkPk+1 (50)
= Qlog(k+1))2  (logklog(k+1))2
The proposition is true if the following condition is satisfied:
et PkPk+1
L + (51)
(2logpes1)* ~ (log px +log pii1)?
For this reason, the following expression must be incorrect:
2
Pi+1
— <1 (52)
(21og pry1)?
Again, according to prime number theory:
Pi+1 = e+ O(V/Pk) (53)
log pi =~ log pi41 (54)
log py + log pii1 = 210g pyya (55)
Thence:
PkPr+1
Y S POyl (56)
(21og py11)?
PkPk+1
=" = (57)
4(log p+1)?
The following expression can be formed:
PrPrs1 < Prgn (58)
From here:
PkPr+1 P% 1
+ +
< (59)
4(logpry1)*  4(log pry1)?
Hence:
Pei PkPik+1
L e S S T 3 o S (60)
4(log pr11)? 4(log pry1)?
Then:
Pii1 — PrPiid
Pht1 — PePk+1 61)

4(log pr11)?
For this reason:

PRy — Pepre1 = 4(log prys)? (62)


https://doi.org/10.20944/preprints202503.0585.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2025 d0i:10.20944/preprints202503.0585.v1

6of 7
It is evident that this expression is true.
As a result:
Pen PxPk+1
> 1 - (63)
(2log prs1)? (log pi +log pii1)?
This situation can also be demonstrated using a limit. The limit expression will be as follows:
Pen PkPk+1
lim [ ——L (1 + + ) (64)
P ( (2log pe+1)? (log p +log pi+1)?
From here, it is easy to conclude:
Pt PrPrit
lim [ — kL (1+ + ) >0 (65)
pireo ( (210g p+1)? (log px +1og pi11)?

Corollaries 1. Proposition 3 naturally shows that there must be at least one twin prime pair in the
asymptotic interval. This completes the proof of Theorem 1.

4. Results

Firstly, we showed that there must be at least one prime number in the interval (pgpi.1, p]% 1)
We used the asymptotic formula of the prime counting function to obtain this result:

x
log x

7t(x)

According to this relation, the number of prime numbers in the specified interval was calculated as follows:

(66)

2
Pi1 PkPk+1
(67)
2log prt1 log p +1og pira
From here, it was shown that this difference is greater than or equal to 1, meaning that there must be at

M(Pes1) = T(ppesn) =

least one prime number in this interval. Secondly, we demonstrated that there must be at least two primes in the
specified interval.

Finally, we showed that one of the at least two prime numbers in the interval must necessarily be a twin
prime.

At this stage, the Hardy-Littlewood twin prime conjecture was used in the following form:

2 p%ﬂ dt
702 (Piy1) — T2 (PrPrs1) = 2C2/ (68)

pipen (logt)?

The result of this integral is always greater than 1 for large values of k. This proves that there must be at
least one twin prime pair in every specified interval.

One of the most important points in this study was the analysis of the error term.

By denoting the error term as Hy and the integral value as I, we showed that the error term converges to
zero proportionally:

Hi
Pk1—0 Ik

0 (69)

5. Discussion

This study presents a systematic approach to proving the infinitude of twin primes. Our work provides a
fresh perspective by directly analyzing the existence of twin primes in specified prime number intervals.

By using the Hardy-Littlewood twin prime conjecture and Montgomery-Vaughan relations directly within
an analytical framework, we obtained definitive results. Specifically, by driving the limit of the error term to zero,
we controlled the error margin, thus providing a mathematically rigorous proof rather than a probabilistic or
heuristic estimate.

The results obtained not only apply to twin primes but could also facilitate similar analyses for other
prime pairs such as (p, p +4), (p, p + 6), and others. Moreover, this could contribute to the development of new
approaches to the Riemann hypothesis and the broader distribution of prime numbers.
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The distribution of twin primes is significant not only in theoretical mathematics but also in cryptography
and computer science. The RSA algorithm relies on the difficulty of factoring large prime numbers. A better
understanding of twin prime distribution could allow for the more efficient selection of prime numbers. Under-
standing the density of large primes in certain intervals could optimize random prime generation methods for
cryptographic security. Determining the exact distribution of twin primes could lead to the development of faster
and more effective algorithms for discovering prime numbers.
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