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Article 
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Knee Joint 
Khadija Maqbool a,*, Afifa Ahmed a, Abdul Majeed Siddiqui b and Amer Mann c 

a Department of Mathematics & Statistics, International Islamic University, Islamabad 44000, Pakistan 
b Department of Mathematics, Pennsylvania State University, York Campus, 1031 Edgecomb Avenue, York, 

PA 17403, USA 
c Department of Mathematical Sciences, Federal Urdu Universityof Arts, Sciences & Technology, Islamabad, 

44000 Pakistan 
* Corresponding author’s E-mail address: khadija.maqbool@iiu.edu.pk 

Abstract: This study examines the flow dynamics of synovial fluid within a lubricated knee joint 
during movement, incorporating a linear re-absorption rate of liquid and nutrients at the synovial 
membrane. The fluid behavior is modeled using a couple-stress fluid framework which accounts  
mechanical phenomenon  and employing a lubricated membrane, which plays a crucial role in 
reducing drag and enhancing joint lubrication for the formation of a uniform lubrication layer over 
the cartilage surfaces. The mathematical model of synovial fluid flow through knee joint presents the 
set of nonlinear partial differential equations which are solved by a recursive approach and inverse 
method through a software Mathematica. The results indicate that synovial fluid flow generates 
high pressure and shear stress away from the entry point due to the combined effects of inertial 
forces, linear re-absorption, and micro-rotation within the couple-stress fluid. Axial flow intensifies 
at the center of the knee joint during activity in the presence of  linear re-absorption and molecular 
rotation, while transverse flow increases away from the center and near to synovium due to its 
permeability. These findings provide critical insights for biomedical engineers to quantify pressure 
and  stress distributions in synovial fluid to design the artificial joints. 

Keywords: linear re-absorption; couple-stress fluid model; Inertial flow; Langlois approach; inverse 
method 
 

1. Introduction 

The aim of this research is to analyze the flow of synovial fluid (SF) through the synovium in  
knee joint. SF plays a crucial role in joint lubrication, reducing cartilage friction for smooth movement. 
It is located near the synovial membrane (SM), which consists of collagens, proteins, and 
proteoglycans—key components influencing SF viscosity. The selectively permeable SM allows the 
absorption and secretion of SF, regulating water balance to prevent joint swelling (effusion) or 
inadequate lubrication, which may lead to joint damage. 

Several studies have examined SF flow characteristics. Yin et al. [1] highlighted the complexity 
of SF as a filtrate of interstitial fluids. Lai et al. [2] noted that SF flow depends on shear stress and 
deformation rate, but no single fluid model accurately describes its rheology. Ouerfelli et al. [3] 
emphasized the role of hyaluronic acid (HA) in joint lubrication, where SF behaves as a non-
Newtonian fluid, shifting to Newtonian behavior after hyaluronidase treatment in osteoarthritis. 
Singh et al. [4] explored SF analysis for arthritis treatment, while Hasnain et al. [5] modeled SF as a 
power-law fluid incorporating permeability and magnetic field effects. Maqbool et al. [6, 7] analyzed 
SF flow through permeable conduits using the Linear Phan-Thien-Tanner (LPTT) model and found 
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that periodic filtration influences pressure and velocity distribution. The viscosity of SF is determined 
by HA molecular size and concentration, and its long-chain molecules can be modeled as a polar 
fluid. Rumanian et al. [8-9] used the couple-stress fluid model to study the hydrodynamic lubrication, 
noting the presence of couple stresses in fluids with large molecular structures. Previous studies [10-
15] analyzed couple-stress effects in various flow conditions but did not consider SF as a couple-stress 
fluid. 

Inertial (non-creeping) flow occurs at high shear rates during activities like running and jumping 
which facilitates nutrient exchange and fluid circulation in the joint. For the healthy synovial fluid 
properties and consistent joint motion, nutrients re-absorption in synovial fluid follow the   linear 
trajectory. This linear behavior is typically observed in a well-lubricated joint environment where the 
biomechanical load and fluid dynamics are favorable. Several researchers [16-22] have examined the 
impact of exercise on SF composition and joint performance. Oates [23] observed inertial forces in 
sudden joint movements, while Mow [24] explored bio-mechanical factors affecting joint health. Hron 
et al. [25] and Ruggior [26] studied inertial effects on SF flow in one dimension, but no one has 
examined it in a two-dimensional rectangular permeable synovium under slip and linear re-
absorption effect, which is the novelty of this study. 

This research uniquely analyzes SF as a couple-stress fluid under inertial effects through a 
permeable membrane with linear re-absorption. Unlike prior studies that primarily considered 
creeping flows and ignored membrane permeability but this research has considered the ignored 
inertial and linear re-absorption effects. The mathematical model is computed by employing a 
recursive and inverse approach to find the flow properties under constant flux at the entrance.  The 
findings will assist biomedical engineers in calculating SF forces and flow properties under dynamic 
conditions which are essential for designing the artificial joint and surgical techniques. 

The research is structured as follows: Section 1 reviews the literature and identifies research 
gaps, Section 2 models SF flow using mechanical laws, Section 3 applies recursive and inverse 
methods to solve the problem, Section 4 presents graphical results for flow speed, load, and shear 
stress, and Section 5 concludes the study. 

2. Material and Method 

A planar geometry is taken into consideration when creating the scientific model of synovial 
fluid flow via a knee joint. The two-dimensional cross-sectional area of a slit represents the flow 
regime of synovial fluid, while the permeable wall of the slit resembles the synovial membrane  and 
couple stress fluid is thought to be a synovial fluid due to micro-rotational effects. It is assumed that 
the slit is L in length along the x-axis, W in width along the z-axis, and H in height along the y-axis. 
It is also assumed that the re-absorption rate of nutrients and liquid available in synovial fluid is 
linear due to healthy synovial fluid properties in the synovial membrane and  the flow is symmetric 
about the center line at y = 0.  
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Figure 1. Geometry of the synovial fluid flow in knee joint. 

The movement of synovial fluid  in knee joint suggests the following velocity field:  𝑽 = [𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦),0],                                                                        (1) 
where 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) are flow velocity along and across the slit respectively. 
The synovial fluid flow can be described by the following continuity equation for in-

compressible flow and momentum equation for the steady couple stress fluid flow: ∇. 𝑽 = 0,                                                                                                   (2)  ρ ൬ 𝜕𝜕𝑡   + (𝑽. ∇ )𝑽൰ =  −∇p + µ ∇ଶ𝑽 − µଵ∇ସ𝑽.                                            (3) 

where 𝛻ସ = 𝛻ଶ𝛻ଶ, 𝑝 is the hydrostatic pressure of the fluid, 𝜇 is the dynamic viscosity of the 
fluid and 𝜇ଵ is the material constant associated with couple-stress fluid.  

The slip velocity and linear re-absorption rate at the synovial membrane suggest the following 
conditions:  𝑢 = ±𝛽 𝜕𝑢𝜕𝑦 ,        𝑣 = ±𝜀(𝑉଴𝑥 + 𝑈଴), at    𝑦 = ±ℎ,                           (4𝑎) 

where 𝑉଴ and 𝑈଴ are re-absorption velocity parameters. 
The vanishing of couple stress due to ir-rotational movement of the fluid particles at walls 

suggests the following condition:  𝜕ଶ𝑢𝜕𝑦ଶ = 0 ,      at  𝑦 = ±ℎ,                                                                      (4𝑏) 

The synovial fluid enters in the flow regime with a constant flow rate and satisfy the following 
condition at the entry point x=0. 𝜀𝑄଴ = 2W න 𝑢𝑑𝑦௛

଴ ,           at      𝑥 = 0.                                               (4𝑐) 

For two-dimensional inertial flow, the component form of continuity and momentum equations 
are as follows:  𝜕𝑢𝜕𝑥 + 𝜕𝑢𝜕𝑦   =  0,                                                                                               (5) 
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𝜌 ൬𝑢 𝜕𝑢𝜕𝑥 +  𝑣 𝜕𝑣𝜕𝑦൰ =  − 𝜕𝑝𝜕𝑥 + µ ∇ଶ𝑢 − µଵ∇ସ𝑢,                                          (6)   𝜌 ൬𝑢 𝜕𝑢𝜕𝑥 +  𝑣 𝜕𝑣𝜕𝑦൰ =  − 𝜕𝑝𝜕𝑦 + µ ∇ଶ𝑣 − µଵ∇ସ𝑣.                                     (7) 

2.1. Non-Dimensional Quantities 

The non-dimensional quantities are defined as follows: 𝑥ᇱ = 𝑥𝐿   𝑦ᇱ = 𝑦ℎ 𝑢ᇱ = ℎଶ𝑢𝑄଴    𝑣ᇱ = 𝑣ℎ𝐿𝑄଴   𝑝ᇱ = 𝑝ℎସ𝜇𝐿𝑄଴    𝛿 = ℎ𝐿    𝑅𝑒 = 𝜌𝑄଴𝜇ℎ  , 𝛼
= ඨ 𝜇𝜇ଵ .              (8) 

Using above quantities in Equations (5) − (7), and ignoring primes one can write the following 
equations: 𝜕𝑢𝜕𝑥 + 𝜕𝑢𝜕𝑦 = 0,                                                                                               (9) 

𝛿𝑅𝑒൫(𝑽. ∇)𝑢൯ =  − 𝜕𝑝𝜕𝑥 + 𝑁ଵ − 𝑁ଶ,                                                       (10)  𝛿ଷ𝑅𝑒൫(𝑽. ∇)𝑣൯ = − 𝜕𝑝𝜕𝑦 + 𝑁ଷ − 𝑁ସ,                                                      (11) 

Where  𝑁ଵ = ቆ𝛿ଶ 𝜕ଶ𝑢𝜕𝑥ଶ + 𝜕ଶ𝑢𝜕𝑦ଶቇ , 𝑁ଶ = 1𝛼ଶ ൭𝛿ସ 𝜕ସ𝑢𝜕𝑥ସ + 𝜕ସ𝑢𝜕𝑦ସ + 𝛿ଶ ቆ2 𝜕ସ𝑢𝜕𝑥ଶ𝜕𝑦ଶቇ൱,  
𝑁ଷ = ቆ𝛿ସ 𝜕ଶ𝑣𝜕𝑥ଶ + 𝛿ଶ 𝜕ଶ𝑣𝜕𝑦ଶቇ , 𝑁ସ = 1𝛼ଶ ൭𝛿଺ 𝜕ସ𝑣𝜕𝑥ସ + 𝛿ଶ 𝜕ସ𝑣𝜕𝑦ସ + 𝛿ସ ቆ2 𝜕ସ𝑣𝜕𝑥ଶ𝜕𝑦ଶቇ൱,   

The dimensionless form of the boundary conditions will take the following form:  𝑢 = ±𝛽 𝜕𝑢𝜕𝑦 ,      𝑣 = ±𝜀(𝑉଴𝑥 + 𝑈଴), at    𝑦 = ±1,                      (12𝑎)  𝜕ଶ𝑢𝜕𝑦ଶ = 0 ,                       at  𝑦 = ±1,                                                           (12𝑏) 𝜀 =  2A න 𝑢𝑑𝑦 , at 𝑥 = 0.ଵ
଴                                                                  (12𝑐) 

Where 𝐴 = ௐ௛ .   
2.2. Solution Methodology 

To find the results for the flow rate, normal and tangential forces in synovial fluid, we will solve 
the mathematical model given in Eqs. (9) − (11). The mathematical model presents the set of non-
linear partial differential equations in 𝑢 , 𝑣 and  𝑝.  The length of synovial membrane (slit) is smaller 
than its width that make the complex mathematical problem in simple form assume that  the ratio 
of length to width (𝛿) is very small and we will ignore the terms of order 𝛿ଶ, 𝛿ସ 𝑎𝑛𝑑  𝛿଺. 

To find the results for u, 𝑣, 𝑎𝑛𝑑 𝑝 following recursive approach is used: 𝑢 =  ෍ 𝜀௜𝑢(௜) ஶ
௜ୀଵ , 𝑣 =  ෍ 𝜀௜𝑣(௜)ஶ

௜ୀଵ  ,     𝑝 = 𝑝(଴) + ෍ 𝜀௜𝑝(௜)ஶ
௜ୀଵ  .                  (13) 
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where  𝑝(଴) is a constant. 
Now by substituting the above mention series in Eqs.(9) − (12)  and then by collecting the 

powers of 𝜀, one can get the following systems: 

2.2.1. First Order System and It’s Solution 𝜕𝑢(ଵ)𝜕𝑥 + 𝜕𝑢(ଵ)𝜕𝑦  = 0,                                                                 (14) 0 = − 𝜕𝑝(ଵ)𝜕𝑥 + 𝜕ଶ𝑢(ଵ)𝜕𝑦ଶ − 1𝛼ଶ  𝜕ସ𝑢(ଵ)𝜕𝑦ସ ,                                   (15) 0 =      𝜕𝑝(ଵ)𝜕𝑦 ,                                                                             (16) 

The associated boundary conditions for first order system are defined as follows:  𝑢(ଵ) = ±𝛽 𝜕𝑢(ଵ)𝜕𝑦  ,          𝑣(ଵ) = ±(𝑉଴𝑥 + 𝑈଴) ,         at 𝑦 = ±1,                     (17𝑎) 𝜕ଶ𝑢(ଵ)𝜕𝑦ଶ = 0, at  𝑦 = ±1,                                                                          (17𝑏) ℎ =  2W න 𝑢(ଵ)𝑑𝑦 ,       at 𝑥 = 0.ଵ
଴                                                            (17𝑐) 

To reduce the number of unknowns one can, introduce the following stream function 𝜓(ଵ)(𝑥, 𝑦) 
:  𝑢(ଵ) = 𝜕𝜓(ଵ)𝜕𝑦     ,                𝑣(ଵ) = − 𝜕𝜓(ଵ)𝜕𝑥 ,                                      (18) 

After replacing 𝑢(ଵ) and 𝑣(ଵ) in Equations (14) − (17),  one can get following equations:  0 = − 𝜕𝑝(ଵ)𝜕𝑥 + 𝜕ଷ𝜓(ଵ)𝜕𝑦ଷ − 1𝛼ଶ  𝜕ହ𝜓(ଵ)𝜕𝑦ହ ,                                              (19)  0 = − 𝜕𝑝(ଵ)𝜕𝑦 ,                                                                                          (20) 

Differentiating equations (19) and (20) with respect to 𝑦 and  𝑥 , then by subtracting them 
the pressure term is eliminated and the resulting equation contains only the stream function and  
shown as below:  0 = 𝜕଺𝜓(ଵ)𝜕𝑦଺ − 𝛼ଶ  𝜕ସ𝜓(ଵ)𝜕𝑦ସ  ,                                                                  (21) 

And boundary conditions in connection with stream function are defined as follow: 𝜕𝜓(ଵ)𝜕𝑦 = ±𝛽 𝜕ଶ𝜓(ଵ)𝜕𝑦ଶ  ,      𝜕𝜓(ଵ)𝜕𝑥 = ±(𝑉଴𝑥 + 𝑈଴) ,           at  𝑦 = ±1,                  (22𝑎)  𝜕ଷ𝜓(ଵ)𝜕𝑦ଷ = 0, at 𝑦 = ±1,                                                               (22𝑏) ℎ2𝑊 = 𝜓(ଵ)(𝑥, 1) − 𝜓(ଵ)(𝑥, 0)  ,            at 𝑥 = 0.                                  (22𝑐) 

Assuming the solution of  𝜓(ଵ) in the following form as suggested in Inverse method: 𝜓(ଵ)(𝑥, 𝑦) = ቆ𝑉଴ 𝑥ଶ2 + 𝑈଴𝑥ቇ 𝑅ଵ(𝑦) + 𝑇ଵ(𝑦).                                                  (23) 

Upon using the above equation, one can get the following system of BVP:  𝑑଺𝑅ଵ𝑑𝑦଺ − 𝛼ଶ 𝑑ସ𝑅ଵ𝑑𝑦ସ = 0,                                                                                         (24) 
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 𝑑଺𝑇ଵ𝑑𝑦଺ − 𝛼ଶ 𝑑ସ𝑇ଵ𝑑𝑦ସ = 0,                                                                                          (25) 

and the boundary conditions associated to the above system of equations are as follows: 𝑅ଵ = ±1 ,         𝑑𝑅ଵ𝑑𝑦 = ±𝛽 𝑑ଶ𝑅ଵ𝑑𝑦ଶ  ,         at        𝑦 = ±1,                                      𝑑ଷ𝑅ଵ𝑑𝑦ଷ = 0 ,         at        𝑦 = ±1,                                                                             𝑇ଵ = ℎ2𝑊   ,            𝑑𝑇ଵ𝑑𝑦 = 𝛽 𝑑ଶ𝑇ଵ𝑑𝑦ଶ   ,         at   𝑦 = 1,                                             𝑑𝑇ଵ𝑑𝑦 = −𝛽 𝑑ଶ𝑇ଵ𝑑𝑦ଶ  ,         at   𝑦 = −1,                                                                      𝑑ଷ𝑇ଵ𝑑𝑦ଷ = 0 ,       at     𝑦 = ±1,                                                                                 𝑇ଵ = 0 , at        𝑦 = 0.                                                                           (26) 
Solutions of sixth order linear homogeneous ordinary differential equations together with above 

boundary conditions are defined as follows: 𝑅ଵ = ෍ 𝑐௜ 𝑦௜ିଵ + 𝑒ఈ௬𝑐ହ + 𝑒ିఈ௬ସ
௜ୀଵ 𝑐଺,                                                               (27) 

𝑇ଵ = ෍ 𝑑௜ 𝑦௜ିଵସ
௜ୀଵ + 𝑒ఈ௬𝑑ହ + 𝑒ିఈ௬𝑑଺,                                                             (28) 

Where 𝑐ଵ =  𝑐ଷ = 0, 𝑐଺ = −𝑐ହ     𝑎𝑛𝑑   𝑑ଵ = 𝑑ଷ = 0 , 𝑑଺ = −𝑑ହ. 𝑅ଵ = 𝑦𝑐ଶ + 𝑦ଷ𝑐ସ + 2 sinh(𝛼𝑦)𝑐ହ,                                                       (29) 𝑇ଵ = 𝑦𝑑ଶ + 𝑦ଷ𝑑ସ + 2 sinh(𝛼𝑦) 𝑑ହ,                                                     (30) 
Using above solutions of 𝑅ଵ  and 𝑇ଵ  in Eq. (23), following form of stream function can be 

obtained: 𝜓(ଵ) = ቆ𝑉଴ 𝑥ଶ2 + 𝑈଴𝑥ቇ (𝑦𝑐ଶ + 𝑦ଷ𝑐ସ + 2 sinh(𝛼𝑦)𝑐ହ ) + (𝑦𝑑ଶ + 𝑦ଷ𝑑ସ+ 2 sinh(𝛼𝑦)𝑑ହ),     (31) 
From the above stream function and Eq. (18), following velocity components can be obtained: 𝑢(ଵ) = ቆ𝑉଴ 𝑥ଶ2 + 𝑈଴𝑥ቇ (𝑐ଶ + 3𝑦ଶ𝑐ସ + 2𝛼 cosh(𝛼𝑦)𝑐ହ ) + 𝑑ଶ + 3𝑦ଶ𝑐ସ + 2𝛼 cosh(𝛼𝑦)𝑐ହ ,    (32) 𝑣(ଵ) = −(𝑉଴𝑥 + 𝑈଴)(𝑦𝑐ଶ + 𝑦ଷ𝑐ସ + 2 sinh(𝛼𝑦)𝑐ହ),                                                                         (33) 
Where 𝑐௜ and 𝑑௜ are defined in appendix. 
Using first order velocity components in first order momentum equation, one can find the 

following expression of first order pressure:  𝑝(ଵ)(𝑥) = 3(−ℎ + 𝑊𝑥(2𝑈଴ + 𝑉଴𝑥))𝛼ଷcosh (ℎ𝛼)2ℎ𝑊𝛼(−3 + ℎ𝛼ଶ(ℎ − 3𝛽))cosh (ℎ𝛼) + 6𝑊(1 + ℎ𝛼ଶ𝛽)sinh (ℎ𝛼).                 (34) 

2.2.2. Second Order System and It’s Solution  𝜕𝑢(ଶ)𝜕𝑥 + 𝜕𝑢(ଶ)𝜕𝑦  = 0,                                                                                (35) 𝑀ଵ = − 𝜕𝑝(ଶ)𝜕𝑥 + 𝜕ଶ𝑢(ଶ)𝜕𝑦ଶ − 1𝛼ଶ  𝜕ସ𝑢(ଶ)𝜕𝑦ସ ,                                              (36) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 February 2025 doi:10.20944/preprints202502.1950.v1

https://doi.org/10.20944/preprints202502.1950.v1


 7 of 16 

 

 0 =  −    𝜕𝑝(ଶ)𝜕𝑦 ,                                                                                     (37) 

The associated boundary conditions for second order system are defined as follows: 𝑢(ଶ) = ±𝛽 𝜕𝑢(ଶ)𝜕𝑦   ,     𝑣(ଶ) = 0,        at  𝑦 = ±1,                            (38𝑎)   𝜕ଶ𝑢(ଶ)𝜕𝑦ଶ = 0,        at  𝑦 = ±1,                                                               (38𝑏) 0 =  න 𝑢(ଶ)𝑑𝑦 ,           at 𝑥 = 0.ଵ
଴                                                           (38𝑐) 

Where   𝑀ଵ = 𝛿𝑅𝑒 ൬𝑢(ଵ) 𝜕𝜕𝑥 + 𝑣(ଵ) 𝜕𝜕𝑦൰ 𝑢(ଵ). 
After eliminating the pressure gradient and using the relation of stream function with velocity 

components one can get the following equation: 𝜕𝜕𝑦 (−𝛼ଶ𝑀ଵ) = 𝜕଺𝜓(ଶ)𝜕𝑦଺ − 𝛼ଶ  𝜕ସ𝜓(ଶ)𝜕𝑦ସ ,                                             (39) 

With the following boundary conditions:  𝜕𝜓(ଶ)𝜕𝑦 = ±𝛽 𝜕ଶ𝜓(ଶ)𝜕𝑦ଶ  ,      𝜕𝜓(ଶ)𝜕𝑥 = 0,    at  𝑦 = ±1,                      (40𝑎)    𝜕ଷ𝜓(ଶ)𝜕𝑦ଷ = 0, at 𝑦 = ±1,                                                              (40𝑏)  0 = 𝜓(ଶ)(𝑥, 1) − 𝜓(ଶ)(𝑥, 0)  ,             at 𝑥 = 0.                               (40𝑐) 
    Assuming the solution of  𝜓(ଶ)  as follows:  𝜓(ଶ)(𝑥, 𝑦) = 𝑔(𝑥)𝑅ଶ(𝑦) +  𝑇ଶ(𝑦).                                                      (41) 
Using above stream function in Eq. (39-40), following system of differential equations can be 

obtained:   𝑑଺𝑅ଶ𝑑𝑦଺ − 𝛼ଶ 𝑑ସ𝑅ଶ𝑑𝑦ସ = 𝑓(𝑦),                                                                 (42)  𝑑଺𝑇ଶ𝑑𝑦଺ − 𝛼ଶ 𝑑ସ𝑇ଶ𝑑𝑦ସ = 0,                                                                        (43) 

Where 𝑔(𝑥) and 𝑓(𝑦) are given in appendix.  
Boundary conditions associated to the above system of equations are as follows: 𝑅ଶ = 0 ,   𝑑𝑅ଶ𝑑𝑦 = ±𝛽 𝑑ଶ𝑅ଶ𝑑𝑦ଶ           at      𝑦 = ±1,                                              𝑑ଷ𝑅ଶ𝑑𝑦ଷ = 0 ,      at       𝑦 = ±1,                                                                             𝑑ଷ𝑇ଶ𝑑𝑦ଷ = 0  ,      𝑑𝑇ଶ𝑑𝑦 = ±𝛽 𝑑ଶ𝑇ଶ𝑑𝑦ଶ  ,        at   𝑦 = ±1,                                          𝑇ଶ = 0 ,    at     𝑦 = 0  &   𝑦 = 1.                                                               (44) 
Solution of above BVP’s is obtained by DSolve command in MATHEMATICA. 
Using solutions of these two BVP’s into assumed solution of stream function we have found 2nd 

order velocity components and using 2nd order velocity components into 2nd order system one can 
find expression for 2nd order pressure. 
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2.2.3. Third Order System and Its Solution  𝜕𝑢(ଷ)𝜕𝑥 + 𝜕𝑢(ଷ)𝜕𝑦  = 0,                                                                              (45) 𝑀ଶ = − 𝜕𝑝(ଷ)𝜕𝑥 +  𝜕ଶ𝑢(ଷ)𝜕𝑦ଶ − 1𝛼ଶ  𝜕ସ𝑢(ଷ)𝜕𝑦ସ ,                                            (46) 0 =  −    𝜕𝑝(ଷ)𝜕𝑦 ,                                                                                      (47) 

Where  𝑀ଶ = 𝛿𝑅𝑒 ൬𝑢(ଵ) 𝜕𝜕𝑥 + 𝑣(ଵ) 𝜕𝜕𝑦൰ 𝑢(ଶ) + ൬𝑢(ଶ) 𝜕𝜕𝑥 + 𝑣(ଶ) 𝜕𝜕𝑦൰ 𝑢(ଵ). 
The associated boundary conditions for third order system are as follows: 𝑢(ଷ) = ±𝛽 𝜕𝑢(ଷ)𝜕𝑦  ,        𝑣(ଷ) = 0 ,           at 𝑦 = ±1,                            (48𝑎)   𝜕ଶ𝑢(ଷ)𝜕𝑦ଶ = 0,      at  𝑦 = ±1,                                                                      (48𝑏) 0 =  න 𝑢(ଷ)𝑑𝑦 ,          at 𝑥 = 0.ଵ

଴                                                                (48𝑐) 

After eliminating pressure and reducing unknowns, by introducing stream function 𝜓(ଷ) 
following equation can be obtained  𝜕𝜕𝑦 (−𝛼ଶ𝑀ଶ) = 𝜕଺𝜓(ଷ)𝜕𝑦଺ − 𝛼ଶ  𝜕ସ𝜓(ଷ)𝜕𝑦ସ ,                                                    (49) 

And the boundary conditions in connection with stream function are as follows:  𝜕𝜓(ଷ)𝜕𝑦 = ±𝛽 𝜕ଶ𝜓(ଷ)𝜕𝑦ଶ  ,       𝜕𝜓(ଷ)𝜕𝑥 = 0,          at  𝑦 = ±ℎ ,                    (50𝑎)   𝜕ଷ𝜓(ଷ)𝜕𝑦ଷ = 0,          at 𝑦 = ±ℎ,                                                                 (50𝑏) 0 = 𝜓(ଷ)(𝑥, 1) − 𝜓(ଷ)(𝑥, 0),           at 𝑥 = 0.                                          (50𝑐) 
   To solve above boundary value problem by inverse method one can assume the following 

stream function: 𝜓(ଷ)(𝑥, 𝑦) = ℎ(𝑥)𝑅ଷ(𝑦) +  𝑇ଷ(𝑦).                                                   (51) 
Using this assumption in above equations, we get the following systems of BVP’s: 𝑑଺𝑅ଷ𝑑𝑦଺ − 𝛼ଶ 𝑑ସ𝑅ଷ𝑑𝑦ସ = 𝑓ଵ(𝑦),                                                                  (52) 𝑑଺𝑇ଷ𝑑𝑦଺ − 𝛼ଶ 𝑑ସ𝑇ଷ𝑑𝑦ସ = 𝑓ଶ(𝑦),                                                                   (53) 

Where ℎ(𝑥), 𝑓ଵ(𝑦) and 𝑓ଶ(𝑦) can be calculated with the help of MATHEMATICA.  
Boundary conditions associated to the above system of equations are as follows: 𝑅ଷ = 0 ,             𝑑𝑅ଷ𝑑𝑦 = ±𝛽 𝑑ଶ𝑅ଷ𝑑𝑦ଶ ,          at          𝑦 = ±1,                                        𝑑ଷ𝑅ଷ𝑑𝑦ଷ = 0 ,        at        𝑦 = ±1,                                                                                𝑑ଷ𝑇ଷ𝑑𝑦ଷ = 0 ,         𝑑𝑇ଷ𝑑𝑦 = ±𝛽 𝑑ଶ𝑇ଷ𝑑𝑦ଶ  ,      at   𝑦 = ±1,                                                𝑇ଷ = 0 ,           at   𝑦 = 0    &     𝑦 = 1.                                                            (54) 
Solution of above BVP’s can be obtained by DSolve command in MATHEMATICA.  
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Using solutions of above two BVP’s into assumed solution of stream function one can find 
expressions for third order velocity components and using third order velocity components into third 
order momentum equation one can find expression for third order pressure.  

After combining first, second and third order solutions one can find expressions of stream 
function, velocity components, and pressure:   𝜓 = 𝜓(ଵ) + 𝜓(ଶ) + 𝜓(ଷ),                                                                 (55) 𝑢 = 𝑢(ଵ) + 𝑢(ଶ) + 𝑢(ଷ),                                                                   (56) 𝑣 = 𝑣(ଵ) + 𝑣(ଶ) + 𝑣(ଷ),                                                                   (57) 𝑝 = 𝑝(଴)+𝑝(ଵ) + 𝑝(ଶ) + 𝑝(ଷ).                                                         (58) 

Where 𝑝(଴) = 𝑝(0,0).    
Special Cases: 

a) The present study reduces into the inertial flow of Newtonian fluid when, 𝜇ଵ → 0 , 𝛽 → 0, 
which has been discussed by Panek et al [27]. 

b) When 𝜇ଵ → 0 , 𝛽 → 0 and 𝑅𝑒 → 0 the present model reduces into creeping flow of Newtonian 
fluid through a permeable channel with linear re-absorption that has been discussed by 
Haroon et al. [28].  

c) The creeping flow of couple stress fluid flow with constant re-absorption at the wall of the 
channel has been recently presented by Siddiqui et al. [29] that can be deduce from the present 
study when, 𝑅𝑒 → 0 and 𝑉଴ → 0 .  

3. Discussion on Graphical Results 

Here the graphical analysis is discussed in order to study the influence of Reynolds number 𝑅𝑒, 
slip parameter 𝛽,  re-absorption parameters 𝑉଴ and 𝑈଴  and the couple-stress parameter 𝛼 on the 
pressure, horizontal and vertical velocity components at  𝑥 = 0.5 (middle point of the slit). We have 
chosen this position on the axis of the slit so that mean flow of the couple-stress fluid can easily be 
observed for the re-absorption analysis. 

3.1. Effect of Reynold’s Number 

Figure 2. (a-b) display the impact of inertial forces at the middle region of the slit that appears 
due to Reynold’s number. This figure analyzes  that axial flow is maximum at the center of the slit 
due to the presence of pressure gradient. The graphs also show that flow in vertical direction rises 
during activity (due to non-zero Reynolds number). It also demonstrates the sharp rise in vertical 
velocity near the wall of the slit due to linear re-absorption in the synovium . Figure 2c shows that 
pressure difference becomes more intense during activity (in the presence of Reynold’s number) also 
it raises rapidly near the exit region. Essentially, it indicates that during the flow of synovial fluid in 
synovial membrane, inertial forces take supremacy over viscous forces. 
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(c) 𝐅𝐢𝐠𝐮𝐫𝐞 𝟐. (a-c): Effect of Reynolds number on horizontal velocity, vertical velocity and pressure distribution. 

3.2. Effect of Re-Absorption Velocity (𝑽𝟎𝒙 + 𝑼𝟎)        

Figure 3 (a-b) shows the impact of permeability of membrane on the  SF flow, this figure 
portrays  the increasing effect of permeability on axial and transverse flow near the membrane. This 
graph indicates that the linear re-absorption causes an increase in axial and transverse flow due to 
the lubricated membrane, but the vertical flow rises in forward and for the upper and lower region.  
Figure 3c presents the effect of linear re-absorption 𝑉଴ on pressure difference and display the rising 
impact on pressure distribution.  

  
(c) 

Figure 3. (a-c): Effect of re-absorption parameter  𝑉଴  on horizontal velocity, vertical velocity and pressure 
distribution. 

(a (b
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Figure 4(a-b) displays the variation in axial and transverse velocity against the constant rate of 
re-absorption, it shows that flow of synovial fluid along and transverse to the SM rises due to 
appropriate viscosity of the synovial fluid. Figure 4c displays that the pressure difference between 
the two points in the synovial fluid flow rises when nutrients are re-absorbed at constant rate in 
synovial fluid. 

 

(c) 𝐅𝐢𝐠𝐮𝐫𝐞 𝟒. (a-c): Effect of re-absorption parameter 𝑈଴  on horizontal velocity, vertical velocity and pressure. 

3.3. Effect of Couple-Stress Parameter 𝛼   

Figure 5 (a-b) display that the velocity in a horizontal direction rises for different couple-stress 
parameter  (α) at the middle of the slit  but the transverse velocity decay by the rising values of 
couple stress parameter.  Furthermore, it is seen that axial velocity increases at the center of the slit 
and decreases near the walls due to lubricated permeable membrane. The pressure difference on the 
slit is shown in Figure 5c for various values of α which rises by the  couple stress parameter, it shows 
the rotation of fluid particles helps to flow the fluid and more pressure in synovial fluid is required 
in case of lubricated permeable slit. 
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(c) 𝐅𝐢𝐠𝐮𝐫𝐞 𝟓. (a-c): Effect of couple-stress parameter 𝛼  on horizontal velocity, vertical velocity and pressure 
distribution. 

3.4. Effect of Slip Parameter 𝛽 
Figure 6 (a-b) display that the axial and transverse velocity decay for different slip  parameter 𝛽 at the middle of the slit.   Furthermore, it is seen that axial velocity decays in reverse direction 

near the walls due to lubricated permeable membrane. The pressure difference on the slit is shown 
in Figure 6c for various values of 𝛽, it shows that the lubrication on membrane helps to increase the 
pressure in synovial fluid near the exit region of the slit.  

 
(b) 
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(c) 

𝐅𝐢𝐠𝐮𝐫𝐞 𝟔. (a-c): Effect of slip parameter 𝛽 on horizontal velocity, vertical velocity and pressure distribution. 

4. Concluding Remarks 

The current study observes the impact of lubricated membrane and linear re-absorption of 
nutrients in synovial fluid during the movement or running. A two-dimensional couple stress fluid 
model through a permeable lubricated slit with linear re-absorption at the wall is assumed to observe 
the flow properties of synovial fluid. This model produces the complex non-linear partial differential 
equations that are solved by applying the Langlois approach with mixed boundary conditions. This 
study calculates the analytical findings of flow characteristics, including shear stress, pressure 
difference, and velocity profile. This study reveals that the presence of inertial forces  supports the 
decelerating  flow in axial and transverse direction but enhances the pressure difference.  

In this study we have ignored the bending effects of  synovial membrane that will be discussed 
in future work. 

Appendix: 

𝑐ଵ =  𝑐ଷ = 0 , 𝑐ଶ = 3𝛼 ቀ൫2 − ℎ𝛼ଶ(ℎ − 2𝛽)൯ cosh[ℎ𝛼] − 2𝛼𝛽 sinh[ℎ𝛼]ቁ2ℎ𝛼൫−3 + ℎ𝛼ଶ(ℎ − 3𝛽)൯ cosh[ℎ𝛼] + 6(1 + ℎ𝛼ଶ𝛽) sinh[ℎ𝛼] 𝑐ସ = 𝛼ଷcosh[ℎ𝛼]2ℎ𝛼(−3 + ℎଶ𝛼ଶ − 3ℎ𝛼ଶ𝛽)cosh[ℎ𝛼] + 6(1 + ℎ𝛼ଶ𝛽)sinh[ℎ𝛼] , 𝑐ହ = 32ℎ𝛼൫3 − ℎ𝛼ଶ(ℎ + 3𝛽)൯cosh[ℎ𝛼] − 6(1 − ℎ𝛼ଶ𝛽)sinh[ℎ𝛼] , 𝑐଺ = −𝑐ହ. 
𝑑ଵ = 𝑑ଷ = 0 , 𝑑ଶ = 3𝛼ℎ((−2 + ℎ𝛼ଶ(ℎ − 2𝛽))cosh[ℎ𝛼] + 2𝛼𝛽sinh[ℎ𝛼])4𝑊(ℎ𝛼(−3 + ℎ𝛼ଶ(ℎ − 3𝛽))cosh[ℎ𝛼] + 3(1 + ℎ𝛼ଶ𝛽)sinh[ℎ𝛼]) 

𝑑ସ = − 𝛼ଷℎ cosh[ℎ𝛼]4𝑊൫ℎ𝛼൫−3 + ℎ𝛼ଶ(ℎ − 3𝛽)൯ cosh[ℎ𝛼] + 3(1 + ℎ𝛼ଶ𝛽) sinh[ℎ𝛼]൯, 
 𝑑ହ =  3ℎ4𝑊(ℎ𝛼(−3 + ℎ𝛼ଶ(ℎ − 3𝛽))cosh[ℎ𝛼] + 3(1 + ℎ𝛼ଶ𝛽)sinh[ℎ𝛼]) , 𝑑଺ = −𝑑ହ. 𝑔(𝑥) = 3 𝛼଺𝛿𝑅𝑒 (𝑉଴𝑥 + 𝑈଴)(ℎ − 𝑊𝑥(2𝑈଴ + 𝑉଴𝑥))4𝑊(ℎ𝛼(−3 + ℎ𝛼ଶ(ℎ − 3𝛽))cosh[ℎ𝛼] + 3(1 + ℎ𝛼ଶ𝛽)sinh[ℎ𝛼])ଶ, 𝑓(𝑦) = 𝑦ଷ𝛼ଶ + 𝑦ଷ𝛼ଶcosh[2ℎ𝛼] + 6𝛽sinh[ℎ𝛼](−𝑦𝛼cosh[𝑦𝛼] + sinh[𝑦𝛼])+ 𝛼cosh[ℎ𝛼](𝑦𝛼(−3ℎଶ + 𝑦ଶ + 6ℎ𝛽)cosh[𝑦𝛼]+ 3(ℎଶ − 𝑦ଶ − 2ℎ𝛽)sinh[𝑦𝛼]) 
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