Pre prints.org

Article Not peer-reviewed version

Algebraic Structures of 2D and 3D
Fields of Real Vectors

Branko Sari¢ "
Posted Date: 31 December 2025
doi: 10.20944/preprints202502.1614v4

Keywords: geometric product; the field of vectors

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4000973
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 December 2025 d0i:10.20944/preprints202502.1614.v4

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Algebraic Structures of 2[D and 3D Fields of Real
Vectors

Branko Sarié¢

Faculty of Technical Sciences, University of Kragujevac, Catak 32000, Serbia; saric.b@mts.rs

Abstract

On the basis of the isomorphic algebraic structures of the field of complex numbers C and the 2-
dimensional Euclidean field of real vectors Vj, in terms of identical geometric products of elements,
this paper brings integral identities for scalar and vector fields in V,, which are vector analogues of
the well-known integral identities of complex analysis. Consequently, in this paper, Theorem 1., which
is a generalized fundamental theorem of integral calculus in the field V>, is the vector analogue of
the Cauchy theorem of complex analysis. Therefore, special attention is paid to the vector analogue of
Cauchy’s calculus of residues in the field V. Finally, at the very end of the paper, the algebraic structure
of the 3D field of vectors V3 is presented, as well as the corresponding fundamental integral identities.
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1. Introduction

A geometric algebra (Clifford algebra) is an extension of elementary algebra to work with geomet-
rical objects such as vectors. It is built out of two fundamental operations: addition and geometric
product, [2]. The multiplication of vectors alone results in objects called multivectors, among which
are bivectors, the name applied in this paper to the objects of the bivector field R?, corresponding to the
field of vectors V,. Compared with other formalisms for manipulating geometric objects, geometric
algebra supports dividing by a vector. The geometric product was first mentioned by Grassmann,
who founded the so-called external algebra, [3]. After that, Clifford himself greatly expanded upon
Grassmann’s work, to form geometric algebra, named after him Clifford algebra [2], by unifying both
Grassmann’s algebra and Hamilton’s quaternion algebra. In the middle of the 20th century, Hestenes
repopularized the term geometric algebra [4,5].

On the other hand, although rarely used explicitly, a geometric representation of complex numbers
is implicitly based on its structure of the Euclidean 2-dimensional vector space. If the binary operation
of the product wz of two complex numbers @ and z is considered as the sum of the inner product
woz = (Wz+ wz)/2 = 1Re(Wz) and outer product w Az = (wz — wz)/2 = jIm(wz), where
1= (1,i0) and § = (0,7), and i is an imaginary unit, it can be said that @z is in the form of a geometric
product of two ivectors (two complex numbers), as two geometric objects belonging to the ivector
field C (to the field of complex numbers C). For any complex number z, its absolute value |z| is its
Euclidean norm denoted by r, and the argument arg z is the polar angle ¢. Since ordered pairs represent
both complex numbers and vectors, the binary operation of the product of two complex numbers
(two ordered pairs), in the form of the geometric product wz (wz = @ o z + @ A z), will be the basis
for modifying Grassmann’s geometric product of vectors, which is defined as the sum of the inner
(scalar) and outer (bivector) products of two vectors. By this modification, the geometric product of
two vectors becomes commutative, similar to the product of complex numbers themselves, which still
supports vector division. In this manner, a complete analogy is established between the algebra of
complex numbers and the modified Clifford algebra in the Euclidean 2-dimensional field of vectors
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V3. On the basis of that analogy, Section 2 of the paper presents the most important vector integral
identities, in the Euclidean field of real vectors Vj, which are vector analogies to the well-known
integral identities of complex analysis.

In the next section (Section 3), the algebraic structure of the field of vectors V3 is defined. In
addition, this section brings the corresponding integral identities, which are more general than the
fundamental integral identities of the Stokes theorem and the divergence theorem.

1.1. Realireal Vector Space V¢

The ordered pairs 1 = (1,i0) and § = (0, i) are the basis of the 2-dimensional realireal vector
space V¢ [6], which is the Cartesian product Vg x iV of a 1-dimensional real vector space Vg and a
1-dimensional ireal vector space iV, and as such V¢ is an additive Abelian (commutative) group of
elements (x,iy) = 1x+jy. As both of these 1-dimensional vector spaces are defined over the field of
real numbers R, the real vector space Vi can be said to be a field of real numbers R, whereas the ireal
vector space iVg cannot be a field, and therefore not a field of imaginary numbers iy. On the other
hand, if the vector space V¢ is complemented by a binary operation of the product of two elements
(a,ib) and (c, id), which corresponds to the matrix product, in such a manner that

a ib c id
ib a}lid cl_ (1)

| ac—bd i(ad+bc)
| i(ad +bc) ac—bd

(a,ib)(c,id) =

= (ac — bd,i(ad + bc)),

where both the commutative axiom of multiplication and the associative axiom of multiplication are
satisfied, as well as the distributive axiom, and in addition the element (x, —iy)/(x? + y?), which
-1

iy

iy X
then the 2-dimensional realireal vector space V¢ can be said to be defined over the field of complex

corresponds to the inverse matrix , is the inverse element of the element (x, iy) # (0,10),

numbers C, that is, Vi is the field of complex numbers C. More precisely, on the one hand, the ordered
pair (V¢, R) is the vector space V¢ over the scalar field of real numbers R, and on the other hand, after
complementation with the binary operation of the product of the elements, the ordered pair (V¢, C)
is the vector space over the ivector field C, that is, V is the ivector field C. Accordingly, complex
numbers z can be said to be ivectors (x,iy) = 1x+jy, the elements of the vector space V¢, that is, of the
ivector field C and as such can be multiplied either by real numbers as scalars or by complex numbers
z € C as ivectors. When the ivector (a, ib) is multiplying by the imaginary unit i, then the order of the
elements, in the resulting ordered pair, is changed, so the resulting ordered pair is not an element of the
ivector field C. Therefore, from that perspective, multiplying complex numbers z € C by imaginary
numbers is absolutely unacceptable. A complex number z can be multiplied by the ivector 7, so that
(x,iy)i = i(x,iy) = —yl+xi = (—y,ix) and {* = ji = 1.

How the operator cjs- = (cos-,isin-) = 1cos- + jsin - has the most important properties of an
exponential function, since cjs-cjs- = cis(- + -), (c¢js-) "' = cis(—-) and d(cjs-) = jcjs-d-, the operator
exp(j-) can be said to be the exponential form of the operator cjs-. For above reason, multiplication of
the operator cjs- = exp(j-) by imaginary numbers is unacceptable, but multiplication by either a real
number or an ivector is acceptable.

1.2. Algebraic Structure of the Field of Real Vectors V,

The basis of the 2-dimensional real vector space Vi (the Cartesian square of the 1-dimensional real
vector space V), as an additive Abelian group of elements (x, ), consists of ordered pairs 1 = (1,0)
and 1 = (0,1), such that (x,y) = x1 + yi. Analogous to the binary operation of the product of the
elements, which we used to complement the realireal vector space V¢, it is also possible to complement
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the vector space Vi2, with the binary operation of the product of two elements (a,b) and (c, d), which
corresponds to the matrix product, in such a manner that

(a,b)(c,d) = [ _”b b 1 [ Cd ‘Z 1 = (1.2)

a

= (ac — bd,ad + bc),

B ac — bd ad + bc
| —(ad+bc) ac—bd

-1

where the element (x/ (x% +y2), —y/ (x> +y?)), which corresponds to the inverse matrix [ xy Z ] ,
is the inverse element of the vector space V5, = V2\{(0,0)}. In this case both the commutative axiom
of multiplication and the associative axiom of multiplication are satisfied, as well as the distribu-
tive axiom. Therefore, on the one hand, the ordered pair (Vj2,R) is the vector space V2 over the
scalar field of real numbers R, whereas on the other hand, the ordered pair (VRz,RZ) is a vector
space over the bivector field R?, that is, Vg2 is the bivector field R?2, whose elements are the bivectors
(x,y) = x1 + y1. Accordingly, the bireal numbers w are bivectors (x, y), elements of the vector space
Vo, that is, of the bivector field R? and as such can be multiplied either by real numbers as scalars or
by bireal numbers as bivectors.

The field of real vectors, denoted by V,, corresponds to the bivector field R?, in the sense of
the correspondence: 1= e and 1 = &, where the unit vectors e and & are orthogonal basis vectors of
the field V,. The vectors r = xe + y&, as elements of the field V;, correspond to the bireal numbers

w € R2. In other words, there is a one to one correspondence between the fields V, and R2. If

\2/|i'r|‘ =t = |(x,y)|| = |2 +y2‘ is a norm over both fields V;

and R?, simultaneously, and #r = (x, —y)(x,y) = r*1 = r?e. Consequently, r ! = #/72. It is quite clear

(x,—y) =xe —yé =F thenr =
that the inverse element r~! allows division by a vector in the field V;. The binary operation of the
product of two vectors, belonging to the field V;, defined as follows.

Definition 1. Let ¥, and ry be two vectors in V. Then, the commutative binary operation
- 1. NN v -
Firp = E(rlrz +1f) + 5(1'11‘2 —r1h) = (1.3)

=(f-f)e—(f1 XxT) xe=(r;-rn)e+ (r; Xxr) Xe,
is the geometric product of ¥1 and ry.
Obviously, rpf; = (rp - 11)e — (rp X 11) X e = Fyrp. Here, 1y - rp = |11 ]|||12]| cos 6 and (r; x 1p) X
e = ||r1]|||r2|| sin 6&, where 6 is the angle between r; and r.

The geometric product of f; = ae — bé and r, = ce + dé corresponds to the product (a, —b)(c,d) =
(ac +bd, ad — bc) of two bivectors (a, —b) and (¢, d), so that

%(flrz +1f):=(r;-rn)e=ror, = (a,b)o(cd) and (1.4)
%(flrz —ni)=(n Xn)xe=1rArn=(ab)A(cd). (1.5)

In addition, (a, —b)(c,d) = (a,b) o (¢,d) + (a,b) A (¢,d) and
[(a,b) o (¢, d)]* = [(a,b) A (¢, d))* = (a, =b) (¢, d) (¢, —d) (a, b) = (1.6)

= (a,~b)(a,b) (c,d)(c, ~d) = || (a,b) |*]| (c, d) |*1.

The concepts of geometric product and bivector, introduced above, are closely related to the same
concepts in Clifford algebra [2]. However, there is evidently a crucial difference between Clifford algebra
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and the algebra of the field V,, which is reflected in the fact that the geometric product of the elements
of the field V5, on the one hand, is the element of the field V;, corresponding to the bivector, the
element of the bivector field R2, and on the other hand, it is also commutative, which means that the
field V5, in addition to being an additive Abelian group, is also a multiplicative Abelian group.

If rg is the unit vector of the vector r (r = rry), then r 1= §yand

1‘01

o, = 19,T0, = (10, - ¥0,)e — (1o, X 10,) X €, (1.7)
2
so that
o, O T :l(r&—i—r&)andr AT :l(r&_r& (1.8)
0 02 2 o, o, 0 02 2 o, o, ! ’

where 1y, org, = (19, - 10,)e i1y, Arg, = (19, X 1p,) X e are the symmetric and antisymmetric parts
of the geometric product Ty, rp,, respectively. Therefore, to emphasize once again, the geometric
product of two vectors is a vector in V,. Accordingly, re = (¥-e)e + (F x e) x e = xe +y& = rand
ré = (F-&)e+ (F x &) x e = r . The vector r, is orthogonal to the vector r, that is, r, is the vector
obtained by rotating the vector r = rry = r(e cos ¢ + &sin ¢), where ¢ is the angle between the vector
r and the vector e, by 77/2 radians in the positive mathematical direction. In addition, the unit vector
Ty = cos pe — sin ¢é is the inverse vector r,, 1 of the unit vector ry of the vector r, and therefore also the
unit vector of the inverse vector r—1 of the vector r, so that r! = ¥,/ and F = r¥,.

The main purpose of the next section is to derive vector integral identities, in the field of vectors
V3, which are analogous to the known integral identities of complex analysis, on the basis of the
analogy of the ivector field C and the bivector field R2, which corresponds to the field of vectors V5.

2. Differential and Integral Calculus in V;

As cés-cés: = cés(- + ), (cés-)"! = cés(—-) i d(cés-) = écés-d-, the bivector operator cés-
= ecos- + @sin- also has the properties of an exponential function, similar to the ivector operator
cjs-. The operator exp(&-) is the exponential form of the operator cés-. Since 1y = cés¢ = exp(&¢),
one more analogy with complex analysis is the notion of the so-called vector logarithmic function
logr = Inre + @&, where 2¢& = 2logry = log(ry/¥)). In addition, Log r = Inre + (¢ £ 27tn)é, n € N.
Let &g = _r(ﬁl = esing + &cos ¢ = sécp = &f. The ordered pair of vectors (¥, f) is the inverse
orthonormal basis with respect to the orthonormal basis (rp, ry, ) of the field V,. For an arbitrary
vector % € V), the vector %1 is the rotated vector %, in the positive mathematical direction, by the
angle @, and the vector %rg, by the angle 71/2 4 ¢. The geometric products of the vector % with the
inverse basis vectors ¥) and fj rotate the vector % by the angles —¢ and 7/2 — ¢, respectively, in the
positive mathematical direction.

On the basis of the geometric products ee = e, eé = & and é& = —e, as well as,

roro = (¥ - rp)e + (g X 1g) X e = (cos? ¢ — sin® @)e + 2(cos @ sin )8, (2.1)

rofp = e and rofy = & (¥ = ¥é), all other combinations of geometric products of the basis vectors 1o,
1o |, o and % can also be obtained.

If we introduce the differential operator d = drod, + dqoaq,, then dr = drry + der,. Hence,
dr, = édr = drry, —der and dt = &df = &(drfy — dot) = drty + d¢F. Since 2r cos pe = r + ¥ and
2rsin & = r — ¥, the vector operators of partial derivatives are introduced, as a vector analogue of the
Virtinger operators [16],

1 f = 1
Or = 0479, + 09Dy = 5 (Fo0r r7°aq,) and 0 = 8y = 5 (09, + rOTLaq,). 2.2)
Here,
_l 2_f70 _ 2 _r+f2—2éf __f'io
Orr = 2rarr =3 and drp = cos” pdy tan ¢ = ( o ) 7(1‘_'_?)2 =5, (2.3)
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It is important to emphasize that when geometric products and geometric quotients are differentiated,
the same rules apply as when ordinary products and quotients are differentiated, so that d(r/¥) =
(tdr — rd¥) /¥. Let’s prove this,

r 1 1 1 1
2 g 1 1, a 1._ fdr — rdf
= —Z[ﬁ(rdr + rdi) — r—zrdr] =— Z[E(rdr—l— rdf) — f—zrdr] ===
Definition 2. The geometric product dr0y is an operator of a 1D differential form.
The vector operator
d = ro(dr0; + di0z) = 2ro(dr o O0z) = ro(drd, +d@dy) = rod, (2.5)
is a radial vector differential operator. The vector operator
d, = ro(drd; — didz) = —2ro(dr A Oz) = 1o, (rdpd, — %draq,) =rpd (2.6)

is a transverse vector differential operator.
It is obvious that 20z is a gradient operator. The symmetric part of the geometric product 20, F is
the divergence vector (div) of the vector field F = Fry + F| 1y, , and the antisymmetric part is the curl

of F, since B B
200F = 00, (rF) + g F1] + ~00E [0, (rFL) — 0, F] = 2.7)
= Forg div F + curl F X Fyry.
On the other hand, _
fgO0z o TgF + F90z A TgF = roar(foF) = —%F + 0, F. (2.8)
Consequently,
2
20,F = 72[(@ o tF) + (¥0: A EF)], (2.9)

so that div F = 2(¥0; - tF) /72 and curl F = 2(¥0; x TF)/r?. Similarly,
1
rg0r 0 FgF + 190y A ToF = F(0z(FgF) = TO(EF + F0:zF) and (2.10)

20:F = r70[r0(r8r13 —3pF1) + 19, (r3,F +9,F) — F] = grad F. (2.11)

Further, since r = rcésg = rexp (@), it follows that 2¢& = log(r/¥),

dg = ro(Orpdr + Ozdi) = rodp = —r%dlog(;) and (2.12)
dr = 1 (Orrdr + OgrdE) = rodr = rod(rf)% = ;dlog(ri'). (2.13)
Therefore,
todrde =1y, drde = idlog(rf)dlog(%). (2.14)
In addition,
Z dlog(1F)dlog(=) = — (fdr + 1d%) (idr — rdf) = — [(Fodr)? — (rodf)?]. (2.15)
4 P4t 472
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In accordance with above,
o, .. . = o 5 5 - 1= N
E(dr Adr) = Z(drdr — didf) = #drdg =r  drdg, (2.16)

since df = fodr = dr. The vector identity just derived can be obtained explicitly, if we introduce the
determinant of the Jacobi matrix (Jacobian) of the bijective mapping Vo, — V), defined by the system of
vector equations 2Inre = log(rf) and 2¢& = log(r/¥), as follows

2r~le 0

2.17
0 2é 217)

=
>

J— orlog(rf)  dglog(rf) | _
| 9log(r/¥) dylog(r/F) |

In this case, 41y, drdp = rJdrdg = rdlog(r¥)dlog(r/%), which leads to (2.14). The vector dS =
(dF A dr)/2 = rdrdgry, Tg = dS@é, corresponding to the bivector rdrdg1 of the bivector field R?, is the
Lebesgue measure of the infinitesimal surface of the field of vectors V5.

Definition 3. Let 3% = 0;0;. Then, the geometric product dS% is an operator of a 2ID differential form.

2.1. Generalization of the Fundamental Theorem of Integral Calculus in Vo

Let 7 be a closed smooth Jordan curve, which is the boundary dG of an arbitrary region G in V,
and r; (i = 1,2, ...,n,) be isolated points on the curve 7, surrounded by circles c(r;, €) with centers at
r; and arbitrarily small radius ¢, which intersect the curve vy at points r1;, and r, and do not intersect
each other. If % i (j =1,2,..,ng) are isolated points in G, surrounded by circles c(% i ¢), which do not
intersect each other, then it is possible to form a simply connected region R, inside which all points r;
and %; are, by connecting the circles c¢(%;, €), successively, the first with the second, the second with
the third, etc., using parallel straight line segments /;, and [;,, at a mutual distance §; < ¢, as well as
by connecting the circles c(r;, €) on the curve 7 with the circles c(%j, €), one-to-one, using the parallel
straight line segments /;, and [;,, at a mutual distance J; < e. The boundary dR of R (blue region in
Figure 1), inside G, divides the region G into 1, subregions G;.

Figure 1

Accordingly, the vector integral operator over v is introduced, as follows

O O O
vt/ fo(d+d,) = ZUt/ dr0; = vt/ [(drograd) — (dr A grad)], (2.18)
rt rt rt
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where vt denotes the total value of an improper integral [9-14], such that
vt/ drd; = lim drE§r = lim ( dr3r + Z/ drd,) = (2.19)
e=0T e=0T JOR,
= vp/ drd,.+ hm / . drd, = vt/ drd,+ hm / ard,,
e—0*t ac(r;e oc(r;€)
and vp denotes the Cauchy principal value. The vector integral operator
Slir(])n+ R drE§r =27é Z Res(Oy, 7;) + Z /i+ drdy— /1,-_ drd, )+ (2.20)

ncl

+27é Z Res(0y, /o]) + 2 /l.+ dro,— /li drdy),

where fl* drd, = lim,_,p+ fl drdy, that s, fl drd, = lim,_,p+ fl drd,, as well as lim,_, g+ f o) d10r =

27éRes(0y, r;) and lim,_,o+ f %) drfir = 27t&Res(0rx, %;), is the residue operator in G.

The vector integral operator over G is introduced, as follows

O
= 3 2 - 3 2 .
20t /G+ (dE A dr)0% = 2vp /G(dr Adr)d% + El;]r(])n+ . droy. (2.21)

Here, vp [ (dF A dr)0% = lim, o+ Y74 Jo, (dEA dr)0Z, (df A dr)f, = 2tdrdg and

vt/ (dF A dr)d% — Ut/ (df A dr)d% = 27t Z Res(0y, 1), (2.22)
so that
2ut /G+ (dF A dr)0% = op /G rdrd(foro div grad + forg x curl grad)+ (2.23)
O
+ lim dr0y,
e—0t JOR,
since
I
02 = 0:0; = ﬁ[ro [ror(ro,) + 8?02] + rl(af(p - a%,,r)] = (2.24)
= %(ro div grad + g x curlgrad).
Obviously,
) 1 4 o
divgrad = 2 [ror(roy) + afaz} = r—z(rﬁf - ¥0z) and (2.25)
curlgrad = 10 ;rJ‘ (B%Dr - 834,) = %(Iﬁf X ¥0z) = 0. (2.26)

Definition 4. Let !, denote the vector differential form obtained by applying dxd, to some scalar or vector field
in Vo, which has continuous partial derivatives at every point of G. Then, !y is regular in G.

Definition 5. Let !; be reqular almost everywhere in G (everywhere except on the finite set S C G of singular
points r; € G and %; € G\AG). Then, !y is integrally summable on the set S if and only if

O
lim I, € Vo (2.27)
e—01 JOR,

The proof of the fundamental theorem that follows, as can be seen, is an explicit consequence of
Green’s theorem [6].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 1. Let !y and !g be regular almost everywhere in G (everywhere except on the finite set S C G of
singular points r; € 0G and %; € G\0G). Then,

O
ot / L — ot / a,, (2.28)
ot G+

where d!y = 2!g.

Proof. Since
drd, = drograd —dr A grad =

I Iy 1
= S (d+dy) = Z[ro(drd, +dgdy) + o1 (rdgd, — ~drd,)),

it follows from Green'’s theorem and the vector relation (2.24) that

O
I, = Ig, foreveryi=1,2,..., 1.
S/ 7 4 7
fo= y ,

Therefore, according to (2.19) and (2.22),
) O
of [ 1= lim ( !r+2/ ) =
o es0t Jare T 5o,

= lim ( '—i—Z/ !S)zzwfﬁvs

.€—>OJr IR,

O

Remark 1. If the set of singular points, either on the contour <y or in the region G, is an empty set, then the
choice of a representative point (either r on the contour <y or % in the region G, respectively) is arbitrary. If,
in addition, the field is uniform [7], then fﬁ I, = fl? Iy, so in that case, the choice of representative points is

not necessary. On the contrary, if there is a limit lim, o+ [ % ', and |. 8%5 Iy tends to infinity as € tends to
zero, then the limit lim, _,q+ Y1 4 fa%- It = vp [ !s is also infinite. Obviously, the indeterminate form of the

difference of two infinities, in this emphasized case, leads to the finite limit lim, o+ [ ﬁ .

According to (2.28), since
(dr A d¥) (0% — 0%,) = —Rorg rdrde| curl grad| = forodrd(p(afq, - B%P,), (2.29)
it follows that

O ¢] -
Forout / d = ot / (D, + dEd;) = ot / (dE A dr) (9% — 02,) = (2.30)
ot ot G+

= Forovt /G  drdg(32, — 32,).

If r9,(ro,) = —8?02, then 92 = 5% =0 and

1 -
81-2 — 5 [rarZ - rO(a%pr - ;a(p)] = rOar(6r)/ (2.31)
since . .

61_2 = 0,0 = (I‘Oa fo;aq,)(foar - fo;aq;) = (2.32)

Iy

2
42[r0[r8r(r8r)—8é2—2r8] #(95, + 97, — —~9p)].

Clearly, 552 = 532.
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2.2. Integrals of Scalar and Vector Fields
The vector differential of a scalar field F : V, — R is as follows
dF = 1o (0 Fdr + 0:Fd¥) = ro(fdr + fd¥), (2.33)

where f = 0,F. The second vector partial derivative of F is the first vector partial derivative of the
vector field f, so that

Ocf = 0%F = :%[[rar(raf) — afozp — 270, F])fo— (2.34)

2
—[(95,F + 07, F) — ~9yFlt] and

Ocf = OF = L2 [rd(rd,F) + % F). (2.35)

If f = O,F and f = OzF are uniform vector fields, then by applying the vector integral operator
(2.30) to the scalar field F, a vector integral identity is obtained

O @) O _
Foro0t / dF = of / (8;Fdr + 0:Fd¥) = ot / (fdr + Fdf) = (2.36)
e e e
= ot /G+(6%TF — D2,F)(dE A dr) = Foroot /G+ (a%,,rF - 8%¢F)drdq0 =

1y ng ny ng
= (278)[)_ Res(f,ri) + ) _ Res(f, %;) + Y _ Res(f,ri) + Y _ Res(f, %;)],
i=1 j=1 i=1 j=1
where lim,_,q+ fa%s fai = (2me)[L;”, Res(f,r;) + Z?:Gl Res(f, %;)]. An integral identity of complex
analysis, which is an analogue of the vector integral identity (2.36), is the integral identity of Cauchy’s
integral theorem [7].
As a%,,rp = afq,F and if, in addition, rd,(rd,F) = —8?0213, then 3, f = Ozf = 0, that is,

rd; f = —19 1 dpf and (2.37)
10:f = 10%F = r0,(0;F) = rd, f. (2.38)
A vector field f, satisfying the Cauchy-Riemann condition 1d, f = —r dy f, is said, analogous to

complex analytic functions, to be an analytic vector field. Hence, an analytic vector field is a vector
derivative of the Laplace scalar field F. Clearly, the coordinate components of the analytic vector field f
are also Laplace scalar fields.

Assume that the analytic vector field f, as the vector derivative of the Laplace scalar field F, is not
defined at the point % € int.G, where G is a region in the field of vectors V3, bounded by a closed
smooth Jordan curve 7y, as well as at point r on curve <. The vector integral identity

O O O
forovt/ dF = vt/ O Fdr = vt/ fdr = (2.39)
7t 7t i

— (2n¢)[Res(f,r) + Res(f, %)) + [ fair— [ fax,

is a vector analogue of the integral identity of Cauchy’s integral theorem, which is slightly generalized,
since in this emphasized case

©)
2 mids A Fe) — T _
vt /G+ 0zF(df Adr) = elir(gl+ o, fdr = (2.40)

= (2r@)[Res(f, ) + Res(f, %)) + [ fdr— [ fa.
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Definition 6. If a vector field F is differentiable (regular), but not analytic, in an arbitrary region G of the field
V., bounded by a closed smooth Jordan curve -y, then the gradient of F, as the surface (spatial) derivative of F,
is defind by
O
lim — / Fdr = 20:F(%;) = grad F(%;), (2.41)
G‘}%k SG o
_ Oy, _ O

where 2S¢ = f'r tdr = fv r Adr.

Remark 2. Obviously, some vector field F is regular if and only if the differential form !y = O.F is reqular. The
gradient defined above is the vector analogue in V of the Pompeiu areolar derivative of a complex function, [8].

Similarly, based on the vector identity (2.9), the so-called cumulative surface (spatial) derivative
of F can be defined as follows.

Definition 7. If a vector field F is differentiable (reqular), but not analytic, in an arbitrary region G of the field
V3, bounded by a closed smooth Jordan curve -y, then the cumulative surface (spatial) derivative of F is defind by

O
lim i / Fdt = —261-1:(0/01() = Tgrg X curlF(%k) — forpdiv P(o/ok). (2.42)
G—%j SG Y
By (2.41), if F is a regular and uniform vector field in the e-neighborhood C2\{0} of its singular
point % = 0 and lim;_,o 0:(r?F) = %q € V,, then

1 © & [0,
Res(F,0) = (278) ! lim | Fdr= — lim - / 2Fdr = (2.43)

e—0T Jc? e—0+ 2712 J 0

= lim Slcgvt [, 3:(2F)ds = lim (2 F) = %,
If 0:F = 0, then Res(F,0) = limy_,o tF = %y, which is another vector analogy to the well-known
result of complex analysis. Let F be an analytic vector field, such that lim, o+ (F/Inr) leads to the
determinate form only after the application of L'Hospital’s rule n times. Then, the vector formula for
Res(f,0), being analogous to the complex analysis formula, can be obtained via the vector identity
rf = rd,F, see (2.38), where f = 0,F. Namely, since the same vector identity applies to the analytic
vector field " f = r"0,Fry...ry, it follows that
——

n—1
Oe(r"f) = (nr"10,F 4+ r"0% F)r..xg and (2.44)
n—2
0% (X" f) = [n(n — 1)r""29,F + 2nr" 104 F + "% F]ro...xg. (2.45)

n—3

Accordingly, applying L'Hospital’s rule,

1 n! noop—1 rro&F
—  limd" ) = ——— i T = 2.4
=11 2 O (1) (n—l)!rir&k;( n—k )R (2.46)
n : nn n—1
— —k n lim, o+ 7 JuF _ (_1) .
B [k;(*l)n ( n—k ) (n—l)!r - (n—1)! rlgtl)lrn mE.
Further, since f = ¥pd,F is an analytic vector field, it follows that
oL f = (g)" " Fand (2.47)
— lim(—r)""  f = (=)t lim 7"9"%F = limrf (2.48)
(n—1) >0 e = 1) et T 0 '
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This means that L’'Hospital’s rule can be explicitly applied to the vector field rf.
If some analytic vector field f is regular in an arbitrary region G bounded by a closed smooth
Jordan curve vy, then for the vector field

n—1 l.k

fx+%a) = [f(%a) + k_Zl 5'§kf(%A)H]f

where {0, %4} C int.G, according to (2.39), (2.46) and (2.48), the following is true

k
lim vt/{f +%4) = [f(%n) +26kf %) ]}rfilz (2.49)

e—0t

’SH 1 o o = k £(0 rk Aﬁg"f((%A)
=2melim Z{f(r+%a) —[f(%a) + k:Zl Opf (%oa) ]} = 2me =2 ===
Hence
°/o
27'( t/ FOE%A) e — o, £ (%), (2.50)
O

since vt [ ,yr’”dr = 0, whenever n > 2. This is the vector analogue of the well-known Cauchy’s integral
formula.

If some vector field F = Fry + F| 1y is such that the scalar fields F and F, have continuous first
partial derivatives in region G, bounded by the closed smooth Jordan curve -, almost everywhere
(everywhere except on the singular set S C G), then by applying the vector integral operator (2.30) to
the vector field F, one comes to the following vector integral identity

O O -
ot / dF = vt / (0 Fdr + 0zFd¢) = ot / (0% F — 0% F)(di A dr) = (2.51)
rt+ yt+ G+

1y ng My ng
= (27t&)[)_ Res(O.F,r;) + )_ Res(0:F,%;) + ) Res(O:F, ;) + )  Res(0zF, %;)],

i=1 j=1 i=1 j=1
since
95 F — 07, F = x0(95, F — 97, F) + 191 (95,F L — 97,F1) = 0. (2.52)
Consequently,
02.F = 0%4F = %5f(f01‘0 div F + curl F X ¥grg) = (2.53)

B 10, (ro, F) + 824,21: _divgrad F

o 4r? - 4 '
Clearly, in the general case, curl grad F = 4(0; x #0z)F/r*> = 0 is not the same as curl(¥y grad F) =
4(¥0z x T8Oz F) /r*. Namely,

I I 1
r—g(f?)f oFfggrad F) = 50 0% F + r—Z(a;ZF —3yF, )] and (2.54)
:—g(fa AT grad F) = Ol [%F, + = ! (afozFL +3,F)). (2.55)

So, div grad F = 4(%0; - ¥0;z) F / r? differs from div(fo grad F) = 4(70; - #%00:F) /r>. Accordingly,
2
403 F = divgrad F = % (¥0z o Ty grad F + ¥0z A Ffp grad F)+ (2.56)

—i—r?O grad F = rg div(Fp grad F) + curl (¥ grad F) x ro + r70 grad F,
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since
ro(FoOz 0 FoFp grad F + F9Oz A FoFg grad F) = ro[ro0r (T grad F)] = (2.57)
= _r70 grad F + O, grad F and
20 (¥ grad F) = Forp div (¥ grad F) + curl(¥p grad F) x Foro, (2.58)

which can be explicitly obtained if in (2.9) F is formally replaced by ¥y grad F. Therefore, the two

identities 5. and 6., on page 85., in Section 3.16., Chapter 3., in [15], should be replaced by: 5.

curlgrad F = 0 and 6. div grad F = 0 if F is either an analytic vector field (0:F = 0) or a Laplace vector

field (0,F = 0). In both of these cases, the vector field F satisfies Laplace’s equation 0, (19, F) = —824) ,F.
Consequently,

O 7y O
ot / N0 dF+d,F) = ot / 0, Fdr — (2.59)
vt 2 '

_ 2 - = _ fOrOL .
= vt/G+ O F(dT Adr) = > vt /G+ rdiv grad Fdrde.

On the other hand, let F = Fry + F| ry; be continuous in an arbitrary region G bounded by a
closed smooth Jordan curve -, in which the partial derivatives d,F, d4F, d,Fand d,F | exist and satisfy
the Cauchy-Riemann equations

Then, according to the Looman-Menchoff theorem [1], both the analytic vector field ¥oF and the Laplace
vector field roF can be said to be regular (holomorphic) vector fields in G. Therefore, on the basis of

(2.50),
n O ¥F ioF limy 0 O (foF)
(2re) l/“r il dr = Res(77,0) = = 11!r ' (2.61)
In addition, 5 _
(278)~1| / Far—op / fogradF o _ F(0) and (2.62)
0% iy G r
o F v F
re) | [ Lipr e divFtcurlF Xro,6 . _po), (2.63)
v I G r
where fgrad F = —F and rdiv F — r x curl F = —F. These vector integral formulas are analogous to

the Cauchy-Pompeiu integral formula of complex analysis [17].

On the basis of the previous results one can say that there is a complete analogy between complex
analysis in C and real vector analysis in V3, thus all the results of complex analysis are applicable to
scalar and vector fields in V, and vice versa. In doing so, z is formally replaced by r, and the imaginary
unit i, more precisely the ivector f, is replaced by the vector & and vice versa (z = r and j = &). This
conclusion can be even more obvious if a formally analogous method of deriving previously obtained
vector identities is applied to the field of complex vectors V¢, which corresponds to the ivector field
(field of complex numbers) C, in the sense of the correspondence: 1 = e and j = &, where the unit
vector e and the pseudo-unit vector & (& - & = —1) form an orthogonal basis of the field of complex
vectors V¢, whose algebraic structure is based on the geometric product of two complex vectors
r; = ae + bé and r, = ce + dé as follows [9]

- - - 1, - - oo
P, = = (fr2 + 112) + E(I'll'z —1f) = (r; - Re—(f) xXF) xe= (2.64)

N —

= (1 1rp)e+ (r; X rp) x e = [(ae — b@) - (ce + dé)]e + [(ae + b&) x (ce + dé)] x e.
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3. Algebraic Structure of the Field of Vectors V3

The Euclidean space R3 consists of three Euclidean spaces R2, which means that the field of vectors
V3, isomorphic to it, consists of three fields of vectors V,, with base vectors e; and &; (i = 1,2,3), such
that e; = &3,e; = &; and e3 = &,. Hence, the three plane vectors (a); = (ae + &), wherea; = a-e;
and @; = a - &;, are component vectors of an arbitrary spatial vector a € V3, such that 2a = (a),e’. An
index repeated as subscript and superscript in a product represents summation over the range of the
index, by the Einstein summation convention.
Definition 8. Let (a); = (ae + a&); and (b); = (be + b&); be component vectors of two vectors a and b in
V3, respectively, such that a = (a);e' = (ae — 4&),e' = 0. The commutative geometric product ab in V3 is
defined as the sum of the geometric products of the component vectors (a); and (b);, as follows

(ab),e

i e
ab=aob+aAb= \2/§Z :[<a0b>i+<a/\b)i]%. (3.1)
Since < _> ) <_ > ‘ ‘
_ ab) e a).e el
ab = L — L =[(boa):+(bAa)]|-—, 3.2
7 7 [(boa); + (bAa)] 7 (32)
it follows thatao b = (ab + ba)/2and aAb = (ab — ba) /2.
On the other hand, the vector
_ 1, 4
a”l = 7 (a '), (3.3)
where (a~1); = (a/||a||*); and ||a||? = (a® + 4%),, such that
-1 >‘ei el
ala= 7<a i€ _ - 3.4
BB oD

is the inverse vector of the spatial vector a, which allows division by the vector in V3. If (ab — ab) is
denoted by the bracket [a, b], then

aAb).e axb): xe a,b];e!

a/\b——< \2@>’ ——< \2/% __[\Z/]é and (3.5)
aob).el a-b).el ab + ab);e

acb < \Z/§>l < \Zf?il : \2/§>1 ) (.6

3.1. Integral Identities in V3
Let F = (F);e! = (Fry + F 1y, );e’ be a spatial vector field, such that

(Fdt); = ((Fdr +rF dp)e + (F dr — rFdg)e),. (3.7)
For the 1D vector differential forms in V3

(Fdf),e! (Fdr).el

I = Fdf = 7 and !, = Fdr = %’ , (3.8)
where 2dr = (dr),e’, the 2D vector differential forms in V3 are as follows
Q\.al
dly = —20,FdS = 4% and (3.9)
V3
- == a . (0FdS)e
dl, = 20,FdS = % (3.10)
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where 24S; = (df A dr);.
According to Theorem 1.,
(vt ; Fodr)e = —2(01‘/ (B: AF)dS);e’ and (3.11)
oyt Gt
(ot / B Adr)el — 2(ot / (3: 0 F)dS) e, (3.12)
oyt Gt

where the regions G;, bounded by closed smooth Jordan curves v;, are the normal projections of the
smooth surface S in V3 onto V%, so that

e w—ot [ Far— L (vt OFd‘> i (3.13)
v i=v = ->=(v r)je' = .
as+ s+ Y3\ S

= —zi(vt/+ 0.FdS);el = -2 /8+ 0,FdS = /S+ d!r and

t t OFd 1<t OFd>i (3.14)
1Y =0 r= 1Y r),e = .
/ " s+ Y3 S

_ = N EAC\ Al T - 7
%@t/m 3. FdS);e _2/5+ 3. Fd$ _/S+ dl,.

Furthermore, since, see (2.9),

((5,F — 0;F)dS); - e = ((curl F x e) 0 d8); - & = (3.15)

= (curl F); - (e x d§)" = (curl F)' - dS; = curl F - dS and
"% ((0,F 4+ 0,F)dS); = e x ((divFe x dS) x e); = (divFe)’ x d§;, (3.16)

the previous two vector identities leads to the generalized Stokes integral identity
O
ot / F.dr = 20t / (9; A F) - dS, (3.17)
oS+ S+
where F - dr = (Fodr), - e and dS = e x dS;, as well as to the vector integral identity
t Ode—iu/ Oz o F)' x dS; (3.18)
v /a o r= 7 ot | O i .

where F x dr = e’ x (F A dr),. Obviously, the fundamental theorem in V3 is as follows

Theorem 2. Let !z and d!z be regular almost everywhere in S C V3 (everywhere except on the finite set S C S
of singular points). Then,

o [ te=ot [ ab (3.19)

aS+
On the other hand, for an arbitrary region V in the field V3, bounded by a closed smooth
surface 9V, if an arbitrary vector field F = Fe + F& satisfies the conditions of the divergence (Gauss-

Ostrogradsky) theorem, then a procedure, similar to that for obtaining the integral identity (2.27), leads
to the following integral identities

vt/ (n' - dS) —vt/ (FdS);e —ZUt/ (¢ o Fe + 0z A &) e'dV and (3.20)

vt/ (F x n);(n' - dS) :—vt/ (FdS) ;e fZUt/ 3: A\ Fe) eldV, (3.21)
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where n; = (e x &); and dS; = (& x (e x dS)),. Therefore, since dS; = (dS — dS); it follows that
o
ot / FdS — 20t / O, FdV. (3.22)
av v
In addition, if 2(0;z o F); - e/ = divF and e’ x 2(3z A F); = curl F, then

O
ot / F.dS — ot / div FdV and (3.23)
v+ v+

O
ot / dS x F = ot / curl FdV, (3.24)
v+ \%s

which is a generalization of the well-known integral formulas in field theory. In this acute case, FdS is
the vector differential form !s, such that

i
dlg = 20,FdV = 2<5r2\%edv. (3.25)

Consequently, another fundamental theorem in V3 can be formulated as follows

Theorem 3. Let !5 and dlg be reqular almost everywhere in V. C V3 (everywhere except on the finite set S C 'V
of singular points). Then,
O
of [ tg=ot [ . 3.26
v+ ve oo (3.26)

4. Conclusion

Based on the integral identities obtained in the previous sections, all fundamental integral identi-
ties, from Cauchy’s integral identity of complex analysis, through the Kelvin-Stokes (Green’s) integral
identity and the Stokes integral identity, as well as Gauss-Ostrogradsky’s integral identity, all the way to
the Newton-Leibniz formula [13], can be expressed by one vector integral identity

O
ot [ 1=ot / ar, 4.1
o0+ Ot

where Q) is the boundary of the corresponding compact region () in V3. For the Newton-Leibniz

formula, the vector differential form ! is the vector field F = Fe, such that
O

AF(I) = [F(b") —F(a")]e = ot a+! (4.2)

I

is an interval vector field and d!(%) = 20,F(%)dr = [lim]_,¢, (AF/71)]dr, where I is some compact

interval [a, b] of the real line R and ~; = yje is the vector Lebesgue measure of 1.

So, in (4.1)

O
at(%) = lim | 1. (4.3)
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