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Distributions and an Alternative to Random-Effects
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Hening Huang
Teledyne RD Instruments (retired), San Diego, California, USA; heninghuangl@gmail.com

Abstract Many fields or disciplines (e.g. uncertainty analysis in measurement science) require a
combination of probability distributions. This paper examines three methods for combining
probability distributions: weighted linear pooling, geometric pooling, and the law of combination of
distributions (LCD). It provides insights into these three methods under the normality assumption.
It shows that the weighted linear pooling method preserves all the variability (including
heterogeneity) information in the original distributions; neither the geometric pooling method nor
the LCD method preserves all the variability information, leading to information loss. We propose
an index for measuring the information loss of a method with respect to the weighted linear pooling
method. This paper also shows that the weighted linear pooling method can be used as an alternative
to random-effects meta-analysis. Three examples are presented: the combination of two normal
distributions, the combination of three discrete distributions, and the determination of the Newtonian
constant of gravitation.

Keywords: combining distributions; gematric pooling; linear pooling; meta-analysis; probability
distributions

1. Introduction

The purpose of combining probability distributions is to obtain a single, refined distribution
(referred to in this paper as the combined distribution) that incorporates the information about the
same unknown quantity in the original distributions. The need to combine distributions arises in
many fields or disciplines, including measurement science, economics, machine learning, statistics,
and risk analysis. Combining distributions may be under other terminology such as aggregating
distributions (e.g. Clemen & Winkler, 2007), combining expert judgments (e.g. Clemen & Winkler,
1999; McAndrew et al., 2021), conflation of probability distributions (e.g. Hill, 2011), and fusion of
probability density functions (e.g. Koliander et al., 2022).

The problem of combining distributions has been reviewed by several authors, such as Genest
and Zidek (1986), Ouchi (2004), McAndrew et al. (2021), and Koliander et al. (2022). In this paper, we
focus on three methods: weighted linear pooling, geometric pooling, and the law of combination of
distributions (LCD) (Huang, 2020). The LCD method is called the method of conflating distributions
by Hill (2011). Although these three methods have been discussed in the literature, detailed and in-
depth comparisons between them seem to be insufficient. In particular, no discussion on the possible
information loss caused by these methods was found in the literature. This paper fills this gap.

Philosophically speaking, combining distributions is to consolidate the information from several
independent sources. This is similar in nature to meta-analysis, a statistical procedure for combining
the results from several independent studies (which can be represented by probability distributions).
These studies often have difference in their design and conduct, leading to heterogeneous results
(Langan et al., 2019). An important task in meta-analysis is to estimate the variance of heterogeneity
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based on the Gaussian random-effects model. This is therefore called random-effects meta-analysis.
There are many statistical methods for estimating heterogeneity variance. These methods can be
classified into two broad categories: closed-form (non-iterative) estimators and iterative estimators
(Veroniki et al., 2016). The well-known DerSimonian—Laird (DL) method (1986) is a closed-form
estimator. The Hedges and Olkin (HO) method (1985) is another closed-form estimator. The Paule-
Mandel (PM) method (1982, 1989), the maximum likelihood (ML) method (e.g. Hardy & Thompson,
1996), and the restricted maximum likelihood (REML) method (e.g. Raudenbush, 2009; Viechtbauer,
2007) are well-known iterative estimators. For reviews on heterogeneity variance estimators, the
interested reader is referred to Sidik and Jonkman (2007), Veroniki et al. (2016), Petropoulou and
Mavridis (2017), Langan et al. (2019), and Tanriver-Ayder et al. (2021).

This study was originally designed to compare the three distribution combination methods.
However, when examining the weighted linear pooling method, we found that its calculation results
of heterogeneity variance were consistent with the results of random-effects meta-analysis. Therefore,
we extended this study to explore the application of the weighted linear pooling method in random-
effects meta-analysis.

In the following sections, section 2 describes the weighted linear pooling method and its use as
an alternative to random-effects meta-analysis. Sections 3 describes the geometric pooling method.
Section 4 describes the law of combination of distributions (LCD). Section 5 discusses the information
loss of the geometric pooling and LCD methods. Section 6 gives three examples: two for comparing
the three methods and one for random-effects meta-analysis. Sections 7 presents conclusion.

2. Weighted Linear Pooling (Method 1) and Its Use as an Alternative to Random-
effects Meta-Analysis
Consider N independent distributions of a quantity Y. Each distribution has two parameters: the

mean g and variance o2. We assume that Y is normally distributed N(y, 0?). The weighted linear
pooling method gives a combined distribution of Y with the combined PDF

pL(Y) = Tk wip (), (1)

where w; is the weight that satisfies the condition Y.}_; w; = 1. We use the inverse-variance weight.

That is,
weo YR @
1 (1/a?)
The mean of the linearly pooled distribution can be calculated as
wo=EY]=[yp()dy = Zkoawie [ ype(0)dy = Tiioa wiekty, ®)

which is the weighted-average of uy, the means of the original distributions.
The variance of the linearly pooled distribution can be calculated as

w? =Var[Y] = f (v = u)? pL(y)dy @
N
= Z Wy f(y —w)? p(dy,
where -
o= w2 o)y = [ =+ e = )y )

= [ = e + 8 0y = [[(y — w)? + 200y — ) + A2 p (y)dy =
S = w)* ey + [ 20y — w)pe )dy + A% [ pp(y)dy = o + 0 + A2
Thus,
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k=1
N
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k=1 ,
. . _ 1/0}, . . .
Substituting wy, = ) into Equation (6) yields
N 2 2
f=2[ 7 % =0k T 5w % 7 (Hk_#L)Z] "
L3, /o)™ T, /oD

N
ICVZI R (1/02)2[ z (i = “L)]

=O_WA+T

2 _ N
where oy, = Z—ziv:l RS and 72 Z{vl (1/U2) Zk 1[ (e — 1) ]

It is important to note that oj,, the weighted-average of the variances of the original
distributions, can be regarded as the within-study variance in random-effects meta-analysis, and 72,
the variance of the original distributions, can be regarded as the heterogeneity variance in random-
effects meta-analysis. Thus, we can construct a normal distribution N(u;, w?), which has the same
mean and the same variance as the linearly pooled distribution. This approximate normal
distribution is consistent with the result of the meta-analysis based on the Gaussian random-effects
model. Therefore, the weighted linear pooling method can be taken as an alternative to random-
effects meta-analysis. That is, the average effect is calculated as the inverse-variance weighted-
average (inverse-o* WA), i.e. Equation (3), and the heterogeneity variance is calculated as

L S— ©)

= [ (e = p)* ]
Furthermore, the heterogene1ty index can be defined as

2 _ T2 72 9

I - T2+0']3VA - 24 N . ( )

N 1
k=12
Tk

There are two advantages of using the weighted linear pooling method for random-effects meta-
analysis. First, Equation (8) is a closed-form (non-iterative) estimator of the heterogeneity variance.
Therefore, it is easier to implement than the commonly used iterative methods such as the Paule-
Mandel (PM), maximum likelihood (ML), and restricted maximum likelihood (REML) estimators.
Second, Equation (8) always gives positive values for the heterogeneity variance. In contrast, the PM,
ML, and REML estimators may give negative values for the heterogeneity variance, which need to
be truncated to zero.

3. Geometric Pooling (Method 2)

The geometric pooling method gives a combined distribution of Y with the combined PDF

o) N/Hﬁzlpk(y) (10)
Pe(y) = —f———,
§ NI prGay

where [ N/TIV_, p«(y) dy is the scale factor that ensures the integration of the combined distribution
pe() to be one. Note that [ /TIN_, px(y) dy is called the N-distribution Bhattacharyya coefficient

(Kang and Wildes 2015).
_—mp)?
Since the original distributions are assumed to be normal, ie. pi(y) = ak\I/Ee 29} the
geometrically pooled distribution is also normal. It is readily to derive that
_(y—uzg)z (11)
20,
be (y ) oG \/— e G,

where
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Ue = SN N 1 Zk 1 zﬂkr (12)
k=1_2 2
9k
and
2N _ (13)

o; = = Ojya-
Ry M

In the special case that there are only two PDFs p,;(y) and p,(y), Equation (10) reduces to

p (y) — VP1(¥) p2() (14)
G J 01 p2(ay

Note that [/p;(y) - p,(y)dy is called the Bhattacharyya coefficient, an index for measuring the
similarity (or overlapping) between two distributions (e.g. Kang and Wildes 2015).

4. The Law of Combination of Distributions (LCD) (Method 3)

According to the law of combination of distributions (LCD), the combined PDF is the normalized
product of the PDFs of the original distributions (Huang 2020). That is,

_ =i pe®) (15)
PLeo (V) = T eovay

where [[I¥-; px(¥)dy is the scale factor that ensures the integration of pycp(y) to be one.

Since the original distributions are assumed to be normal, the LCD-based combined distribution
is also normal. That is,

~ . _(y;:gcu)z (16)
Preo(Y) = pp— Lo,
where
Hiep = SN oN 1 Zk 1 z/ik/ (17)
k=1 2
9k
and
1 1 18
O-ECD=W NUVZVA- (18)

It is important to note that the LCD method is the same as the method of conflation of probability
distributions discussed in Hill (2011). According to Hill and Miller (2009), “The conflation of
distributions has a natural heuristic and practical interpretation — gather data from the independent
laboratories sequentially and simultaneously, and record the values only when the laboratories
(nearly) agree.” This means that the values that the participating laboratories disagree on are not
recorded (or are ignored), resulting in a loss of information on the heterogeneity (variability) between
the laboratories.

In the special case that there are only two information sources: prior and current, Equation (15)

reduces to
_ Pprior(®) ‘Pcurrent(y) (19)
Prep (y) fpprior(y) ‘Peurrent)dy ’
where pprior(y) is the prior PDF, peyrrent(y) is the current PDF.

It is important to note that Equation (19) has the same look as the one-dimensional Bayesian
theorem for continuous random variables. However, as discussed by Huang (2020), the LCD method
differs from the Bayesian method in a number of aspects.

5. Information Loss of the Geometric Pooling and LCD Methods

Under the normality assumption, the means of the three combined distributions are the same,
ie. yu, = pg = ucp. However, the shapes of the three combined distributions are significantly
different (as shown in the examples below). The linearly pooled distribution is not a Gaussian
distribution; it may have heavy tails, multiple modes, and nonzero skewness (Wang & Taaffe, 2015).
This is because the linearly pooled distribution takes into account all the variability in the original distributions
(Clemen & Winkler, 2007). On the other hand, the geometrically pooled distribution or the LCD-based
combined distribution is a Gaussian distribution, which does not take into account all the variability in
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the original distributions. In particular, the geometrically pooled distribution or the LCD-based combined
distribution does not preserve the heterogeneity between the original distributions.

We assume that the linearly pooled distribution has no information loss. That is, the weighted
linear pooling method preservers all the variability (including heterogeneity) information in the
original distributions. Then, the information loss of the geometrically pooled distribution or the LCD-
based combined distribution can be seen by comparing the variances of the three combined
distributions. The variance of the linearly pooled distributionis w? = 03, + 72, which consists of two
parts: 0%,, the weighted-average of the variances of the original distributions, and 7%, the
heterogeneity variance of the original distributions. However, the variance of the geometrically
pooled distribution or the LCD-based combined distribution consists of only one part: 6§ = o34 or
oip = %O'VZVA . Neither the geometric pooling method nor the LCD method accounts for the

heterogeneity between the original distributions. In other words, these two methods do not preserve
all the variability information in the original distributions.

The reason why the geometric pooling method or the LCD method leads to the information loss
is that its mathematical operation (average or summation) is performed in the logarithm transformed
probability space. In contrast, the mathematical operation (average) of the weighted linear pooling
method is performed in the original probability space. In statistics, transformation of variables or
data may facilitate mathematical formulation. However, cautions should be taken when dealing with
transformations that may affect the interpretation of the obtained model and subsequent statistical
inference (Huang, 2018a). Harrell (2014) pointed out: “Playing with transformations distorts every
part of statistical inference....”

In the logarithm transformed probability space, the geometric pooling is written as

log [ps ()] = + ZN_4 log [ ()] — log [ VIT=, P () dy)], (20)
and the LCD is written as
log[prco )] = Xh=1 loglpx ()] — log[f TTR=1 Pk () dy]. (21)

Note that Equation (20) is an average operation in the logarithm transformed probability space.
That is, the geometric pooling method averages the Shannon information content —log [p,(y)]. On
the other hand, Equation (21) is a summation operation in the logarithm transformed probability
space, which can be rewritten as

loglpLcr (3] = 3 N Zi=; loglp ()] — loglf [T~y P (»)dy]. (22)

That is, the LCD method averages the N times the Shannon information content —N log[p, (3)].
This explains why the LCD-based combined distribution has a smaller variance (less than N times)
than the geometrically pooled distribution.

The information loss can also be explained by considering the fact that the geometric pooling
method and the LCD method only account for the overlap of the original distributions. Consider the
case of two original distributions. If the two distributions do not overlap, then neither the
geometrically pooled distribution nor the LCD-based combined distribution will exist because the
denominator in either Equation (10) or Equation (15) will be zero. Therefore, in the special case where
the two distributions do not overlap, using either of these two methods will lose all the information
in the two original distributions.

We define an index for measuring the information loss of a method with respect to the weighted
linear pooling method. The information loss index for the geometric pooling method is

1.9 _1_ fﬂﬁm (23)
Xe =1 oL 1 o8y 4t

The information loss index for the LCD method is

—1_0%p _q_ / Iva (24)
Xeep =1 o, 1 N(o 4 +72)
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If the heterogeneity variance 72 is zero, e.g. the original distributions are identical and
completely overlapped, x; = 0, indicating that the geometric pooling method does not lose any
information. However, even if 72 = 0, the LCD method always lose some information.

6. Examples

6.1. Combination of Two Normal Distributions

Consider Y1 and Y2 are normally distributed: N(uy,0¢) and N(u,, 02). The PDF of Yiis p,(y) =

_-n)? _-up)?

1 2
20%

0'2 1 j—
o 291 and the PDF of Yz2is p,(y) = -
The analytical expression for the PDF of the linearly pooled distribution is not available. The
2 2
geometric pooling method gives the normal distribution N(ug,02), where pg = % and
1 2
0; = % If 0, = 0, = 0, 0; = 0. The LCD method gives the normal distribution N(u.cp,07cp),
o1 +0'2
where = (Grroiin) o0 62, = B2 T g, =0, = 0, O1cp = <0
Hiep = (c2+a3) Lep = . 1=02=0, Ocp = 50

o?+a%
Figure 1 shows the weighted PDFs of the two original distributions with yu; = 10, o; = 2 and

Uy = 20, 0, = 3, and the combined PDFs based on the three methods. Figure 2 shows the weighted
PDFs of the two original distributions with u; = 10, oy = 2 and p, = 11, ¢, = 3, and the combined

PDFs based on the three methods.

025 —— Weighted distribution 1
' r ——Weighted distribution 2
/ \ ----- Linear pooling (Method 1)
0.20 / \ —— Geometric pooling (Method 2)
2 | \ — -LCD (Method 3)
=
2 015
z
< 0.10
S
&
0.05
0.00

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
y

Figure 1. The weighted PDFs of the two original distributions with y; = 10, oy = 2 and p, = 20, 0, = 3, and
the combined PDFs based on the three methods.
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0.25 —— Weighted distribution 1
’ —— Weighted distribution 2
----- Linear pooling (Method 1)

0.20 —— Geometric pooling (Method 2)
£ — -LCD (Method 3)
=
2 015
z
2 0.10
S
=]
&

0.05

0.00 — =

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Figure 2. The weighted PDFs of the two original distributions with y; = 10, 0y = 2 and u, = 11, 0, = 3, and
the combined PDFs based on the three methods.

As can be seen from Figure 1, the linearly pooled distribution is bimodal. This is expected
because the two original distributions are wildly separated: p; = 10 and pu, = 20. When the two
original distributions are only slightly separated as shown in Figure 2: y; = 10 and u, = 11, the
linearly pooled distribution is unimodal. On the other hand, as can be seen from Figures 1 and 2 that,
the geometrically pooled distributions or the LCD-based combined distributions are unimodal, no
matter how separated the two original distributions are. Note also that, the LCD-based combined
distributions are narrower than the geometrically pooled distributions.

We also calculated the information loss indices for this example. The weighted-average of the
variances of the two original distributions is

2
o2 — 25
= (25)

The heterogeneity variance is

1
= 1)[U2 (1 = 1e)? +— (12 — 1e)?), (26)
o2+0% 2
+
where yu. = —(”2(:‘1;4;5‘2)

Figure 3 shows the plots of the information loss indices y; (for the geometric pooling method)
and y,cp (for the LCD method) as a function of the difference between the means of the two original
distributions with ¢; = 2 and o, = 3.
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1.0
0.9
0.8 -——
0.7
0.6
0.5
0.4 e

03 ="

Information loss index

—— Geometric pooling (Method 2)

— -LCD (Method 3)

0 2 < 6 8 10 12 14 16 18 20

Differenc between two means

Figure 3. The information loss indices y; (for the geometric pooling method) and y;cp (for the LCD method)

as a function of the difference between the means of the two original distributions with ¢; = 2 and o0, = 3.

As can be seen from Figure 3, the information loss index of the LCD method is always greater
than that of the geometric pooling method. This is expected because the variance of the LCD-based
combined distribution is always smaller than the variance of the geometrically pooled distribution.
Note that as the difference between the two means increases, the information loss index also
increases. This is because the heterogeneity variance increases as the difference between the two
means increases.

6.2. Combination of Three Discrete Distributions

Kang and Wildes (2015) considered an example of three discrete distributions with some
overlap. They showed that the overlapping regions produce a Bhattacharyya coefficient value that is
greater than zero. In this study, we use their distribution data (shown in Table 1) to compare the three
methods for combining distributions. For simplicity, we use the arithmetic mean in the weighted
linear pooling method, which gives the combined probability mass function (PMF)

PL(x) =3[Py (x) + P,(x) + P,(x)] (27)

The geometric pooling method gives the combined PMF
3
_ VP1(x) -Pa(x) -P2(x) (28)
Po() = S VPG Polep) Paxp)”
where M is the number of bins.
The LCD method gives the combined PMF

R 1 CON 1CIR 16 29
Pren () M 1) Pa(xp) Pa(x) @9)

Table 1 show the PMFs of the three original distributions and the combined PMFs obtained by
the three methods.

Table 1. The PMFs of three original distributions and the combined PMFs obtained by the three methods.

X Pi(x) Px(x) P3(x) Pr(x) Pc(x) Prcp(x)
0 0 0 0 0 0
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1 0 0 0 0 0 0
2 0.01 0 0 0.003 0 0
3 0.04 0.15 0 0.063 0 0
4 0.25 0.7 0 0.317 0 0
5 0.4 0.15 0.15 0.233 1 1
6 0.25 0 0.7 0.317 0 0
7 0.05 0 0.15 0.067 0 0
8 0 0 0 0 0 0
9 0 0 0 0 0 0
10 0 0 0 0 0 0

As can be seen from Table 1, the combined PMF obtained by the geometric pooling method or
the LCD method has a probability of 1 only at =5, indicating that most of the information in the three
original distributions is lost. This is because the three original distributions overlap only at x=5. In
contrast, the combined PMF obtained by the weighted linear pooling method retains all the
information in the three original distributions.

6.3. Determination of the Newtonian Constant of Gravitation (Random-Effects Meta-Analysis)

Given a dataset {Gj, 0j} provided by participating laboratories, the Newtonian constant G can be
determined using random-effects meta-analysis (e.g. Koepke et al., 2017; Willink, 2007; Mohr et al.,
2016; Huang, 2018b). Huang (2023) recently analyzed two datasets: one found in Dose (2007) (referred
to as the old dataset) and the other found in Koepke et al. (2017) and Mohr et al. (2016) (referred to as
the new dataset), using eight random-effects methods: inverse-c WA (WA stands for weighted-
average), inverse-02 WA, inverse-RSE WA (RSE stands for root-squared error), DerSimonian-Laird
(DL), Hedges and Olkin (HO) (i.e. arithmetic mean), Paule-Mandel (PM), maximum likelihood (ML),
and restricted maximum likelihood (REML). In this example, we analyzed these two datasets using
the weighted linear pooling method and compared it with these eight random-effects methods.

Tables 2 and Table 3 show the results for G (estimated G), £ (estimated heterogeneity standard
deviation), and the estimated heterogeneity index I? based on the old and new datasets respectively,
using the weighted linear pooing method (this study) and the eight random-effects methods (Huang,
2023).

Table 2. Results for the determination of the Newtonian constant of gravitation based on the old dataset (the
unit for ¢ and £ is 10'*/(m3kg~1s72)).

Estimator G

3 2

(%)
Arithmetic mean (HO) 6.67497 0.00335 99.5
Inverse-c WA 6.67401 0.00120 96.3
Inverse-02 WA 6.67419 0.00081 92.2
Inverse-RSE WA 6.67400 0.00088 93.3
DerSimonian-Laird (DL) 6.67373 0.00081 92.2
Paule-Mandel (PM) 6.67368 0.00131 96.9
Maximum likelihood (ML) 6.67369 0.00110 95.6
Restricted maximum likelihood (REML) 6.67373 0.00119 96.2

Weighted linear pooling (this study) 6.67419 0.00064 88.1
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Table 3. Results for the determination of the Newtonian constant of gravitation based on the new dataset (the
unit for ¢ and £ is 10'/(m3kg~1s72)).

Estimator G £ P

(%)
Arithmetic mean (HO) 6.67367 0.00104 96.9
Inverse-c WA 6.67397 0.00102 96.8
Inverse-02 WA 6.67408 0.00095 96.4
Inverse-RSE WA 6.67385 0.00071 93.7
DerSimonian-Laird (DL) 6.67378 0.00095 96.4
Paule-Mandel (PM) 6.67376 0.00129 98.0
Maximum likelihood (ML) 6.67378 0.00102 96.8
Restricted maximum likelihood (REML) 6.67377 0.00107 97.1
Weighted linear pooling (this study) 6.67408 0.00088 95.8

As can be seen from Tables 2 and 3 that the weighted linear pooling estimates G, %, and I are
consistent with those given by the eight random-effects methods. Note that, as expected, the inverse-
02 WA and the weighted linear pooling give the same estimate G.

It should be noted that the I? values shown in Tables 2 and 3 are significantly different from

those of Huang (2023). This is because this study uses the inverse-variance weighted-average T

to calculate /2, while Huang (2023) used the arithmetic mean %Z’,l’:l o2 . The inverse-variance
weighted-average is very different from the arithmetic mean, especially for the old dataset. However,
I2 is not an absolute measure of the heterogeneity between studies (Borenstein et al.,, 2017). The
strength of the heterogeneity is measured by .

Figures 4 and 5 show the combined distributions for the old and new datasets respectively. As
can be seen from Figures 4 and 5, the three combined distributions are significantly different. The
linearly pooled distributions have heavy tails and multiple modes, while the geometrically pooled
distributions and the LCD-based combined distributions are Gaussian.

0.50 : —— Linear pooling
0.45 .' — = Geometric pooling
0.40 ..... LCD
% 0.35 === Normal approximation
2 030
5 02
-
= 020
2
E 0.15
0.10
0.05
0.00 .
6.670 6.672 6.676 6.678

Figure 4. Combined distributions for the old dataset.
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w0 : —— Linear pooling
0.60 ::: - (Jc_omemc pooling
= e LCD

§ 0.50 - == Normal approximation
2 0.40
5
o
z 030
%
S 020
&

0.10

0.00 -

6.670 6.672 6.674 6.676 6.678

Figure 5. Combined distributions for the new dataset.

7. Conclusions

The combined distributions based on the three methods (weighted linear pooling, geometric
pooling, and LCD) are significantly different. The weighted linear pooling method preserves all the
variability (including heterogeneity) information in the original distributions, while the geometric
pooling method and the LCD method may cause serious information loss. The proposed information
loss index can be used to measure the information loss. The geometric pooling method and the LCD
method must be used with caution in practical applications.

The normal approximation of the linearly pooled distribution is consistent with the results of
random-effects meta-analysis. Therefore, the weighted linear pooling method can be used as an
alternative to random-effects meta-analysis. One of the advantages of using the weighted linear
pooling method is that it a closed-form (non-iterative) method for estimating the heterogeneity
variance. Another advantage is that it always gives positive values for the heterogeneity variance.
Further research is needed to examine the performance of the weighted linear pooling method for
random-effects meta-analysis.
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