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Article

Fundamental Equations for the Turbulent Motion of an
Incompressible Viscous Fluid
Bo Hua Sun

Beijing Institute of Nanoenergy and Nanosystems, Chinese Academy of Sciences, Beijing 101400, China sunbohua@binn.cas.cn

Abstract: In the realm of fluid dynamics, turbulence inherently necessitates the interactions between
fluid viscosity and velocity gradients. This study delves into the foundation of fluid motion equations,
identifying the determination of the fluid’s constitutive equation as the sole artificial element in their
derivation. The paper posits that in turbulent flows, characterized by intense velocity gradients, the
second-order terms associated with the deformation rate in the constitutive equation must be retained,
rather than dismissed. This revelation yields an accurate constitutive equation for viscous fluids,
enabling the derivation of fluid dynamics equations tailored for turbulent motion, devoid of adjustable
parameters, and thus refining the Navier-Stokes equations. As a practical application, we present
an extended version of Prandtl’s boundary layer equation and provide a numerical solution for the
wedge flow boundary layer.

Keywords: Navier-Stokes equations; turbulent flows; constitutive equations; velocity gradient; bound-
ary layers

1. Introduction
Turbulence is a term that swiftly conjures up a well-known adage: it stands as one of the most

formidable challenges in physics and is often cited as one of the "unsolved problems in classical
physics." The quest to unravel turbulence has consumed the brilliant careers of notable physicists
and mathematicians, including Werner Heisenberg, Richard Feynman, and Andrei Kolmogorov, yet
it remains unsolved. It is whimsically legacy that the esteemed physicist Horace Lamb intended to
inquire about turbulence in the afterlife, should he meet the divine [1,2].

The quantitative quest to understand turbulence dates back to 1895 with Reynolds’ [3] pioneering
efforts to analyze the Navier-Stokes equations for viscous fluids through the lens of average statistical
methods, giving rise to the Reynolds averaged Navier-Stokes (RANS) equations. This endeavor has
spanned over a century and a third, with every imaginable mathematical apparatus and computational
resource brought to bear on the problem. Despite this, no seminal advance or breakthrough has
emerged [4–8]. Since the formulation of the RANS equations, the demand of numerous engineering
applications has led to the deployment of a spectrum of approximation techniques to close the
RANS equation set. A multitude of models have been suggested to account for the elusive Reynolds
stresses [9–18]. The question remains: can a universal closure theory for turbulence be crafted that
accurately predicts turbulent motion across a range of scales? Regrettably, after 130 years of collective
scientific endeavor, such a theory remains elusive. Instead, the plethora of models proposed to date
are underpinned by non-rigorous assumptions, typically grounded in experimental observations, and
each carries its own set of limitations [17–19].

Despite the significant strides made in direct numerical simulation (DNS) of turbulence, as
documented in studies by Orszag [20], Rogallo et al. [21,22], Spalart [23], and Moin [24], and the recent
advent of big data and artificial intelligence (AI) techniques in turbulence research, the intrinsic nature
of turbulent flow remains an enigma. As we stand at the cusp of the AI era, gazing towards the
horizon of discovery, we are compelled to pose a resounding question: What is the trajectory to the
resolution of turbulence? Must we await the advent of quantum computing to unravel the enigmas
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through expansive numerical simulations? Across the span of 130 years of numerical simulation
history, a pivotal truth endures: all simulation efforts are grounded in the Navier-Stokes equations,
which are considered to encapsulate the entirety of turbulent phenomena, as evidenced by the work
of [2,8,15,17,18,26]

Confronted with this legacy, we are at a crossroads with two distinct avenues of thought: one that
advocates for a continued pursuit along the path defined by the Navier-Stokes equations, and another
that suggests a return to the foundations, a reevaluation of the equations of fluid motion from their
inception. This reflective approach challenges whether the Navier-Stokes equations should be further
refined or enhanced to account for both turbulent and laminar flows without resorting to the Reynolds
averaging methods, as proposed by Reynolds in 1895 [3].

In pursuit of clarity amidst the shadows, let us survey the historical landscape that gave rise
to the equations governing fluid motion. Euler’s seminal contribution laid the groundwork for the
mathematical depiction of fluid flow, envisioning it as a three-dimensional field of pressure and
velocity that evolves through space. He conceptualized the flow as a continuum of infinitesimal
fluid elements, deriving two interwoven nonlinear partial differential equations from the principles
of mass conservation and Newton’s second law. While Euler’s equations mark a pivotal advance
in theoretical fluid dynamics, their general solutions prove elusive. Notably, Euler’s framework
omitted the frictional forces affecting fluid element’s viscosity-rendering his equations inadequate for
real-world flow phenomena.

It took another century for the incorporation of frictional forces into Euler’s equations, culminating
in the more intricate system we now recognize as the Navier-Stokes equations. Introduced indepen-
dently by Navier in 1822 and Stokes in 1845, this system expands upon Euler’s with a set of nonlinear
partial differential equations that account for the internal friction within the flow field. The Navier-
Stokes equations, encapsulated in the momentum conservation equation vi,t + vjvi,j = − 1

ρ p,i + νvi,kk

and the incompressible mass conservation equation vi,i = 0, where vi denotes the flow velocity field,
p the pressure, t time, ρ the mass density, and ν the kinematic viscosity, stand as the quintessential
model for fluid flow description. Despite their preeminence, the quest for general analytical solutions
to the Navier-Stokes equations persists, an endeavor that has eluded resolution to this day, as noted
by [29–31].

In the pivotal year of 1895, Reynolds embarked on a groundbreaking investigation into turbulent
flow by employing statistical averaging techniques. He deconstructed the fluid velocity into its mean
component v̄i and its fluctuating component ṽi , such that the total velocity vi is given by the sum
vi = v̄i + ṽi . Through the process of time-averaging the Navier-Stokes equations, he derived the
Reynolds-Averaged Navier-Stokes (RANS) equations, formulated as v̄i,t + v̄jv̄i,j = − 1

ρ p̄,i + νv̄i,kk − ṽi ṽj,
with the objective of capturing the mean values of key parameters in fluid dynamics. Despite this, the
RANS equations are complicated by the inclusion of the fluctuating velocity correlation term ṽi ṽj ,
referred to as Reynolds stress, despite not truly being a stress [19]-rendering the equations intrinsically
unclosed.

The prevalence of turbulence models grounded in the Reynolds-Averaged Navier-Stokes (RANS)
equations is immediately apparent, each model striving to infer the connection between the turbulent
viscosity coefficient νt and the mean velocity field through diverse lenses. Central to these efforts is
the Boussinesq hypothesis, which posits ṽi ṽj =

2
3 kδij − νt

(
v̄i,j + v̄j,i

)
, where k denotes the turbulent

kinetic energy density. Essentially, the Boussinesq hypothesis conceptualizes ṽi ṽj as a stress-like
quantity and, by emulating the linear constitutive relationship of Newtonian fluids, fabricates a
potential linkage between ṽi ṽj and the mean flow velocities. The motivation behind the myriad
models proposed for ṽi ṽj stems from a belief that turbulence originates from this term ṽi ṽj, a notion
that is, in fact, a misapprehension.

Indeed, the term ṽi ṽj arises from the convective acceleration within the fluid motion, encapsulated
by vjvi,j, and is an artifact of the Reynolds averaging procedure. Specifically, the Reynolds averaging
of the fluid acceleration yields vi,t + vjvi,j = v̄i,t + ṽjṽi,j, where the mass conservation condition vi,i = 0
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allows us to express the averaged fluid acceleration as vi,t + vjvi,j = v̄i,t + (ṽjṽi),j. This indicates that
the emergence of ṽi ṽj is independent of fluid viscosity; it merely represents the interaction of fluid
velocity with its gradient. Moreover, the inviscid Euler equation, which omits the viscous term νvi,jj,
also yields ṽi ṽj upon Reynolds averaging. As George has pointed out [18], ṽi ṽj is not a stress, but
rather a transformed representation of the fluctuating contributions to the nonlinear acceleration terms.
Since inviscid fluids are incapable of generating turbulent motion, it is clear that ṽi ṽj is not the root
cause of turbulence.

The enigma of turbulence generation lies at the heart of fluid mechanics. While the precise
prediction of turbulence remains an elusive goal, our understanding has crystallized around the
conditions under which it does not arise: in the realm of inviscid fluid flows, turbulence is absent.
The current conceptualization of turbulent flow can be summarized at a macroscopic level as follows:
the interplay between fluid viscosity and velocity gradients is the principal catalyst for turbulence.
Viscosity gives rise to vorticity in flows characterized by non-zero velocity gradients, precipitating fluid
rotation. In response to mass conservation, the fluid must compensate for the mass that is displaced.
Furthermore, the nonlinear nature of the convection term introduces a intricate pattern of motion. As
the velocity gradient diminishes, the flow tends towards laminarity; conversely, when the velocity
gradient intensifies, the flow transitions towards a turbulent state.

In the existing framework of the Navier-Stokes equations, a single term, νvi,kk , within the
equation vi,t + vjvi,j = −p,i/ρ + νvi,kk , encapsulates both the viscosity coefficient ν and the gradient
of velocity vi,k , specifically its divergence vi,kk. However, a limitation arises as the Reynolds averaging
process yields ṽi,kk = 0 , leaving the divergence vi,kk with only the mean component v̄i,kk , excluding
the fluctuating parts. This suggests that the Navier-Stokes equations, as formulated with νvi,kk ,
vi,t + vjvi,j = − 1

ρ p,i + νvi,kk , and vi,i = 0 , might not capture the full spectrum of viscous fluid
dynamics and are, therefore, potentially incomplete, calling for an adjustment. Since νvi,kk is derived
from the linear constitutive relation of viscous fluids in conjunction with the mass conservation
condition vj,j = 0 , or ν(vi,j + vj,i)j = νvi,kk , it is imperative to revisit the fluid’s constitutive
relationship to ensure the inclusion of the comprehensive dynamics of fluid motion.

To derive the equations that govern turbulent flow, we must return to the foundational concepts of
fluid mechanics by deriving the momentum conservation equation from a "first principles" approach.
The concept of "first principles" dates back to ancient Greek philosophy, where Aristotle introduced it
in his seminal work, "Metaphysics." According to Aristotle, first principles are the most elementary
propositions or assumptions that are not derived from anything more fundamental; they serve as the
bedrock for all knowledge and logical reasoning. This approach involves delving into the core of a
subject, examining its most basic principles and assumptions, to forge new cognitive structures or
solutions. Elon Musk has been a prominent advocate for this term, expressing his admiration for the
"first principles" thinking method in interviews: "By applying first principles thinking, I distill the
essence of matters and work up from the most fundamental truths..." He emphasizes the importance of
this perspective over comparative thinking, which can lead to merely incremental advancements. First
principles thinking, as Musk describes it, involves analyzing the world with a physicist’s lens, peeling
back the layers of appearance to understand the intrinsic nature of things, and then constructing from
this essence in a systematic manner. This is Musk’s interpretation of the "first principles thinking
model" - a method of tracing the origins of concepts and reevaluating conventional approaches. The
Navier-Stokes equations have stood as a cornerstone of fluid dynamics since their establishment in
1822. To achieve significant breakthroughs in our understanding, we must adopt a first principles
mindset, beginning our inquiry from the ground up.

2. General Equations of Motion for an Incompressible Viscous Fluid
We know that before introducing the fluid constitutive relation, the mass conservation equation for

incompressible fluids is vi,i = 0 , and the momentum conservation equation is: ρ(vi,t + vjvi,j) = σij,j .
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The momentum conservation equation can also be rewritten in the form of tensor total quantity as
follows:

ρ

[
∂v
∂t

+ v · (∇v)
]
= ρb + σ ·∇, (1)

where b is body force density, σ = σijei ⊗ ej is the stress tensor, σij are the components of the
stress tensor, ei are the unit base vectors in the Cartesian coordinate system, and ∇ = ei∂i is the
gradient operator and σ ·∇ is right divergence of the stress tensor σ, whose computational rule is
σ ·∇ = (σijei ⊗ ej) · (ek∂k) = σij,kei(ej · ek) = σij,keiδjk = σij,jei, in general σ ·∇ ̸= ∇ · σ. Eq.1 is the
most general form of the momentum balance equation for a continuum and can be applied to describe
the motion of any continuum.

To obtain a closed set of governing equations, we need to introduce the fluid’s constitutive
relation, which is the relationship between the stress tensor σ and the rate-of-strain tensor S , namely
σ = σ(S) , where S = 1

2 (∇v + v∇) = Sijei ⊗ ej is the rate-of-strain tensor, and its components are
Sij =

1
2 (vi,j + vj,i) .

It is important to recognize that the introduction of a fluid’s constitutive relation involves a degree
of human interpretation in comprehending the physical attributes of the fluid. This interpretive aspect
is perhaps the most subjective element in formulating the equations of fluid motion. From Navier to
Stokes, the prevailing assumption has been that fluids are isotropic and incompressible, leading to a
proposed linear relationship between the stress tensor σ and the rate-of-strain tensor S as expressed
by σ = −pI + 2µS , where µ denotes the viscosity coefficient. This constitutive relation was conceived
in a time bereft of tensor theory and has since been universally embraced by the scientific literature. In
the context of modern science, with our understanding of tensors, it is incumbent upon us to question
whether the relationship between the stress tensor σ and the strain rate tensor S can be articulated
more rationally, and if so, to determine the appropriate form for this new expression.

Assuming the fluid’s physical properties are isotropic, since both the stress tensor σ and the
rate-of-strain tensor S are second-order tensors, according to the tensor representation theory [33–36],
the most general expression for the constitutive relation of an incompressible fluid σ = σ(S) can
always be written as follows:

σ = −pI + 2µS + 4λS2

= −pI + µ(∇v + v∇) + λ(∇v + v∇)2

=
[
−pδij + µ(vi,j + vj,i) + λ(vi,k + vk,i)(vk,j + vj,k)

]
ei ⊗ ej

(2)

where S2 = S · S = (Sikei ⊗ ek) · (Sl jel ⊗ ej) = SikSl j(ek · el)ei ⊗ ej = SikSl jδklei ⊗ ej = SilSl jei ⊗ ej =

[(vi,k + vk,i)ei ⊗ ek] · [(vl,j + vj,l)el ⊗ ej] = (vi,k + vk,i)(vk,j + vj,k)ei ⊗ ej; the term λ is not referred to by
name in the literature; in this text, it is termed the second-order viscosity coefficient with dimensions
dim λ = M/L.

To determine the entropy inequality for the given Cauchy stress tensor σ = −pI + 2µS + 4λS2,
we start from the Clausius-Duhem inequality, which enforces the second law of thermodynamics. For
simplicity, we consider isothermal conditions and focus on the mechanical dissipation part of the
entropy inequality. The Clausius-Duhem inequality [33–36] under isothermal conditions reduces to:
σ : S − ρψ̇ ≥ 0, where S is the rate of deformation tensor (symmetric part of the velocity gradient),
ρ is the density, and ψ is the Helmholtz free energy, in which σ : B is double dot product of two
tensor σ = σijei ⊗ ej and S = Sijei ⊗ ej with computational rule: σ : S = (σijei ⊗ ej) : (Sklek ⊗ el) =

σijSkl(ei · ek)⊗ (ej · el) = σijSklδikδjl = σijSij.
For a fluid where the stress tensor is given, we substitute σ into the inequality σ : S − ρψ̇ ≥ 0. The

stress tensor is: σ = −pI+ 2µS+ 4λS2. Substituting this into the dissipation term σ : S = (−pI+ 2µS+

4λS2) : S. Since S2 : S = (S · S) : S = (Sijei ⊗ ej · Sklek ⊗ el) : Smnem ⊗ en = SijSklSmn(ei ⊗ ej · ek ⊗ el) :
(em ⊗ en) = SijSklSmnδjk(ei ⊗ el) : (em ⊗ en) = SikSklSmn(ei · em)(el · en) = SikSklSmnδimδln = SikSklSil ,
and trS3 = S3 : I = (S · S · S) : I = (SikSklSlnei · en) : (ep · ep) = SikSklSln(ei · ep)(en · ep) = SikSklSli,
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noting the symmetric tensor Sil = Sli, leads to S2 : S = trS3. Thus, the dissipation term becomes:
−ptr(S) + 2µS : S + 4λtr(S3). For an incompressible fluid, tr(S) = 0, simplifying the dissipation term
to: σ : S = (−pI + 2µS + 4λS2) : S = 2µS : S + 4λtr(S3).

The entropy inequality requires this term to be non-negative for all possible S. Therefore, the
entropy inequality for the given stress tensor is: 2µS : S + 4λtr(S3) ≥ 0, which satisfy the second law
of thermodynamics for all possible flow motion [33–36].

The fluid viscosity leads to the dissipation of energy, which is ultimately converted into heat. The
energy dissipation per unit time for an incompressible viscous fluid is given by

Ėd =−
∫

Ω
(2µS + 4λS2) : Sd3x = −

∫
Ω

[
2µS : S + 4λtr(S3

]
d3x, (3)

where Ω represents the volume configuration of the fluid control body.
In the annals of fluid mechanics, from the works of Navier and Stokes to contemporary research,

fluids have consistently been treated as Newtonian, employing the linear constitutive relation σ =

−pI + 2µS, while the second-order term λS2 has been omitted. The exclusion of the term λS2 can be
attributed to two primary factors. Firstly, during the era of Newton, Navier, and Stokes, nonlinear
effects were not detectable, and the necessary tools for tensor analysis, including tensor representation
theory and the Cayley-Hamilton theorem [37], were not yet developed; indeed, the Cayley-Hamilton
theorem was published after the formulation of the Navier-Stokes equations. Secondly, even if the
expression Eq.2 were to be derived, it was generally assumed that the second-order term λS2 was
sufficiently insignificant to be disregarded. That is to say, the second-order constitutive relation,
σ = −pI + 2µS + 4λS2, is the correct and complete result, whereas its first-order constitutive relation
is actually an approximation. This was not understood in the era before the development of tensor
representation theory.

This study contends that the omission of the second-order term λS2 in the formulation of fluid
mechanics equations is a critical oversight. Given that the spatial variation of velocity, such as the
gradient near a wall, can be extremely pronounced, neither the first nor the second power of the
velocity gradient should be dismissed. This resonates with the scenario encountered in the boundary
layer theory. Prandtl [38] emphasized, upon introducing the boundary layer concept, that the Reynolds
number Re in the term 1

Re∇2v must not be ignored, regardless of how high the value of Re (or how
low 1

Re ) may be, because the velocity gradient is sufficiently steep to render the entire term 1
Re∇2v

significant.
Bringing Eq.2 into Eq.1 allows us to derive the fluid motion equation that considers second-order

viscosity:
∂v
∂t

+ v · (∇v) = b − 1
ρ
∇p + 2ν(S ·∇) + 4κ(S2 ·∇), (4)

wherein, the kinematic viscosity is ν = µ/ρ, and the kinematic second-order viscosity is κ = λ/ρ with
dimensions dim κ = L2. Eq.4 represents the most general equation of motion for viscous fluids. The
viscosity coefficients ν, κ are generally functions of pressure p and temperature T, and they cannot be
factored out of the gradient operator.

In most cases, the viscosity coefficients ν, κ do not vary significantly within the fluid and can be
considered as constants. Under the incompressible condition ∇ · v = 0, Eq.4 can be simplified to:

∂v
∂t

+ v · (∇v) = b − 1
ρ
∇p + ν∇2v + κ[(∇v + v∇)2] ·∇, (5)

where the Laplacian ∇2 = ∇ ·∇. In this way, we have improved the Navier-Stokes equation to
Eq.5, which is the most general equation of motion for incompressible viscous fluids. The term
κ[(∇v + v∇)2] · ∇ includes the nonlinear combination of the fluid’s second-order viscosity and
velocity gradients, which is the main cause of complex flow phenomena. Since Eq. 5 already includes
higher-order terms of the velocity gradient, it can be directly used to simulate turbulence without the
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need to employ Reynolds’ statistical averaging method, which is the statistical decomposition of the
fluid velocity.

Eq.5 can be written in component form as follows:

vi,t + vjvi,j = bi −
1
ρ

p,i + νvi,kk + κ
[
(vi,k + vk,i)(vk,j + vj,k)

]
,j
, (6)

It should be particularly noted that for problems with specific characteristic length L and charac-
teristic velocity V , the dimensionless process of Eq.5 not only yields the Reynolds number Re = LV

ν ,
but Eq.5 also generates a new dimensionless parameter, denoted as K = L2

κ . The parameter K arises
due to the consideration of second-order viscosity. For a fluid with a given κ , this parameter K is
independent of the characteristic velocity and only related to the characteristic length L , or in other
words, for flow problems of a given length scale, the parameter K affects the fluid motion for all
characteristic velocity scale. Therefore, it is necessary to retain the second-order viscosity coefficient.

The tensorial Eq.6 can be further expanded in conventional form, in the Cartesian rectangular

coordinate system, denoting v1 = u, v2 = v, v3 = w, x1 = x, x2 = y, x3 = z , (:),x = ∂(:)
∂x , (:),yy = ∂2(:)

∂y2 ,

∇2 = ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 , the three-dimensional fluid momentum equation can be read as follows:

u,t + uu,x + vu,y + wu,z =bx −
1
ρ

p,x + ν∇2u + κMx, (7)

v,t + uv,x + vv,y + wv,z =by −
1
ρ

p,y + ν∇2v + κMy, (8)

w,t + uw,x + vw,y + ww,z =bz −
1
ρ

p,z + ν∇2w + κMz, (9)

where Mx = [4(u,x)2 + (v,x + u,y)2 + (w,x + u,z)2],x + [2(u,x + v,y)(u,y + v,x) + (w,y + v,z)(w,x +

u,z)],y + [2(u,x + w,z)(u,z + w,x) + (v,z + w,y)(v,x + u,y)],z, My = [2(u,x + v,y)(u,y + v,x) + (w,x +

u,z)(w,y + v,z)],x + [(u,y + v,x)2 + 4(v,y)2 + (w,y + v,z)2],y + [(u,z + w,x)(u,y + v,x) + 2(v,y + w,z)(v,z +

w,y)],z and Mz = [2(u,x + w,z)(u,z + w,x) + (v,x + u,y)(v,z + w,y)],x + [(u,y + v,x)(u,z + w,x) + 2(v,y +

w,z)(v,z + w,y)],y + [(u,z + w,x)2 + (v,z + w,y)2 + 4(w,z)2],z. The difference from the Navier-Stokes
equations can be seen from the above equations, namely, each equation includes higher-order terms of
the velocity gradient.

After using the continuity equation u,x + v,y = 0, the two-dimensional momentum equation is
expressed as follows:

u,t + uu,x + vu,y =bx −
1
ρ

p,x + ν(u,xx + u,yy) + κ[4(u,x)
2 + (u,y + v,x)

2],x, (10)

v,t + uv,x + vv,y =by −
1
ρ

p,y + ν(v,xx + v,yy) + κ[4(v,y)
2 + (u,y + v,x)

2],y. (11)

For the two dimensional flow, we have S = v1,1e1 ⊗ e1 +
1
2 (v1,2 + v2,1)e1 ⊗ e2 +

1
2 (v2,1 + v1,2)e2 ⊗

e1 + v2,2e2 ⊗ e2 and S2 = S · S = [(v1,1)
2 + 1

4 (v1,2 + v2,1)
2]e1 ⊗ e1 +

1
2 (v1,1 + v2,2)(v1,2 + v2,1)e1 ⊗

e2 +
1
2 (v1,1 + v2,2)(v1,2 + v2,1)e2 ⊗ e1 + [(v2,2)

2 + 1
4 (v1,2 + v2,1)

2]e2 ⊗ e2. Noice continuity condition
v1,1 + v2,2 = 0, results to S2 = [(v1,1)

2 + 1
4 (v1,2 + v2,1)

2]e1 ⊗ e1 + [(v2,2)
2 + 1

4 (v1,2 + v2,1)
2]e2 ⊗ e2, thus,

we have in conventional forms S : S = u2
x + v2

,y +
1
2 (u,y + v,x)2 and S2 : S = u3

,x + v3
,y. The entropy

inequality can be expressed as to:

2µS : S + 4λS2 : S = 2µ

[
u2

x + v2
,y +

1
2
(u,y + v,x)

2 +
2κ

ν
(u3

,x + v3
,y)

]
≥ 0. (12)
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For heat conduction problems, it is assumed that there is a heat flux density q = −χ∇T, where T
is the temperature and χ is the thermal conductivity. The general equation of heat transfer is given by

ρT(
∂s
∂t

+ v ·∇s) = ∇ · (χ∇T) + 2µS : S + 4λS2 : S, (13)

where s is the entropy density per mass [7].

3. Boundary Layer Theory and Application to Wedge Flow
In 1904, at the third International Congress of Mathematicians, Ludwig Prandtl [38] unveiled the

notion of the boundary layer, proposing that the effects of frictional forces are primarily restricted to
a slender layer adjacent to an object’s surface. Inside this boundary layer, both the velocity gradient
and the shear stress are substantial, generating a frictional resistance that must be accounted for.
The equations governing the boundary layer are notably less complex than the full Navier-Stokes
equations and can be addressed numerically [39]. Notably, Prandtl identified that the flow within the
boundary layer can exhibit turbulence [40,41], and in 1925, he introduced the concept of the mixing
length to quantify the turbulent viscosity [42]. This concept was instrumental in formulating the
logarithmic law for the wall in turbulent boundary layers and represented a pivotal effort to close the
Reynolds-Averaged Navier-Stokes (RANS) equations.

In 1908, Prandtl’s student Blasius [39] studied the problem of steady flat-plate boundary layers.
A thin flat plate is immersed at zero incidence in a uniform stream with speed U(x) = const. and is
assumed not to be affected by the presence of the plate as shown in Figure 1, except in the boundary
layer. The fluid is supposed unlimited in extent, and the origin of coordinates is taken at the leading
edge, with x measured downstream along the plate and y perpendicular to it. Blasius [39] performed
a similarity transformation on Prandtl’s equations uu,x + vu,y = UU,x + νu,yy and u,x + v,y = 0
and successfully obtained a numerical solution for the problem. In 2024, Sun [43] studied unsteady
laminar boundary layers and applied a similarity transformation to the equations u,t + uu,x + vu,y =

UU,x + νu,yy and u,x + v,y = 0 , successfully obtaining an exact solution for the unsteady flat-plate
laminar boundary layer. This solution is primarily expressed in terms of Kummer functions, and other
flow problems were also investigated.

Figure 1. A thin flat plate is immersed at zero incidence in an uniform stream flows with velocity U(x) = Cxm

and body force density b = 0.

Based on the Prandtl’s magnitude analysis and approximations as shown in Table 1, we can obtain
the boundary layer equations as follows:

u,t + uu,x + vu,y = UU,x + νu,yy + 2κu,yu,xy, (14)

u,x + v,y = 0, (15)

The underlined segment represents the manifestation of the second-order theory proposed in
this paper, which is where it differs from Prandtl’s boundary layer equations. The exact solution
of partial differential equation systems in Eq.14 and Eq.15 can be easily solved by using Maple, the
solutions of velocity components u, and v are mainly expressed in terms of Lambert function [45]:
LambertW=W(z), which satisfies: W(z) exp(W(z)) = z. Although we can obtain the solution, it is
regrettable that the integral involving the Lambert function cannot be calculated explicitly at the
moment, making this solution less applicable. Let us try other methods below.
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Table 1. Prandtl magnitude order in boundary layer

Variable Magnitude order
ϵ = δ/L ≪ O(1)

x, u, u,x , v,y, u,xx , v,xy ∼ O(1)
y, v, v,x , v,xx ∼ O(ϵ)
u,y, u,xy, v,yy ∼ O(1/ϵ)

u,yy ∼ O(1/ϵ2)

Introducing a stream function ψ(x, y, t) and express the velocity components as follows: u =
∂ψ
∂y = ψ,y, v = − ∂ψ

∂x = −ψ,x, the mass conservation Eq.15 is satisfied, and the momentum conservation
Eq.14 becomes

ψ,ty + ψ,yψ,xy − ψ,xψyy = UU,x + νψ,yyy + 2κψ,yyψ,xyy (16)

and corresponding boundary conditions.
Applying Sun’s similarity transformations [43]: ψ = U(x)δ(x) f (η, τ), η = y

δ(x) , τ = ν
δ2 t,. De-

noting ψ,x = ∂ψ
∂x and f,η = ∂ f

∂η , and noting the η,x = −ηδ−1δ,x and τ,x = −2τδ−1δ,x, and by the chain
rule for derivatives, we can obtain some useful relations as follows: ψ,x = (Uδ),x f − Uηδ,x f,η −
2Uτδ,x f,τ , ψ,y = U f,η , ψ,xy = U,x f,η − ηUδ−1δ,x f,ηη − 2Uτδ−1δ,x f,ητ , ψ,yy = Uδ−1 f,ηη , ψ,yyy =

Uδ−2 f,ηηη , ψ,ty = Uνδ−2 f,τη . Thus the velocity components become

u = U f,η , (17)

v = −
[
(Uδ),x f − Uηδ,x f,η − 2Uτδ,x f,τ

]
. (18)

Substituting Eq.17 and Eq.18 into Eq.16, we have a single partial differential equation as follows

f,ηηη + α f f,ηη + β[1 − ( f,η)
2] +

2κ

ν
f,ηη

[
U,x f,ηη −

Uδ,x

δ
f,ηη −

Uδ,x

δ
f,ηηη

]
= f,τη + γτ( f,τ f,ηη − f,η f,τη),

(19)

where the coefficients are α = δ
ν

dUδ
dx , β = δ2

ν
dU
dx , and γ = U

ν
dδ2

dx and their relation γ = 2(α − β).

If the coefficient α, β and γ were constants, then we have: U(x) = Cxm, δ(x) =
[
ν
∣∣∣ (2α−β)x

U(x)

∣∣∣]1/2
,

where the exponent m = β
2α−β . It is clear, for arbitrary U(x) = Cxm, that the Eq.19 explicitly contains

the coordinate x, which conn’t be solved easily for arbitrary exponent m.
In the case of wedge flow with velocity field: U(x) = Cx, so that m = 1, then α = β and γ = 0,

and leads to a constant boundary thickness δ = [ναx/(Cx)]1/2 = (αν/C)1/2. If we set α = 1, we have
u = Cx f,η , v = −

√
νC f , and the Eq.19 becomes

f,ηηη + f f,ηη + 1 − ( f,η)
2 + Λ( f,ηη)

2 = f,τη , (20)

and boundary conditions: η = 0 : f = f,η = 0, η → ∞ : f,η = 1 and f (τ, 0) = 0, where Λ = 2κC
ν is a

constant for given a problem. Eq.20 has get rid of coordinate x, can be solved numerically.
For its corresponding steady problem, the function f is only a function of η, the Eq.20 can be

simplified into:

f,ηηη + f f,ηη + 1 − ( f,η)
2 + Λ( f,ηη)

2 = 0, (21)

and boundary conditions: η = 0 : f = f,η = 0 and η → ∞ : f,η = 1. Eq.21 not only facilitates solving
the equation but also allows us to express the obtained results as a single profile in terms of the similar
variable η.
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Although we do not yet have specific data for κ, we can still assume Λ = 0 for the laminar
boundary layer and Λ = 0.95 for the turbulent boundary layer. Using the program provided above,
it is easy to calculate the corresponding f , f,η , f,ηη for both laminar and turbulent flow. The specific
results are shown in Figure 2. From the profile of f,η , it can be seen that the velocity profile in turbulent
flow is blunter than that in laminar flow; from the profile of f,ηη , it can be observed that the friction in
turbulent flow is much greater than that in laminar flow.

Figure 2. Function f (η) and its derivatives f,η and f,ηη for parameter Λ = 0 and Λ = 0.95

To demonstrate the difference in frictional resistance between turbulent and laminar flow, let’s
calculate the shear stress τxy = µ(u,y + v,x) + 2λ(u,x + v,y︸ ︷︷ ︸

=0

)(u,y + v,x) = µ(u,y + v,x). Considering the

order of magnitude approximation estimates of the Prandtl boundary layer theory in Table 1, the
shear stress can be approximated as: τxy ≈ µu,y. Therefore, the local wall shear stress τw is given by
τw = τxy|y=0 = µu,y|y=0 = µ U

δ f,ηη(η)|η=0 = ρν Cx√
ν/C

f,ηη(0):

τw = xρ
√

νC3 f,ηη(0) =

{
1.233xρ

√
νC3, Laminar flow : = 0,

1.923xρ
√

νC3, Turbulent flow : = 0.95,
(22)

This expression reveals that the resistance of the flow with κ is much greater than that of the flow with
κ = 0. Table 2 lists the different Λ corresponding to different fηη(0); the larger the Λ, the greater the
fηη(0).

Table 2. fηη(0) vs. Λ = 2κC
ν

Λ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 0.97
fηη(0) 1.233 1.285 1.341 1.401 1.466 1.535 1.611 1.692 1.799 1.873 1.923 1.944

Note: Laminar flow: Λ = 0, Turbulent flow: 0 < Λ < 1.

Up to this point, there is still one issue that has not been resolved, which is to verify the entropy
inequality. If we apply Eq.12 to the wedge flow, noting the relationships u = Cx f,η , v = −

√
νC f , u,x =

C f,η , u,y = C3

ν x f,ηη , v,x = 0, v,y = −C f,η , the entropy inequality can be expressed as follows:

2µ

[
2C2 f 2

,η +
1
2

C3

ν
x2( f,ηη)

2
]
≥ 0, (23)

which holds if C > 0.

4. Discussions and Conclusions
In the light of the theoretical developments and practical applications presented herein, the

quadratic term κS2 emerges as a pivotal element in the depiction of turbulent flow dynamics. It is
arguable that the Navier-Stokes equations, devoid of the κS2 term, are fundamentally tailored to
laminar flow phenomena and are insufficient for capturing the intricacies of turbulent motion. The
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pronounced velocity gradients inherent in turbulence necessitate the retention of the κS2 term; its
omission would preclude an accurate representation of turbulent behavior in the derived equations.

While the focus of this work is on the turbulence regime, the equations Eq. 5 and Eq. 6 that have
been formulated are, in fact, universally applicable to the motion of viscous fluids. The derivation
of these equations is underpinned by logical consistency at each stage, eschewing any arbitrary
approximations. These equations hold potential for a wide range of incompressible viscous fluid
flows, including aerodynamic gas dynamics and the acoustic emissions from turbulent processes. The
same conceptual framework employed for Eq.2 can be extended to establish motion equations for
compressible viscous fluids as shown in the Appendix.

Availability of data: The data supporting the findings of this study are available from the
corresponding author upon reasonable request.
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Appendix 1. Motion Equations for Compressible Viscous Fluids
Continuity equation:

ρ,t +∇ · (ρv) = 0, (A1)

Momentum equations:

ρ

[
∂v
∂t

+ v · (∇v)
]
= ρb + σ ·∇, (A2)

Energy equation:

ρT(
∂s
∂t

+ v ·∇s) =χ∇2T + σ : S, (A3)

Constitutive equation:
σ = (αT − p)I + 2µS + 4λS2, (A4)
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where α is stress-temperature modulus, and strain rate tensor: S = 1
2 (∇v + v∇).
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