Pre prints.org

Article Not peer-reviewed version

The Least-Norm Solution to a Matrix
Equation over the Dual Quaterion
Algebra

Ling-Jie Zhu, Qing-Wen Wang . , Zu-Liang Kou

Posted Date: 15 January 2025
doi: 10.20944/preprints202501.1119v1

Keywords: dual quaternion algebra; matrix equation; the least-norm solution; Frobenius norm

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/1602298
https://sciprofiles.com/profile/3961476

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 January 2025 d0i:10.20944/preprints202501.1119.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
The Least-Norm Solution to a Matrix Equation over the
Dual Quaterion Algebra

Ling-Jie Zhu '@, Qing-Wen Wang ?*© and Zu-Liang Kou 3

Department of Mathematics and Newtouch Center for Mathematics, Shanghai University, Shanghai 200444, China;
zlj1324@shu.edu.cn

Collaborative Innovation Center for the Marine Artificial Intelligence, Shanghai University, Shanghai 200444, China
3 Shanghai Newtouch Software Co. Ltd., Shanghai 200127, China; zuliang.kou@newtouch.com

*  Correspondence: wqw@shu.edu.cn

Abstract: In this paper, we explore the least-norm solution to the classical matrix equation AXB = C
over the dual quaternion algebra. We begin by transforming the definition of the Frobenius norm
for dual quaternion matrices into an equivalent form. Using this new expression, we investigate the
least-norm solution to the equation AXB = C under solvability conditions. Additionally, we examine
the minimum real part of norm solution in cases where a least-norm solution does not exist. Finally,
we provide two numerical examples to illustrate the main findings of our study.
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1. Introduction

In 1843, Irish mathematician William Hamilton introduced quaternions in [1], defined as
H={g=0q0+qi+qj+qsk|i* =j* =k = —1,ijk = —1,90,q1,92,93 € R},

where R denotes the set of real numbers. Nowadays, quaternions and quaternion matrices have
captivated mathematicians worldwide, with applications spanning mathematics, signal and color
image processing, quantum physics, and computer science (e.g.[2-5]).

In 1873, Clifford introduced dual numbers and dual quaternions in [6]. Since then, these concepts
have seen extensive applications in fields such as robotics, computer graphics, and rigid body mo-
tions (e.g.[7-11]). For related definitions of dual numbers and dual quaternions, please refer to Section
2.

On the other hand, matrix equations are crucial components of matrix theory. Quaternion and
dual quaternion matrix equations have been applied in various fields, such as control theory. Due to the
non-commutative nature of quaternion multiplication, research into quaternions and dual quaternion
matrix equations is more challenging than research into real and complex matrix equations.

A substantial body of research has explored matrix equations, offering various methods for their
resolution (e.g.[12-16]). Especially, the classical matrix equation

AXB=C 1)

has been extensively studied. Khatri and Mitra [17] discussed the Hermitian and nonnegative definite
solution of the linear matrix Equation (1). Peng [18] introduced an iterative method for the least
squares symmetric solution of the linear matrix Equation (1). Liang et al. [19] provided an efficient
algorithm for the generalized centro-symmetric solution of the linear matrix Equation (1). Chen et al.
[20] established the necessary and sufficient conditions for the solvability of the dual quaternion matrix
Equation (1). Wang et al. [21] investigated the least squares Hermitian, Persymmetric and Bisymmetric
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solutions of the quaternion matrix Equation (1). Si and Wang [22] considered the general solution to
the dual split quaternion matrix Equation (1).

In this paper, we use the following notations: r(A) represents the rank of a quaternion matrix A,
A* denotes the conjugate transpose of A, and tr(A) stands for the trace of A. I, 0 refer to the identity
matrix and the zero matrix with appropriate dimensions, respectively. The Moore-Penrose (or M-P for
short) inverse of a quaternion matrix A is denoted by A", and it satisfies

AATA = A ATAAT = AT, (AAT)* = AAT, (ATA)* = ATA.

Furthermore, we use Ly = I — ATA and Ry = I — AA" to respectively represent two projectors that
are induced by AT. As usual, we use Re[q] to denote the real part of a quaternion g.

The remaining contents of this paper are organized as follows. In Section 2, we review definitions
of dual numbers, dual quaternions, the Frobenius norm of quaternion matrices and its equivalent
expressions, and some important Lemmas for subsequent sections. In Section 3, we explore the least-
norm solution to the dual quaternion matrix Equation (1) under consistency conditions and analyze
the minimum real part of norm solution when no least-norm solution exists. In Section 4, we present
two numerical examples to illustrate the main findings of Section 3. In Section 5, we provide a brief
summary.

2. Preliminaries

In this section, we first review definitions related to dual numbers, dual quaternions, and dual
quaternion matrices. Then we introduce some results concerning the norm of dual quaternion matrices,
the dual quaternion matrix equation, and the equalities related to the M-P inverse of quaternion
matrices.

2.1. The Definition of Dual Numbers and Its Total Order Relation
Definition 1 ([23]). The set of dual numbers is represented as follows:

D = {x = xg + x1¢| €2 = 0 and xy, x; € R},
where ¢ is the infinitesimal unit, satisfying e = 0.

We refer to xg as the real part or the standard part of x, and x; as the dual part or the infinitesimal
part of x. The infinitesimal unit e commutes with real numbers, complex numbers, and quaternions
under multiplication. We call x appreciable if xy # 0, otherwise, we call x infinitesimal.

Assume that x = xg + x16,¥ = yo + y1¢ € D, k € R, then we have:

X+y=x0+yo+ (x1+y1)e
Xy = xoYo + (X0y1 + xlyo) €,
kx = kxg + kxqe.

Then we define a total order relation over dual numbers. Assume x = xp + x16, ¥ = Yo + y1€ € D.
We say x = yif xo = yp and x1 = y1. We say x < yif x9 < yp, or xg = yp and x1 < y7. Therefore, we
call x a positive dual number if x > 0, we call x a nonnegative dual number if x > 0.

Next, we discuss the inverse element and square root of dual numbers. It is straightforward to
observe that 1 = 1 4 0¢ is the unit element in D. If x is appreciable (xg # 0), then x is invertible and

-1 -1 |
XU =Xxg Xy X1X &, 2)

1

satisfying xx~! = x~!x = 1. If x is infinitesimal, then x is not invertible.
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If x is positive and appreciable, then the square root of x can be expressed as
Vi =T+ —Le. 3)
2, /X0

Specifically, if x = 0, then /x = 0.

2.2. The Definition of Dual Quaternions and Dual Quaternion Matrices

Definition 2 ([23]). The set of dual quaternions is represented as follows:
DQ = {q = q0 + q1¢| €% = 0 and qo,q1 € H},
where € is the infinitesimal unit.

We refer to g as the real part or the standard part of 4, and q; as the dual part or the infinitesimal
part of . We call g appreciable if g9 # 0, otherwise, we call g infinitesimal. The conjugate of g is
defined as g* = g; + qje.

Qi et al. presented the following Lemma in [23], showing that a mixed product sum of two
quaternions is a real number. We supplement the conclusion of this Lemma and provide a proof.

Lemma 1. Suppose that p = po + p1i+ p2j + p3k, g = qo +q1i+q2j + g3k € Q, where po, p1, p2, P3, 90,91, 92,93 €
R. Then

pq* +qp" = p q9+4q"p = 2poqo + 2p191 + 2p2q2 + 2p3q3
= 2Re[pq*] = 2Relgp*| = 2Re[p™q] = 2Re[q"p],

which is a real number.
Proof. Since qp* = (pq*)* and g*p = (p*q)*, we obtain:

pq* +qp* = 2Re[pq*] = 2Re[qp*] = 2poqo + 2p191 + 2p292 + 2p343,
p*q+q"p = 2Re[p*q] = 2Re[q" p] = 2poqo + 2p191 + 2p2q2 + 2p343.

Thus,

pq* +qp* = p*q+q"p = 2poqo + 2p141 + 2p292 + 2p343
= 2Re[pq”] = 2Re[qp*] = 2Re[p*q] = 2Re[g"p]. O

According to the above Lemma, we can define the magnitude of 4 € DQ as follows:

90| + 0497 +4149 &ifgo #0,
|q| = { 2“70‘ (4)

|g1| €, otherwise,

which is a dual number.
Next, we will introduce dual quaternion matrices and discuss their norm.

Definition 3 ([23]). The set of dual quaternion matrices is represented as follows:
DQ™" = {X = Xo + X |e* = 0and Xg, X; € H"™ "},

where ¢ is the infinitesimal unit.
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Assume that X = Xy + X16,Y = Yy + Y1e € DQ™*", then we have:

X+Y=Xo+ Yo+ (X1+Y1)e,
XY = XoYo + (XoY1 + X1Yp) &,
X* = X§ + Xie.

Before defining the norm of dual quaternion matrices, we will first introduce the norm of quater-
nion matrices.

Definition 4 ([24]). Let X = (x;;) € H™*", the Frobenius norm of X is defined as

m n m n
X[ =) Z 2= ) Zx;‘jxi]- = VirX*X. (5)

i=1j=1 i=1j=1
Next, we introduce the definition of the norm of dual quaternion matrices.

Definition 5 ([24]). Assume X = Xy + X1e = (x;;) € DQ™*", the Frobenius norm of X is defined as
]

Yitq X |xi]%if Xo # 0,

X[ = _
[|X1]| €, otherwise.

(6)
In order to facilitate the discussion of the least-norm solution to the matrix Equation (1) in the

following text, we have equivalently revised the definitions provided above.

Proposition 1. Suppose X = Xo + X1e = (x;;) € DQ™*", then we have

(X} Xo+X3X1)

||X|| _ ||X0||+W€;lf}<0#o, (7)
||X1]] €, otherwise.

VX5 Xo + Re| :riix()]s if Xog #0, @)

= 8

\ /trXi‘ Xj ¢, otherwise.

Proof. If Xy # 0, in accordance with (3) and Lemma 1, we have

m n
X[ = | XY |xif?
i=

—1j=1
= | T ol + E0CRE BN g2 (102
(xij)0#0 ij/0 (xj)0=0
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J|Xo||2 (0 Lo + (o ()

i1 L1 ((xij)o (xij)1+(xij)1(xij)3)€
2| Xol|
tI‘(XikX() + XSX])
2| Xo||

= Jerxx R, e o ReloX)
T —F——¢
0T T XX, RN (0
If Xp = 0, since || Xp|| = /trX{ Xy, we have || X|| = || X;||e = /trX] Xje. O

2.3. Some Important Lemmas

= |[Xol[ +

= |[Xol[ +

In this part, we present several key Lemmas that are crucial for the subsequent proofs.

Lemma 2 ([20]). Let A = Ag + A;e € DQ"™",B = By + Bie € DQ!,C = Cy + Cre € DQ™! be
known. Put

Ay = AjLa,, By = R, By, Cy = Cy — AgA{CoB{B1 — A1 A{CoB}Bo, 9)
Az = Ra,A2,Co1 = Ry, Cy, B3 = BoLp,, Cop = CoLg,. (10)

Then, dual quaternion matrix Equation (1) is consistent if and only if

R4,Co = 0,CoLg, =0, (11)
Ra,Co1 = 0,R4,CaLp, = 0,CoaLp, = 0. (12)

In this case, the general solution X of the dual quaternion matrix equation matrix Equation (1) can be
expressed as X = Xy + X, where

= A{CoB} + La,U; + bR, (13)
X1 = Af(Ca — Apl By — AoUzB2) B + LaWi + WaRp,, (14)
Uy = AJCBf + La, Q1 + QaRp,, (15)
Uz = AJC2B] + L4, Qs + QuRs,, (16)
where Q;(i = 1,4), W;(i = 1,2) are arbitrary matrices over H with appropriate dimensions.

Lemma 3 ([25]). Let A, B and C be arbitrary matrices over H with appropriate dimensions. Then the following
equalities hold:

(1) AT = (A*A)tA* = A*(AA*)T.

(2)La = (La)* = (La)*,Ra = (Ra)* = (Ra)*.

(3) La(BLA)" = (BLA)", (RaC)'Ra = (RaC)".

Lemma 4 ([25]). Assume A, B be arbitrary matrices over H with appropriate dimensions. Then they satisfy the
following equalities:

(1) [|A + BJ|? = [|A[|> + [|B||* + 2Re[trB" A].

(2) Re[trAB] = Re[trBA].

Proposition 2. Given A = (a;;) # 0 € H"™*", for an arbitrary matrix X € H"*", Re[trX* A] can take any
real value.
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Proof. Since A # 0, there exists a;; = qo + q1i + q2j + g3k # 0,9+ € R, (t=0,1,2,3). Then we discuss
in two cases.

(1)Ifgo #0,let X = mEi]',
other elements are all 0, we have

where m € R and Ej; represents the matrix whose (i, j) element is 1 and

Re[trX* A] = Re[ma;;] = mqo.

Thus we can change Re[trX* A] to any real value through alter the value of m.
(2)If g1 # 0 or g2 # 0 or g3 # 0, with out loss generality, suppose q1 # 0. Let X = (mi)E;;, where
m € R, we have

Re[trX* A] = Re[(—mi))a;;] = mq;.

Thus we can change Re[trX* A] to any real value through alter the value of m. [

3. The Least-Norm Solution to the Matrix Equation (1)

In this section, starting from the general solution to the dual quaternion matrix Equation (1), we
explore the least-norm solution to this matrix equation over the dual quaternion algebra.

Theorem 1. Suppose that dual quaternion matrix Equation (1) is consistent, let

Ay = A1Lay, By = R, By, Cy = Cy — AgA{CoB{B1 — A1 A{CoB}Bo,
A3 = Rp,A2,Co1 = Ry, Cy, B3 = ByLp,, Cop = CoLp,.
Then the least-norm solution to the matrix Equation (1) can be discussed in two cases:
(1) If A{CoBE # 0and ALCoBE = AJCaBY = 0, then the least-norm solution X = Xo + Xy to the matrix
Equation (1) can be expressed as
Xo = A{CoBS, (17)
X1 = A{CaBf + La, Wi + WaRp,, (18)

where W;(i = 1,2) are arbitrary matrices over H with appropriate dimensions.
In this case, the least-norm of the general solution can be expressed as

Re[tr(ASCoB{)* (Al CoBY)]
|| A§CoBg|

|1 [min = 1| A§CoBS || +

(2) If AlCoBY = ALCoBE = ASCoBY = 0, then the least-norm solution X = X + X to the matrix Equation
(1) can be expressed as

Xo =0, (19)
Xy = AjCyBS. (20)

In this case, the least-norm of the general solution can be expressed as

|1 X |min = || AJC1B{[e.


https://doi.org/10.20944/preprints202501.1119.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 January 2025 d0i:10.20944/preprints202501.1119.v1

7 of 16

Proof. By Lemma 2, the general solution X = X + Xje to matrix Equation (1) can be expressed as
follows:

Xo = A§CoB{ + La,Us + UpRg,,

Xy = A}(Cy — AUy By — AgUpBa) B + Lo, W1 + WaRp,,
Uy = AJCoiBj + La,Q1 + Q2R

U, = A§C2BS + L4, Q3 + QuRp,,

where Q;(i = 1,4), W;(i = 1,2) are arbitrary matrices over H with appropriate dimensions.
According to Proposition 1, we can find that the solution for || X|| can be translate into analyzing

| Xoll, |X1]| and Re[trX; Xo]. Then, by considering the total order relation for dual numbers, we

understand that to minimize || X||, we first need to focus on minimizing the real part of || X|| i.e. || Xo||.
In view of Lemma 3 and Lemma 4, we have

||Xo|[* = [|A§CoB§ + LagUy + URp, ||
= [|A§CoB{| 1> + ||La, Uy + UaRp, ||* + 2Re[tr(L 4, Uy + UaRp,)* ASCoBY]
= ||AJCoBS||* + ||LayUn + UaRp, ||* + 2Re[tr(U; L a, ASCoBY + trRp, U3 ASCoBY)]
= ||A§CoB{| 1> + ||La,Us + UaRp, ||* + 2Re[trU; ASCoBi R, ]
= ||A§CoB} 1> + [|Lao Uy + UzRp| |, (21)

then,

||LayUs + UaRpy||* = ||La, (ASCo1B{ + La,Q1 + Q2Rp,)

+ (A§C22BY 4+ La, Qs + QuRp; ) Rp, |2

= [|La,L4,Q1 + La,Q2Rp, + LA, Q3Rp, + QaRp, R, ||
+[|LagASCa B + AJC2BERg, ||* + Ky

= [|LayL4,Q1 + La,Q2Rp, + La,Q3Rp, + QaRp, R, |
+ ||La, AJC1 BY| > + || AfC22BIRp | > + Ky
+ 2Re[tr(A{C2oBIRp, ) * (Lo, ASC1 BY)]

= ||La,La;Q1 + LayQ2Rp, + La,Q3Rp, + QaRp,Rp, ||
+||LayASR 4 C2BG| [* + || A§ CaLg, B3R, | |* + Ky
+ 2Re[tr(La, AdCaaBIRp,)* (AL C1 BY)]

= [|LayL 4, Q1 + La,Q2Rp, + La,Q3Rp, + QaRp, R, ||
+||ASCaBS|1* + || AGC2B |1 + Ky, (22)

where
Ky = 2Reltr(L, LA, Q1 + L4, Q2Re, + LA, QsRp, + QaRp,Rr, )" (ASC2Bf + A{C2B3)].
According to Lemma 3 and Lemma 4, we have

Re[tr(La,La,Q1)* (ASCoBE + AJCoBY) = Re[tr(QiLa,La,ASCoBE + QfLa,La, ASCoBY)]
= Re[trQ; L4, AYC2B{]
= 0/
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Re[tr(La,Q2Rp,)* (ASCoB{ + AJCaBY) = Re[tr(Rp, Q3L a, AL CoBY + Rp, Q3L 4, A{C2BY)]
= Re[trQ3 L4, ASCoB{ Ry, ]
= O,

Re[tr(La,Q3Rp,)* (ASCoBY + AJCaBY) = Re[tr(Rp, Q5L a, AL CoBY + Rp, Q3L 4, ASC2BY)]
= Re[trQ}L A, AL C2B{ R, |
=0,

Reltr(QRa, Ry, )" (A}C2B] + AIC;B}) = Reltr(Rp, Ra, Q5 A}C2B] + Rg, Ry, Q5 ATCoBY)
= Reltr(Rp,Q; ASC2Bi Rp, + Q3 ASC2BIRp, R, )]
= Re[trQ; A§C2BIRp,]
=0.

Thus, K; = 0. By (21) and (22), we obtain
|1 Xol[? = ||A§CoB{||* + || AJC2B{||* + || A§C2 B |

+||LagLa;Q1 + La,Q2Rp, + La,Q3Rp, + QaRp, Ry, ||
> ||A§CoBS| > + || ASC2BY| > + || ASC2BS |7, (23)

with equality iff
La,La,Q1+ LayQ2Rp, + La,Q3Rp, + QsRp,Rp, =0, (24)

ie.
Xo = AJCoB} + ALCoBY + AfCoBY. (25)

Therefore,

|1 Xo|lmin = ||ASCoBS + ASCoBY + A{C2Bi||

— JIIASCoBE 12 + 1| ASC2B |2 + || A C2B3 - 6)

We now discuss || X|| under two different cases based on conditions (24) and (25).
1) If AJCoBY # 0 or AYCyB{ # 0 or A{CaBY # 0, by (23), we have

[1Xol[* = | AgCoBG|* + || ASC2Bg | I + | AgC2B5|* > 0.
Thus, Xy # 0Oi.e. X is appreciable. Consequently,

Rel[trX; Xo]
— .

X = [[Xol| +
|1 Xoll

Next, we turn our attention to the dual part of || X||. Having already examined || Xp|| in the above,
we will now delve into the analysis of Re[trX; X] in the following part.
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By (14), (15), (16) and (24), we have

X1 = A§(Cy — AUy By — AgUaBy)BY + Lo, Wy + WaRp,

= A§(Cy — Ax(ALCyBY + L4, Q1 + Q2Rp,) Bo
— Ao(A§CBY + L, Q3 + QuRp;) B2) Bf + Lag Wi + WaRg,

= ASCaBE — A§ Ap(ASCnBE + La,Q1)BoBY — ASAo(A{CaaBS + QuRp,)BaBY
+ La,W1 + W2Rg,

= ASCoBE — A§ AQ ALCy BY — ASAaL 4, Q1BoBY — AYCBiB,BY
— A§AgQuRp,BoB{ + L4, W1 + WoRg,

= ASCoBY — A§ Ay AYCo1 BE — A{CaBIBaBE + La, W1 + WaRjp,
— A§A1(LagLa,Q1)BoB§ — A Ao(QaRp, Rp,)B1B

= ASCoBY — A§ A1 ALCoBE — ASCaBIBIBE + Lo, Wi + WaRp,
+ A§ A1 (LayQ2Rp, + La,Q3Rp, + QaRp, Rp,) BoBj
+ A§Ao(LayLa, Q1 + La,QoRp, + La,Q3Rp,)B1B{
= A{CoB — A§ A1 ALCoBl — A{CoBL B BY + Lo, Wi + WaRp,. 27)

Thus,

Re[trX} Xo] = Re[tr(A{CoBY — A§ A1 ASCoBE — AYCaBYB1BS + La,W1 + WaRp,)*
(AbCoBE + ALCLBS + ASCyBE))

where,

a = Re[tr(A}C,BY — AS A1 ALCLBY — AYC,BEB BY)* (ASCoBY + ALC,BS + ASCyBY))

= Re[tr(A{CoB — AJA1ALCoBY — AJCoBY B BE)* (ASCoBY))
+ Re[tr(AJC2B] — AfA1AIC2B] — A{C2BIB1B()* (La, ASC2B])]
+Re[tr(AJC2Bf — AJA1ALCoBf — AJC2BY B Bf) " (A{C2BRy,)]

= Re[tr(A§C2B} — AjA1ACoB] — AJC2BIB1B)* (A§CoBy)]
+Re[tr(AJC2BY — AJA1ALCoBf — A{C2BYB1B{) " La, (AC2BY)]
+ Re[trRp, (AJCaB — Af A1 ALCoBY — ASCaBLB1BY)* (A5 C2BY)]

= Re[tr(A{CoB — AJA1ALCoBY — AJCoBY B BE)* (ASCoBY))
+ Re[tr(CaBj — A1AJCoB] — C2B3B1BG)* (LayAf)* (A3 C2BY)]
+Re[tr(B{Rp,) " (A§C2 — AJA1AICo — A§CaBSB1)* (AJC2B})]

= Reltr(A§C2B) — A§ A1 ASCoBf — ASCoBIB1Bf)* (ACoBY)] (29)

is a constant, and

K = Re[tr(La,W; + WaRp,)* (ASCoBS + ALCoBY + ASCoBY)]
= Re[tr(W;La, ALCoBf + ASCaBYRp, W3 )]
= Re[tr(W; ASCoBE + ASCoBIWS)]. (30)
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Next, we explore the situation of K in two cases.
1.1) If A;CzBJr = AJ[SCZB:;r = 0, then substituting these into (29) and (30), we obtain

K =0,a = Re[tr(A{C2BE)* (Af CoBY)).

According to (25) and (27), the least-norm solution to the dual quaternion matrix Equation (1) can be
expressed as

Xo = ASCoBY + ALCoBY + Al CoBY = AfCoBS,
Xy = A{CoBY — A§ A1 ASCoBY — ASCoBIB1BY + La,W1 + WaRp,
= A{CoB{ + La,W1 + WaRg,,

where W;(i = 1,2) are arbitrary matrices over H with appropriate dimensions.
In this case, the least-norm of the general solution can be expressed as

ReltrX; Xo]
— ¢
|1 Xol|
Re[tr(ASCoB{)* (A CoBY)]
|| A§CoBg|

X min = 11 Xol[ +

= || A§CoBE|| +

1.2) It A;rC2BaL # 0 or ASCZB;{ # 0, by (30) and Proposition 2, K can take any real value. Thus, the dual

part of || X|],
Re[trX; Xo] a+K

1Xoll - [[A§CoB] + ASC2B + AJC2BY ]|

can take any real value. Therefore, the dual quaternion matrix Equation (1) does not have a least-norm
solution in this case.
2)If AfCoBS = ALCoBY = A§C,BS = 0, by (23), we obtain

[1Xol[* = [|A§CoBE|I? + || ASC2BS || + [| ASC2 B3 ||* = 0.

Thus, Xo = 0 i.e. X is infinitesimal. Therefore, || X|| = || X1][e.
According to (27), we have

X1 = AJCoBE — A§ A1 ALCyBY — ASCoBIBIBY + La,W1 + WaRp,

= A} (Cy — AgAfCoBiB1 — A1 A{CoB{Bo)BY + La, W1 + WaRp,
= A§C1Bf + La,Wi + WaRp,.

Thus,
|1X1[> = ||ASC1B§ + La, W1 + WaRp, ||?

= [|AGC1BG|* + ||LagW1 + WaRp,||* + 2Re[tr(L 4, W1 + WaRp,)* (A§C1Bj)]

= ||ASC1BY|1? + ||LagWh + WaRp,||? + 2Re[tr(Wy La, ASC1 B + tr ASCi B§ R, W3 )]

= ||ASC1B§||* + [|Lag Wi + WaRp, |2

> ||ASC1Bg | 1%, (31)
with equality iff

La,W1 + WoRp, =0, (32)

ie.

X1 = AjCyBE. (33)
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Therefore,
1 i = [ AGC1B - (34)
Thus, the least-norm solution to the dual quaternion matrix Equation (1) can be expressed as

Xo =0,
X1 = A§C1B{.

In this case, the least-norm of the general solution can be expressed as
[1X]lmin = 11 X1]le = [|AGC1Bf [[e. O

Through the proof process described, we observe that if A{C,B} # 0 or AJC,BS # 0, the dual
quaternion matrix Equation (1) does not have a least-norm solution. We will illustrate this situation in
the following.

Remark 1. If ASC,B} # 0 0r ASCyBY # 0, the dual quaternion matrix Equation (1) has a minimum real
part of norm solution, and the dual part of norm can take any real value. The solution X = Xo + X can be
expressed as
Xo = A{CoB{ + ALC2B} + Af 2B}, (35)
X1 = AJCoBE — Af A1 ALCBY — AYCoBIB B + La,2W1 + WaRp,, (36)

where W;(i = 1,2) are arbitrary matrices over H with appropriate dimensions. In this case,

a+ K .
|1 Xo! min

= ||AfCoBE + ALCoBY + ASCLBY|| +

[XT] = [1Xol lmin +

a+K i
[|ASCoBf + ASCoBY + ASCoBY ||

where
a = Re[tr(AjCaBf — A§ A1 ASCoBY — AJC2B3B1BY)* (A§CoBY)]

is a constant and
K = Re[tr(W; ASC,B{ + ASCoBIWS)]

can take any real value.

As several applications of Theorem 1, we consider the least-norm solutions to the matrix equations
AX = B and XC = D over the dual quaternion algebra.

Corollary 1. Suppose that dual quaternion matrix equation AX = B is consistent, let

Ay = A1La,, By = By — A1 Al By,
Az = RAOAz, B = RAOBZ-

Then the least-norm solution to the matrix equation AX = B can be discussed in two cases:
(1) If AfBy # 0 and ALB, = 0, then the least-norm solution X = X + Xy¢ to the matrix equation AX = B
can be expressed as

Xo = A{Bo, (37)
X1 = A{By+ LayWi, (38)
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where Wy is an arbitrary matrix over H with appropriate dimensions.
In this case, the least-norm of the general solution can be expressed as

Re[tr(A(JSBz)*(A(JSBO)]

[1X![min = ||A§Bol| +
" ’ [|A§Bol|

(2) If AYBy = AIBy = 0, then the least-norm solution X = Xo + Xqe to the matrix equation AX = B can be
expressed as

Xo =0, (39)
X, = A\By. (40)

In this case, the least-norm of the general solution can be expressed as
X[ lmin = 1| A§B1][e-

Remark 2. If AYB, # 0, the dual quaternion matrix equation AX = B has a minimum real part of norm
solution, and the dual part of norm can take any real value. The solution X = Xo + X1¢€ can be expressed as

Xo = A}By + AlBy, (41)
Xi = A{By — A§A1ALBy + L, Wi, (42)

where Wy is an arbitrary matrix over H with appropriate dimensions. In this case,

a+ K .
1 Xo!|min

= ||A$Bo + ALBy|| +

X = 1[Xolmin +

a+ K .
||A§Bo + AlBa|

where a = Re[tr(A{B, — A§ A1 ALBy)* Al By is a constant and K = Re[tr(W; Al By)] can take any real value.
Corollary 2. Suppose that dual quaternion matrix equation XC = D is consistent, let

Ca = R, C1, Dy = Dy — DyC{Cy,
C3 = CZLC0/D3 = DZLC0~

Then the least-norm solution to the matrix equation XC = D can be discussed in two cases:
(1) If DoC{ # 0 and D,Cl = 0, then the least-norm solution X = Xo + Xy& to the matrix equation XC = D
can be expressed as
Xo = DoC{, (43)
X1 = D2C{ + WiRc,, (44)

where Wy is an arbitrary matrix over H with appropriate dimensions.
In this case, the least-norm of the general solution can be expressed as

eftr(D2C{)* (DoCY)]
[[DoC{ |

R
| X[ |in = [[DoC3 | +
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2) If DyCt = D,Ct = 0, then the least-norm solution X = Xy + X ¢ to the matrix equation XC = D can be
3 q
expressed as

Xo =0, (45)
X; = D;C}. (46)

In this case, the least-norm of the general solution can be expressed as
X [min = HDngIlS-

Remark 3. If D,CI # 0, the dual quaternion matrix equation XC = D has a minimum real part of norm
solution, and the dual part of norm can take any real value. The solution X = Xy + X € can be expressed as

Xo = DoC} + Do C, (47)
X1 = DoC{ — D,CIC1CY + WiRg,, (48)

where Wy is an arbitrary matrix over H with appropriate dimensions. In this case,

a+ K .
|| Xo [ min

= ||DoC} + D2 CH|| +

XI| = [1Xolmin +

a+ K c
[IDoCY + D2

where a = Reltr(D2C{ — DrCIC1CE)* (Do CY)] is a constant and K = Re[tr(DyCIW;)] can take any real
value.

4. Numerical Examples

In this part, we will present two numerical examples to illustrate the conclusion in the previous
section.

Example 1. Solving the least-norm solution to the dual quaternion matrix equation AXB = C, and providing
the norm of the solution, where

A= A+ Age = 1.+z ]f.k 27.1+'k k ’
2i+k i+j 0
14+i+j i+k| [2i—k i+]
B = By+ Bie = :
OFRE= Lk o l 1|
C = CotCre— —3—1T|—3]'+3k —%—21 —6—1—'7]—|i5k —10+2z—3?—3k .
—2—-5i—j+4k —4i—2k —9—-7i—-3j+6k —4-7i—2j—6k

Through calculation, we have

R4,Co = 0,CoLp, =0,
RA3C21 =0, RAOC2L30 =0, szLB3 =0.

By Lemma 2, the matrix equation is consistent. On the other hand, we can identify that

AbCoB} # 0and AYC,B{ = ASC,BY = 0.
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According to Theorem 1, the matrix equation has a least-norm solution, which can be expressed as

i+k 1

X = Xo + Xje =
0+ Aae 0 14k

2i+j 1],
S

In this case, the norm of solution is ||X|| = /5 + @8-

Example 2. Solving the least-norm solution to the dual quaternion matrix equation AXB = C, and providing
the norm of the solution, where

1 2i—j 1
A=A+ Ae= Tk J .l. +k ,
0 0 i+j 2—i+j
laidi i_i K 14
B = By+ Bie — J'rz+] i—j z.k +1i ’
jt+k 0 j 1

—44+3i46j+2k —3+7i+j—3k

—54i+3j+3k  242i—4k

ot Cre [2—2(;+3] —1+04z—k]

Through calculation, we have

R4,Co = 0,CoLp, =0,
RA3C21 =0, RAOCZLBO =0, CZZLBg, =0.

By Lemma 2, the matrix equation is consistent. On the other hand, we can identify that
ASCoB{ # 0, A1CoBY # 0and ASC,BY = 0.

According to Remark 1, the matrix equation does not have a least-norm solution and only has minimum real
part of norm solution. The solution X = Xy + Xj¢ can be expressed as

2+4j 0
Xo = ,
"7l 1 itk
B 0.2857 + 0.5714i 0.1429 4 0.1429k
17 10.2857 — 0.1429i + 0.4286] — 0.8571k  0.1429i + 0.2857;
0.7143 ~0.1429i + 042867 |
0.1429i — 0.4286; 0.2857 v

where Wy is an arbitrary matrix over H with appropriate dimensions. In this case, the norm of solution is
= 1+K
[1X]] = 2v2+ N where
K = Re[trW 1.4286 — 0.1429i 4 1.1429j 0.1429 + 0.4286i + 0.1429j — 0.4286k ]
B 110.7143 + 0.2857i — 0.8571j + 0.1429k 0.2857i + 0.2857k )

5. Conclusions

In this paper, we first equivalently transform the expression of the norm of dual quaternion
matrices as defined in reference [24]. Using this expression, we discuss the norm of the general solution
to matrix equation AXB = C over the dual quaternion algebra when the equation is consistent and
establish the conditions for the existence of the least-norm solution. When the equation AXB = C has
a least-norm solution, we derive expressions for both the least-norm solution and the least-norm of the
general solution in two different cases. If no least-norm solution exists, we consider the minimum real
part of norm solution and establish expressions for the minimum real part of norm solution and the
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norm of the solution. In this case, the dual part of norm of solution can take any real value. After that,
we investigate the least-norm solution to the dual quaternion matrix equations AX = B and XC = D
as an application. Finally, we present two numerical examples to illustrate the main results of this
paper. In the future, we will analyze the least-norm solution to more complex and general matrix
equations over the dual quaternion algebra.
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