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Abstract: The Kohn-Nirenberg domains are unbounded domains in C". In this article, we modify
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1. Introduction

Consider a domain () € C" with smooth boundary Q). As the boundary point is a strongly
pseudoconvex point p € d(), we can find a local system of holomorphic coordinates. Hakim [1] and
Pflug[2] showed that every strongly pseudoconvex point of d() is a peak point. But this property
fails for weakly pseudoconvex boundary point in general. Kohn and Nirenberg have an example
that is defined with the boundary point (0,0) € dQ). The representing example [3]is QO = {z =
(z1,22)T € C? : 7(z) 1= Rezp + |z1|® + 3 |z1/*Rez§ < 0}, which is a pseudoconvex domain with point
in the boundary that does not admit any peak function, supporting surface and the boundary can not
be convexifiable by any local holomorphic coordinates[4—6]. The existence of supporting functions
and smooth peak functions and the properties of convexifiability have been done by Pflug [2], by
Kola? [7], by J.Han [8], D.Zhao [9] and by J. Byun and H. R. Cho [10]. In [11,12], Taeyong Ahn etc.
provide a tool to construct global holomorphic peaks from local holomorphic supporting functions
for a class of unbounded domains in C". But it is still an open question whether any Kohn-Nirenberg
domain is biholomorphic to a bounded domain. In order to better understand the properties of the
Kohn-Nirenberg domain, in [14], Simone Calamai provides some new examples of Kohn-Nirenberg
domain that develop some properties and theories about convexifiability in C2.

Let O%(Q))(0 < a < o0) denote the space of functions holomorphic on () and of class C* on
Q. Recall a point ¢ € 9Q) is a peak point to () if there is a function f € O%(Q) satisfying (&) = 1
and |f(z)| < 1forallz € OQ\{¢}. We call f a peak function. A holomorphic supporting surface for
) at ¢ is a complex manifold M of co-dimension 1 with the property: there exists a neighborhood
N(¢) of ¢ such that ONN(Z) N M = {¢}. In [9], D. Zhao etc. considered a general moditication
of the Kohn-Nirenberg domain near the origin in C", namely, the domain Qg = {(z1,...,2x) €
C" : Rezy + 2;7:_11(|z]-|” + K]-|zj|7’_‘7Re(z?)) < 0}, where K = (Ky,...,K, 1) € R*"!,p,q € Z* and
p —q—2 > 0. They proved the following sufficient condition.

Theorem 1 ([9]). Given the above domain Qg with |Kj| < %(1 <j<n-—1),then

1. Qg is a pseudoconvex domain.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Ifqlporgfpbut|K;| <1(1 <j<n—1), thereexists a C*-peak function and a supporting surface at
the origin 0 € dQk.

3. Ifqtpand Z}:ll |K;| > n —1, there does not exist any C*-peak function and supporting surface at
0 € 9Q).

In fact, the the above general Kohn-Nirenberg domain Q) is a special case of decoupled domain
in C"[13]. Based on the modificationn of the domain Qg, we define a general Kohn-Nirenberg type
domain as follows.

1 _
Ok ={(z1,...,2u) € C" : Rez, +g|z,1|2 + 2711 (Iz? + Kj|z;]? qRe(z?)+

_ 2
LilzjP~21m(£}7)) < 0}

where K = (Ky,Ky,..., K, 1) € R" 1L = (Ly,Ly,...,L,_1) € R" L, ¢ >0,p € Z¥,q € Z" and
p—2q—12>0.

If we do not consider the term ¢|z, |2, the general modified domain Q  is a weighted-bumped
domain [12], denoted by Qwp (use the notation of Definition 2). If we consider this term, the Theorem
4.6 [11] has a argument that there exists global holomorphic supporting function when ¢ > 0 and
a bound point of Qyyp admits a local holomorphic supporting function. Thus Qg 1 keeps the main
features. It will be interesting to study whether the existence of supporting surface and peak function
at the origin in [9] can be generalized to the domain Qg 1.

For the domain Qg 1, we study the existence of the holomorphic peak function, supporting surface
at the boundary points. The main result of this article is the following theorem.

2
Theorem 2. Let Q. be the above domain with |K;| 4 2|L;| < pzri

q2(1 <j<n-—1), wehave

1. Qg is a peseudoconvex domain.
Ifq | porgtpand |Kj|+|Lj| < 1(1 < j < n—1), there exists holomorphic peak function and
supporting surface at the origin 0 € 0Qg 1.

3. Ifqtpand 2;7:_11 |K;| > n — 1, there does not exist any supporting surface at 0 € 0Q 1.

Here, q | p means that g divides p, g4 { p means that g does not divide p. We shall use these
notations in this article. The structure of this article is as follows. In Sect. 2, we give some basic
definitions for Kohn-Nirenberg domain. In Sect. 3, we provide the proof of theorem 2 about (1)-(3).

2. Basic Definitions and Lemmas

Let QO = {(z1,...,2n) € C" : r(z) < 0} be a domain in C" with smooth boundary, its defining
functionis r(z). Let O%(Q)) (0 < a < o0) be the space of holomorphic functions on ) and C*-continuous
on Q.

Definition 1. For a point { € 0Q and a vector t = (t1,...,tn) € C", we write drg(t) = i, %(C)tj. The

Levi form of r(z) at € applied to t € C" is L({,t) = ?k:l %ﬁ{zk (&)tjty. ¢ is called a pseudoconvex point if
’ j

n 827’ _
L(¢ t) = Zj,kzl m(‘:)tjtk >0

forallt € T0Q = {t € C" : drg(t) = Lj'"4 Z%(6)1?1- = 0}, where T;0Q) = {t € C" : drg(t) = 0} is the
corresponding complex tangent space.
If the Levi form is positive at boundary point &, i.e. L(§,t) > 0, we call § a strong pseudoconvex point.
If all the boundary points are (strong) pseudoconvex points, the domain () is called a (strong) pseudoconvex

domain.
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Definition 2 ([12]). For domain Qwp € C", if Rez, + P(z1,22,...,25-1) < 0((z1,22,...,20) € C"),
where

(a) P is a real-valued, weighted polynomial on Qwp.

(b) All the boundary points of Qwp are pseudoconvex points and all but the origin are strong pseudoconvex
points.

Lemma 1 ([9]). For any real number K with |K| < m’{‘—il(l < m € Z7"), there exist constants b € R and
C > 0 such that
1+ Kcost + bcos(mt) > C, forall t € [0,27)

where b = b(m) and C = C(m) depend only on m .

Lemma 2. If |[K|+2|L| < ’”—21(1 < m € Z"), there exist constants b € R and C > 0 such that

P

1+ Kcos(t) 4 Lsin(2t) + bcos(mt) > C, for ¥Vt € [0,2m)

Proof. If |[K| +2|L| < m’Z”—il, then |K + 2Lsin(t)| < |K| +2|L| < -2 From Lemma 1 and Kcos(t) +

m2—1°

Lsin(2t) = (K + 2Lsin(t))cos(t), we have constants b € R and C > 0 such that
1+ Kcos(t) 4+ Lsin(2t) + bcos(mt) > C, for t € [0,2m)

where b = b(m) and C = C(m) depend only on m.
Set the domain Qg = {(z1,...,2z4) € C" : r(z) < 0}, its defining function r(z) on C" is as
follows
-1 _ . 2
r(z) = Rezy + g|za|* + 2721 (1zj|7 + Kjlz;|? qRez? + Lj|z;|? 2‘Umzjq)

where K = (Ky,..,K,_1) € R*1,L = (Ly,..,.L,_1) € R*"1,¢ > 0,p € Z*,q € Z* and
p—2q—1>0 0O

Lemma 3. If (p? — ¢%)|Kj| + (p* — 4¢)|L;| < p*(1 < j < n—1)(g > 0), then QO 1 is a pseudoconvex
domain.

Proof. For boundary point § = (z1,...,2,) € 0Q) and tangent vector t = (#1,...,t,), we compute the
Levi form and get

ry = %Pz]-%p_ ()2 + L(p: q)z]-%”%q_l(zj)%r’—%q 4 L(p{ q)z]-%p_%q_l(zj)%w%u
Li(p+29) lprg1,_ .1, , Li(p—=29) 1pg-1,_ .1
]sz_zp q (Z]')Zp qi]TijP q (Zj)2p+q

where i = \/jl rZ]'Zk = O(] 7& k) and Tznzy = &-
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For1 <j <mn—1,thereis

1 Ki(p + K:(p—
T2z = lez(z]-)%F”1+ it Z;)(p q)( PRz ])%P*%IHJFM(HW
1y 1o 1, \1p4l Li(p+29)(p —29) o
(zj)2P 21 1(Zj)2l”+2‘7 1 o (z))? IpHa— 1(z zj)2 3p—q-1_
Lilp =20)(p+29) ‘1 o1, \1pig-
8i ()21 (z) 7+

Nf—=

1 _
=P a1 e - @)

(17 — 47) (z) 1171 () =01 [WH

\q 5.\9
p*%qfl(zj)%r]*%qfl {(Z]) +(%) }JFL]-

2i
1 _ L g
= P12+ (P = K [P 2 Re(z))7 + (7 — 4q2) L] 2172 Im(z) |
If (p? — 4?)|IKj| + (p* —4¢°)|L;] < p? and g > 0, we have the Levi form

LEn =Y 2 e
jk= 182 0Zk k
T g P gl

Q- -
21 1 (Pz—(Pz—qz))lKﬂ—(P2—4q2)|Lj\)|Zj|” 2t + gltal®

> 0.

Thus the Levi form L(¢, ) is semi-positive definite, which proves that Q | is pseudoconvex. [

3. Holomorphic Peak Function and Supporting Surface of the General Modified
Domain Qg 1,

Here we prove the main Theorem 2 about (1)-(3).
Proof of Theorem 2 about (1). Let Qg = {z € C": Rezn +glzu2+ LT (|z]|F7 + Kj|z;|P~1
Rez]q. + L]-|z]-|?7*2q1mz < 0}. Suppose (1 <j<n-— 1 g > 0), then (p? — 4%)|Kj| +

(p2—4q2)|Lj| <(p*>—gq )|K | +2(p> —¢q )|L | § p (1 §] <n-—1,¢ >0). So Lemma 3 implies that
Qg 1 is pseudoconvex. [J

q (1 <j<mn-—1,9>0),itis easy to see the
origin is a weakly pseudoconvex (not strong pseudoconvex ) boundary point of Qg 1.

Proof of Theorem 2 about (2). Let Qg 1 be the above domain with |Kj| + 2|L;| <
n—1,9>0).
For r(z) = Rezy + g|zu|?> + 27:_11(|z]-|p + I<-\zj|7"_‘7Rezf7 + L-|zj|p_2'71ngq), we consider two cases.

A1 <)<

1. Thecaseq | p(p = mq). Letz; = rje' bi1<j<n-— 1) and z, = u + iv. In polar coordinate
system, we have r(zq,2,...,2z4) = u + gu? + gv> + Z L1+K; jcos(q0;) + Ljsin(2q0; )] P. Then
we consider the coordinate transformatlon Z] = 21,25 =20, ;

ZY = Zp_1;Zp = Zn — Z]: b 2P 2 and b € R. In the new coordinate system, after dropping the
stars we have

r(z1,22,...,20) = U+ g u—i—z bcos(p()) M2 tg v+2 b]szn(p() )r Y+
2;’:1 [1+ Kjcos(q6;) + Ljsin(2q6;) + bjcos(p()j)]rj
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Note that [K;| + 2|L;| < % = m’;{l (p = mq). Lemma 2 implies that there exists C > 0 such
that
-1 . -1
2;1:1 [1+ Kjcos(q0;) + Ljsin(2q6;) + bjcos(ij)]r;7 >C 27:1 r]’.’

The point 0 belongs to the set {(z1,22,...,0) : zj € C,1 < j < n—1} N N(0) N Qg , where N(0)
is a neighborhood of 0. For all 0 # z € {(z1,z22,...,0) : zj € C,1<j<n—-1}NN(0) ﬁﬁK,L, there
exists j such that z; # 0. We have

-1 -1, . -1
r(z1,22,...,0) = g{(27:1 bjcos(p()]-)r]?)2 + 7:1 b]-sm(pGj)r]’-’)z} +0+ 27:1 1+
Kjcos(q0;) + Ljsin(2q9;) + bjcos(ij)]rf > CZ;:ll r;’ >0

This is a contradiction with the definition r(z1, 2y, ...,2,) < 0 and implies that
{(21,22,...,0) 1zj € C,1< ] <n-— 1} N N(O) ﬂﬁK/L = {O}

Thus in the new coordinates, the complex manifold {(z1,zp,...,0) : zieC1<j<n-— 1}
is a holomorphic supporting surface at the origin 0 € dQk ;. The holomorphic supporting
function is f(z1,22,...,2n) = z» at 0. And the corresponding holomorphic peak function is
h(z1,2z2,...,2n) = e t7h for the origin 0.

In fact, it is obvious that h(0) = 1. Putz, = u +iv. For Vz € Qg — {0}, we have
r(z1,20,...,20) <0, e

! -1, .
u+g(u+ Z};l bjas(PGj)r]’?)Z +g(v+ ]r.l:l b]-sm(pej)r]?)Z_’_
71 .
2;1:1 [1+ Kjcos(q8;) + L;sin(2q6;) + bjcos(pe]-)]r]’,7 <0
Thus

-1 . -1
u<-— 2721 [1+ Kjcos(q8;) + L;sin(2q9;) + bjcos(pGj)]r]p <-C Zr.l L <o

Ifu=0,thenv < 0and |h(zy,2y,...,2,)] = "7 =" < 1.

If u <0, then |h(zy,20,...,24)| = ittt — =0t 1,

So, the function h(zy,2, . ..,z,) is a local peak function at 0 € 0Q)g ;. Further, Hakim and Sibony
[1,2] show that there is a global peak function with the same regularity as h(z1, 2, ..., zx).

2. Thecaseq{pand |K;| +|L;| < 1(1 <j < n— 1).There exists holomorphic peak function and
supporting surface at the origin. Note that Z;?:_ll(|z]-|P +K; |z]-|P—‘7Re(z;.7) + Lj|z; |P—2‘71m(2?q)) >
2;1;11 [1— (IK;| + [Lj|)]|z;|?, similar to case (I), we have the complex manifold {(z1,2y,...,0) : zj €
C1<j<n— 1}, which is also a holomorphic supporting surface at the origin. At the same
time, h(zy, 22, ..., 20) = ¥ +70 is a local peak function at 0 € 9Q 1. In [1,2], Hakim and Sibony
show that there is a global peak function with the same regularity as .

O

Proof of Theorem 2 about (3). Assume that there exists supporting surface at the origin 0 € 0Q .
The support surface M as a complex manifold of co-dimension 1 implies that there are an open

neighbourhood N(0) € C" and holomorphic function f on N(0) such that
1. MNN()={zeN(0): f(z) =0},
2. mnk(%,..., %) =1
We shall study two different cases.
1.  The case % = 0, there is some j such that % # 0. The implicit function theorem implies that

M= {(z1,...,z0) €C" 1 2j = p(2z1,---,2j-1,2},- -, Zn) }
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Now letzy =---=z; 1 =zj41 =+ =z, = —¢ then
r(z) = —e+ge* + (n —2)ef + (— Zl#]KlM) =P+ Kjlg(—e, ..., —g)|P1
Re[p(—¢,...,—€)]T+ L]-|4)(—s, e, )P ZqRe[(p(—s, .., —s)]zq
= —e+0(e?) <.

If ¢ is small, then M N Qg # {0} in every small neighborhood of 0. Therefore, we have a
contradiction with M as a support surface.
2. The case az # 0, the implicit function theorem implies that

M= {(z1,...,zn) € C" : 2, = p(21, .., Zy-1) }

We shall divide this into three different cases.

1.  When ¢(z1,...,24-1) = Yoo Fs(z1,...,20-1),t > p+ 1, where F; is the sum of those terms

Ky 1 - . .
Cor 25021 in the power series for which &y + -+ - +a,_1 = 5.
1reen—14~1 n—1 p n
.(K(K]'HU

Weletzj=e'~ ¢ ",1<j<n—1, where x(K;) is defined by

0 Ki>0, .
X(Kj):{ T Asjsn=1).
1 K <0

And z, = ¢(z1, ..., zy—1). If € is sufficiently small,

x(Kqp)+1 x(Ky_q1)+1

r(z) = Relp(ee 1 ", ee T )] +glp()P+ (n—1)ek =" YK
= (1= 1) = T KjJe? + 0 ™) <.

Hence M is not a supporting surface. It is a contradiction.

2. When 47(21,. . -/Zn—l) = Egit Fs(zl,. . .,Zn_l),l <t<p-1, Ft(Zl, .. .,Zn_l) # 0. We can
suppose Fi(t1,...,t,_1) = A1 # 0 and choose 6 such that Ae?* < 0.
Letz; = tyee'?, zp = tyee?, .. S Zpn_1 = tn_lseig, it is easy to see that

Ft(zl/-'-/zn71> = Ft<tl/-'-/tnfl) t 19 /\ Elteﬁ‘t = —|)\1|St.

Then
r(z) = Re[p(z1,. .., zn-1)] + glo(z1, ..., 2n—1) EPZ 1 |t |P + €Pcosqb
2 'K ilt1P) —l—s”stqG(Z "L iltilF)
= —|Mlef + 0 <0

if € is sufficiently small. Hence M is not a supporting surface. It is a contradiction.
3. Then the only remaining case is when

(P(Zl,. . -/anl) = Z:O:p PS(Zl,.. -/anl)'

X(Kj)+1

Let zj. e "(1 <j <n—1), where x(K;) is defined by

0 K >0
K) = j
x(Kj) {1 K; <0
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andz, = ¢(2},..., 2!, _|). Then

-1
r(2) = Relp(z, .., 2l )]+ Iz . 2l )P+ (1= 1)e? + ePeosl (L0 1K)

= eP[Re(Ae' ") + O(e) + (n — 1) + cosl (L0 Ky,

x(Kqp) x(Ky—1)

where A = Fp(ei e e T ”). We take ] = 1,3, ...,29 — 1, then

Yid
Y r(z) = e”{Re)\( Y, e l) +0(e) +q(n—1)+ Y. coslm
1=13,..,2g—1 1=13,..,29—1 1=13,..,29—1

n—1
(Ejzl |Kj | )}
Since [ takes odd integers, we obtain

2 coslmt = —gq.
1=13,...,29-1

P
If g1 p, we have Yi=13,..2-1 dil=o. Therefore, when ¢ is small,

n—1
r(z) = s”{O(s) +4q[(n—1) - Z;|K]|]} <0.
]:

1=1,3,...2q—1

Since MN Qg = {0} and z} € M, it follows that r(z') > 0 for all I.
Thus

Y. @) >o
1=1,3,...2g—1
Hence we get a contradiction. This completes the proof.
O

There are still some problems yet to be answered for the domain Qg ..

Problem 1. When g 1 p and 2}12_11 |K;| > n — 1, the peak functions of the Q. at the origin is still
not clear.

Moreover, the behavior of invariant metrics (e.g., Kobayashi, Carathéodory) on the Kohn-
Nirenberg domain could be studied using the techniques in [11]. Such metrics are central to un-
derstanding hyperbolic geometry in complex domains, and their properties here might reveal new
phenomena in extremal map constructions or boundary asymptotics. Thus, another nature problem is
as follows.

Problem 2. The Bergman metric and Carathéodory metrics of Qg 1 in the statement of the
Theorem 2 are positive and complete?
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