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Abstract: Holders of life insurance policies can exercise various options that lead to contract modifications, e.g.

full surrender, partial surrender, paid-up and dynamic premium increase options. Transitions between these

contract states materially affect (current and future) cash flows, and thus represent a serious source of uncertainty

for an insurance company. It is common practice to determining best estimate assumptions for these transitions

independently, i.e. without considering joint determinants of the different aspects of policyholder behaviour. Our

paper shows how consistent best estimate transition rates for multiple status transitions can be derived using data

science methods. More specifically, we extend existing multivariate approaches with the Lasso method such that

the key drivers for each transition can be identified automatically. We discuss the performance, the complexity

and the practical applicability of the different modelling approaches based on data from a European insurer.

Keywords: multistate; multi-class; lapse rate; paid-up; life insurance; Lasso

1. Introduction

A crucial part in the risk management of a life insurance company is the proper modelling of
future policyholder behaviour. Contract modifications for existing policies are an important part of this
customer behaviour and there are several different legal and contractual options for the policyholder,
e.g. full surrender, partial surrender, paid-up and dynamic premium increase options. The resulting
various contract states and in particular the transition between states have a material impact on the
cash flow profile of the insurance company. This poses a serious risk, as the cash flows have a direct
impact on the asset liability management. Consequently, under the European regulatory framework
Solvency II, all contractual options and the factors affecting the exercise of these options need to be
taken into account in the best estimate valuation, and the risk related to all legal and contractual
policyholder rights has to be assessed in a separate risk sub-module denoted as ‘lapse risk’ (see articles
32 and 142 in EU [9]). In practice, independent models for each policyholder option are built with
the Whittaker-Henderson approach (a univariate smoothing algorithm), see for example SAV [28] or
Generalised Linear Models (GLM), see for example Haberman and Renshaw [14]. However, modelling
these risks separately can lead to false interpretations and bad management decisions. We therefore
advocate for a holistic modelling of policyholder options that allows for a consistent prediction of
future cash flows. Furthermore, the choice of the ‘correct’ variables for the Whittaker-Henderson
approach and the GLM is both manual (and therefore subjective) and time-consuming, since a potential
new covariate (or interaction) requires a full readjustment of the previously considered covariates.

In this paper, we show how holistic policyholder behaviour models can be set up efficiently.
Of course, there are different multivariate modelling approaches with different levels of manual
interventions. In particular, data analytics techniques such as the Lasso can be used to replace the
manual process of variable selection with a data driven approach. This also enables us to compare the
different multivariate modelling approaches objectively and fairly. The joint modelling approach also
addresses modelling issues due to low data volume for policyholder options that are less frequently
exercised.

Building a multi-state model for policyholder behaviour has two core dimensions of complexity.
First, the overall model choice: Several approaches in the field of survival analysis, (generalised)
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linear models and other machine learning areas are available. We choose to focus on GLM based
models using extended Lasso penalties. By that, we can model complex policyholder behaviour while
retaining parsimony and interpretability. But even within the Lasso based models, there are numerous
ways of allowing for multiple states. Second, the inclusion of the transition history to the model: There
are different ways of including information about previous states of a life insurance contract, that may
impact the probability of future transitions.

In actuarial literature, binary lapse behaviour for insurance companies has been analysed thor-
oughly. Most research focuses on macroeconomic variables (e.g. interest rate or unemployment rate)
and analyses hypotheses like the interest rate hypotheses or the emerging fund hypothesis. See for
example Kiesenbauer [18] for the German market. Due to the confidentiality of policyholder data,
there is limited research on the effect of policy specific variables (e.g. contract duration or sum insured)
on lapse behaviour. Refer to Eling and Kochanski [8] for an overview of both macroeconomic and
policy specific research on lapse in life insurance.

The main tools used to analyse lapse behaviour on a policyholder level are survival analysis, see
e.g. Milhaud and Dutang [25], and Generalised Linear Models (GLM), see e.g. Barucci et al. [3] and
Eling and Kiesenbauer [7]. There are also machine learning approaches to analyse lapse behaviour.
Refer to Reck et al. [27], Azzone et al. [2] and Xong and Kang [31] for an extended Lasso approach, a
random forest or a neural network, and a support vector machine, respectively.

In these papers, lapse is the only state (besides active), meaning that the response is treated as a
binary variable. Now we allow for more states and address multi-state policyholder behaviour (with
lapse being one possible state). Modelling several states and transitions between these states is not
an entirely new topic in actuarial science and was already discussed in Gatenby and Ward [12]. In
fact, this type of analysis is common in certain areas, especially in health insurance, e.g. with possible
states active, disabled and dead. Of course, the specific states and possible transitions depend on the
insurance product, see e.g. Christiansen [4].

There are also some multi-state applications in life insurance: Zhang [32] uses a Markov process
to model different fitness states (and transitions between them) and their effect on mortality. Kwon
and Jones [21] analyse mortality rates for potentially changing states of socio-economic factors (e.g.
income or smoking). Milhaud and Dutang [25] analyse lapse behaviour with multiple possible states
using a competing risk approach (survival analysis). Finally, Dong et al. [5] analyse customer churn
using a multinomial logistic regression (MLR) and a second-order Markov assumption. They also
compare the MLR with a binary one-versus-all model, as well as a gradient boosting machine and a
support vector machine.

In this paper, the actuarial literature is extended by the implementation of different modelling
approaches based on extended versions of the Lasso. This includes a discussion of the architecture of
the different approaches, the corresponding aggregation schemes applied to get the overall predictions,
and different orders of the Markov assumption. We compare the different modelling approaches and
Markov assumptions quantitatively and qualitatively.

The remainder of this paper is organised as follows: In Section 2, we introduce different modelling
approaches for the underlying multi-state problem and discuss qualitative features of each approach.
We also present different ways of including the transition history in each modelling approach. Section
3 introduces the data set and other details of the implementation. It supplements the previous section
by adding quantitative aspects of the different modelling approaches. In Section 4, we show the
numerical results, and compare the different modelling approaches and the different ways of including
the transition history. Finally, Section 5 concludes.

2. Modelling Multiple Status Transitions

In this section, we present different approaches for modelling multiple status transitions and focus
on qualitative aspects for the model selection: we differentiate with respect to structure, uniqueness,
complexity of the model, and the possibility to generalise to an arbitrary number of transitions. We
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also analyse and compare approaches to consider the history of an insurance contract in a model.
This section focuses on the architecture for the different modelling approaches, while the specific
implementation and application for our data set is described in Section 3 and compared in Section 4.

In our analysis of a typical insurance portfolio, only annual status transitions are tracked. There-
fore, the initial status at the beginning of a year and the status at the end of the year is recorded
and exactly one potential transition during the year can be further analysed and considered in a
multi-class problem. In the literature, there are several model structures for multi-class response
variables where an estimated probability for each potential class is derived, and there are basically two
ways of modelling such a multi-class problem: Firstly, decomposition strategies transform the original
multi-class problem into several binary problems and subsequently combine them to get a multi-class
model. Those approaches are particularly interesting for machine learning models like support vector
machines which were originally designed for binary problems. In the GLM framework, the binary
model corresponds to a logistic regression. An overview for decomposition strategies is given in
Lorena et al. [23]. The decomposition strategies used for this analysis are described and discussed in
Subsections 2.1 - 2.3. Secondly, models with a holistic strategy can handle multiple classes directly
with no need for a decomposition. In the GLM framework, this corresponds to a MLR as described in
Frees [10]. This approach is described in Subsection 2.4.

In the analysis of policyholder behaviour, the transition history may impact future transition
probabilities, e.g. the lapse probability may be increased for a contract that was made paid-up recently
compared to a contract that has been paid-up for a longer time. Therefore, different approaches of
including the history to the model are discussed in Subsection 2.5. These approaches can be applied
for both the decomposition approaches and the holistic approach.

For recurring terms, we use the notation:

• K is the set of possible classes for the response variable Y with m = |K| potential classes.
• Based on Allwein et al. [1], M corresponds to a coding matrix with possible entries mi,j ∈

{−1, 0, 1}. Each column j corresponds to a binary base model, indicating whether the class (in
row i) has a positive label (mi,j = 1), has a negative label (mi,j = −1) or is not included (mi,j = 0).
The latter means that data from class i is not reflected in the calibration of model j.

• pI := P(Y ∈ I|x) describes the (predicted) probability that an observation x is in the subset of
classes I.

• x J denotes the subset of the observations, where y ∈ J.
• pJ

I := P(Y ∈ I|x J).
• In general, p describes a (predicted) probability from a binary model, i.e. before aggregation, and

q describes a (predicted) probability for a multi-class model, i.e. after aggregation.

Hypothetical example: We illustrate each model with a hypothetical data set with three classes
(K = {A, B, C} and m = 3) for the response variable Y ∈ K and two not further specified covariates
X1 and X2 (adopted from Zhang et al. [33]), see Figure 1. Each observation (xi, yi) in this example
is depicted in the two-dimensional plane (covariates) where each class (response) is visualised by a
different colour and symbol.
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Figure 1. Hypothetical example with three states.

2.1. One vs. All Model

The one vs. all (OVA) model (also called one against all (OAA)) is a popular choice among the
decomposition strategies. As the name suggests, the OVA approach builds several binary models,
where each models one class versus all the other classes:

MOVA=

 1 −1 −1
−1 1 −1
−1 −1 1

.

Figure 2 shows the model architecture for the hypothetical example. The black lines represent binary
model results separating the two relevant classes using the two covariates.

An aggregation scheme is necessary to transform the probabilities from the binary models into a
multinomial model with probabilities for each class1. Note that the models themselves are unbiased, in
the sense that the average predicted value equals the average observed value. Therefore, the average
predicted values of the individual models add up to one. However, this is not necessarily valid for
a single observation and in general, the sum of the predicted probabilities is not equal to one here.
An intuitive approach for the aggregation is a rescaling of the individual probabilities, such that the
original ratios are conserved, but the probabilities also add up to one for each single observation:

qi =
pi

∑i pi

This aggregation scheme is also statistically motivated, since the rescaled probabilities qi are closest (in
terms of Kullback-Leibler distance, see Kullback and Leibler [20]) to the individual probabilities pi,
while adding up to one:

min
q ∑

i
pi log

pi
qi

, s.t. ∑
i

qi = 1.

There are also other possible aggregation schemes.
For the OVA model with the rescaling aggregation scheme, there are m binary models that have a

unique definition and are independent from each other. However, the aggregation scheme implies a
dependency for the actual target q. Thus, a prediction for a specific class may impact or even worsen
the predictions for other classes.

1 In pure classification problems, the predicted class would typically be the class with the highest overall estimate, see Lorena
et al. [23].
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Figure 2. One vs. all model architecture for three states.

2.2. One vs. One Model

The one vs. one (OVO) model (also called one against one (OAO)) is another popular choice
among the decomposition strategies. As the name suggests, the OVO approach builds several binary
models, where each models one class versus another class:

MOVO=

 1 1 0
−1 0 1
0 −1 −1

.

Figure 3 shows the model architecture for the hypothetical example. Again, an aggregation scheme
is necessary to obtain a multinomial model with probabilities for each class2. There are several
possibilities on how to aggregate the probabilities from the individual binary models pJ

i in order to
estimate the probability distribution of the underlying data set qi, see e.g. Galar et al. [11]. Also note
that the individual models in the OVO approach can ‘contradict’ each other in the sense, that there is
no compatible set of probabilities qi, e.g. if pA,B

A = 0.9, pB,C
B = 0.8 and pA,C

A = 0.2.
In this analysis, we apply pairwise coupling as proposed by Hastie and Tibshirani [16] for the

aggregation. The idea is to minimise the (weighted) sum of the Kullback-Leibler distances between pi,j
i

and µi,j =
qi

qi+qj
, where the weights wi,j correspond to the number of observations in xi,j:

min
q ∑

i<j
wi,j

[
pi,j

i log
pi,j

i
µi,j

+ pi,j
j log

pi,j
j

µj,i

]
For the example above, where pA,B

A = 0.9, pB,C
B = 0.8 and pA,C

A = 0.2, the proposed aggregation scheme
(with wi,j = 1 ∀ i, j) gives qA = 0.38, qB = 0.29 and qC = 0.33. Since the individual models would
imply that A is more likely than B, B is more likely than C, but then C is more likely than A, the
aggregated probabilities around 1

3 seem reasonable. The order qA > qC > qB appears plausible as well
since the combined estimated probabilities from the individual models are 1.1 > 1.0 > 0.9 for classes
A, C and B.

An alternative and intuitive aggregation scheme for the OVO approach is the rescaling of the
combined estimated probabilities such that the resulting probabilities add up to one. In the example
above, this would lead to qA = 1.1

3.0 = 0.37, qB = 0.9
3.0 = 0.30 and qC = 1.0

3.0 = 0.33. Even though
the resulting probabilities (for this example) are very similar to those from the pairwise coupling,
the alternative aggregation scheme performed significantly worse in the comparisons as laid out in
Section 4. Therefore, we decided to omit this alternative aggregation scheme and focus on the pairwise

2 In pure classification problems, the overall estimate for the OVO model would typically be based on the majority vote, see
Lorena et al. [23].
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coupling, even though the interpretability of the OVO approach suffers from the rather complicated
aggregation scheme.

The number of necessary binary models increases rapidly with the cardinality of K. In general,
there are m(m−1)

2 models in case of m classes for the response variable and the individual models are
independent for the sub-samples. As for the OVA, the aggregation scheme implies a dependency for
the actual target q.

Figure 3. One vs. one model architecture for three states.

2.3. Nested Model

Nested models (also called hierarchical models) are another example for combining binary models
to arrive at a multinomial model. OVA and OVO are symmetric in the sense that changing the order of
the classes does not impact the result, i.e. these models have one unique definition. Within the nested
approach, there are multiple ways of defining the hierarchical model setup. For example, in case of
three classes, there are three possible model architectures:

MNested A=

 1 0
−1 1
−1 −1

, MNested B=

−1 1
1 0
−1 −1

, MNested C=

−1 1
−1 −1
1 0

.

Figure 4 shows the first model architecture (Nested A) for the hypothetical example.
In general, there are many separation possibilities, see Equation 1 below. In each step of the

hierarchy, the remaining classes are split into two (potentially imbalanced) parts until finally, each
class is separated. Therefore, each individual class k has subsets ji describing the unique separation
path of length s: K = j0 ⊃ j1 ⊃ . . . ⊃, js−1 ⊃ js = k.

The hierarchical design of the aggregation scheme ensures well defined probabilities, and thus an
aggregation scheme is not necessary for the nested approaches. To obtain the prediction of a class, we
use the specific path for that class:

qk =
s−1

∏
i=0

pji
ji+1

.

The specific order is rather arbitrary and has a major impact on the complexity of the prediction qk.
We will see in Section 3 that this order also affects the quality of the model fit tremendously. This
dependency on the order is a major disadvantage of the nested models. In some applications, expert
judgement can help to identify a reasonable order. In many applications, however, the best possible
order is a-priori unknown.

In general, there are m − 1 models in case of m classes for the response variable, as for the OVO
approach. However, this time the order matters. The models are not independent, since in each step of
the hierarchy, the models condition on the result of the higher levels of the hierarchy. We have seen in
the hypothetical example that for three classes only three different orders are possible. But with four
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classes there are 15 possible orders and with five classes already 105. To obtain a general formula for
the number of possible orders, we derived a recursive formula based on combinatorial terms and then
transformed it into the following compact representation using the Gamma-function:

f (m) =
2m−1Γ(m − 1

2 )√
π

, (1)

where f (m) is the number of possible orders for m final classes.
Thus, there is potentially a huge number of possible model specifications and a high complexity

introduced by the number of binary models.

Figure 4. Nested A model architecture for three states

2.4. Multinomial model

Instead of decomposing the multi-class problem into several binary problems (e.g. using the
OVA, OVO or nested method), we can also approach the multinomial problem directly. Within the
GLM framework, the most intuitive way is to use a MLR which is a direct generalisation of the logistic
regression, see e.g. Frees [10]. Figure 5 shows the model architecture for the hypothetical example.
Also, outside of the GLM framework, there are several algorithms capable of modelling multiple
classes, e.g. neural networks with softmax layer or random forests.

The MLR estimates all probabilities simultaneously. Therefore, we do not need to transform
individual probabilities by an aggregation scheme as before. The black line in Figure 5 represents a
hypothetical model to separate the classes - this time three classes simultaneously, instead of just two
classes at a time.

This approach only uses one model, no matter how many states the response variable has. Hence
it uses all information simultaneously for the prediction of an observation. The model structure is
unique; therefore the model imposes a significant complexity reduction.

Figure 5. MLR architecture for three states.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 December 2024 doi:10.20944/preprints202412.1267.v1

https://doi.org/10.20944/preprints202412.1267.v1


8 of 20

2.5. Transition History

There are many applications - including ours - where observations are made over time. In our
data set (see Section 3.1), this corresponds to a yearly observation for each in-force contract. At the
end of each complete contract year, the current state is tracked (which can be active, paid-up or lapse).
Therefore, we do not differentiate between, for example, lapse after 4.5 contract years or 4.8 contract
years. The remaining covariates do not change over time. This results in a sequence of possible
states and transitions for each observation. The transition history of an observation may impact the
probabilities of future transitions, e.g. the lapse probability may be increased for a contract that was
made paid-up recently compared to a contract that has been paid-up for a longer time. In order to
improve estimates of transition probabilities, it may be useful to consider the past of an observation in
the model. There are several ways of including the transition history in the model and we focus on the
following three approaches:

1. No previous information: There is always the possibility to ignore any information about
previous states. This is the easiest and most primitive way of dealing with the transition history
but can still be legitimate for applications where the history is obviously irrelevant.

2. Markov property: A Markov property can be assumed, see Dynkin [6]. The ‘past’ (transition
history) does not matter for the ‘future’ (predictions), given that the ‘present’ (current state) is
known, i.e.:

P(Yt = yt|Yt−1 = yt−1, Yt−2 = yt−2, ..., Y1 = y1) = P(Yt = yt|Yt−1 = yt−1),

where t indicates the time (=contract duration) of an observation and Yt corresponds to the state
(active, paid-up or lapse) in that year t. Hence, we are modelling yearly lapse and paid-up rates.

3. Full transition history: There are also applications in which it is possible to define one new
covariate (or more), which represents the state history sufficiently. This highly depends on the
number of states and the structure and dependencies of the underlying data set. In our specific
example, the time since being paid-up seems to sufficiently describe the state history, see Section
3.1 for details.

In the second and third approach, there is still flexibility of how to include the information in
the model. Let the status history be sufficiently described in one (or more) new covariate Xhistory.
Subsequently, it can be treated as a normal covariate in the model. Alternatively, the covariate and all
its interactions with the remaining covariates can be included in the model. This allows the model
to identify more complex structures in the data. A third way is splitting the data according to that
covariate and building separate models for each subset. Note that this increases the number of
individual models for each model architecture. Including the covariate to the model formula is no
longer necessary since it is just constant for each subset. However, in cases where the history can only
be captured sufficiently by many new covariates or if the number of possible classes is high this third
approach may not be feasible. All above-mentioned approaches are analysed for our data set in Section
4.

3. Application for a European Life Insurer

In this section, we further specify, apply and compare the approaches for modelling multiple status
transitions for a portfolio of life insurance contracts provided by a pan-European Insurer operating in
four countries. An elaborate description of the considered models can be found in McCullagh and
Nelder [24] for GLMs, in Tibshirani [29] for the Lasso, in Tibshirani et al. [30] for the fused Lasso and
in Kim et al. [19] for the trend filtering. Also see Reck et al. [27] for the application of the extended
versions of the Lasso to a logistic lapse model.
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3.1. Data Description

The data set contains a large number of insurance contracts over an observation period of around
21 years. This particular portfolio went into run-off after about 11 years, which means that no new
contracts were written after that. However, this does not affect the proposed modelling approaches -
they can also be applied to portfolios that are not in run-off.

Life insurance contracts typically include several options available to policyholders, such as full
surrender (lapse) and stop of regular premium payments (paid-up), but also the option of reinstatement
of premium payments after being paid-up, partial surrender, pre-defined dynamic premium increases
and other premium increases, or payment of top-up premiums. For the contracts in this particular
portfolio, the key observed status transitions of the contracts are the option of making a contract
paid-up and the exercise of a full surrender (lapse) option. Thus, the data set appears well suited to
apply the presented models using three possible states: active (A), paid-up (P), lapse (L). Note that for
other portfolios significantly more transitions may need to be modelled.

In this paper, the option to ‘lapse’ is defined to comprise surrender (policyholder cancels the
contract and gets the surrender value), pure lapse (insurance contract is terminated without a surrender
value payment) and transfer (policyholder cancels the contract and transfers the surrender value to
another insurance company). The second option ‘paid-up’ is defined by a reduction of regular premium
payments to zero but the contract remains in force. Obviously, an execution of the first option implies
a transition to a terminal status. The paid-up option leaves a potential lapse option for the future open.

There are n = 1, 070, 139 observations (167, 659 unique contracts) with an extended set of up
to J = 15 covariates: contract duration (number of years between inception and observation time),
insurance type (traditional or unit-linked), country (four European countries), gender, payment
frequency (e.g. monthly or annually), payment method (e.g. debit advice or depositor), nationality
(whether or not the country, in which the insurance was sold equals the nationality of the policyholder),
dynamic premium increase percentage, entry age, original term of the contract, premium payment
duration, sum insured and yearly premium. We extend this original set of covariates by including two
covariates that contain information about the previous state(s) of a policyholder. For some models,
we only consider the previous status (i.e. active or paid-up, since lapse is the terminal status). For
other models, we also add another covariate: time since paid-up which counts the years between being
made paid-up and the observation time. It is defined as 0 as long as a policyholder is still active (of
course, each policyholder initially starts in the active state). For this data set, there are no observations
with reinstatement, meaning that we do not observe the transition P → A. Other covariates do not
change over time and are therefore deterministic for our life insurance portfolio. Hence, the covariates
contract duration and time since paid-up uniquely determine the full state history of a contract3.

For modelling purposes, a separate row is created for each in-force contract in each observation
year. As a consequence, one single contract may occur in several rows in the data set - once for each
observation year where the contract is still in force. This differs from a standard survival analysis setup,
where we would typically have one observation per contract. This observation would then contain
information about the duration (until being paid-up and until lapsing), a potential censoring and the
final state. This modification leads to a data set where the rows are no longer fully independent, and
we also have a selection bias (contracts being in-force longer get more weight than contracts lapsing
early). Given the size of our data set, this modification seems justifiable. However, in general, the
effect of this modelling approach should be analysed carefully.

Figure 6 shows the decreasing exposure (upper part) and the composition of the three states
(lower part) for different values of contract duration. The one-year lapse rates clearly decrease rapidly

3 Say for example, contract duration equals three and time since paid-up equals zero. The only possible transition history is
therefore A → A → A → A. If the contract duration equals three and the time since paid-up equals two, we can derive the
transition history A → A → P → P.
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in the first three years which is consistent with the well-known higher lapse rate at the beginning
of an insurance contract. The one-year paid-up rate shows a different trend: starting with a very
small percentage for the first year of the contract, the rate increases over time until it reaches a certain
threshold. Although the rates have different trends, they should be modelled consistently together.

One useful pre-processing step in this framework is the binning of continuous covariates. By
that, the corresponding covariate has several pre-defined category levels (bins). Without binning, the
model can either estimate a single parameter for the continuous covariate (and potentially underfit) or
estimate a parameter for every single value of the covariate by treating it as a factor (and potentially
overfit). With binning, we are therefore able to derive an interpretable model with a good predictive
power to satisfy the requirements of an insurance company.

There are different possibilities for choosing adequate bins, e.g. bucket binning (each bin has
the same length), quantile binning (each bin has the same number of observations) or simply relying
on expert knowledge. There are also more complex ways of defining bins: Henckaerts et al. [17]
use evolutionary trees as described in Grubinger et al. [13] to estimate optimal bins for continuous
variables. These evolutionary trees incorporate genetic algorithms to the classical tree framework
to find the global optimum by allowing changes also in previous splits. We choose a rather simple
data-driven approach (no expert knowledge) to derive the bins and follow the approach of Reck
et al. [27] using a univariate decision tree for each continuous covariate in the data set: entry age,
original term of the contract, premium payment duration, sum insured and yearly premium. To avoid
overfitting, we use small trees with at least 5% of the observations in each terminal leaf (see again Reck
et al. [27]). Note that contract duration is not assumed to be continuous, and no univariate decision
tree is built. The category levels are therefore just the natural numbers up to 20.

Figure 6. Ratio of active, paid-up and lapsed contracts for different values of contract duration,
including exposure.

3.2. General Model Setup

Since we are looking for a parsimonious and interpretable model, we focus on GLM based models
using extended versions of the Lasso in our analysis. The probabilities are defined as:

P(Y = 1|x) = exT β

1 + exT β
,

P(Y = k|x) = exT βk

∑m
l=1 exT βl

.

(2)
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The first equation corresponds to the logistic regression (binary case of the decomposition strategies)
and the second equation corresponds to the MLR with m classes. The logistic regression is a special
case of the MLR with m = 2. However, in Equation 2 the reference level for the logistic regression
is implicitly set to one of the two classes, while there is no explicit reference level for the MLR.
Consequently, we only consider those coefficients not corresponding to class A in the results Table 3 to
make the comparison of the number of coefficients in the models fair.

For the logistic regression, we have the following log-likelihood function:

log L(β|x, y) =
1
n

n

∑
i=1

(
yi(xT

i β)− log(1 + exT
i β)

)
.

The parameters β are estimated with a penalised maximum likelihood optimisation (regularisation).
We use the methodology proposed by Reck et al. [27]:

− log L(β|x, y)Lasso = − log L(β|x, y) + λ
J

∑
j=1

gLj(β j), (3)

where Lj represents different versions of the Lasso, i.e. regular Lasso, fused Lasso and trend filtering.
The regular Lasso penalises the difference of each category level to the intercept (|β j|) and can be used
for covariates without ordinal scale. The fused Lasso penalises the difference between two adjacent
category levels (|β j − β j−1|) and is therefore suitable for fusing neighbouring category levels. Finally,
the trend filtering penalises the difference in linear trend between category levels (|β j − 2β j−1 + β j−2|).
It is hence used for modelling a piecewise linear and often monotone structure within that covariate.

For the MLR, the equations can be adjusted according to:

log L(β|x, y) =
1
n

n

∑
i=1

[ m

∑
l=1

(
yi,l(xT

i βl)
)
− log(

m

∑
l=1

exT
i βl )

]
,

and

− log L(β|x, y)Lasso = − log L(β|x, y) + λ
J

∑
j=1

m

∑
l=1

gLj,l (β j,l). (4)

These extended versions of the Lasso allow the model to capture structures within covariates - however
only for the effect on a specific value of the response variable. A penalisation across different values of
the response variable is not possible in this modelling setup. For example, two different coefficients for
the effect of a covariate j on lapse β j1,L and β j2,L may be fused together. Similarly, the two different
coefficients for the effect of covariate j on paid-up β j1,P and β j2,P may be fused together. However, a
fusing between β j1,L and β j1,P or between β j2,L and βl2,P is not possible. To our knowledge, this form
of optimisation has not been implemented yet.

For the implementation, we essentially use the same setup as described in Reck et al. [27], which
can be summarised by

• using the R [26] interface for h2o, see LeDell et al. [22],
• modelling the trend and fused Lasso penalty with contrast matrices, and
• determining the hyper-parameter λ based on a 5-fold cross-validation using the one standard

error (1-se) rule.

3.3. Specific Model Setup and Parameter Estimation

For the decomposition strategies, Equation 3 can be applied for each binary model independently,
based on the coding matrices M. This results in the calibration of three independent binary models,
see MOVA and MOVO, or two independent binary models, see MNested A, MNested B and MNested C.
Therefore, we perform three (two) independent penalised maximum likelihood estimations using
Equation 3 with corresponding λi and βi. The calibration of the binary models is independent and
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therefore the values of penalisation terms differ in general, see Table 1. In contrast, the MLR only
requires a single model calibration using Equation 4.

Table 1. Penalisation terms λ · (10−4) for different model setups.

Markov property

Model no previous
information

Markov
property

full transition
history

including
interactions

splitting
the data set

OVA 1.92, 2.39, 1.63 1.45, 2.82, 1.48 1.21, 1.65, 1.48 1.45, 1.22, 1.12 2.41, 4.72, 2.96, 31.44
OVO 2.66, 1.49, 8.82 2.02, 1.49, 6.38 1.26, 1.53, 4.60 2.02, 1.49, 2.52 2.48, 3.81, 3.32, 31.44
Nested A 1.92, 8.82 1.45, 6.38 1.21, 4.60 1.45, 2.52 2.41, 3.32, 31.44
Nested P 2.39, 1.49 2.82, 1.49 1.65, 1.53 1.22, 1.49 4.72, 3.81, 31.44
Nested L 1.63, 2.66 1.48, 2.02 1.48, 1.26 1.12, 2.02 2.96, 2.48, 31.44
MLR 1.37 1.03 0.95 0.94 1.70, 31.44

The table shows some main findings:

• The second model of each nested approach is identical to a model in the OVO approach.
Of course, this can also be seen when comparing the columns of MOVO in Section 2.2 with
MNested A, MNested B and MNested C in Section 2.3.

• Splitting the data set requires an additional model which is identical for all approaches (cf. last
entry in the last column). For the subset with initial state ‘active’, the number of models is identical
to the previous number of models (including both initial states), because the corresponding
response variable can still have all three states ‘active’, ‘paid-up’ and ‘lapse’. For the subset with
initial state ‘paid-up’ however, one additional model is required with possible levels ‘paid-up’
and ‘lapse’ for the response variable. It is just a single logistic regression with initial state ’paid-up’
and response ’paid-up’ or ’lapse’.

• Whenever a model distinguishes class P from one (or all) other classes, the corresponding λ

value is rather high - especially when comparing P and L (see e.g. Nested A, second model). A
plausible interpretation might be that separating class P is comparably easy for a model in the
sense that the model performance does not decrease when the penalisation is increased.

• The decomposition strategies have a higher degree of freedom in terms of λ value, because they
might differ for the individual binary models. In this application, however, the λ values seem to
have a similar magnitude across the different modelling approaches. Note that we also optimised
the penalised likelihood functions from the decomposition strategies with the restriction of a
constant penalisation term λi for all binary models. As expected, the impact on the results was
rather small. This might be different in applications where the independently calibrated values
vary more. In the end, we chose the penalisation terms of Table 1, which is consistent with the
independent model definitions.

In principle, Lj,l may also differ for the individual binary models within a decomposition strat-
egy. This again leads to a high degree of flexibility, e.g. if LActive, entry age = trend filtering and
LPaid-Up, entry age = fused. However, this flexibility did not seem to impact the result significantly, such
that we chose the same penalty type for all models, as described in Table 2 and in line with Reck et al.
[27].
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Table 2. Penalty types for the different covariates used for all models.

Covariate penalty type
contract duration trend filtering
insurance type regular
country regular
gender regular
payment frequency fused
payment method regular
nationality regular
dynamic premium increase percentage trend filtering
entry age fused
original term of the contract trend filtering
premium payment duration trend filtering
sum insured trend filtering
yearly premium trend filtering
previous status regular
time since paid-up regular

Finally, the estimated coefficients are fed into Equation 2. For the decomposition strategies, the
resulting probabilities are then transformed using the aggregation schemes presented in Section 2. For
the MLR, the resulting probabilities are directly well defined and do not require further modifications.

4. Results and Comparison of the Modelling Approaches

After we have described the different modelling approaches as well as the calibration to the
underlying data set, we now analyse and compare the results. We focus on two dimensions: the
different model architectures (see Sections 2.1 - 2.4) and the inclusion of the transition history (see
Section 2.5). We have seen that due to their architecture, some of the models require a considerable effort
and readjustment to generate multinomial probabilities. Therefore, we also include the complexity
(number of models and number of parameters) and the computing time of the models as additional
components that are obviously important for the model selection.

Table 3 shows the two dimensions of the analysis: The rows show different model architectures,
and the columns show different ways of including the transition history. Note that we may also
consider other dimensions in a sensitivity analysis, like for example different penalty types (regular,
fused and trend), λ values, regularisation types (ridge, elastic net) or binning techniques. We would
expect similar results as in Reck et al. [27].

The table is split into three parts: The upper part shows the performance of the models. The
performance measure is defined as 1− Dm

D0
, where Dm corresponds to the deviance of the model and D0

corresponds to the deviance of the intercept only model (or null model). Therefore, it can be interpreted
as the relative improvement over the intercept only model. This measure is similar to the R2 measure
for normally distributed response variables, with a similar interpretation. Since the measure is based
on the deviance, it is also consistent with the likelihood optimisation described in Section 3.2. Other
performance measures (e.g. the multi-class area under the curve (AUC) as defined by Hand and Till
[15]) show a similar pattern. The middle part of the table shows the number of models, the number
of parameters and the number of potential parameters. An entry a, b/c thus means, that a individual
models were built to get the overall prediction, a total of b parameters were selected by the underlying
Lasso out of c possible parameters from the underlying dataset(s). Parameters where the Lasso assigns
a value of zero are not included in this entry b as they implicitly disappear from the model. The lower
part of the table shows the computing time (in minutes) on a standard computer. The aggregation
scheme for the OVA model is very simple, so there is no measurable effort here. For the OVO model,
however, the aggregation effort is considerable. For this model, the aggregation effort is given in
parentheses.
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Table 3. Comparison of the different modelling types and transition histories, showing a performance
measure based on the deviance (upper part), the number of models and parameters (middle part) and
the computing time (lower part).

Markov property

Model no previous
information

Markov
property

full transition
history

including
interactions

splitting
the data set

Improvement over intercept only model: 1 − Dm
D0

[in %]

Intercept only 0.0 0.0 0.0 0.0 0.0
OVA 37.6 48.4 48.5 50.0 49.9
OVO 39.9 50.8 50.9 51.4 51.3
Nested A 30.0 46.6 46.7 47.4 47.3
Nested P 37.9 48.2 48.5 50.4 50.2
Nested L 42.5 50.1 50.1 50.9 50.8
MLR 37.9 48.2 48.6 50.4 50.3

Number of models, parameters and potential parameters

Intercept only 1/1 1/1 1/1 1/1 1/1
OVA 3/179/225 3/170/228 3/212/276 3/276/447 4/162/298
OVO 3/159/225 3/148/228 3/191/274 3/199/447 4/160/298
Nested A 2/104/150 2/108/152 2/134/184 2/154/298 3/126/223
Nested P 2/122/150 2/107/152 2/134/182 2/161/298 3/101/223
Nested L 2/112/150 2/103/152 2/135/184 2/160/298 3/113/223
MLR 1/94/150 1/86/152 1/108/184 1/171/298 2/104/223

Computing time [in minutes]

Intercept only 0 0 0 0 0
OVA 8 12 13 16 8
OVO 7 (138) 8 (140) 8 (136) 9 (136) 5 (95)
Nested A 5 5 6 7 3
Nested P 6 7 7 10 6
Nested L 7 7 8 10 5
MLR 14 16 17 26 10

Figure 7 visualises a part of the information from Table 3. The different models (except the
intercept only model) are visualised by colours and the different transition histories are visualised by
shapes. The x-axis shows the number of parameters, and the y-axis shows the relative improvement
over the intercept only model.
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Figure 7. Comparison of the different modelling types (colours) and transition histories (shapes) in
terms of the number of parameters (x-axis) and the reduction of deviance (y-axis).

4.1. Transition History

Markov property (vs. no previous information): We can clearly see in the figure (or in the
Markov property column) that the previous state contains valuable information. All models perform
significantly better with the previous state compared to the corresponding model without any previous
information (between 8 and 17 percentage points). This is intuitive since the fact that a contract was
already paid-up before impacts the chance of being paid-up in the current year. Since only one potential
coefficient is added to the model (βprevious status), the number of parameters does not change a lot (all
changes within plus and minus 15%) and for most of the models even decreases, e.g. from 112 to 103 for
Nested L. This is an indicator that the additional covariate βprevious status contains valuable information
such that other covariates are then no longer required in the model. Of course, this highlights one of
the major advantages of using the Lasso approach: it selects the covariates automatically.

Full transition history (vs. Markov property): The full transition history including the time since
being paid-up does not seem to improve the model significantly. Even though it increases the number
of parameters (e.g. by 31% for the Nested L), the deviance is equal to or only marginally better than
the deviance of the model with only the previous state (all changes less than half a percentage point).
This holds true for all models. Therefore, the time since being paid-up does not seem to add value to
the model - as long as the previous state is included.

Markov property with interaction (vs. Markov property): When using the previous state
including its interaction terms, the performance is somewhat better than the corresponding model
without interactions (up to 2.2 percentage points). This illustrates the selective property of the Lasso:
Models with these interaction terms are able to recognise different structures for the impact of a
covariate on the target variable, depending on the initial state. However, the number of parameters
increases significantly (e.g. almost doubles for the MLR). This is not surprising, as an interaction term
is included for every covariate, i.e. the number of potential parameters is essentially doubled (previous
state can be A or P). If the number of initial states increases further, the number of interaction terms
increases accordingly.

Markov property with splitting (vs. Markov property): Using the previous state by splitting the
data set also seems to perform somewhat better than the corresponding model using the previous state
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as a covariate (up to 2.1 percentage points). The number of parameters seems to be on a similar level
(some are higher, some are lower). Note that there is always one additional model when splitting the
data set. As described above, this additional model is exactly the same for all modelling approaches.

Markov property with splitting (vs. Markov property with interaction): In terms of model
performance, there is no material difference between splitting of the data set and allowance for
interactions (decrease by 0.1 to 0.2 percentage points). However, the models based on splitting the
data set have much less parameters (between c. 20% and 40%).

Qualitative comparison: We analysed and compared different alternatives for the inclusion of
the transition history of a contract. Increasing the number of potential states, the first one (adding the
previous state as a covariate) increases the complexity of the model only marginally. The second one
(adding the previous state and its interaction terms) can also be generalised to more potential states -
however increases the number of parameters significantly. The third one (splitting data set) requires
further splits and might not be feasible for many more states - especially when some states only show
few observations. The inclusion of the ‘full transition history’ in a single covariate is only possible for
our specific example. In general, with an increasing number of states, several covariates are necessary
to replicate the full transition history.

4.2. Modelling Approaches

Quantitative comparison: Overall, the different models show a similar performance, e.g. in the
range of 46.6% - 51.4% when including the previous state as a covariate. The OVO approach has the
best deviance across different ways of including the transition history. Within the nested models, the
order seems to play an important role for the performance. Without further empirical knowledge,
Nested A may seem like a good choice, as the majority class is separated in the first step (actives vs.
paid-up/lapse). However, this model performs worst among all models. To find the best nested model,
all possible orders have to be analysed, which can be very time-consuming. In this case, nested L
performs best among the nested models (first separating lapse from active/paid-up). The performance
of the OVA, nested P and MLR are similar in terms of deviance.

Figure 8 shows the predictions of the models (black line) using a similar format as the lower part
of Figure 6. All modelling approaches show a similar shape for the predicted lapse rate, i.e. a strongly
decreasing trend for the first two contract years, followed by a constant or slightly increasing trend
until year 11, before eventually decreasing again until year 20. The shapes of the predicted paid-up
rates are also similar for the different models. The multivariate predictions (with respect to contract
duration) are consistent for all approaches.

Figure 8. Comparison of predicted lapse and paid-up rates by contract duration for different models.
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For the number of parameters, the MLR has an advantage over the other approaches. After that,
the nested models follow. OVO and especially OVA have the most parameters.

The computing time shows that the MLR is comparatively slow (it takes about twice as long as
a nested case). The penalised maximum likelihood optimisation is based on a multinomial distribu-
tion here, compared to binomial distributions for the other approaches. Presumably, the numerical
optimisation is more complex for MLR. The OVO model is a clear outlier due to the time-consuming
aggregation that is much more expensive than the actual calibration of the binary models. Note that
this aggregation must also be applied for each individual case, so that the effort is also incurred in the
application of the model and not only in the calibration. If the number of classes increases, we would
expect a similar computing time for the multinomial model. For the decomposition models, however,
the computing time is expected to increase rapidly.

Qualitative comparison: We now compare qualitative aspects of the models: complexity and
interpretability of the model architecture as well as the ability to generalise to more potential states. We
also show the marginal effect of the models with respect to the covariate contract duration, see Figure 9.
For that, we use the estimated coefficients for contract duration (and the intercept) in each individual
model (and set all other coefficients to zero) to predict the individual probabilities. Then, we use the
same aggregation scheme as for the overall prediction. Especially the OVO aggregation changes the
interpretability of the individual probabilities significantly. The corresponding line therefore only
partly reflects the overall model behaviour for the OVO. In general, the shape is similar for the models
with a decreasing trend for the first three years, followed by a slightly increasing trend until year six.
After that, there is a constant (or only slightly decreasing) trend until year eleven, followed by a clear
trend change resulting in a decreasing trend until the end. The Lasso approach therefore decreases
the number of parameters significantly by grouping certain category levels. For example, instead of
the six original category levels 6, 7, 8, 9, 10, 11 for contract duration we might only need to consider
one group 6-11 (depending on the modelling approach). Since we used the trend filtering for contract
duration, one group follows one linear trend and between different groups are then trend changes.

It is also noteworthy that the marginal effect of the OVO approach is almost identical to the
marginal effect of the Nested P model. This is due to the fact that the first and third model in the
OVO approach as well as the first model in the nested P approach hardly use the contract duration
as a predictor. Instead, they focus on other covariates (like βprevious status), which are set to 0 for the
marginal plot and are therefore omitted in the prediction. Thus, the two lines appear to be congruent.

The OVA and OVO approach have a rather simple architecture and are still easy to generalise.
The number of required models is O(m) for the OVA approach and O(m2) for the OVO approach.
Both approaches require an aggregation scheme to obtain the final probability for each class. The OVA
aggregation scheme basically builds a weighted sum of the individual models and therefore remains
fully interpretable. The OVO aggregation scheme is rather complex, such that there is no direct and
interpretable connection between the final prediction and the individual predictions. This is a big
disadvantage of the OVO approach.

The nested models have a more complex architecture. The order of the classes is critical here,
which makes this approach unfeasible for situations with a higher number of classes. This can be
seen in Figure 9 as the marginal effects for the nested approaches differ significantly. Therefore, the
generalisation to more potential states is not trivial. The number of possible orders is O(2mm!) and
the number of required models for each order is O(m). Although, the aggregation scheme seems
rather intuitive, the multiplication of models complicates the model interpretability. Thus, the nested
approach has qualitative disadvantages in terms of loss of generalisation and interpretability.

The MLR has the most qualitative advantages: It is a single model (i.e. O(1)) and therefore easy
to set up. It does not require any aggregation and coefficients can be explained and interpreted directly.
The model has the ability to include more states without the need of further models.
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Figure 9. Comparison of marginal effect of different models (colours) for different values of contract
duration (x-axis).

5. Conclusion

In the previous sections, we derived and compared quantitative and qualitative aspects for the
modelling of multiple transition probabilities. Among the analysed models, OVO and nested L showed
the best performance in terms of model deviance improvement. For MLR, OVA and Nested P, the
deviance was only slightly higher (with mostly no material differences between the models). The
Nested A model performed significantly worse. In terms of the number of parameters, the MLR
showed clear advantages.

We also analysed and compared different ways of incorporating the transition history in the
models. In general, the information contained in the transition history of an insurance contract should
be considered as it improved the predictions for all models. Including the full transition history did
not further improve the model and the previous status seemed to contain all necessary information.
Assuming the Markov property and including interaction terms with the previous state performed
best and also has a higher flexibility than the separation of the data set or the consideration as a simple
covariate.

Although the models showed comparable quantitative results, they differ significantly in several
qualitative aspects: The OVA/OVO and MLR can be generalised (in the sense of adding further
classes/status transitions) and remain interpretable - especially the MLR, as it only consists of a single
model. The OVO model lacks a clear interpretation in the aggregation step. Due to the many different
ways of setting up the nested architecture, the nested modelling approach is more difficult to generalise.
Overall, the MLR has clear qualitative advantages, since no aggregation scheme is required and no
further individual models are needed if further classes are added.

In a model selection process, qualitative and quantitative criteria should always be considered
carefully. Depending on the application, the importance of one or the other vary. This analysis should
therefore be of interest to anyone who wants to consistently model multiple transition probabilities.

Our analysis points at several fields for further research. In particular, the model flexibility of the
MLR is still rigid as a penalisation across different values of the response variable is not possible yet.
However, a fusing between parameters for different values of the response variable, e.g. βage1,L and
βage1,P, may further increase the accuracy of the MLR.
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