Pre prints.org

Review Not peer-reviewed version

Tensor Derivative in Curvilinear
Coordinates

Sourangshu Ghosh i
Posted Date: 12 December 2024
doi: 10.20944/preprints202412.1006.v1

Keywords: Tensor Derivative; Curvilinear Coordinates; Metric coefficients; Christoffel Symbols; Parallel
Transport in Riemann Space; Covariant Derivative of Tensor Fields; Geodesic Equation; Riemann Curvature
Tensor; Ricci Tensor; Ricci Scalar

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.




Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2024 d0i:10.20944/preprints202412.1006.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
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Abstract: In this article, we mathematically rigorously derive the expressions for the Del Operator V, Divergence
V - ¥, Curl V x ¥, Vector gradient Vv of Vector Fields ¥, Laplacian V2f = Af of Scalar Fields f and Divergence
V - T of 2nd order Tensor Fields T in both Cylindrical and Spherical Coordinates. We also derive the Directional
Derivative (A - V)¥ and Vector Laplacian V2v = AV of Vector Fields ¥ using metric coefficients in Rectangular,
Cylindrical and Spherical Coordinates. We then generalized the concept of gradient, divergence and curl to
Tensor Fields in any Curvilinear Coordinates. After that we rigorously discuss the concepts of Christoffel
Symbols, Parallel Transport in Riemann Space, Covariant Derivative of Tensor Fields and Various Applications of
Tensor Derivatives in Curvilinear Coordinates (Geodesic Equation, Riemann Curvature Tensor, Ricci Tensor and

Ricci Scalar).

Keywords: tensor derivative; curvilinear coordinates; metric coefficients; Christoffel symbols; parallel transport
in Riemann space; covariant derivative of tensor fields; geodesic equation; Riemann curvature tensor; Ricci tensor;
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1. Derivatives of Cylindrical Coordinate Unit Vectors with Respect to Cylindrical Coordinates

To rigorously derive the derivatives of the cylindrical coordinate unit vectors (&, &y, and &) with
respect to the cylindrical coordinates (p, 8, and z), we must first recall the geometric meaning of these
unit vectors and the way they vary with changes in the cylindrical coordinates.

Step 1: Cylindrical Coordinates and Unit Vectors

The Cylindrical coordinates (p, 6, z) are related to Cartesian coordinates (x,y,z) as follows:

The unit vectors in cylindrical coordinates are defined as:

* Radial unit vector &,:
&, = cos 01 + sin 6j

where i and j are the unit vectors in the x- and y-directions, respectively. This vector points in
the direction of increasing p.
¢ Azimuthal unit vector ég:

&y = —sin0i + cos 6j

which is perpendicular to &, and points in the direction of increasing 6.
e Axial unit vector é,:

& =k

where k is the unit vector in the z-direction. This vector is constant and points in the direction of
increasing z.

Step 2: Derivatives of Unit Vectors with Respect to p
Since the unit vectors &,, &, and &; do not depend explicitly on p, their derivatives with respect
to p are straightforward:

* Derivative of &, with respect to p:
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* Derivative of &, with respect to p:

e
% _
9

* Derivative of &, with respect to p:
0é;
— =0
9

Thus, none of the unit vectors in cylindrical coordinates change as a function of p, so all the
derivatives with respect to p are zero.

Step 3: Derivatives of Unit Vectors with Respect to 8

The unit vectors &, and &y depend explicitly on the coordinate 6, as they involve trigonometric
functions of 6. Therefore, we need to carefully compute their derivatives with respect to 6.

* Derivative of &, with respect to 0:
& = cos 01 + sin 6].

Taking the derivative with respect to 6:
% _

0 = — sin 01 + cos 0.

Noting that — sin 01 + cos 0] = &;, we have:

oé
0 _ 4
— = e
0 '
¢ Derivative of &, with respect to 0:
&g = —sin6i + cos ;.

Taking the derivative with respect to 6:

aég 2+ . 2+
FT cos 61 — sin 6j.
Noting that — cos #i — sin 6] = —&,, we have:
08y
S0~ %

* Derivative of &, with respect to 6: Since &, does not depend on 6, its derivative is zero:

% _,
L
Step 4: Derivatives of Unit Vectors with Respect to z
Finally, we compute the derivatives of the unit vectors with respect to z. Since none of the unit
vectors in cylindrical coordinates depend on z, the derivatives with respect to z are zero:

* Derivative of &, with respect to z:
% _
0z

* Derivative of &, with respect to z:
oé
9% _ o
0z
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¢ Derivative of &; with respect to z:
%
oz
Step 5: Summary of Results

The full matrix of partial derivatives of the cylindrical unit vectors with respect to the cylindrical
coordinates is:

28, 098, 38 A

dJp 00 oz 0 & O
089 08p dep | _ 4
o 00 oz | 0 —& 0
de; 08, 0 0 0 0
dp a0 0z

This is the complete set of partial derivatives of the cylindrical coordinate unit vectors with respect to
the cylindrical coordinates.
Final Explanation

* &, and & depend on 0, and their rates of change are captured in terms of the other unit vector
(either &g or &p).

* ¢, is independent of both p, 8, and z, and thus all its partial derivatives are zero.

* No unit vectors depend on p or z, so all partial derivatives with respect to these coordinates are
zero except for f-related derivatives.

2. Derivatives of Spherical Coordinate Unit Vectors with Respect to Spherical Coordinates
The spherical coordinates (7,6, ¢) describe a point in three-dimensional space:

e r: radial distance from the origin,
® 0: polar angle (measured from the positive z-axis),
* ¢: azimuthal angle (measured from the positive x-axis in the xy-plane).

In Cartesian coordinates, the point (x, 1, z) can be expressed as:
x = rsinfcos ¢
y =rsinfsing
z =rcosf
2.1. Definition of Unit Vectors
In spherical coordinates, the position vector of a point is:
r=ré

where é,, €g, and é'¢ are the unit vectors along the 7, 8, and ¢ directions, respectively. These unit vectors
are related to the Cartesian unit vectors 7, j, and k by the following expressions:

€, =sinfcospi+sinfsing ]+ cosfk

8y = cosfcos¢i+ cosfsing]—sinfk
€y = —singi+cospj

2.2. Derivatives of Unit Vectors with Respect to r

Since the unit vectors €,, €y, and é, depend only on 6 and ¢, their derivatives with respect to r are

Zero: —
0é, N 0€y N ae(p _

or ' or ' or 0
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2.3. Derivative of €, with Respect to 6

To compute %, we take the derivative of each component of €, with respect to 6:

€ =sinfcospi+sinfsingj+cosfk

0é 5 S
a—r = cosfcos¢pi—+cosfsingj—sinfk
From the definition of €y, we recognize this result as:
e, -
o

2.4. Derivative of é, with Respect to ¢

Similarly, to compute %%j, we differentiate the components of €, with respect to ¢:

€, =sinfcospi+sinfsing ]+ cosfk

a_‘ ~ . 2
%er _ —sinfsingi1+sinfcos¢j
op
This expression corresponds to:
% _ sinf é
ap ’

2.5. Derivative of ég with Respect to 6

d€ .
Now, we compute 7

8 = cosfcospi+cosfsing]—sinfk

0é T A
% = —sinfcos¢i —sinfsingj—cosf k
This expression is the negative of é,:
% _
0

2.6. Derivative of ég with Respect to ¢

For %, we differentiate the components of €y with respect to ¢:
8y = cosfcos¢i+cosfsing]—sinfk
0€y e >
% = —cosfOsingi+ cosfcos¢j
This is: a2
%0 — cos €
o
2.7. Derivative of ép with Respect to 0
Next, we calculate %. Since €y = —sin¢ i+ cos ¢ j, it has no f-dependence, so:
€y

0
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2.8. Derivative of ép with Respect to ¢
Finally, we compute %:

€p = —singi+cos¢pj

0¢é N .
ai(;f = —cos¢i—singj
This is the negative of &,:
98
o _ g,
9¢

2.9. Summary of Results

The derivatives of the unit vectors in spherical coordinates are:

aér_ aé’g_ 864,_
F TR

%8 é % _ sinf €
0 " 9y ¢

0ég . 0 .

0 = €, 39 = cosbéy
08 08 .
I

3. Divergence of a Tensor Field

3.1. Cartesian coordinates

In a Cartesian coordinate system we have the following relations for a vector field v and a
second-order tensor field S:

dv;
V-v= aTci :viliei
Sy,
V-S= axil ey = Sy ey

where tensor index notation for partial derivatives is used in the rightmost expressions. Note that

V-S#V.-.ST

For a symmetric second-order tensor, the divergence is also often written as:

V.S=

The above expression is sometimes used as the definition of V - § in Cartesian component form (often
also written as div S). Note that such a definition is not consistent with the rest of this article (see the
section on curvilinear coordinates).

The difference stems from whether the differentiation is performed with respect to the rows or columns
of S, and is conventional. This is demonstrated by an example. In a Cartesian coordinate system, the

second-order tensor (matrix) S is the gradient of a vector function v:

V'(VV):V~V:(Uijei®ej)‘ei:’0ijlie]’:(V‘V~V):V2?J


https://doi.org/10.20944/preprints202412.1006.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2024 d0i:10.20944/preprints202412.1006.v1

6 of 45

V- [(VV)T] =V. VT = (vjl-ei X e]) ‘€ = Ujj e = V2V
The last equation is equivalent to the alternative definition/interpretation:
(V)ae(Vv) = (V)ar(vije; ® ¢j) = vjj;e; = Vv, e; = Vv

3.2. Curvilinear coordinates

If g', g2, g% are the contravariant basis vectors in a curvilinear coordinate system. In curvilinear
coordinates, the divergences of a vector field v and a second-order tensor field S are:

Iy
V'V aigl‘i‘v F
dS;
V-§= aé,k — Syl — SiTjg"

More generally
V-S= 9 -1 Sij—T}:Si |g' @b/
agl kj

S . -
V-S= (agz —TiSi — r;;?slm>gl ® b/

aql

S] I _1lcilp

9S!
= |- — 18] + 1,8 ¢,

gk

In cylindrical polar coordinates:

_aUr 87)9 az)z

asrr 35r0 asrz

1[0S dS
+ agr + (S — 599)] e+ — [ agg + (Spp + Ser)] e

1[0S
s

aszr aszee + aszz

+az ert oz ¢ 0z €z

4. Divergence V - ¥ in Cylindrical Coordinates

We first need to compute the partial derivatives aa ; 3y and 5zin terms of 2 97 %, and % For that,
let us apply the basic rule of differentiation called the chain rule

o dp d¢p 9
2w o

dx 0xdp  0x I


https://doi.org/10.20944/preprints202412.1006.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2024 d0i:10.20944/preprints202412.1006.v1

7 of 45

Note here that in the above formula I have skipped the variable z. The reason behind this is very
simple. As we know for both the systems, i.e., Cartesian and Cylindrical, z coordinate is exactly the
same; only p and ¢ are the functions of x and y as mentioned above.

do 0 A x
8x_8x<vx +y>—m

dp _ pcos¢
:a P = cos ¢

Note the simplification in the above step. As we are going to convert into the Cylindrical coordinates
from the Cartesian ones, we must simplify to the extent so that to get cylindrical variables. Similarly,

0 9 aYy__ ¥ _ Y
ax ax <x)x2+(y)2x2+y2
X
a<p —y_—sin<p
T2 p

So putting these values above, we have,

i—cos i+ —sing) 9
ox ¢8p 0 o¢

] ., 0 (cosgb) ]
— =sin¢g— + vy
%y P30 p /o

Using the above 2 boxed equations, we can therefore write

Similarly we can write

Ve 2e s+ 2
Tty ayey 9z
Y A - d d  9d.,
=V = (cosgy sm‘l’e"’)(ap) " ( S;H(P) ap T SN0 +C°S"’e¢)<ap> " (Cosq))&p T

Collecting similar terms together we get as follows:

0 1 0 0
— 22 2 - 4 - s 2 2 -4 Y=
V = (sin” ¢ + cos (p)apeerp(sm ¢ + cos ¢)8¢e¢+azez
U3 0 e 19 ‘e 0
o0 " Ppag " oz

A vector field v can be written in Cylindrical Coordinates as
vV = vpep ‘|— Z)¢E¢ + vzez
We have earlier derived that the cylindrical Del operator is

V=e i—i—e li—l—e 9
“ o T Ppogp T oz

Therefore the divergence of the vector field v shall be

10

]
div(v) =V .v = + e¢p 3% + e ) (vpep +vgey + vze;)

(epap

PN - 0 10 d
=>div¥) =V -V=e,— 3 (vpep + vpep + vze;) +ep— 03¢ - (vpep + vpep + vez) + ez - (Vo€ + Vpey + vze;)

0z
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Now note that we have

2 2 9
g(ep) =0 g(%) =0 (&) =0
O &)=, (&) =_a: (&)=
a9 80) =8 55 (E) =% 55(&) =0

J J ,, J
E(ep) =0; &(erp) =0; jz(ez) =0

Therefore the above boxed equation can be written as

. L, 0d0 1090 d . . -
V.-¥= ep%+e¢ —l—ez - (vp8p + vg8p + V2€;)

=8, - 0@4_@'8&4_0@4_3%_’_0@4_3%
0\ P T P T op p T

Vo 1. _ . /00 Vo 1., . . /99 1., . . [0v,
+pp(e¢-e¢)+p(e¢~ep)( p>—¢(e¢-ep)+(e¢-e¢)( ¢>+(e¢-ez)(>

Now note that we have
€ € =¢€-éy=¢;-é =1

ép'6¢:é¢'62 :éz‘ép :O
Therefore we can write
Wy v 130y dv:
do p poP

This is the expression for divergence in Cylindrical coordinates.

div-v=V.v=


https://doi.org/10.20944/preprints202412.1006.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2024 d0i:10.20944/preprints202412.1006.v1

9 of 45

5. Divergence V - V in Spherical Coordinates

We first need to compute the partial derivatives aax, e and 2 5zin terms of 2 3 89 and 5z a . For that

let us apply the basic rule of differentiation called the chain rule.

0 d9dr 090 0 Jd¢

ox _arax 90ax  agox
9 _09or 09 999
dy drdy 00dy 3¢ dy

9 _99r, 009 999
0z drdz 000z 9¢ Jz

Therefore, we will need the following derivatives:

dr 90 3¢ dr 96 3¢ or 90 3P

axaxaxayayayazaznﬁ
Let us calculate all the required derivatives one by one

, dr _ rsinfcos¢

oy T p = sinfcos ¢

Similarly, we also have

90 9 tan_1< /x2+y2> B -1 0 ( x2+y2>
Sd_9 _ s
ox  oOx z 1+<\/szTy2> ox z

-1 x —Xxz
- N St PR+ (Rt 2SR
14 2028 /2 H 222122 (R 22) /xR
.00 —rsinfcos¢ - cosB - r __sinfcosf cos ¢
dx 1’2\/ 12sin? 0 cos? ¢ + r2 sin? 6 sin® ¢ rsin®
900 _ cosfcos ¢
ox r
Similarly, we also have
szi@maz): -1 vy _ -y
232 2142
Jdx  ox X 1_‘_(%) x x4y

84) —rsinfsing  —sing
Bx r2sin2f  rsin@

Working on the similar lines, we can get the following derivatives,

o . . 90 cosfsing 9P  cos¢

@—sm()smqb, dy r ' 9y rsin®
ar . 00 —sinf  dp
g—COSQ, 9z  r ' 0z

So, now we have all the required derivatives. Let us put these into the expressions before.

9 _ra 00 d
dx OJxdr 0xd0  Jx I
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o  [9d),. 9\ [ cos B cos ¢ ] —sin¢
= 5= (5 omecomnr () (20520) + (35) (Gt

cosfcosp d  sing 9
T 00  rsinb d¢

= i = sin 0 cos 3 +
ox (Par

Similarly, we can write

2 _wa mo o
dy dyor Jydd  dy P

d (0 o 0 cos fsin ¢ 0 cos ¢
=3y~ (ar) o+ (55) (<2724) + (55) (7o)
=

9 cosfsing d  cos¢ 9
ay r 00  rsinf d¢

o pe O
= sm951r1¢7§ +

Similarly, we can write
d _drd d0d d¢ 0

9z ozar 9z90 9z 99

D2 sin0d
oz Y% r 90

Now note that we want to convert the below-mentioned expression of gradient given in Cartesian
Coordinate System to an expression of gradient in Spherical Coordinate System

. 0 9 ]
V~V—£(Ux)+@(vy)+g(vz)
o d  cosfcos¢ 0 sing 0 0 sinf d 0 sinf 0
:>V.v—(sm9cos¢g+ . 30 rsin@%)vx—~_(cosg§ T%)UV+(COSG§ Tﬁ)vz

Now note that to get the vector components from the Cartesian Coordinate System to the Spherical
Coordinate System, we use the following transformation:

Uy sinfcos¢ cosfcos¢ —sing| |v,
vy | = |sinfsing cosflsing cos¢ | |vg
Uy cos —sinf 0 Vg

Hence we have,

vy = (sin6 cos ¢)v, + (cos B cos p)vg — (sin¢g)vy
vy = (sin@sin¢)v, + (cos O sinP)vg + (cos p)vy
v, = (cos0)v, — (sinB)vy
So, finally to get divergence in spherical coordinates, let us put all the terms together.

LD d 9
V-v= g(vx) +@(0y) + E(Uz)

Using the above 4 equations, we can therefore write

cosfcos¢p 0 sing 9
r 00  rsinf d¢

V- -v= (sin(-)cos ¢>% + ) ((sinGcosgb)vr + (cos 0 cos ¢p)vg — (sin¢)v¢)

cosfising d  cos¢ 9
r 00  rsinf o¢

+ (sinG sin 4)% + ) ((sin@sin¢)vy + (cos O sinp)vy + (cos ¢)vy)
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0 sinf 0 .
+<cos()ar . a9>((Cos())vr— (sin6)vy)
Now it’s a mechanical work. Just take the proper derivatives, club the terms and simplify. Note that
in the following steps, we will use the product rule several times. Let’s compute the Derivatives and
collect the terms:

d
V. ?/:smecoscp{schoscpa —i—cos@cosgb——s ¢ U(P}

0

+cos€ﬂ [cosecos¢<v, cost + sm@a

d
5 > + cos(—vy sinf) — sin¢ v¢]

a0

— Slfl(P {sin@cos@( vrsta

9 . 8’04;
rsin@ 20 + cos(—vy cos )*SHMP% + vy cos ¢

d
+ sinfsin ¢ [sinQ sin(p% + cos 8 sin (paa% + cos q')av:’]

d
+cos()sm¢ [smgb( rc059+sm9%9 ) + cos(—vy sin ) — siII‘P;e(P}

C . avg . av(p
+ ing {COS 6 cos ¢ (v, cos 0 + sin 984)) + cos(—vg cos §) — sin 4)84)]
sin ¢ . dvg
— —vpsinf + vgcos + —

r or

Let us try to simplify by taking similar terms together and use the basic identity, sin? # + cos? 6 = 1 or
sin? ¢ + cos? ¢ = 1.

. . . d d 0 . .
Note that the terms with derivatives %, aa%, %—Zf, %, and a%‘f are going to vanish. Therefore we

can write
5 00,
V - ¥ = sin” 0 cos® ¢ +sm 0 sin? <pa 98
cos? 0 cos? ¢ sin ¢ cos? fsin’ ¢ cos? § sin? 6
+ ; Uy + ; vy + ; vy + ; vy + ; Or

2 2 2 0 qin2 02 n2
cos” 0 cos” ¢ dvg | cos~Osin” ¢ dvg | sin"6dvy  cost cos? 4) cp Lo
+ p 30 p 30 50 . in vy + cos Bvg — cos 6 sin” ¢ sin fvy
2 : 02 2
cos” ¢ sin 0 sin® ¢ dvy ~ cos” ¢ vy
0 —— cosf - -
+rsin9 cosbvp + r Zw+rsin6 00  rsinf d¢

Again simplifying the terms and utilizing, sin? @ + cos?> 8 = 1 or sin? ¢ + cos’> ¢ = 1; we can get as
follows.
dv, 2vu, 19du, cosf 1 804,

VoV ot T 90 T rsing” T reind o9

But, to have simplicity in the expression, we can rewrite the above expression as follows.

23 (P0) + ngae SO + i g
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This is the expression for divergence in Spherical coordinates.

6. Laplacian Af in Cylindrical Coordinates

Note that the Laplacian Af of a scalar field f can be written in terms of gradient and divergence
as

Af =V (Vf)

A vector field v can be written in Cylindrical Coordinates as
We earlier derived that in cylindrical coordinates the gradient of a scalar field f can be written as

of 1of . of
Vf—epa +e zp;)%‘i‘ ZaZ

We earlier derived that in cylindrical coordinates the divergence of a vector field V can be written as

div_?’:aﬁ_i_vp 1 9oy avz

dp p o

Therefore the Laplacian of a scalar field f can be written in terms of gradient and divergence in
Cylindrical Coordinates shall be

10 0 0 ) 0 10 d 0
8 =V (9N =V @ +as Erad) = 2D+ 2G4 S0+ 23D

f 19f 1} &
OV UL X
> " pop o9 " oz
7. Laplacian Af in Spherical Coordinates

Note that the Laplacian Af of a scalar field f can be written in terms of gradient and divergence
as

Af =V (Vf)

A vector field v can be written in Spherical Coordinates as
V= Urer + Ugey + Upeyp

We earlier derived that in Spherical coordinates the gradient of a scalar field f can be written as

of L 10f o 1 o
Vi= &g T 5 T snaag

We earlier derived that in Spherical coordinates the divergence of a vector field V can be written as

7(7’ ¢ ) + rsinf Bf)(UeSl 6)+ rsinf d¢

Therefore the Laplacian of a scalar field f can be written in terms of gradient and divergence in
Spherical Coordinates shall be

af . 19f Loy 1
2

_ _ 9 ( ,0f 1 o [19f . 1 0 1 of
Af=V-(V))=V- (@& 8r+e97@+ ‘Prsin()azp Ty 87< 8r>+rsin9£<;@ 9>+rsin9%(rsin9%)

19 (,0f 1 0 /of 1 0 ,9f
w0 =y (7 ar>+r251ne$(%51“9> * 2in?0 99 9
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8. Curl of a Tensor Field

The curl of an order-n > 1 tensor field T(x) is also defined using the recursive relation:
(VxT)-¢=V-(Vxc-T)
(Vxv)-¢c=V-(vxc)
where c is an arbitrary constant vector and v is a vector field.

8.1. Curl of a First-Order Tensor (Vector) Field

Consider a vector field v and an arbitrary constant vector c. In index notation, the cross product
is given by
VXCeC= eijkvjckei

where €;j is the permutation symbol, otherwise known as the Levi-Civita symbol. Then,
V- (V X C) = e,»jkv]-,ick = (ei]'kvjliek) cC = (V X V) - C

Therefore,
VXxv= Gijk?)]',l'ek

8.2. Curl of a Second-Order Tensor Field

For a second-order tensor S,
¢S =cmSpje;

Hence, using the definition of the curl of a first-order tensor field,
V x (C . S) = eijkcmSmj,iek = (eijksmj,iek ® em) ‘C= (V X S) - C

Therefore, we have
VxS8= E,‘jksm]‘/iek X ey

8.3. Identities Involving the Curl of a Tensor Field

The most commonly used identity involving the curl of a tensor field, T, is
Vx(VxT)=0
This identity holds for tensor fields of all orders. For the important case of a second-order tensor, S,
this identity implies that

Vx(VxS)=0

9. Curl V X ¥ in Cylindrical Coordinates

A vector field v can be written in Cylindrical Coordinates as
V = vpep + vgpep + vze;
We have earlier derived that the cylindrical Del operator is

V:

Let us take the cross product:

. ., 0 .10 ., 0 . N .
V XV = ep$+e¢5%+ezg X (0p8€p + Vpliy + v-€;)
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I R Lo S 1, 9, Lo - L 0, Lo -
= VXV=28 X $<U’Jep + vg@phi +v,8;) + Eeqj X %(vpep + vg@phi +v,8;) + €, x e (008 + vp@phi + v,€;)
- aé va 8e¢ 804, a_’z o avz
:>V><v—ep><(vpap +epap +v4,ap+¢ap+ Bp +eZ$>

+18X<vap+eavf,+vae¢+eav¢+ a Lg av)
p 7 \Pop " Pop T P op T og Z4> D

_ 07 ey av¢ 08, dv;
oz +e 0z )

9 . - d /., . J .
@) = (@) = 8 5(E) =0

9 ,, 92 ., J
5 (€) =0 (&) =0 =(&)=0

So putting all these derivatives in the step above, and taking the required cross product, we have,

av¢ L 0u,, 1 avp 3 vy, 1ov,, 9y, aﬁa

VY = T g T i T e T g T T

Collecting together the similar terms, we get

L (1ov, dup\ vy 0v; vy vy 10vp)
Vo= (5o (G5 e (B 5 oa)e

This can be adjusted and rewritten as like following,

L 1[[0v; 9(pvy) ., dv, 90y d(pvy) 9\,
va= (5 TR e (5 - o) (TR - 50 )%

The above expression can be easily written in matrix determinant form as:

< ) o) )
V xv= E P Ez 2z
This is the standard expression for the curl of a vector field Vv = v,€, + vy€y + v;€; in Cylindrical

coordinates.
10. Curl V x ¥ in Spherical Coordinates
A vector field v can be written in Spherical Coordinates as
V = v, + Ugeg + Vpep
We have earlier derived that the Spherical Del operator is

3 ed e
V=g T 5 " reingag
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Let us take the cross product:

A (S

"3 T 7 a8 T rsindag) < (Urer T Uee T oeey)

_ €9 0
V XV=e X g(vrer + vgey +v¢e¢) +— X %(U;«er + vgey +v¢e¢) +

o [, 00 0 vy 3
=V XV=2¢6 X ray +,a —i—vea +ega—+v¢a
69 aer avr 8e9 avg ae¢ 804)

+7X <0r89+era +09¥+39 20 +U¢ 20 +eq) 20

€y 0é, v, 0éy dvg 0éy
JrrsmG ( "¢ tege t

+ 8ol + i >
Og=— eg [ é
op  Top op "o T og
Note that the derivatives of the unit vectors of spherical coordinates are
ai” =0 a& =@ @ =sinfé
oar 00 " 9p ¢
d€y 0€y L 0é -
_— = —_— = — _— = 9
o 00 T g ST
aé¢ 864) 8e¢
5 =0 55 =0 39 = —sinfé, — cosHéy

Let’s substitute these into the equation of V - ¥ mentioned above

The First Term (Radial Derivatives) shall be

. _ 0 L 0 _ 0v
€r X <UT'0+eravrr+UG'O+ee;:+Z)¢~O+e¢af)

- - av, N avg Bv¢
= € X eyﬁ—i-eg? +eq) ar
dvg _ 97y

e GG,
The Second Term (Polar Derivatives) shall be

& v, vy dvy
7>< Ure9+e’ag Vg€, + 69— 30 +v¢cosf)e¢+e¢ 89
69 809 6714; R R
- — 0
= p ><< 650 + @ ¢89 + (vr — vg)&, + vy cOs e¢>
8
:> s — €y (vr — vp) + €1y cos b
" 96
The Third Term (Azimuthal Derivatives) shall be

€
T ein® (sm@ €y Uy + e, —

v, aZJ¢
39 +0+¢ 93(!’ (sinf @, + cosfeég)vy + € 84))

1 _ dv, _, dvug L N
—ond (eea(P — erﬁ — vy(sin b & — cos@er))

doi:10.20944/,
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e
; Slfl 9 84) (Z)rEy + vgeg + U¢e¢)
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1 dv r avg
:>rs'1r16( (a¢+v¢sm9> <a¢+v¢cos(9>)

Let’s combine all terms and simplify further. The final expression for V x ¥ is:

o vy dvy vy N 1 ., [ dv, i _ { 9vg
V xv= <e¢a—f €y 8r>+ ( ﬁfe(p( 709)+e,v¢c059> +m<e9<a¢ +v¢sm9> 7er<a¢ +v¢c056>>

Finally, let’s collect the terms for each unit vector:

. . (10vy ©vpcosd 1 dvy
V XV= e<r 89+ p —rsin9<a¢+v¢cos(9>>

a
+€p 9 + 1 90y L4 vy sin 6
or ' rsinf \ d¢
" aUG Uy — g
te ( ar r )

L1 ) 00g \ _, 1 9o, 10(rvp)\. 1 d(rvg)  dvy
:>vxvrsin9<69<v¢sm9) acp>er+<rsm98¢_r or >e9+r( or 00 €

This is the standard expression for the curl of a vector field Vv = v,€, + vy€s + v4€y in Spherical
coordinates.

11. Gradient of a Tensor field

11.1. Cartesian coordinates

If eq, ey, e3 are the basis vectors in a Cartesian coordinate system, with coordinates of points
denoted by (x1, x, x3), then the gradient of the tensor field T is given by

oT
VT = —Q®e;
axi ©ei
The vectors x and ¢ can be written as x = x;e; and ¢ = c;e;. Let y := x + ac. In that case the gradient is

given by

d
VT -c= %T(xl + acy, xp + acp, x3 + acs)

a=0

_ [aTayl Ty | 3”%}

d
= VT .c= %T(yhﬁ/%) ayl o ayz ou ay3 ou

= VT c—aTc +8T —I—alc—a—Tc- )
0x; Lo 2 T oxs 0 ox 1 |ox
Since the basis vectors do not vary in a Cartesian coordinate system, we have the following relations

for the gradients of a scalar field ¢, a vector field v, and a second-order tensor field S:

oe -«

0
V¢ = iez =¢e;
d(vje;) 9v;
Vv = ox; ®el~fa e]®elfv]1e]®e,
d(Srei®e dS;
VS = %@ei = a—:e]’@)ek@eizsjkrie]’@ek@ei
1 1
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11.2. Curvilinear coordinates

If g!, g2, g> are the contravariant basis vectors in a curvilinear coordinate system, with coordinates
of points denoted by (&1, &2, &%), then the gradient of the tensor field T is given by
oT
VIi=_—_-0og
oz ©8
From this definition we have the following relations for the gradients of a scalar field ¢, a vector field
v, and a second-order tensor field S:

99 g
V¢ = a(_fl
9(v/g;) ol dv o
Vv = R ®g = (agl+vl“ )g]®g (aglvkl" )g]®gZ
o(Syg gk , S , ,
VS = ]a# ®g = ( o ST szffk> gogiog

where the Christoffel symbol I’;‘j is defined using

og; 0
k 8i k kK 98i
rijgk = 7851‘ = r =8 - agf

12. Vector Gradient VV in Cylindrical Coordinates
Cylindrical coordinates (r, ¢, z) are defined by:
¢ r: Radial distance from the z-axis.

* ¢: Azimuthal angle (angle in the xy-plane measured from the positive x-axis).
¢ z: Height along the z-axis, which corresponds to the Cartesian z-coordinate.

The relationship between cylindrical coordinates (7, ¢, z) and Cartesian coordinates (x,y,z) is
given by:
Xx=rcos¢, y=rsing, z=z

with inverse relations:

r=4/x2+12, 4’:"3“71(%)' z=z

In cylindrical coordinates, the basis vectors are position-dependent. At any point in space, the unit
vectors are:

¢ &,: Unit vector in the radial direction (perpendicular to the z-axis).
* &p: Unit vector in the azimuthal direction (tangential to the circular path around the z-axis).
¢ &,: Unit vector in the z-direction (parallel to the z-axis).

These vectors are mutually orthogonal, and they can be written in terms of Cartesian unit vectors

1,],kas
cos ¢ —sin¢ 0
€ = |sing |, € =] cos¢p |, €& =]0
0 0 1

Since é, and é’¢ depend on ¢, their derivatives with respect to ¢ will be non-zero, which is crucial for
our derivation.
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12.1. General Form of the Gradient of a Vector

For a vector field V = V, &, + V€5 + V; €., the gradient tensor V'V is obtained by applying the
gradient operator to each component of the vector field and considering the derivatives of the basis
vectors. In curvilinear coordinates, the gradient of a vector field is generally written as:

% -

where the first term represents the derivatives of the components of the vector field, and the second
term involves the gradients of the basis vectors.

12.2. Derivatives of the Basis Vectors

Since the basis vectors €;, €p, and €, depend on ¢, their derivatives must be carefully considered.
Let’s compute them:

12.2.1. Derivative of &,:

08, 08, o€,

oY T 5 70
12.2.2. Derivative of &:
0@, 0@ 08
By o e o By
or o¢p 0z
12.2.3. Derivative of &,:
aéz o aéz o aéz o
ar Y o¢ =0 5 =

These derivatives are crucial when calculating the second term V:V&; in the gradient formula.

12.3. Computing the Gradient Tensor

Now, we will compute the gradient of the vector field V in cylindrical coordinates by considering
each directional derivative:

12.3.1. Radial Derivative 2V:

W, e,
ar o T o T oy
There is no derivative of the basis vectors with respect to r, as they do not depend on r.
123.2. Azimuthal Derivative 3
@_%34_ aé’r+aﬂé’+ @4_%3
ap  op ' Toap  ap P Py 9 -

Substituting the derivatives of the basis vectors:

ov 9V, LoV .
wzai(l:er‘l‘vre(p‘F%eq)—V(per‘f‘

v
9 -
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Combining like terms:

oV [V, 17 LV
o= (5 —w)et (5 rw) e g

12.3.3. Vertical Derivative 2V

@_%34_%3 +%3
0z o0z "oz P 9z R

Again, there is no derivative of the basis vectors with respect to z, as they are independent of z.

12.4. Including Metric Factors

Cylindrical coordinates have geometric scaling factors. Distances in the r-direction are straightfor-
ward, but in the ¢-direction, the physical length corresponding to a change in ¢ is rd¢. This scaling
factor must be included in the calculation of derivatives with respect to ¢. Therefore, the terms
involving derivatives with respect to ¢ must be divided by r.

12.5. Gradient of Tensor V in Cylindrical Coordinates

Thus, the full gradient tensor V'V in cylindrical coordinates is:

aV 1( 9V, aV
o ol V) F
W=IF wm V) &
Ve 19V vz
or r d¢p 0z

13. Vector Gradient VV in Spherical Coordinates
Let the position in spherical coordinates be represented as (7, 6, ¢), where:
* r: Radial distance.

¢ §: Polar (or colatitudinal) angle (angle from the z-axis).
e ¢: Azimuthal angle (angle in the xy-plane from the x-axis).

The basis vectors é,, €y, and é’¢ in spherical coordinates are not constant but vary with position.
These vectors are mutually orthogonal, and the unit vectors are:

sin 6 cos ¢ cos 8 cos ¢ —sin¢
€ = | sinfising [, & = [ cosfsing [, &€= | cos¢
cos 0 —sin@ 0

A general vector field V in spherical coordinates is expressed as:

V = Vr(r,9,4>) e, + Vg(r,9,¢7) 69 + V¢(1’,9,¢) 647

The goal is to find the gradient V'V, which is a tensor (often called the del operator applied to a vector
field). To derive this rigorously, we need to compute the derivative of each component of the vector
field in the 7, 8, and ¢ directions while considering the variation of the unit vectors.

13.1. General Form of the Gradient of a Vector
In general, for a vector field V= Vié’l-, the gradient in curvilinear coordinates is expressed as:
ovi

VVZijei®§j+VZVEi
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Where V' are the components of the vector field, &; are the unit vectors, and V&; are the gradients of the
basis vectors. The term & indicates a tensor product, resulting in a tensor. For spherical coordinates,
we will first derive the derivative of the unit vectors é;, €y, and &g with respect to r, 8, and ¢.

13.2. Derivatives of the Unit Vectors

The unit vectors &, €, and €, vary with position. To compute the gradient of a vector field, we
need their partial derivatives.

13.2.1. Derivative of &,:

08, 0, _  0¢é

= = 7}’ — gj 6_)
» 0, 30 €y, 39 sin ) €,
13.2.2. Derivative of €j:
0y dég 0y .
o5 Y Tg——er, ﬁ—coséefp
13.2.3. Derivative of &:
0éy B 0éy B 0éy B

5 — 0 5 = 59 = —sinfé, —cosféy

These derivatives are essential for computing the gradient of a vector field in spherical coordinates.

13.3. Gradient of the Vector Field V

The gradient of V involves taking the derivative of each component in the r, 6, and ¢ directions,
accounting for the variation of both the components V;, Vj, V and the basis vectors €, €y, and €.
Let’s compute each term.

133.1. Radial Derivative 2V

@—%é’ +a&é‘ +%5
o  or oy 0T o %Y

There is no derivative of the basis vectors with respect to r, as they are independent of 7.
13.3.2. Polar Derivative %:

oV 9V, 08,  0Vp 08y IV
0 a0t 0 T ae T Vege T

Substituting the derivatives of the basis vectors:

oV 9V, )/ L0V,
%—wer+Vree+We()*V9€r+We¢

Combining like terms:

v [V, . vy LoV
%—(89—V9>er+<ag+Vr>e9+ €p
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13.3.3. Azimuthal Derivative aX:

oV Vv, 08, avgq 98y avq_ )
a(P 3<P r+Vr ¢+a¢ Veaq) 34? ¢+V¢ 84)

Using the derivatives of the unit vectors:

ov vV, oVy
847 84: é +V, 51n9e¢ + =

aV,
39 €y + Vpcostéy + Ak €y — Vpsinf & — Vycos 6 &
Combining terms:

o

oV oV, Vy . aVy , .
84) <8¢ V¢51n9) e + ( 39 V¢cos(9) €y + ( 29 + Vi sin€ + Vycost | €y

13.4. Gradient of Tensor V in Spherical Coordinates

The gradient tensor V'V in spherical coordinates is then given by:

v, 1 av, 1L (3l i
R
Y, IV 1 BV 1 IV
VV = Tre T 9 +V; rsin® ( zlf V(p cos 9)
aaé (aV‘P—I—VgcosG) rs.ﬁ(aa%—l-vrsmg‘f‘vecose)

14. Divergence V - T of a Second-Order Tensor in Cylindrical Coordinates

To derive the divergence of a second-order tensor in cylindrical coordinates, we begin by recalling
that the divergence of a second-order tensor field T in Cartesian coordinates is expressed as:

aTi]'

(V ’ T)i = ax]

In cylindrical coordinates, we have a new set of basis vectors corresponding to the radial direction
€, the azimuthal direction €y, and the axial direction €,, and the divergence operator becomes more
complicated due to the non-orthogonal coordinate system. The coordinates (7,6, z) are related to the
Cartesian coordinates (x,y,z) by:

x=rcosf, y=rsind, z=z.

14.1. Step 1: Coordinate Setup in Cylindrical Coordinates

The metric tensor in cylindrical coordinates is diagonal, and the components are:

gr=1 gpp= r2[ g2z = 1.
The volume element associated with the metric is:
det(gij) =7

14.2. Step 2: General Form of the Divergence in Cylindrical Coordinates

In cylindrical coordinates, the divergence of a second-order tensor is given by:

1 d
VM= det(g)axj(\/m Z])
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In cylindrical coordinates, this becomes:

10
(V-T); = ;@(7’7}]‘)

where the summation is over j = r, 6, z. The divergence of the second-order tensor T in cylindrical
coordinates has three components: radial (r), azimuthal (0), and axial (z). We will expand each
component explicitly, rigorously applying the necessary derivatives.

14.3. Radial Component (V - T),

The radial component is given by:

19 19Ty, 9Ty  Ts
(V-T), = 7 ar(rT”) * r a9 oz r

14.3.1. First Term

19
737 (Trr)
Using the product rule:
9 oT,
g(rTrr) =Ty + T’ai;r
7 19 T, oT,
_ A T
rarTn) =2+,
14.3.2. Second Term
laTGr
r 00

This is a straightforward derivative of the 87-component with respect to 0, scaled by 1/.

14.3.3. Third Term

oT,
0z

This is a straightforward partial derivative with respect to z.

14.3.4. Fourth Term

_Too
-
This term accounts for the divergence in the azimuthal direction, involving the 86-component, scaled
by 1/r.

14.4. Final Expression for Radial Component

Thus, the radial component becomes:

o Tyr ] Tyr 1 aTGr aTzr TGG

(V-T), = v 9r | r 00 oz r

14.5. Azimuthal Component (V - T),

The azimuthal component is:
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10Ty 0T Ty

r 00 0z r

10
(V- T)g = = (1T,e) +

14.5.1. First Term

10
3, (1Tre)-
Using the product rule:
d aT,
5, (1Tre) = Tro +1 a;er
° 10 T 9T,
_ 1r0 r0
ror T =

14.5.2. Second Term

19Tpy
r o0
This is the partial derivative of Tpg with respect to 6, scaled by 1/r.

14.5.3. Third Term

0T,
0z

This is the straightforward partial derivative of the z8-component with respect to z.

14.5.4. Fourth Term

Tr@

This term accounts for the contribution of the radial direction to the divergence in the azimuthal
direction.

14.6. Final Expression for Azimuthal Component

Thus, the azimuthal component becomes:

_ T  0Tg  10Tpy 0T | Tre
R R e

14.7. Axial Component (V - T),

The axial component is:

10 19Ty, 0T,
VD=5 U 550 o
14.7.1. First Term
19
;g(rTrz).
Using the product rule:
Ty,

7(7"1—'72) = Trz ‘I’ r
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so:
Fa T =
14.7.2. Second Term
19Ty,
r 00

This is the partial derivative of Ty, with respect to 6, scaled by 1/r.

14.7.3. Third Term

0T,
0z

This is the straightforward partial derivative of the zz-component with respect to z.

14.8. Final Expression for Axial Component

Thus, the axial component becomes:

o Tz dT;, 1 d Ty, dT;,
z r or r 96 0z

14.9. Final Complete Answer

The derivation of the second-order tensor divergence in cylindrical coordinates results in the
following expressions for the three components:

14.9.1. 1. Radial Component

B E aT,, laTgr 0T, . E
VT, =45+ .23 T

14.9.2. 2. Azimuthal Component

T, a7, 10T, daT. T,
(V'T)9:7r9+ r9+7 96+ 29+ r6

or r o 0z r

14.9.3. 3. Axial Component

_ & 0Ty, laTﬂz 9T,
oy or r 99 0z

These three components together form the complete tensor divergence in cylindrical coordinates.

(V-T)

15. Divergence V - T of a Second-Order Tensor in Spherical Coordinates

To derive the divergence of a second-order tensor in spherical coordinates, we begin with the
general expression for the divergence of a second-order tensor field T. In Cartesian coordinates, the
divergence of a second-order tensor is given by:

oT;;
(V ’ T)i - ax]
However, in spherical coordinates (7,6, ¢), where we have the orthonormal basis vectors é,, €y, and
€, the tensor components must be expressed in terms of the spherical coordinate system, and the
divergence operator takes a more complex form due to the non-Cartesian nature of the coordinates.
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15.1. Step 1: Coordinate Setup in Spherical Coordinates

In spherical coordinates, the metric tensor g;; is diagonal, with the following non-zero components:

gr=1, gpp= 2, Spp = 72 sin? 0.

Thus, the volume element (related to the determinant of the metric tensor) is:
det(gl-j) = 12 sin.

15.2. Step 2: General Form of Divergence in Spherical Coordinates

The divergence of a second-order tensor T in spherical coordinates is expressed as:

1 9
VoT), = —— 2 (\[det(gi)T;
v det(g;;) 9 (Vaets) T

In spherical coordinates, for each direction i = r, 6, ¢, we expand this expression using the appropriate
scale factors and differentials in 7, 8, and ¢. The divergence of the second-order tensor T has three
components corresponding to the radial (r), polar (8), and azimuthal (¢) directions. Let’s derive each
component explicitly, performing the necessary derivatives.

15.3. Radial Component (V - T),

The radial component is:

19/, 1 9, 1 9Ty
‘T), = 5= (T, — T,
(V-T), r2 or (r rr) *sing a0 (sin6Ter) + rsin® o
15.3.1. First Term
19/,
29, (P Tr)-

Apply the product rule:

9/, B 20Ty

g(r Trr> =2rTy +r 5
o 19 2T, T

R o] _ rr rr

2 or <r T”) r T or
15.3.2. Second Term

J, .
rsing ag S 0Tor)
Again, apply the product rule:
J . . 0T,
ﬁ(sm 0Ty, ) = cos 0Ty, + sin 0 agr
7 ) 1 oT, 0 19T,
. _ . or \ _ COS L 01y
rsin()ETG(SIHGTW) ~ rsind <c0s6T9,+sm9 a0 ) " rsing " ¥ 96

15.3.3. Third Term

1 9Ty
rsinf do¢
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This is a straightforward partial derivative.

15.4. Final Expression for Radial Component

Thus, the radial component becomes:

2T,, 0T, cos@ 10Ty, 1 9Ty
T — 27 -
(V-T), T trsine " Ty e0 T rsing ¢

15.5. Polar Component (V - T),

The polar component is:

1 8T¢9 T¢¢ cotf

19, 1 9,
(V-T)y = pg(r Tr()) + sing 50 5 0Tee) +

rsinf d¢ 12
15.5.1. First Term
2
75 ()
Using the product rule:
J 2 aTrG
g(r T,g) =2rTg + 3
> 1 2T, oT,
Y (2 60 0
25, (7 T0) = =70+ %)
15.5.2. Second Term
1 9,
rsin 6 00 (sin Tgp)
Using the product rule:
0 oT,
ﬁ(sin 0Tgg) = cos 0Tyy + sin Ga—gg
7 1 9 1 oT, 0 19T,
—(sinTpg) = 0Tpo +sinf =% | = 27 2960
rsinf 00 (sin Tgo) rsin@ (COS 00 + SIn 00 ) rsind %" 7 90

15.5.3. Third Term

1 8T4,9
rsinf 9¢
This is a straightforward partial derivative.
15.5.4. Fourth Term
T‘P‘P cot@
——H—

This term arises due to the cot 0 factor in the spherical coordinates, and it’s already simplified.

15.6. Final Expression for Polar Component

Thus, the polar component becomes:
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aT, T, to
(V ) T)G _ 2'1:9 n aTrg n cos 0 lang 1 0 - oP cO

ar ' rsin® " 7y 90 " rsinf o¢ r2

15.7. Azimuthal Component (V - T)

The azimuthal component is:

¢

19/, 1 9, . 1 9Typy  Tppcotb
(V.T)‘P B r72§<r TM’) +rsin9879(sm9T9¢) +rsin9 o¢p + r2

15.7.1. First Term

Using the product rule:

SO:

15.7.2. Second Term

9, .
rsinf 90 (sin GTH‘P)
Using the product rule:
Q. . 9Tp
5 (sinfTpg) = cos OTpg + sin QW
o ] oT, oT,
1 . 1 . 8¢\  cost 19d14¢
rsinf 90 (sin 0Tay) = rsin 6 (COS 6Top +sinb—55 > ~rsind 7 00

15.7.3. Third Term

1 8T¢¢
rsinf d¢
This is a straightforward partial derivative.
15.7.4. Fourth Term
Ty cot
r2

This is already simplified.

15.8. Final Expression for Azimuthal Component

Thus, the azimuthal component becomes:

2Ty dTrp  cos@ 19Tyy 1 0Typy  Tpycott
T), = T 4=
(V=T r P Trsine T 790 T rsing 1) 5
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15.9. Final Complete Answer

Therefore the second-order tensor divergence in spherical coordinates results in the following
expressions for the three components:

15.9.1. 1. Radial Component

_ 2Ty + T, cos 16T9, 1 8T¢,
Tor or ' rsing "7 00 ' rsin6 o

(V-T)

15.9.2. 2. Polar Component

2Ty N aT,p N cos 6 10Ty 1 9Ty  Tpgcotb

(V=T r or rsin® %" 7 90 ' rsinb o¢ r2

15.9.3. 3. Azimuthal Component

_ ZTr¢ " aT,4, n cos 0 1 aT9¢ 1 BTM, n T9¢ cotf

(V-T)y r or  rsinf 6¢+; 90  rsinf J¢ r2

These three components together form the complete tensor divergence in spherical coordinates.

16. Directional Derivative (A - V)V in Curvilinear Coordinates

The Directional Derivative defined for a vector field A by (A - V), where V is the gradient
operator. The Directional Derivative operator applied in arbitrary orthogonal three-dimensional

coordinates to a vector field v becomes:
v oh;
Ay 99 4 Y Ajif _ Ak%
he oq — hihj \ 7 9qy 9q;

where the h;’s are related to the metric tensors by h; = ,/g;;.

3

[(A-V)V];=),

k=1

16.1. Directional Derivative in Cartesian Coordinates:

In rectangular coordinates, g11 = g22 = ¢33 = 1, therefore the Directional Derivative defined for a
vector field Vv in Rectangular Coordinates shall be

L Uy vy vy \ . Jvy Jvy vy \ v v 9v; \ .
(AV)V— (Ax ox +Ay ay +AZ¥)X+(Ax§+Ayw+AZ¥ y+ Ax7+Ay7+AZ7 4
16.2. Directional Derivative in Cylindrical Coordinates:

In cylindrical coordinates (r,0,z), g11 = 1, g2 = 2, g33 = 1, therefore the Directional Derivative
defined for a vector field v in Cylindrical Coordinates shall be

o dv, Ay vy dv,  Agpvy ) .
(Av)v_<Ar8r+r8¢+Azaz_ p r

dv Agp dv dv Apv

9 L 9% 2% P\ 5
+(Ar or r o¢ Az 0z r >¢

aUz A(p avz avz A
+<Ar8r T oap T )

16.3. Directional Derivative in Spherical Coordinates

In spherical coordinates (r,0,¢), g11 = 1, g2 = 2, 933 = 2 sin? 0, therefore the Directional

Derivative defined for a vector field v in Spherical Coordinates shall be
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. dv,  Ag dvuy Ap v, Agug+ Apvy )
A- A i v 00 T T
(A-V)¥ = ( Tor + r 00  rsinf d¢ r g
dug  Ap dvy Ap dvg  Agu,  Apvgcott .
A, 0776 7Y _
+< or + r 00  rsinf d¢ r r 6

dvy  Ag vy Ap dvy  Apvy  Apvgcotd .
AL 4 20779 ¢

+(r8r+r 00 rsin98q>+ r + r >¢
17. Vector Laplacian AV in Curvilinear Coordinates

Consider the general curvilinear coordinates (u', u?, u%). We shall limit ourselves to orthogonal
coordinate systems in Euclidean 3-space, each system being characterized by the metric coefficients
811, 822, §33- The element of distance is specified by:

(ds)z = gll(dul)z + gzz(duz)z + g33(d1/l3)2.

Also,
1 3¢ 1 3¢ 1 3
grad¢—a1g ul ﬂzgzﬁ—FﬂSg@
. 12 d d
divv = ﬁ ﬁ(\/gvl)‘FW(\/gvz)‘l’ﬁ(\/gvg)
and

. 1 0 d
curl v = — (a(gzzv3) - au3(83302)>

811 u?
1 d d
+£ <au3(83301) - au1(811713)>
1

o (o) — 5o (52201
233 \ dul 81102 92 82271

where a1, a3, and a3 are unit vectors, and g = g11922833. Using the above equations, we obtain the
general expression for the vector Laplacian operating on v:

wen( L2 (Lam), 10 ), 1a (o))
g11 oul \ g1 oul 822 0u? \ g22 $33 0u3 \ §33
(LB L () L (3)
g1 oul \ gn1 822 0u? \ g2 ou? 833 0ud \ ¢33
w(E(B) () 2 ()
g1 oul \ gnn §22 0u? \ g2 33 0u3 \ ¢33 ou’
This is much more complex than the scalar case:

1 9% 1 9% 1 9%

Vip=— +— +—
¢ g o(ul)?  gna(u?)? gz a(u®)?

17.1. Vector Laplacian in Rectangular Coordinates

In rectangular coordinates, g11 = 20 = 33 = 1, therefore the Vector Laplacian AV in Rectangular
Coordinates shall be

9%v, azv

x L, _lea (=
Jx2 yayz

0z2

AV = ay

While
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0%
2,99
V4>—ax2+

%p 0%
w2 a2

In this special case, each component of AV has the same form as V2¢.
17.2. Vector Laplacian in Cylindrical Coordinates

In cylindrical coordinates (r,6,z), ¢11 = 1, 920 = 1%, ¢33 = 1, therefore the Vector Laplacian AV in
y 8 8 8 p

Cylindrical Coordinates shall be

o%v, 19v, v, 103%, v,
A_’ = _ [
v ar<ar2+r8r r2+r2862+azz>
(8209 1 avg OUp 1 3209 8209>
+ag

R R T =
%v, 19dv, 10%v, v,
+ Z<8r2 ror T2 a2 )

and

2¢ 1ap 1% 9*¢
2, _0¢ lop 1o 0o¢
Vg = or? +rar +r2892+8z2

The first two components of AV are of different form from V2¢, each containing two additional terms.

17.3. Vector Laplacian in Spherical Coordinates

In spherical coordinates (7,0, ¢), g1 = 1,80 =12, g3 =1
AV in Spherical Coordinates shall be

2 sin? §, therefore the Vector Laplacian

v =g (B0 230 20 130 cotfOo 1 o
V=7 Trar T 2 T o r2 00 r2sin?H P>
02 29 1 02 t0 o 1 02
tag( S+ S - B+ SR S D
or ror r2  r2 o6 r2 00  y2sin’6 d¢
a 0%vg N 200p 1%y  cotf 0oy N 1 %oy
P\ a2 T ror T2 002 r2 90 ' 12sin20 092
and
VZ —@+gaﬁ+lﬂ+@aﬁ 1 aZj
't i T T a0 T 2ainZe a2

Here each component of AV contains more terms than V2¢. Other coordinates are handled in the
same manner as the foregoing three cases. In the more complicated coordinate systems, the difference
between the vector and scalar Laplacians becomes even more pronounced.

18. Derivatives with respect to vectors and second-order tensors

18.1. Derivatives of scalar and vector valued functions of vectors
Let f(v) be a real valued function of the vector v. Then the derivative of f(v) with respect to v
(or at v) is the vector defined through its dot product with any vector u being

v

a=0

% w=Df(v)u] = [;{Xf(v—ktxu)]
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for all vectors u. The above dot product yields a scalar, and if u is a unit vector, it gives the directional
derivative of f at v, in the u direction. If f(v) = f1(v) + f2(v) then

of ,_9%% of2
ov “_av “+av v

If f(v) = fi(v)f2(v) then
Lou= (L) pm+hw) (L)

If f(v) = fi(f2(v)) then
A i %)
ov dfz v

Let f(v) be a vector valued function of the vector v. Then the derivative of f(v) with respect to v (or at
v) is the second order tensor defined through its dot product with any vector u being

% -u = DE(v)[u] = [;fx fv+ ““)] 2=0

for all vectors u. The above dot product yields a vector, and if u is a unit vector, it gives the directional
derivative of f at v, in the u direction. If f(v) = f{(v) + fo(v) then

o Ok 0
ov “_av v ov v

If f(v) = f1(v) X f5(v) then

of  [ofy of;
A= (av.u) X £2(v) + £, (V) X (av'“>

of _ofy (dfy
v Y7o \ov

18.2. Derivatives of scalar and vector valued functions of second-order tensors

If f(v) = f1(f2(v)) then

Let f(S) be a real valued function of the second order tensor S. Then the derivative of f(S) with
respect to S (or at S) in the direction T is the second order tensor defined as

LT =DASIT = | A5 +aT)]

for all second order tensors T. If F(S) = F{(S) + F2(S) then

OF . (dF  OF\

a=0

If E(S) = F1(S) - Fa(S) then
X (aanl :T) F2(S) + F1(S) (aaFSZ : T)
IFF(S) = Fy (Fa(S)) then

OF _ 9F (3F,
aS'T_an'<aS'T>
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If f(S) = f1(F2(S)) then

of . _9fi (0Fr
aS'T_aP‘Z'<aS‘T>

19. Advanced Tensor Derivatives

19.1. Christoffel symbols

This section introduces the Christoffel symbols as part of the formalism used to express the con-
nection on a manifold in local coordinates. These symbols help define the covariant derivative, which
is critical in differential geometry, particularly in curved spaces. Here’s what we need to rigorously
derive:

* Manifold, Coordinate system setup and the metric tensor
¢ Covariant differentiation of a vector.

Let’s break this down step-by-step with detailed mathematical rigor.

19.1.1. Manifold, Coordinate System setup and the metric tensor

Let M be a differentiable manifold of dimension n. At each point p € M, the tangent space
TpM is an n-dimensional vector space. To specify the geometry of M, we introduce a coordinate chart
(U, ¢), where U C M is an open set and ¢ : U — R" is a smooth, bijective map. For each point p € U,
o(p) = (x*(p), x*(p), ..., x"(p)) gives the local coordinates of p. The coordinate basis vectors at each
point are denoted by %, abbreviated as d;. These vectors span the tangent space T, M at each point p.

To define distances and angles on the manifold, we introduce the metric tensor g, which is a smooth,
symmetric, positive-definite (0,2)-tensor field. In a coordinate chart, the metric is represented as:

g = &ij dx' @ dx/
where g;; = g(%, %) are the components of the metric in the chosen coordinates, and dx' are the
dual basis 1-forms. The metric components g;; are smooth functions on the manifold, and g;; = g;i,
ensuring the symmetry of the metric tensor. The inverse of the metric tensor is denoted by g*/, where:

o
8" 8k = 9;

where 5; is the Kronecker delta.

19.1.2. Covariant Derivative of a Vector Field

On a manifold, the covariant derivative extends the notion of differentiation to curved spaces,
ensuring that differentiation is consistent with the manifold’s geometry. To define it, we need the
notion of a connection. The covariant derivative of a vector field X in the direction of another vector
field Y, denoted Vy X, must satisfy the following properties:

1. Linearity: Vy(aX +bZ) = aVyX + bVyZ for any scalar functions 2 and b, and vector fields X,
Z.

2. Leibniz Rule: Vy (fX) = fVyX + (Yf)X for any scalar function f.

3. Compatibility with the Metric: Y(g(X,Z)) = ¢(VyX,Z) + g(X, VyZ), ensuring that the co-
variant derivative preserves the inner product structure defined by the metric tensor.

The Christoffel symbols I“;‘j are the components of the connection in a coordinate basis. They provide
a way to express the covariant derivative in terms of local coordinates. The Christoffel symbols are
defined by the condition that the covariant derivative of the basis vector field 9; is a linear combination
of the basis vectors:
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V5.0,

_ 1k
95 = Tijok

The Christoffel symbols I“;‘]» are related to the metric tensor by the following expression, derived from
the requirement that the covariant derivative preserves the metric (i.e., Vg = 0):

1
Iy = Egkl (aigjl +9i8i — 31&';‘)

where ¢! is the inverse of the metric tensor, and 9; gji denotes the partial derivative of the metric
component g;; with respect to the coordinate x'. Let’s derive the expression for the Christoffel symbols
step-by-step:

1. Start from the compatibility condition for the metric tensor:
Vigii =0

This implies that the metric is covariantly constant.
2. Expanding this condition in terms of the Christoffel symbols:

N8ij — Thiglj — Thy&it = 0

3. Rearranging terms gives the following equation:

gij = Tigu + Tiy8in

4. Using the symmetry of the metric g;;, cyclically permute the indices i, j, and k in the above
equation, then add and subtract the resulting equations to isolate the Christoffel symbols. After
some algebra, we arrive at the expression:

1
Ij; = Egkl (aigjl +0;8i1 — 3181']')

Thus, the Christoffel symbols are completely determined by the metric tensor and its first deriva-
tives. Given a vector field X = X'9;, the covariant derivative of X in the direction of dj is:

VX' = 9;X" + Ti x*

This formula expresses the covariant derivative of a vector field in terms of the Christoffel symbols
and the partial derivatives of the components of the vector field.

19.1.3. Christoffel symbols in Euclidean Space

The section defines the Christoffel symbols in a Euclidean space, where the coordinates are typically
Cartesian, but we can also consider curvilinear coordinates (e.g., polar, cylindrical, spherical). Christof-
fel symbols appear when we want to express derivatives of vector fields in a non-Cartesian coordinate
system. In Euclidean space, the Christoffel symbols represent how the coordinate basis vectors change
as we move from one point to another. We will rigorously derive the following key components:

¢ Euclidean space and coordinate systems.

¢ Connection between the Christoffel symbols and coordinate transformations.
¢ The role of Christoffel symbols in non-Cartesian coordinates.

® Detailed derivation of Christoffel symbols in Euclidean space.

We begin by considering the standard n-dimensional Euclidean space R". The Euclidean space is a
flat space, and it can be equipped with different coordinate systems:
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e Cartesian coordinates (x',x2,...,x"): These coordinates are orthogonal and have a straightfor-

ward metric, which is the identity matrix.
e Curvilinear coordinates (q',4%,...,4"): These coordinates can be functions of the Cartesian
coordinates, such as polar or spherical coordinates.

The key idea is that while Euclidean space has no intrinsic curvature, when we introduce non-
Cartesian coordinates, the coordinate basis vectors change from point to point. This change is precisely

captured by the Christoffel symbols. In a general coordinate system (ql, qz, ...,q"), the basis vectors
9

Frd

inner products define the components of the metric tensor g;;, which in Euclidean space is:

L oxk ox! 5
8ij = aiql aiq] ki

where Jy; is the Kronecker delta, representing the flat Cartesian metric of Euclidean space. Thus, the

span the tangent space at each point. These basis vectors are not necessarily orthogonal, and their

metric tensor in curvilinear coordinates is:

o
g = 99" og/

In Cartesian coordinates, the covariant derivative reduces to the partial derivative because the Christof-

fel symbols vanish. However, in curvilinear coordinates, the basis vectors a%i vary from point to point,

and this variation is captured by the Christoffel symbols. The covariant derivative V; of a vector field Vi
is given by:

ViV =0V 4 T3 V*

where F;'.k are the Christoffel symbols. The Christoffel symbols in Euclidean space are derived from
the requirement that the covariant derivative of the metric tensor is zero: Vyg;; = 0. This is the metric
compatibility condition. Expanding it gives:

%8ij — Thigyj — Tkigit = 0

Rearranging this expression gives:

8ij = Tigy + T8

After some manipulation, we obtain the Christoffel symbols as:

1
FZ = Egkl (aigjl +9;gi1 — algij)

In Cartesian coordinates, the metric tensor g;; is the identity matrix, g;; = J;;, and its derivatives vanish.
Thus, the Christoffel symbols are: Fi-‘]- = 0. In curvilinear coordinates, the Christoffel symbols are
generally non-zero. For example, in 2D polar coordinates (r,0), the metric tensor is:

1 0
8ij = 0 2

One of the non-zero Christoffel symbols in polar coordinates is: T%, = %

19.1.4. Christoffel Symbols of the Second Kind

The Christoffel symbols of the second kind, often denoted as l"i-‘j, represent the components of
the Levi-Civita connection in a local coordinate system on a differentiable manifold. They are used to
express the covariant derivative of tensor fields and play a crucial role in general relativity, Riemannian
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geometry, and differential geometry in general.

Let M be an n-dimensional differentiable manifold with a smooth Riemannian metric tensor g. The
Christoffel symbols of the second kind l"iﬁ represent the components of the connection in a coordinate
basis. The Christoffel symbols are defined by the following equation for the covariant derivative of the
basis vector fields %:

d d
Vo oo =Tig
2 0x/ ox
The covariant derivative on a manifold must satisfy the condition of metric compatibility, meaning that

the covariant derivative of the metric tensor g is zero Vyg;; = 0. Expanding the covariant derivative of
the metric tensor gives:

gij — Thiglj — rzlqgiz =0

Rearranging the equation from metric compatibility:

ngij = Thigi + qugil

Cyclically permuting the indices i, j, and k, and adding/subtracting the resulting equations, we obtain:

ki + 9igik — 0i8ki = 2T4i8yj
Multiplying by ¢", we find the Christoffel symbols:

1
Ij; = Egkl (31'8]‘1 +0;8i1 — al&‘j)

The Christoffel symbols are symmetric in the lower two indices: 1"5.‘]. = F;?i. This follows from the
symmetry of the metric tensor g;; = gji. The Christoffel symbols describe how basis vectors change as
we move on the manifold. In general relativity, they are used in the geodesic equation:
d?x! - dx) dxk
+ Yy —— — =
dr2 ' kdr dt
In a holonomic basis, the basis vectors -2, are derived directly from a coordinate system. These

dx!
%, %} = 0. In a nonholonomic basis, the basis vectors e, may not commute

[eq, €] = C;b e. where Cgb are the structure constants. The covariant derivative in a nonholonomic

vectors commute: [

basis {e; } is given by:
Ve.&p = wyyec

where w{, are the connection coefficients. The structure constants C;, are defined by: [eq, €] = Coyec.
These constants are antisymmetric C;, = —C; . In a nonholonomic basis, the connection coefficients
are related to the Christoffel symbols I';, by:

1
c __ C C
wap = Tap + 5Cap
We derive the connection coefficients as:

1 1
wop, = Eng(aagbd + 0p&ud — 9dgab) + 5 b

In general, the connection coefficients w¢, are not symmetric in their lower indices due to the structure
constants.
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19.1.5. Transformation Law for Christoffel Symbols

The Christoffel symbols Fé‘j define the covariant derivative in a given coordinate system. In this
document, we derive the transformation law for the Christoffel symbols under a change of variables,
focusing on the relationship between the original and transformed coordinates. The Christoffel symbols
in a local coordinate system (x?) are defined through the covariant derivative of the basis vectors:

9 9
— =Th=—
Vo ok = Uk

Let (x!,...,x")and (%!,...,%") be two coordinate systems related by a smooth map =x(xl,. .., "),

The Jacobian matrix is given by: gTJZ The basis vectors transform as:
9 _ada
oxi  ox! 9%

The transformation law for the Christoffel symbols is:

o 0XMOx 9x" . 9x™ PP
K™ 9xi 9xk 9%l " T 9xP dxkox!

The Christoffel symbols are symmetric in their lower indices, and this symmetry is preserved under
the transformation:
k k
=15

19.2. Parallel Transport in Riemannian Space

A Riemannian manifold (M, g) consists of a differentiable manifold equipped with a smooth,
symmetric, positive-definite metric tensor g, which defines an inner product at each point. In local
coordinates, the metric tensor is:

g = gij(x) dx' @ dx/

where g;; = ¢ (%, %) . Parallel transport describes how a vector field V(t) is moved along a curve

7(t) such that its covariant derivative vanishes:
The covariant derivative V satisfies linearity, the Leibniz rule, and metric compatibility. The Christoffel
symbols Ffj are defined by:
ViV =0V 4T VE
The Christoffel symbols are determined by the metric compatibility condition: Vg;; = 0 Expanding
this, we get:
98ij — Thig1j — Tijgin = 0

By permuting indices and solving, we find:
k= 26" (3ig + 350 — gy
ij = 2g i&j1 T 9}&il 18ij

The Christoffel symbols describe how vectors are parallel transported along curves. For a vector Vi(t)
being parallel transported along a curve y(t), the condition is:

LVi —+ ri d’)/]

aY vk _
dt fkdtV 0


https://doi.org/10.20944/preprints202412.1006.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2024 d0i:10.20944/preprints202412.1006.v1

37 of 45

The Christoffel symbols l"i-‘]- describe the covariant derivative of a vector field V' in the direction of %:
i i Uk
ViVt =o;V! + T,V

In index-free notation, the covariant derivative VxV of a vector field V along X satisfies linearity and
the Leibniz rule:
Vx(fV) = fVxV +(Xf)V

In a coordinate system, the covariant derivative is expressed in indexed notation as:

— ] vk
VXY = (XlaZY] =+ XlrikY )@

In index-free notation, it is written abstractly as:
VxY = abstract connection operator acting on X and Y

The Levi-Civita connection satisfies the metric compatibility condition Vg = 0, expressed in indexed
notation as: Vig;; = 0. In index-free notation, this is written as:

(Vxg)(Y,2) =0

The Christoffel symbols provide a coordinate-based description of the connection, while index-free
notation describes the connection in an abstract, coordinate-independent manner.

19.2.1. Derivation of the Relationship to Index-Free Notation

The Christoffel symbols in the indexed notation are used to represent the covariant derivative
in a coordinate basis. For a Riemannian manifold (M, g) with local coordinates (xl, X2, " ), the

Christoffel symbols Ffj are defined through the covariant derivative of a vector field V' in the direction

9

of a coordinate basis vector FE

ViV =V 4 T3V

Here, the covariant derivative is expressed in terms of the partial derivative d; = % and the Christoffel
symbols I’;'.k, which describe how the coordinate basis vectors % change as one moves through the
manifold.

In contrast to the indexed representation, the index-free notation expresses geometric objects and
operations without explicit reference to coordinates. Instead, the focus is on the intrinsic geometric
meaning of these objects.

The covariant derivative of a vector field V in the direction of a vector field X is denoted by VxV
in index-free notation. This can be understood as a directional derivative of the vector field V along X,
and is defined such that:

1. Vx(aV +bW) = aVxV + bVxW (linearity),
2. Vx(fV) = fVxV + (Xf)V (Leibniz rule).

Here, f is a smooth scalar function, and a and b are constants. In index-free notation, the Christoffel
symbols do not appear explicitly. Instead, the connection V is defined abstractly as a map that takes
two vector fields X and Y and returns another vector field V xY. This abstract map satisfies the linearity
and Leibniz rules described above.
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Let {e;} be a local frame (or basis vector fields) on the manifold, such that e; = % in local coor-
dinates. The Christoffel symbols describe how these basis vectors change with respect to each other
under parallel transport, and in index-free notation, the covariant derivative Ve,e; (in terms of the

basis vectors) can be written as:

k
Veie]' == rZ]ek

This relation defines the Christoffel symbols 1";‘]. in terms of how the basis vector e; changes in the
direction of the basis vector e;. In index-free notation, we avoid explicitly writing the indices and
instead describe the relationship in terms of the abstract covariant derivative and vector fields. The
Levi-Civita connection is the unique connection V on a Riemannian manifold that satisfies two important
properties:

1. Metric compatibility: Vg = 0, meaning that the covariant derivative of the metric tensor g is

zero. In other words, the inner product of vector fields is preserved under parallel transport.
2. Torsion-free condition: The connection is symmetric, meaning that for any two vector fields X

and Y,
VxY - VyX =[X,Y]

where [X, Y] denotes the Lie bracket of the vector fields X and Y. This condition ensures that the
connection is torsion-free.

In index-free notation, these two conditions provide an abstract way to define the connection
without referring to the Christoffel symbols explicitly. The connection is understood as a map that
satisfies these two properties. The Christoffel symbols can be derived from the metric compatibility
condition in both indexed and index-free notation. In indexed notation, the condition Vg = 0 is
written as:

Vigij =0

Expanding this in terms of the Christoffel symbols gives:

98ij — Thi&1j — Tijgin = 0
This equation shows how the Christoffel symbols are related to the partial derivatives of the metric
tensor.

In index-free notation, the same condition is expressed without reference to a coordinate system. The
covariant derivative of the metric tensor is written as:

(Vx8)(Y,2) =0

for any vector fields X, Y, and Z. This equation means that the inner product g(Y, Z) remains constant
under parallel transport in the direction of X. Using this condition, we can derive the Christoffel
symbols by working with the abstract covariant derivative and the metric in an intrinsic manner, but
without introducing explicit coordinate indices.

In indexed notation, the Christoffel symbols explicitly describe the connection coefficients in terms
of the coordinates. However, in index-free notation, the connection itself is viewed as an abstract
operator that satisfies the properties of linearity, the Leibniz rule, and metric compatibility, without
direct reference to the coordinate system. To see the relationship between these two notations, we
observe that in local coordinates, the covariant derivative VxY can be written as:

o . 9
— ] vk
VxY = (X9y) + X'y )@
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This is the indexed version of the covariant derivative. In index-free notation, we express this in terms of
abstract vector fields and operators:

VxY = abstract connection operator acting on X and Y

The relationship between the two notations is that the Christoffel symbols I ﬁk in indexed notation
provide the components of the abstract connection V in a local coordinate system. The index-free
notation is more geometric and abstract, emphasizing the intrinsic properties of the connection, while
the indexed notation provides a detailed, coordinate-based description.

In many geometric applications, especially in differential geometry and general relativity, index-free
notation is preferred because it abstracts away the dependence on specific coordinates and emphasizes
the geometric properties of objects like vectors, tensors, and connections. This allows us to express
geometric concepts such as curvature and geodesics in a coordinate-independent manner. For example,
the Riemann curvature tensor can be written in index-free notation as:

R(X,Y)Z = VxVyZ - VyVxZ —VixyZ

This expression highlights the curvature as a map that depends on vector fields X, Y, and Z, without
requiring explicit coordinate indices.

19.2.2. Christoffel Symbols In Earth Surface Coordinates

Given a spherical coordinate system, which describes points on the Earth surface (approximated
as an ideal sphere),
x(R,0,¢) = (Rcos@cos ¢, Rcosfsing, Rsinbh)

For a point x, R is the distance to the Earth’s core (usually approximately the Earth radius). 8 and ¢
are the latitude and longitude. Positive 8 is the northern hemisphere. To simplify the derivatives, the
angles are given in radians (where dsin(x)/dx = cos(x), the degree values introduce an additional
factor of 360/27).

At any location, the tangent directions are eg (up), ¢p (north), and e, (east) - you can also use in-
dices 1, 2, 3.
er = (cosBcos@, cosfsing, sinb)
eg =R-(—sinfcosp, —sinfsing, cosbh)
ep = R-(—cosfsing, cosfcose, 0)
The related metric tensor has only diagonal elements (the squared vector lengths). This is an advantage

of the coordinate system and not generally true.

grr =1 gpo = R? Sop = R®cos? 0

gij=0 else
1 1
RR 06
g g Rz ¢ R2cos? 6

¢l =0 else

Now the necessary quantities can be calculated. Examples:
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eR = gRRep e = (cos@cosp, cosBsing, sinf)

d
——ey =e? - (—Rcosfcosp, —Rcosfsing, 0)=—R cos? 6

P _ e
Fq)R e 3R

The resulting Christoffel symbols of the second kind 1";-‘1- = k. % then are (organized by the "derivative"
index 7 in a matrix):

R R TR
Trr  Tor r(pR 0 0 O
0 0 0
TR Tor rq)R =( 0 (1) %
¢ ¢ ¢
Irr Tor Tyr 0z O
R TR TR
TRe Too To 0 —% O
0 0 10
TRe Toe Too | =| & 0 —tand
¢ ¢ P
The Too Tho 0 0 0
IRy Top, Tgp 0 0 —Rcos?f
TRe Top Top | = (1) (1) —tan 6
® A 11
Tk Top Too r 1 0

These values show how the tangent directions (columns: ey, ey, €,) change, seen from an outside
& 9 &
perspective (e.g., from space), but given in the tangent directions of the actual location (rows: R, 8, ¢).

19.3. Covariant Derivative of Tensors

We begin with the simplest case: the covariant derivative of a vector field. Let V = Vi% be a vector
field on a Riemannian manifold (M, g). The covariant derivative of the vector field V in the direction
of another vector field X = X/ % is denoted by VxV, and is given in local coordinates as:

T - d
= (X793 Vi + XITi vk) 2
ViV = (X o;Vi + XITh v >axi
where F;k are the Christoffel symbols of the Levi-Civita connection, and BjVi represents the partial

derivative of the component V' of the vector field. This expression can be understood as a directional
derivative that is adjusted by the Christoffel symbols to account for the curvature of the manifold.

Next, consider a covector field (also known as a 1-form) w = w;dx!. The covariant derivative of a
covector field is slightly different because the Christoffel symbols must be applied in a way that
respects the transformation properties of covectors. The covariant derivative of the covector field w in
the direction of a vector field X = X/ a%j is denoted by Vxw, and in local coordinates is given by:

wa = (X]a](dl - le";‘iwk)dxi
Here:

* djw; is the partial derivative of the component w; of the covector field.
¢ The Christoffel symbols F;?i account for the change in the basis for the covector components.

The minus sign in the second term arises because covectors transform contragrediently to vectors.

Let’s now extend the notion of the covariant derivative to a general tensor field. A tensor field
T of type (r,s) has r contravariant indices (upper indices) and s covariant indices (lower indices). The

components of such a tensor are denoted by T; "7, and it can be written as:

iig..iy O 9

fujzeds 9yt < 9xiz ® - @dx @dx? ®
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The covariant derivative of the tensor T in the direction of a vector field X = Xk + is denoted VT, and
in local coordinates, the covariant derivative is defined as:

VxT = X'V, T

where V/ is the covariant derivative with respect to the coordinate direction 5°z. The components of
the covariant derivative of T are given by:

iqiy...0y 1112 dy 1,,, 11...1...1,_ 1112 dr
VT = % T + Z Ty Z o T2y

i1ip..0p . iy i ool dp

Ok kTl 15 the ordinary partial derivative of the tensor components. The first summation Y, I';j T
involves the Christoffel symbols acting on the contravariant indices (upper indices). Each contravari-
ant index contributes a positive term involving the Christoffel symbol. The second summation
— Yo k iy T]lllzll; involves the Christoffel symbols acting on the covariant indices (lower indices).

Each covariant index contributes a negative term involving the Christoffel symbol.

This formula ensures that the covariant derivative transforms correctly under coordinate changes,
respecting the tensorial nature of T. As an example, consider a rank-2 tensor field T'1*2, which is a tensor
with two contravariant indices. The covariant derivative of this tensor is given by:

ViTh2 = 9, Thi2 4 TR T2 4 T3 T

Similarly, for a rank-2 covariant tensor T]1 jar the covariant derivative is:

i i
VieT, iz = = 0T, Jij2 rkjl lez - ijz lel

These formulas are special cases of the general formula for the covariant derivative of a tensor field,
with the Christoffel symbols acting appropriately on each index.

The covariant derivative of a tensor field can be interpreted geometrically as a measure of how
the tensor field changes as we move from one point to another on the manifold, taking into account
the manifold’s curvature. The Christoffel symbols adjust the ordinary derivative by accounting for
how the basis vectors and the metric change across the manifold. For example:

¢ In the case of a vector field, the covariant derivative measures how the vector changes as we
move along the manifold while accounting for the curvature.

¢ In the case of a covector field, the covariant derivative measures how the covector changes along
the manifold, again incorporating the manifold’s geometry.

The geometric importance of the covariant derivative lies in its ability to describe derivatives
on curved spaces in a way that respects the underlying geometry, which ordinary partial derivatives
cannot do. Substituting Equation (61) into Equation (60), we get:

axJ a ] ox/

where the names of the dummy indices i and k are swapped after the second equality.

0A A 9AT .
e+ ThAe = ( + r;kAk> e, (75)

Definition 4.3. The covariant derivative of a contravariant vector, A/, is given by:

. QA k
VA" = e —i—l"lkA , (76)
where the adjective covariant refers to the fact that the index on the differentiation operator (j) is in the

covariant (lower) position. Thus, Equation (75) becomes:
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0A ;
@ = V]-Alel-. (77)
Thus, the i-th contravariant component of the vector % relative to the covariant basis e; is the covariant

derivative of the i-th contravariant component of the vector, A, with respect to the coordinate x/. In
general, covariant derivatives are much more cumbersome than partial derivatives as the covariant
derivative of any one tensor component involves all tensor components for non-zero Christoffel sym-
bols. Only for Cartesian coordinates—where all Christoffel symbols are zero—do covariant derivatives
reduce to ordinary partial derivatives.

Consider now the transformation of the covariant derivative of a contravariant vector from the
coordinate system x* to 7. Thus, using equations (59) and (74), we have:

VAP = Al (78)

+ThA"

o 9xP oAl o R (Z-axf axk 9xP  9xP o )axr

0% T 9% 9xi oxi | 9% 9xioxi k%9 9% 9xi | oxi 0x19x" ) dx!

Now for some fun. Remembering we can swap the order of differentiation between linearly indepen-

dent quantities, and exploiting our freedom to rename dummy indices at whim, we rewrite the last
term of Equation (78) as:

daw 2 (ad\ . aw 2 (ad\ (0 [awad] ax 0 (awr\\
ox! dx! 9% \ 9% ~ 9xf 9x! \ 0% ~ \ox! | oxi 0x4 0x%7 9x! \ ox! ’

Thus, Equation (78) becomes:

_odaw e
Coxoxt T

and the covariant derivative of a contravariant vector is a mixed rank 2 tensor.

VAP

19.4. Applications

19.4.1. Application 1: Geodesic Equation

A geodesic is the shortest path between two points on a curved manifold, analogous to a straight
line in flat Euclidean space. On a Riemannian manifold, the equation that describes a geodesic is
derived using the concept of parallel transport and involves the Christoffel symbols.

Let (t) be a curve on the manifold, parametrized by ¢, and let ¥(t) represent the tangent vector
to the curve at each point. The condition that y(f) is a geodesic is that the tangent vector (t) is parallel
transported along the curve. This gives the geodesic equation:

Vin1(t) =0

In local coordinates, the components of the geodesic equation can be written as:

200 gnj dnk
g AT
dt2 I dt dt

This is the geodesic equation in terms of the Christoffel symbols T;k, which account for the curvature of

the manifold. Here:

)
. % represents the second derivative of the coordinates of the curve 7(t).
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i F}k are the Christoffel symbols that describe how the coordinate basis vectors change as we move
along the curve.

Consider a curve y(t) on the manifold, with tangent vector (t).The condition for () to be a
geodesic is that the covariant derivative of §(t) along itself vanishes:

Vi1 =0

In local coordinates, the tangent vector is "yi = %, and the covariant derivative of the tangent vector
along itself is:
\v4 r)/l — ﬁ + I‘i M di’yk
7 drz ik dr dt

Setting this equal to zero gives the geodesic equation:

By it
ez T kar dr
Geodesics are the paths that particles or objects follow when moving under no external forces in
curved spacetime, and the Christoffel symbols account for the effects of curvature on these paths.

19.4.2. Application 2: Riemann Curvature Tensor

The Riemann curvature tensor is a fundamental object in differential geometry that measures the
curvature of a Riemannian manifold. It describes how the geometry of the manifold deviates from
being flat and is defined in terms of the Christoffel symbols and their derivatives.

The Riemann curvature tensor R;kl is given by:

i i i i m i Tm
Ry = oLy — 01Ty + Ty, T — I, T

This equation describes the curvature in terms of the change in the Christoffel symbols as we
move across the manifold. akr;i, - alr;ik: These terms represent how the Christoffel symbols vary from

point to point on the manifold, which is related to how the geometry changes. F;'(ml";’; — l"fml"]’;‘(: These
terms account for how the Christoffel symbols interact with each other, capturing the nonlinearity
of the space.

The Riemann curvature tensor measures the failure of parallel transport to be path-independent.
Specifically, it quantifies how much a vector changes when parallel transported around a small
closed loop on the manifold. If the manifold is flat (like Euclidean space), the Riemann curvature

tensor vanishes.

19.4.3. Application 3: Ricci Tensor and Ricci Scalar

The Ricci tensor R;; is obtained by contracting the Riemann curvature tensor over one of its indices.
It is defined as:

_ pk
Rij = Rikj

The Ricci tensor is a trace of the Riemann curvature tensor and describes how the volume of a small
geodesic ball deviates from the volume of a similar ball in flat space due to curvature. The Ricci scalar
R is obtained by further contracting the Ricci tensor:

R=g'Ry
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The Ricci scalar provides a single number at each point on the manifold that describes the degree to
which the manifold is curved. Start with the Riemann curvature tensor R;k,. Contract over the first
and third indices to obtain the Ricci tensor:

_ pk _ k k k 11 k 1l
Rijj = Ry = 0k Ty — 0T + Iy Iy — T Dy
Contract the Ricci tensor with the metric g/ to get the Ricci scalar:
R = g'R;;

The Ricci tensor and Ricci scalar are important in general relativity, as they appear in the Einstein
field equations that describe the relationship between the curvature of spacetime and the distribution
of matter and energy. The Einstein field equations are the fundamental equations of general relativity,
describing how matter and energy influence the curvature of spacetime. They are given by:

1
Rij — Egin = 87TGT1']‘

where: Rjjis the Ricci tensor, R is the Ricci scalar, gij is the metric tensor, Tjjis the stress-energy tensor,
which describes the distribution of matter and energy in spacetime, G is the gravitational constant.

The Einstein field equations relate the geometry of spacetime (represented by the Ricci tensor,
Ricci scalar, and metric) to the matter and energy content of spacetime (represented by the stress-energy
tensor). The term R;; — % gijR describes the curvature of spacetime, and the right-hand side 87 GT;;
describes the matter and energy that cause this curvature. The equations are derived by combining the
geometric properties of the Ricci tensor and scalar with physical principles such as the conservation of
energy and momentum.

In this extremely rigorous derivation, we have covered the following key points:

e The geodesic equation, which describes the motion of particles in curved space and involves the
Christoffel symbols to account for curvature.

e The Riemann curvature tensor, which measures the intrinsic curvature of a manifold and is
expressed in terms of the Christoffel symbols and their derivatives.

e The Ricci tensor and Ricci scalar, which are contractions of the Riemann curvature tensor and
describe aspects of curvature related to volume distortion.

* The Einstein field equations, which link the geometry of spacetime (curvature) to the matter and
energy content through the stress-energy tensor.

These applications of the Christoffel symbols are foundational to the study of Riemannian geome-
try and general relativity. They provide the framework for understanding the relationship between
curvature, geometry, and physical phenomena in both mathematics and physics.
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