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Article

Temporal Magneto-Optics

José Tito Mendonga

GoLP/IPEN, Instituto Superior Técnico, Universidade de Lisboa, Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal;
titomend@tecnico.ulisboa.pt

Abstract: We consider temporal optical effects in the presence of static fields, and more general,
in anisotropic optical materials. We show that magneto-optical effects can occur due to temporal
variations of the refractive index. Faraday rotations, Cotton-Mouton effects and other polarimetric
processes due to static magnetic or electric fields are demonstrated. Exemples of magneto-plasmas
and nonlinear Kerr media are discussed in detail. These temporal processes could be of general
interest in photonics.
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1. Introduction

Temporal effects in optical media have received considerable attention in recent years [1-3],
and the area of spacetime optics has shown a considerable growth (see the reviews [4,5]). Several
different temporal processes and configurations have been considered, including time-refraction and
time-reflection [6,7], temporal beam-splitters [8,9], photon acceleration [10-12], spatiotemporal Bragg
gratings [13] and the related problem of time-crystals [14? —16], light amplification [17,18], temporal
quantum optics [19-22] with direct extensions to electron QED [23,24], time-varying metamaterials [25-27],
as well as negative refraction in epsilon near-zero systems [28,29]. Quite recently, the case of Faraday
rotations induced by a temporal interface has been studied [30].

In this paper, we return to the case of temporal Faraday effect, and examine the more general
problem of temporal magneto-optics. We show that Faraday rotation cannot be observed with a single
temporal interface, and that a sequence of two opposite temporal interfaces is needed. We show that,
not only Faraday rotation but also a Cotton-Mouton type of ellipticity can be induced by temporal
processes in birefringent media. Polarization rotation and induced ellipticity result from two different
temporal processes, which are wave amplification and birefringent frequency shifts.

The paper content is the following. First, in Section 2, we consider a single temporal interface
that we describe as a time-refraction process. We show that, in this case, no Faraday rotation can be
observed. In Section 3, we examine the restored frequency shifts that result from two consecutive
temporal interfaces with opposite sign, and calculate the resulting Faraday rotation, for transmitted
and reflected waves. In Section 4, we consider two specific physical situations. The first is wave
propagation in a non-stationary plasma. We calculate the temporal Faraday effect that can be observed
for wave propagation along the direction of a static magnetic field By. Similar effects persist for oblique
propagation, and the Cotton-Mouton effect is discussed for perpendicular propagation. The other
example is related with a nonlinear optical medium, which exhibits Kerr birefringence. This example
is analogous to the Couton-Mouton effect, in the sense that it only envolves no ellipsometric changes,
and no polarization rotation is observed. In Section 5, we examine the more general situation where
the sharp temporal interfaces are replaced by arbitrary temporal changes of the optical medium. We
demonstrate that, even in this case, temporal magneto-optical can still be observed, as long as the
temporal changes are temporally symmetric, and bring the medium to its initial state. Finally, in
Section 6, we state some conclusions.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Single Temporal Interface

We consider an optical medium with an axis of symmetry, for instance , a static magnetic field By.
We assume a wave propagating along some direction, with wavevector kg and frequency wy, before
entering the anisotropic medium, as described by the electric field

Eo(r,t) = Y Eos(t)exp(iko - 1) +c.c.. (1)
E

where (4) represent two orthogonal modes (not only right and left-hand circular polarization, but
also linear orthogonal modes, according to the physical situation), and

Eo+ () = Egt exp(—iwpt) + Eo. exp (iwot), )

where the amplitudes Ey1 and E/(. correspond to modes with same wavenumber kg and frequency
wy, but propagating in opposite directions. As initial conditions, at t = ty, we assume a linear field
polarization along some direction defined by the unit vector e, such that

E():t = Eoe, E/()j: = E(’)e . (3)

To be more specific, let us assume propagation along the z-axis, using ko = ke, parallel to the static
magnetic field By = Bpe;. For linear polarization at an angle t) from the x-axis, we can write the unit
polarization vector as

1
e = — [exp(—ify)er + exp(+ifyle_], 4
ﬁ[ p(—ibo)e + exp(+ifip)e ] (4)
where e represent the left and right-hand unit vectors, as e+ = (ex + iey) /+/2. We then assume
a sudden change of the refractive index of the medium n(w, k), occurring at t = tg, such that, for
invariant kg, we have a frequency shift determined by

n(w):{ no(w), (t<to) w(t):{ wy, (t < to) ’ )

ny(w), (t>tg) w4t = (n+/ng)wy, (t > to)

It is well-known that, in order to satisfy the validity of Maxwell’s equation for all times, the fields have
to satisfy the continuity conditions

D(l‘,fo*CS):D(l‘,fo%*(S), B(r,to—é):B(r,t0+5), (6)
for 6 — 0, where the displacement and magnetic fields are related with the wave electric field by the
relations 9B

D=¢-E, (VXE):—g, (7)

and € is the dielectric tensor. This allows us to write for each wavevector component kg of the spectrum,
valid for t = tg, the following wave amplitude relations:

n3 (Eo+E)) =ni (E1+EY) , (8)
and

L) =L (B -E) ©)

@0 0 ot 1 1)/

It is now useful to define the parameters

N4 = = (10)
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which allow us to write the amplitude relations
o (Eo+Ey) =E1+E{, ax(Ey—Ey) =E —Ef, (11)

We can then obtain the transmission and reflection coefficients, for each polarization state, T+ and R+,
as

o E1 . (L= El
Ty = (Eo>i_ 5 [(l’é:t‘f‘l)‘f‘(“:l:_l) (Eg)j:]ﬂ: (12)

E E
Ro=(g) =% -1 @) (Eg)i]i, (13)

They are sometimes called the temporal Fresnel formulae, and correspond to a straightforward
generalization of previous results [8,21]. We notice that they depend on the ratio between the initial
amplitudes for propagating and counter-propagating modes, (E{,/ Eg), which clearly indicate that this

and

is a linear four-wave mixing process. We also notice that, at this point we cannot talk about a total
field polarization state, because for t > f; each mode oscillates with different frequencies, w4 # w_.
We simply have two independent modes, with two different polarizations and frequencies, where the
total field associated with the wavevector kg is determined by the sum of these two modes, as

Ei(r,t) =) E1s(t)exp(iko- 1) +c.c.. (14)
E

with
Eiy (t) = Eig exp(—iw=t) + B4 exp(iw=t), (15)

where w+ = koc/n+.

3. Restored Frequency

In order to consider possible polarimetric effects on a single wave mode, we need a process that
could restore the initial frequency, wy. This can be done using a second temporal boundary with the
opposite sign, occurring at some later time t; = fg + 7, where the refractive index returns to its initial
value: n(w,t > t1) = ng(w, t < ty). These two consecutive temporal boundaries define what could be
called a temporal beam-splitter [8].

It is particularly useful to derive the final transmission and reflection coefficients, T+ and R4,
resulting from this temporal beam-splitter in the presence of birefringence effects. For this purpose,
we take the particular case of Ej, = 0. Using eqs. (12)-(13), the fields at t = t; will the be determined by

_(E wtf —i(ws—wg)T i(w++wp)T
Ty = = +1 +1 + 1 1 , 16
2+ < )i 4 {(“i )(B++1)e (ax —1)(Bx —1)e } (16)

R = (2) = PPy 1) (B + )R OT (s 4 1) (B — e ) a7)
+

where B+ = 1/a+. This simplifies to

E 2i j
Ty = <EZ> = |:COS(CU¢T) — —l(azi +1) sin(wif)} et (18)
0/ + X+

and

E'2 2i ;
Rox = () = —l(rxi — 1) sin(wyT)e™ 07, (19)
+ &+
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This means that the total fields of the mode (wy, ko), coming out of the temporal beam-splitter is

Eo(r,t >tg+ 1) =Ep) [TZi(T)eieikO'r_i“’t + Rﬁi(r)eie_iko'”"“’t} +c.c.. (20)
T
This is to be compared with the initial field (1)-(2). In particular, it means that the total transmitted

field is determined by
Ex(t) = Ey (Trrer +Tr_e_), (21)

where we have used a simplified notation, which has to be compared with
Eo(t) = Eo (e +e-), (22)

This shows that three different effects were introduced by the temporal beam-splitter: i) field
amplification, due to the factors a4 ; ii) rotation of the polarization direction; iii) creation of ellipticity.
The first effect already exists in isotropic media. The other two are due to anitropy, and will be
illustrated next. To understand them, we write eq. (18) in the form

Tzﬂ: = |T2:|:| exp(ia)o’f + Z(Pi) , (23)
with
4
|Ths| = \/COSZ(CUiT) + = (a3 + 1)zsin2(wir) , (24)
a3
and )
2 1
tan ¢4+ = M tan(w+T) . (25)
K4
Similarly, for the reflected wave, we would get
Elz(t) =Ey (R2+e_|_ + R2_e_) , (26)

to be compared with E((t) = 0. The amplitudes of the above transmission and reflection coefficients
oscillate as a function of the temporal width 7, as in the case of the usual spatial beam-splitter. This
clearly shows the existence of temporal interferences, different for each mode, as illustrated in Figure 1.
The above results are applied to specific physical situation on the next section, where temporal
processes in the presence of static magnetic and electric fields will be considered.

30 p———7————————————————

T |?

Rt ?

Figure 1. |Th+ \2 (blue curves) and |Rp+ |2 (red curves): as a function of wyT, for wy = 1.15w(y and
w— = 0.95wq (dashed).
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4. Specific Examples

4.1. Magnetized Plasmas

As a first example, let us consider a plasma in a static magnetic field. We assume that the plasma
is suddenly created at time t = ¢y = 0, and vanishes at time = 7. We assume the most interesting
case of parallel propagation, and take ny = 1. Alternatively, we could assume the sudden creation
of a (quasi) static magnetic field in a pre-created plasma, but the physical conditions would be more
difficult to define. The eigen-modes + can therefore be identified with right and left-hand circularly
polarized modes [31]. This leads to

= ! =1 w}% 27
“i—?(w)/ ei(w)— —m/ (27)

where w), is the electron plasma frequency, and w. = eBy/m, is the electron cyclotron frequency. For a
given initial frequency w(t < 0) = wg > (wp, w¢), we get
w

W+ = = _ w4, (28)
n+t

These new frequencies are therefore determined by the equation

wzwi

wi—(wipTwC)—w%:O. (29)
We can see that the frequency shift can be very strong when we approach the resonant frequency for
one of the modes, w_ — w,. Strong effects can also be expected near a cutoff, when n+ — 0. In both
situations, we can have w+ > wy. Here we disregard such critical situations and use, for illustration,
the case of very high frequencies, such that wg > (w), w,). In this case, we expect very small frequency
shifts, Aw+ < wy, as determined by the approximate solution

2
Aws = (ws —wy) = ii—gwc. (30)

We can then calculate the final rotation of the electric polarization state, valid for t > 7, as determined
by the above expressions for the transmission and reflection coefficients. This leads to

wzw 1/2
1+ <7i4 :’);) sinz(wiT)] exp(+iwoT + i), (31)
0

Ty =

where we have used the phases ¢ given by

wf,wc
tangr =2 |2+ —— tan(w+T), (32)
Wy
and
wf,wc ‘
Ryt =2——5—sin(w+T) exp(—woT Firn/2). (33)
w
0

This is illustrated numerically on Figure 2, where the initial and final polarisation states are linear. We
can then state that a temporal beam-splitter in a plasma produces an effect similar to the well-known
Faraday effect, which is due to the presence of a static magnetic field By parallel to the propagation
direction.
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Figure 2. Faraday rotation: transverse plane of polarization, showing rotation of the linear polarization.
Initial state (in blue) and the final state (in black), when we assume T = T_. Also represented a the
more accurate result with T # T_ (in black, dashed). The electric field direction follows a complicated
pattern inside the temporal beam-splitter, as shown in red, before taking the final form.

On the same figure, we also represent the electric field direction inside the temporal beam-splitter,
for 0 < t < 7, before taking the final form. the observed oscillations are partly due to the difference
between the two mode frequencies (w— — w.). During this time interval, we have two distinct
frequency modes with circular polarization turning in opposite directions, but we can only talk about
a polarization rotation after t = 7, when the wave emerges from the temporal beam-splitter with the
original frequency wy.

This magneto-optic effect is not limited to parallel propagation, because two orthogonal
polarization states exist in a plasma, for high frequency waves propagating along any direction with
respect to the static magnetic field. In particular, for wave propagation in a direction perpendicular to
By, the two eigen-modes correspond to linear polarization, parallel and perpendicular to the static
field. In this case, we should replace the previous notation (+, —) by a more appropriate notation
(]|, L). Using, once more the cold plasma model, we can specify these new modes by the dielectric
functions [31]

wf, w% wz—w%
GH((,(J):l—E, l’:’J_(C(J):l—Em, (34)
u

where w,;, = (wf, + w?)1/2 is the upper-hybrid frequency. The frequency shifts observed inside the
temporal beam-splitter are now given by

wH,l = nwio = Wy ‘XH,L ’ (35)

[
which are formally identical to eq. (28). This would lead to a change in ellipticity, a characteristic
feature of the Cotton-Mouton effect. There is a small problem related to the field continuity relations. A
longitudinal field component is needed to define the complete state of the perpendicular wave mode,
which is absent before the first temporal boundary, as well as after the second one. However, the
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longitudinal field component is immediately established in the plasma, in response to the transverse
component, because of the negligible electron inertia [30].

4.2. Nonlinear Kerr Medium

Another important example is related to a nonlinear optical medium, and not a plasma. We
consider a generic Kerr medium, where the optical birefringence is associated to a static electric field
Ey, instead of a static magnetic field. This case is similar to the above, with two linearly polarized
eigen-modes, but where now the static field modifies the refractive index of the parallel polarization,
not the perpendicular one. Instead of eq. (34), we then have [32]

e (w) =1+ xW(w) + Aok [Eof*, €1 (w) =nf =1+ xV(w), (36)

where Ag = 271/kq is the wavelength, (1) is the linear susceptibility, and « is a characteristic constant
of the optical material. An increase of the refractive index will induce a down-shift of the parallel
frequency mode w), as given by

1
W = wo (1 — 50K |Eo|2> , W =wp. 37)

This leads to a change in the polarization ellipticity, and not a rotation, as illustrated in Figure 3. For
an initial state of linear polarization, we obtain at the end of the temporal beam-splitter an elliptic
polarization, very similar to what would occur in the Cotton-Mouton effect.

1.0 i

05+ -

00

-10" ]

Z10 ~05 00 05 10

Figure 3. Nonlinear Kerr effect: Transverse plane of polarization, representing the initial linear
polarization (in blue) and the final elliptic state (in black). The electric field direction inside the
temporal beam-splitter is illustrated by the curve in red.

5. Slow Time Variations

It is well-known that the temporal discontinuities discussed above are only valid for temporal
changes that occur on a time-scale much shorter than the wave period. This is, in general, very difficult
to achieve. We therefore need to extend our discussion the case of arbitrary temporal variations of
medium. This can be described by a sequence of infinitesimal time steps, from ¢ to ¢ + dt [33]. Let us
then assume that the refractive index of the medium is described by a continuous function of time,
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n(t), to be specified. In analogy with eq. (1), let us consider the total electric field associated with a
given wavevector component k, as

E(r,t) =) E+(t)exp(ik 1) +c.c.. (38)
+

with
E+(t) = Ay exp[—igs (t)] + A" exp [ip+(1)] - (39)
But, in contrast with eq. (2), where the field amplitudes were assumed constant, the new field

amplitudes AL = Ate+ and AL = Ae+ are now slowly varying functions of time, which evolve on
a time-scale much longer than the wave period, and the phase functions are defined by

o (t) = /t Cwi(t)at, (40)

where fg is the initial time, and w+ (t) are the time-varying mode frequencies. Applying the approach
of [33] for each mode, it is then possible to show that the field amplitudes evolve as

d% _ 7% [3A + Aly exp [+2ips (D]}, (41)
and
dA’ QO .
dti = _Ti {3AL + Aiexp[—2ip+(t)]}, (42)
with
0. - Ldnt (43)
£ ne dt -

These equations can be formally solved [12]. But, for the present purposes, it is useful to consider
the plausible case of very weak reflected waves, where we have |A/, (t)| < |A’,(t)|, we can use the
approximate expressions

dAy 3
7 = —EQiAi/ (44)
and " )
dti = —50xAzexp [—2ip+(1)] , (45)

This leads to simple expressions for the transmission and reflection coefficients, as given by

T.(t) = jf((;)) =n=32(t), (46)
and ' L
Ri(t) = Af((to)) ~—3 ; QL (t) exp [2ips ()] dt’ . (47)

As an illustrative example, we consider the case of a magneto-plasma, assuming a constant magnetic
field, By, and a plasma density evolving as as Gaussian function, with a typical duration of A; >
1/w(tg). We can write
12
2 2

wp(t) = whyexp (A%) , (48)
where w) is the maximum value of the plasma frequency. For parallel propagation, this leads to
approximate values of the circularly polarized eigen-mode frequencies, determined by

2
v WioWe

= ~17Lexp(—— ], v,=-L , 49

wi() ~ T2 p< A?) W @)



https://doi.org/10.20944/preprints202412.0970.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 December 2024 d0i:10.20944/preprints202412.0970.v1

9o0f11

where we have used the initial wave frequency wy = w(ty — —c0), and the auxiliary frequency
vp < wo. This leads to

9 (1) = wot &= "LV [T+ Erf(1)] (50)

These expreesions can be used to calculate the coefficients (46) and (47). Let us focus on the transmission
coefficient. We have

3vp [t £2\ ., 3 £2
Ti(f) 21F -5 [ ¢t —— |dff =1+ -—— |, 51
=) =1F 7 2 I exp 2 5 Vp €XPp v (51)
We can see that, for t — oo, the asymptotic value of T+ tends to one, and the reflection coefficient
becomes zero. However, even in the unfavourable of T+ = 1, temporal Faraday rotation still exists
because of the frequency difference between the two modes. The total phase-shift resulting from such
difference is given by

06) = s — ¢ = LV [1+Erf(t)] . (52)

This is illustrated in Figure 4.

150
10"

05

) -1 0 YN

Figure 4. Relative frequency shifts w4 (t)/wy (in blue) and w— (t) /wy (in blue dashed), as a function
of normalized time t/ A, for a Gaussian temporal perturbation, as given by eqs. (48)-(49). The resulting
phase-shift 6(t) is represented in red.

If, instead of circularly polarized eigen-modes we have two linearly polarized modes, as in the
nonlinear Kerr effect, the temporal transmission coefficients in this approximation willbe T, =1, and

t 2
TH =1- %/ Q”(t,)dl’/, QH ~ \{LEXNLAI} exp (2%) p (53)
where xNr = Aok |E0|2, and Ej is the static electric field. Again, this leads to TH(t — o0) = 1.
Still, in this case, a final frequency shift between the two linear modes remains, due to the different
frequencies, leading to a final change of ellipticity. This means that, in all cases, with or without
temporal amplification, a temporal beam-splitter with arbitrary temporal profile always leads to
magneto-optical effects.
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6. Conclusions

In this paper, we have studied the magneto-optical effects, such as Faraday rotation and
similar processes, resulting from reversible temporal perturbations of a birrefringent medium. These
perturbations were described as temporal beam-splitters, using sharp temporal boundaries, as well as
slowly varying boundaries described by a Gaussian function. The cases of a cold magnetized plasma,
and nonlinear Kerr media were examined in detail.

We have shown that two different processes contribute to these magneto-optical effects. One
is an eventual wave amplification resulting from the influence of a temporal beam-splitter, where
the transmission coefficients can be significantly larger than one. This is particularly important for
sharp boundaries. The other is the phase-shift between the two eigen-modes, which is always present.
In the case of a Faraday rotation, these eigen-modes correspond to left and right-hand polarization,
propagating along the static magnetic field. In the case of Cotton-Mouton and nonlinear Kerr effects,
the two eigen-modes are linearly polarised, and propagate across the static magnetic or electric fields.

We were able to demonstrate that these effects can be observed in a variety of physical situations
and in different anisotropic media, such as a plasma or a nonlinear Kerr optical medium, where the
anisotropy is due to the presence of a static electric or magnetic field. They could eventually be used to
develop new configurations in spacetime optics, as well as in diagnostics of ultrashort laser pulses.
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