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Abstract: We analyze the Google matrix of directed networks of Wikipedia articles related to 8 recent Wikipedia
language editions representing different cultures (English, Arabic, German, Spanish, French, Italian, Russian,
Chinese). Using the reduced Google matrix algorithm we determine relations and interactions of 23 society
concepts and 17 religions represented by their respective articles for each of the 8 editions. The effective Markov
transitions are found to be more intense inside the two blocks of society concepts and religions while transitions
between the blocks are significantly reduced. We establish 5 poles of influence for society concepts (Law, Society,
Communism, Liberalism, Capitalism) as well as 5 poles for religions (Christianity, Islam, Buddhism, Hinduism,
Chinese folk religion) and determine how they affect other entries. We compute inter edition correlations for
different key quantities providing a quantitative analysis of the differences or the proximity of views of the 8

cultures with respect to the selected society concepts and religions.

Keywords: directed networks; Wikipedia; Google matrix; society concepts; religions

1. Introduction

During human society evolution several concepts of society have been developed. Their relations
and interactions are studied by social sciences as discussed for example in [1,2]. Among these concepts
there are those linked to social society structure, as e.g. law, education, culture; political formations
as e.g. capitalism, socialism, communism and others. These concepts represent social concepts of
society. Other concepts are represented by religions which play an important role in human society
formation. This role and relations of religions and human societies have been studied and investigated
from various view points including history, philosophy, psychology, archaeology, economy and other
sciences (see e.g. [3-9] and Refs. therein). However, the mathematical analysis of these relations
is essentially absent since it is rather difficult to use and apply rigorous mathematical methods to
human sciences and religions. In this work, we try to develop a mathematical framework to investigate
religions and society concepts relations based on the Wikipedia network analysis. We consider
a directed network composed of Wikipedia articles (nodes) with generated hyperlinks (citations)
between them. Already two decades ago the free online Wikipedia has superseded old encyclopedias
such as Encyclopedia Britannica [10] in quality and volume of articles related to scientific topics [11]. At
present the academic analysis of information contained in Wikipedia finds more and more applications
as reviewed and described in [12-16]. Thus Wikipedia contains an enormous diverse database of
human knowledge which we use to determine relations of religions and society concepts obtained on
purely mathematical grounds. Of course, religions are also human concepts related to society but for
clarity we consider two groups of concepts formed by society: society social concepts and religions.

We analyze Wikipedia networks of different language editions by the Google matrix approach
and Page Rank algorithm, originally developed and applied by Brain and Page for the World Wide
Web search analysis [17,18]. We also use additional algorithms such as CheiRank [19-21] and the
reduced Google matrix (REGOMAX) [22]. Various applications of these algorithms with an analysis of
the importance and interactions of various Wikipedia articles and groups of articles have been reported
for historical figures [20,23], world universities [20,24], politicians [22], banks and world countries [25]
and other examples. The REGOMAX algorithm is particularly useful since it allows to determine
effective interactions between nodes of a selected group taking into account direct and all indirect
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pathways between these nodes via the global network with a size exceeding by orders of magnitude
the number of selected group nodes. These tools have been shown to operate efficiently not only for
Wikipedia networks but also for the world trade network of UN COMTRADE [26] and the MetaCore
network of protein-protein interactions [27].

In this work, we focus on the directed networks obtained from 8 actual Wikipedia language
editions: English (EN), Arab (AR), German (DE), Spanish (ES), French (FR), Italian (IT), Russian (RU),
Chinese (ZH). We consider that these 8 networks describe 8 different cultures since a language is one of
the most important elements of culture. The 8 networks are generated from Wikipedia edition dumps
of 1 October 2024 and the main network parameters are given in Table 1.

Table 1. Table of the 8 used Wikipedia editions (code in 2nd column) in different languages (1st
column) and corresponding network data where N denotes the number of network nodes (3rd column),
Ny the total number of links (4th column) and N; the number of dangling nodes (5th column). The last
column provides the ratio Ny/N. All networks were created from Wikipedia xml-dump files dated
from October 1, 2024 (excluding redirection and special technical nodes and links).

Language Edition N Ny N; Ny/N
English EN 6891535 185658675 18444 26.9
Arabic AR 1242011 16433487 20467 13.2
German DE 2946636 79189123 20099 26.9
Spanish ES 1916240 41324254 4243 21.6
French FR 2638634 76118849 3567 28.8
Italian IT 1884339 49495890 7622 26.3
Russian RU 2002167 43375388 7630 21.7
Chinese ZH 1444719 20682593 58250 14.3

For our analysis we select from Wikipedia 40 articles about human concepts composed of 23
society concepts and 17 religions (and branches of religions) given in Table 2. These 40 concepts are
analyzed for each of 8 Wikipedia edition networks. We show that the REGOMAX algorithm allows to
determine nontrivial interactions among the 23 selected society concepts, 17 religions and also relations
between these two groups for each of the 8 networks of Table 1. Furthermore, the obtained results also
allow to characterize quantitatively the correlations between these 8 cultures.

The paper is composed as follows: in Section 2, we present some technical details about the used
data sets and in Section 3 the used mathematical tools for network and correlation analysis are briefly
reviewed. Section 4 presents and provides a detailed discussion of our results and Section 5 provides
the final discussion and conclusion.

Additional materiel, additional figures and data files are available at [28].
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Table 2. Table of the subset of N, = 40 selected Wikipedia articles (nodes) from the English Wikipedia
edition EN with 23 society articles (Kg = 1,...,23) and 17 religion articles (Kg = 24,...,40) both
separated by an additional horizontal line. All data in this table refer to the English Wikipedia edition
EN. Here K, represents the global index of this group (1st column) obtained by first PageRank ordering
the 23 society nodes and subsequently PageRank ordering the 17 religion nodes. The other columns
correspond to the group-local K- and K*-rank indices (2nd and 3rd columns), the exact (English)
Wikipedia article title (4th column), a short two character code for each article (5th column), network
global Ky- and Ky;-rank indices (6th and 7th columns) and a subgroup (pole) index (8th column). In
this table PageRank ordering, K- and K*-indices were computed using the English Wikipedia edition
EN. The two character code for each article is by default obtained from the first two characters of the
title with some modifications for the 2nd character to avoid double codes or one of the 8 codes already
used for the 8 Wikipedia language editions (see 2nd column in Table 1). The subgroup index defines
for each society and religion block five subgroups and the label “(T)” defines a top pole node for each
subgroup. The two character codes, the pole index and top node label are used later in the network
diagrams presented and discussed in Section 4.3.

K; K K* Title Code Km K§; subgroup
1 7 28 Law LA 387 101448 1(T)
2 10 36 Education ED 531 323268 2
3 11 15 Communism M 690 26967  3(T)
4 12 19 Democracy DM 750 41331 4
5 13 16 Liberalism LI 755 28568  4(T)
6 14 21 Socialism SO 837 42483 3
7 16 20 Ecology EL 988 41611 1
8 17 3 Politics PO 1072 4444 1
9 18 9  Culture CU 1190 10959 2

10 19 22 Nazism NA 1234 49141 5
11 20 30 Capitalism CA 1282 117558  5(T)
12 22 34 Republic RE 1652 283031 4
13 25 11 Monarchy MR 1903 15001 2
14 27 27 Fascism FA 2089 89729 5
15 28 4  Society SY 2448 6032  2(T)
16 29 33 Economy EC 2560 261158 5
17 31 5  Anarchism AN 3663 8827 3
18 33 39 Money MO 4624 425841 5
19 34 40 Oligarchy OL 5759 1200109 2
20 35 8 Civilization CI 6035 9853 2
21 36 37 Autocracy AU 6074 324067 2
22 38 35 Materialism MA 7709 316619 1
23 40 31 Idealism 1D 11579 130647 1
24 1 6 Catholic Church CcC 60 8870 1
25 2 2 Christianity CH 85 1307 1(T)
26 3 7 Islam 1S 96 9758  2(T)
27 4 17 Buddhism BU 188 28678  3(T)
28 5 10 Hinduism HI 255 11219  4(T)
29 6 18 Eastern Orthodox Church EO 353 31721 1
30 8 12 Judaism JU 401 16492 1
31 9 13  Protestantism PR 405 22902 1
32 15 24 Sunnilslam SU 890 63317 2
33 21 1 Jainism JA 1361 275 4
34 23 25 Sikhism SI 1659 64136 4
35 24 32 Confucianism CcO 1794 139315 3
36 26 14 ShialIslam SM 1945 26758 2
37 30 23 Taoism TA 2576 50597 3
38 32 29 Shinto SH 3999 116232 5
39 37 26 Chinese folk religion CF 6105 65071 5(T)
40 39 38 Oriental Orthodox Churches OO 9789 331323 1
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2. Data Sets of Wikipedia Networks

2.1. Construction of the Wikipedia Networks

To construct the Wikipedia networks for the different language editions of Table 1, we downloaded
the official xml-dump files for each edition (versions with all pages and articles in a single file) with time
stamp of October 1, 2024. First, we extracted for a given edition the titles of all main content articles
with namespace key value being 0 thus excluding technical Wikipedia articles of type Category, Help,
File, Wikemedia etc. having other namespace key values. Also titles corresponding to a redirection
to another existing article were not taken into account. This procedure provides the list of all article
titles/network nodes with a technical index given by the initial order of the xml-dump file which is
typically roughly alphabetical (but not exactly). This technical initial index, while being important
to store the network links and for the different computation codes, will not be used in this work
to characterize specific articles/nodes. Instead, we will use the PageRank index Ky (see below) to
characterize different nodes.

In a second step, we determined for each article the links to other articles in the same Wikipedia
edition. These links are (with some technical complications) available in the xml-dump files as clear
text article titles but sometimes it is necessary to capitalize the first character of a link name to identify
the proper article title, which is always capitalized for the first character, and the corresponding node
index. This capitalization procedure is for accented or special characters (with multibyte utf8 codes),
e.g. in the case of French or Russian article titles, a technical nontrivial operation for which we used
the library Utf8proc [29]. Links to redirection titles, outside webpages or other wikipedia editions were
not taken into account. Multiple links between two articles, in particular several links pointing to a
particular position inside the target article, were counted as a single unique link. Links from an article
to itself were kept but also only as a single link.

In this way, we obtained the Wikipedia networks with full “official” lists of article titles for the 8
editions and tables of links, with some key values shown in Table 1, e.g. with typical node numbers
between N ~ 6.9 x 10° (for the English Wikipedia edition EN) and N a 1.2 x 10° (for the Arabic
Wikipedia edition AR) and typical link numbers between Ny ~ 1.9 x 108 (EN) and N ~ 1.6 x 10”7 (AR).
The ratio N;/ N between both has typical values 13-27. Table 1 also shows the number of dangling
nodes Ny corresponding to nodes having no outgoing link to another Wikipedia article of the same
edition. These nodes require special treatment in the Google matrix approach (see next section) and
the typical values are N; ~ 103-10° which represents a very small fraction of the full number of nodes
N ~ 10°-107.

2.2. Edition Specific Subsets

Starting with English Wikipedia, we select a group of 40 articles about 23 society concepts and
17 religions (or branches of religions) shown in Table 2. The order of these articles is fixed by first
PageRank ordering the 23 society nodes and then the 17 religion nodes providing the group index Kj.
Then for each of the other editions, we determine an equivalent group using the official Wikipedia
links between two different editions. For this we downloaded the source html files of the 40 EN-articles
and extracted from these files the corresponding article titles of the other editions. This information is
indeed contained in these source files in the other language submenu where the corresponding articles
in other language editions can be selected from a given English Wikipedia page. It turns out that for
all the other 7 language editions and each of the 40 EN-articles of Table 2, we were able to find the
corresponding article associated to the other edition (for some other language Wikipedia editions, not
used in this work here, the number of found “translated” articles may be less than 40).

We note that this procedure is important and that simple linguistic title translation may lead
to wrong articles in the other edition. For example the EN-article “Society” (K; = 15 in Table 2)
translates linguistically to “Gesellschaft” in German but the DE-article “Gesellschaft” corresponds
more to a technical article with links to several other DE-articles using the word “Gesellschaft” in
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the title and for different contexts (e.g. sociology, ethonology, state-law etc.). However, the official
inter edition Wikipedia link from the EN-article “Society” to the DE-Wikipedia edition provides the
title “Gesellschaft (Soziologie)” which is a different DE-Wikipedia article than “Gesellschaft”. There
are some other similar examples like this, also for FR-Wikipedia. In particular both articles about the
Orthodox Church with very specific differences between them (with Kg = 29, 40 in Table 2), require to
use the official inter edition Wikipedia links while simple linguistic translation may easily lead to the
wrong article.

In this work, we will for convenience always use (in Tables and Figures below) the English article
titles given in Table 2, even when we speak about another edition. Of course, the network index values
of the 40 group nodes, necessary for the computation of the reduced Google matrix (see below), were
correctly determined individually for each edition using the properly translated group list for the same
edition, eventually using article titles in special character sets (especially for AR, RU, ZH).

In Table 3, we summarize the group local PageRank and CheiRank indices K and K* (see next
section) for all 40 subset nodes and all 8 Wikipedia editions of Table 1 and using for each edition the
properly translated group for this edition as described above.

Table 3. Table of local K- and K*-indices of the subset of N, = 40 selected Wikipedia articles (nodes)
of Table 2 obtained from the networks of all 8 Wikipedia editions of Table 1. For each edition (other
than EN) a subset of N, = 40 articles was selected by using the official Wikipedia translation of the
titles of Table 2 for EN to the titles of the corresponding edition in the other language (AR to ZH). For
each edition specific group the reduced matrix Gg, PageRank and CheiRank vector were computed
using the corresponding edition Wikipedia network providing local K- and K*-indices visible with two
values K; K* per entry in columns 3 to 10 (for the 8 editions). The columns 1 and 2 provide the index K,
and the short code for each node defined in Table 2. The additional horizontal line separates the society
nodes (Kg < 23) from the religion nodes (Kg > 24). The group nodes of each edition are also visible in
Figures 1 and 2 showing the global Wikipedia network structure for each edition in the In(Kyy)-In(K3,)

plane.
K¢ Code/ EN AR DE ES FR IT RU ZH
Node K;K* K;K* K;K* K,K* K;K* K;K* K;K* K;K*
1 LA 7,28 5;18 17,8 5;15 5,37 5,22 15,14 3,22
2 ED 10;36  15;3 2540 11,30 19,33 26,28 20,26 8,7
3 CM 11,15 16,22 13,23 18,10 10,2 12,13 16,9 13;1
4 DM 12,19 10,12 6,7 6,22 11;14  11;10  13;19 12,12
5 LI 13,16 22,16 12,22 1535 13;13 16;14 18,28 25;19
6 SO 14,21 21,28 18;17 21,9 18,4 15,23  10;15 16;16
7 EL 16,20 27,15 20,28 22,12 17,17 22,26 21,21 28,30
8 PO 17,3 4,26 10,25 7,31 6,11 8;31 14,37 4,28

9 CU 18;9 17,17 815 12,17 1421 10,19 12,32 7;34
10 NA 19,22 2513 2;13 23,13 12,22 21;11  28;12 32,38
11 CA 20;30 20,21 23;10 20,23 22,16 19,20 22,11 23;10
12 RE 22,34 18,35 21,38 17,27  8;31 20,30 19,36  15;23
13 MR 2511 23,37  14;6 19;6 21,32 1721 17;1 17,9
14 FA 27,27 29;31 22,11 245 276 9,3 26;8 33,20
15 SY 28;4 7,24 1926 1634 26,39 1840 11,35 22,32
16 EC 29,33 12,33 7,27 3,38 20,40 46 7,33 14;39
17 AN 31,5 30,7 27:4 26;1 28;1 38,24 30;3 29;5
18 MO 33,39 26,40 26,14 2536 24,23 29,37 24,20 20,27
19 OL 34,40 37,38 31,39 33,39 30,35 31,38 36,34 36,14
20 CI 35,8 24,8 3536 30,21 32,27 30,33 27,31 24,25
21 AU 36,37 36,36 36,37 37,40 37,38 37,39 3940 30,29
22 MA 38,35 38,27 33,30 3514 3529 34,17 33,23 39,26
23 1D 40;31 40,25 38,33 36,37 38,10 32,32 3539  38;36
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Table 3. Cont.

Kq Code/ EN AR DE ES FR IT RU ZH
Node K;K* K;K* K;K* K;K* K;K* K;K* K;K* K;K*

24 CC 1,6 3,14 1,16 12 3,26 11 4,27 10;13
25 CH 2,2 2,1 3,9 2,3 1,12 2,4 2,4 1,17
26 IS 3,7 12 4,1 4,4 2,3 3,5 1,7 5,11
27 BU 4,17 11,11 11,3 9,7 7:5 25,8 5,6 2;3
28 HI 5,10 13,10 16,5 14,8 15,7 14,9 8,5 9,24
29 EO 6,18 19,19 15,20 13;16 16,20 13;15 23;16 34,15
30 JU 8;12 9;4 5,12 8;11 9,9 6;2 6;13 18;37
31 PR 9,13 6,9 9,19 10,18  4;15 7;18 3,18 6;31
32 SU 1524 8,5 24;2 27,32 23;36 23;34 9,30 21,18
33 JA 21,1 34,32 34,31 34,19 34,8 36,16 34,17 27,33
34 SI 23,25 28,20 3021 2920 29;18 27,27 32,10 31,35
35 CO 24,32 32,34 2834 32,29  33;34 33,29 31,29 194
36 SM 26,14 146 32,24 31,24 2525 24,25 2522 26;21
37 TA 30,23 31,29 29,18 2825 31,19 2812 2924 11,2
38 SH 32,29 3530 37,29 38,28 36,24 357 38;2 35,8
39 CF 37,26 39,39 40;32 40,26 39;30 40;35 40;38  40;6
40 OO 39,38 33,23 3935 39,33 40,28 39;36 37,25 37,40

3. Google Matrix Algorithms

3.1. Google Matrix Construction

We construct the Google matrix G of the different Wikipedia networks with N nodes (articles)
in the usual way [17,18,21]. First, we define the adjacency matrix A by A;; = 1 if node j points to
node i (if there is a link from the Wikipedia article j to the article i) and A;; = 0 otherwise. Then the
stochastic matrix S of Markov transitions if defined by S;; = A;;/ }_; Aj; for columns j with }; A;; > 0.
For dangling nodes j, having no outgoing links, i. e. with }; Ajj=0,we simply define S;; = 1/N for
all values of i. The columns of S are sum normalized, i. e. }; S;; = 1, and conserve the total probability
when the matrix S is multiplied to an arbitrary probability vector P, i.e. ¥; P(i) = ¥; P(i) = 1if
P = SP.

Finally, the Google matrix elements are defined as

Gij = aS;j+ (1—«a)/N 1)

where 0.5 < & < 11is the damping factor for which we choose the usual standard value « = 0.85 [18,21].
The columns of G are also column sum normalized and it also conserves the probability in the same
way as the matrix S.

Physically, this matrix describes a stochastic process where a random surfer jumps over the
network. With a probability « the surfer jumps randomly from his actual page j to a random page
page i among the pages with existing links j — i and with a complementary probability (1 — «) he
jumps to an arbitrary random node of the network. For dangling nodes he jumps immediately to an
arbitrary random node. The damping factor allows to connect all isolated communities and avoids
that the random surfer is trapped inside a small finite subset of nodes with no links going outside to
this subset.

3.2. PageRank, CheiRank

Due to the damping factor the stochastic process defined by G converges, according to the Perron-
Frobenius theorem, in the long time limit to a stationary probability P = lim;_,c, G' Py where P is an
arbitrary initial probability vector (with real values, Py(i) > 0, }_; Py(i) = 1 and the same holds also for
the stationary limit P(7)). The stationary vector P, in the following also called PageRank vector, satisfies
the eigenvalue equation GP = AP = P with the maximal eigenvalue A = 1 of G. One can show from
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(1) that all other (real or complex) eigenvalues A of G satisfy the inequality |A| < a providing a spectral
gap 1 — « ensuring the exponential convergence to the steady state vector and the iteration G Py indeed
provides a reliable numerical method to compute the PageRank.

The value of the PageRank component P(i) represents the importance of the node i which is
essentially proportional to the number of all ingoing links j — 7 [18] but also weighted with the
importance P(j) of the source nodes j. It is also useful to determine the rank index Kp;(i) = 1,2,3,. ..
of anode i by ordering the nodes i with decreasing values of P(i). This index is also called PageRank
index such that Kys(i) = 1 for maximal P(i), Kp(i) = N for minimal P(i) and more generally
K (i) < Kp(j) corresponding to P(i) > P(j). The Google search engine actually uses this PageRank
index to select the presentation order of search results which typically result in rather long lists of web
pages.

Following [19,20], we can also consider the network obtained by the inversion of all the directions
of links of the original network with a resulting Google matrix noted G* (which is different from the
simple transpose G' due to different column-sum normalizations and different sets of dangling nodes).
The PageRank vector associated to G* is called CheiRank vector and noted P* with a CheiRank ordering
index Kj,(i). The value of P*(i) is typically proportional to the number of outgoing links i — j with
some weight factors being P*(j).

It is also useful to introduce a 2DRank index K, which orders nodes on the PageRank-CheiRank
plane by order of their appearance in a square of increasing size Kj; = Kj; starting from Kj; = Kj; =1
(see details in [20]). The coarse grained density of the distribution of nodes in the Ky-K3, plane,
eventually in log-scale, provides also a useful graphical presentation of the network nodes; see also
Figures1 and 2 below.

In this work, we note by Ky (Kj;) the PageRank index for the full (inverted) network while K
(K*) denotes a reduced limited index for the group(s) of 40 nodes corresponding to Tables 2 and 3,
i.e. with values K =1,...,40 (K* =1,...,40). These local group indices K and K* can be computed
by different methods, e.g. by direct extraction from Ky and K}, by attributing the values of K (K*)
with increasing values of Ky (K},), e.g. K = 1 for the subset node with minimal Kj; value, K = 2 for
the subset node with the second minimal Kj; value etc. We used however a slightly different method
which consists simply of reducing the PageRank vector to the subset, with new index values being
1,...,40, and then computing K by ordering the components of this reduced (or projected) PageRank
vector (and similarly for K* using a reduced CheiRank vector). A third, more complicated method is
to compute the projected PageRank from the reduced Google (see next section). Table 3 summarizes
these local indices K and K* for the 8 editions and their associated subsets of 40 nodes.

3.3. Reduced Google Matrix

In [22] a method and algorithm (REGOMAX) was introduced to define and compute a reduced
Google matrix for a selected subset of Ny nodes (with N, ~ 102-10° being typically of modest size) taking
into account both direct links between two nodes of this subset and also indirect links between two
such nodes using pathways along nodes outside this subset. We note that the contributions of indirect
links are very important and their omission may lead to erroneous results as it was demonstrated
in [23] for a directed network of historical figures of Wikipedia previously studied in [30].

For this approach it is convenient to write the Google matrix G and the PageRank vector P of the

global network as
Grr Grs P, r
G ( GSI' GSS > ’ < PS ) ( )

where the label “r” refers to the nodes of the reduced network of N; subset nodes, and “s” to the
other Ny = N — N; nodes which form the complementary network acting as an effective “scattering
network”. The PageRank eigenvalue equation GP = P implies [22] that the projected PageRank P: can
be computed from

GrPr = Px ®3)
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where the reduced Gooogle matrix of size Ny x N is given by
GR = Grr + Grs(1 - Gss>71Gsr = Grr + Gpr + qu . (4)

This matrix is also a stochastic matrix with columns being sum normalized. For practical reasons,
we renormalize Py such that }; Pr(j) = 1 where the sum runs over all nodes of the small subset. In
(4), the first term G, accounts for all direct links between two nodes A and C in the subset and the
second term represents all indirect links between these two nodes using a chain of links from A to By,
then from Bj to By, ..., and then from B, to C where the intermediate nodes By, ..., By, belong to the
complementary scattering network of N5 nodes. Such a pathway corresponds to the term Gs Gl Gy
obtained by expanding the above matrix inverse in a geometric series over such terms. We note that
the matrix Ggs has a leading eigenvalue A, close to 1 but smaller than 1 (if Ny > 0) such that the matrix
inverse is well defined. The second term can be furthermore decomposed [22] in two contributions
Gpr + Gqr where Gpy is a rank-1 matrix obtained by extracting from the matrix inverse the contribution
of the leading eigenvector of Ggs (which is rather close to Ps) and Gg, is the remaining contribution
which can be numerically efficiently computed by a rapid convergent geometric series over a certain
specific matrix obtained from Gg by a projection on the space bi-orthogonal to the leading eigenvector
of Ggs (see [22] for details). Initially, this decomposition was introduced to find an efficient numerical
algorithm to Gg but it turns out that it also useful in terms of interpretation. The term Gy, while
having a dominant weight, has a very simple structure with nearly identical columns being close to
Py (all columns are proportional with factors close to 1). This term is essentially determined by the
leading eigenvector of G (see [22] for an explicit formula).

Due to the simple structure of Gy it is the other matrix Gqr, smaller in numerical weight, which
represents the most nontrivial information related to indirect hidden transitions. We also define the
(nd)

r

matrix Gqr ~ which is obtained from Gg, with its diagonal elements being replaced by zero. We note

that each component can be characterized by its weight being Wr, Wpr, Wrr, Wqr (Wc(l?d)) for GRr, Gpr,

Grr, Ggr (G((frld)) respectively and which is defined as the sum of all matrix elements divided by its
size N;. (Since Gg is also column sum normalized we always have W = 1.) Studies for examples of
reduced Google matrices associated to various directed networks can be found in [22,24-27].

We note that the first equivalence relation in (4) is similar to the Schur complement in linear
algebra (see e.g. [31]). Issai Schur introduced the Schur complement in 1917 (see history in [31]) and
later it found a variety of applications [31,32]. However, the expansion in the form of three matrix
components, given by the second equivalence relation in (4), with the physical sense of each component
was introduced only in [22].

In this work, we apply the reduce Google matrix approach to the group(s) of 40 Wikipedia articles
shown in Tables 2 and 3 and introduced in the last section. For all these cases we computed the reduced
Google matrix and its different components, as well as the reduced PageRank vector P; and the group
local PageRank index K (with values K = 1,...,40). The same can also be done for the inverted
network with Google matrix G*. However, in this work we present only results for the reduced Google
matrix associated to G and not to G* (except for the local index K* which can also be obtained more
directly by extraction from Kj, or by ordering P;" which is defined in a similar way as P;).

We present the positions of 40 articles in the PageRank-CheiRank plane for all 8 editions in
Figures 1 and 2; the reduced Google matrix and its components in Figures 3-15 for all 8 editions.
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Figure 1. Density of nodes W(Ky, K3;) on PageRank-CheiRank plane (Ky, Kf;) averaged over
100 x 100 logarithmically equidistant grids for 0 < In Ky, InK§; < InN (1 < Ky, Ky < N) for the four
Wikipedia editions EN (top-left), AR (top-right), DE (bottom-left) and ES (bottom-right); the values of
node number N for each edition are given in Table 1; the density is averaged over all nodes inside each
cell of the grid, the normalization condition is } x,, k:, W (Km, K3y) = 1. Color varies from blue at zero
value to red at maximal density value. The numbers at the color bar correspond to W (K, KI’\‘/I)/ Weut
where Weyt = max W (K, Kyy) /16 and values of W(Kyy, Kyy) > Weut have been saturated to Weyt.
The non-linear color scale (corresponding to x8 if x € [0, 1] represents the linear scale of the visible
color bar) and the saturation at Wiax /16 have been chosen in order to increase the visibility of low
density values. The x-axis corresponds to In Ky and the y-axis to In K§; with Ky (Ky,) being the global
PageRank (CheiRank) index for the Wikipedia network of the corresponding edition. The red (white)
crosses mark the positions of the 23 society nodes with Ko < 23 (17 religion nodes with K¢ > 24) of
Tables 2 and 3.

3.4. Inter Edition Correlator Quantities

It is interesting to compare the different quantities we compute, such as P;, K, Gg etc., between
the different Wikipedia editions of Table 1. For this we consider different types of correlators for which
we give a brief review below.

For example for two given data sets X; and Y; of size ns withi = 1,..., ns the Pearson correlation
coefficient is defined as [33]

(X=X =) _ XY) = (X)(¥)

p— = 5
XY X0y X0y )

where (f(X,Y)) = Y f(X;,Y;)/ns is the average over an arbitrary function f(X,Y) and ox =

VA(X?) = (X)?, oy = /(Y?) — (Y)? is the standard deviation of X and Y respectively. For pxy > 0
(oxy < 0) one can state (for a given index i) that it is more likely that Y; > (Y) (Y; < (Y)) if X; > (X).
In other words deviations from the average values for X and Y have probably the same (opposite) sign

if pxy > 0 (pxy <0).
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The Kendall rank correlation coefficient is defined as [34]
21,
—Z¢ 1 6
XY ", (6)

where n, = ns(ns — 1) /2 is the number of all possible pairs (X;, Y;), (Xj, Y]) with i < jand #n, is the
number of concordant pairs such that either X; < X;j and Y; < Yjor X; > X; and Y; > Y; (same sorting
order between the pair). Here, we have txy = 1 (txy = —1) if both data sets have the same (reverse)
sorting order.

In the (end of the) next section and in Figure 16, we present and discuss results for both correlators
Pq(i)q(j) and Ty(i)e(j) @s 8 x 8 matrices where i,j =1,..., 8 represent index values for the 8 Wikipedia
editions and ¢(i) a data set/quantity computed for the given Wikipedia edition with index value i.
Concerning the correlator (5), we consider five quantities 4(i) being the reduced PageRank vector
P, (all vector coefficients with n; = 40), the reduced Google matrix Gr (all matrix elements with
s = 402), the religion or society sub-block of G + G((]rr\d) (all sub-block matrix elements with 1, = 172
or ns = 232 respectively) and also the local PageRank index K (all K values with ns = 40). For K we
also compute the Kendall rank correlator (6) which is actually equivalent to the Kendall rank correlator
for P, since the local ranking index K is obtained by ordering the values of P, i. e. two K vectors for
two different editions have the exact same number of concordant pairs as the related two P; vectors.
We mention that mathematically both correlator quantities can take in theory values between —1
(perfect anti-correlation) and +1 (perfect correlation) while values close to 0 indicate small or absent
correlations. However, for the 6 correlator quantities mentioned above only positive correlator values
appear (actually with minimal values above 0.33; see Figure 16 for more details).

4. Results

4.1. Article Location on PageRank-CheiRank Plane

We first discuss some results for the local ranking indices K and K* given in Table 3 for the 8
edition cases and the 40 edition specific selected articles. Concerning EN-Wikipedia, we note that
the top 6 PageRank positions in the subset of Table 2 are taken by religions with Catholic Church at
K = 1 while the first society concept Law only appears at K = 7. This tendency is preserved in the
other 7 editions where religions still take the top 3-4 PageRank positions while such a society concept
as Liberalism only appears at K = 5 for the AR, ES, FR, IT editions. There are two exceptions being
Nazism at K = 2 for DE, that is clearly linked to German history, and surprisingly also for ZH where
the top society concept is Law at K = 3 being significantly above Communism at K = 13. For EN the
top society concept is also Law at K = 7 and for RU it is Economy at K = 7.

Among religions the top K = 1 position is taken by Catholic Church for EN, DE, ES, IT and
Christianity is at K = 1 for FR, ZH (Buddhism is at K = 2 for ZH). Somewhat surprisingly for RU
Islam is at the top PageRank position K = 1 and Christianity is at K = 2. This is probably related
to a significant Muslim population in Russia that is however significantly smaller than its christian
population. Islam is the top religion for the AR-Wikipedia edition which appears to be rather natural.
However, here Christianity and Catholic Church appear at K = 2 and K = 3 respectively.

Concerning the CheiRank index K*, that characterizes the communicative properties of a node,
the situation is more mixed. Thus we have at K* = 1: Jainism for EN; Christianity for AR; Islam for DE,
Anarchism for ES, FR; Catholic Church for IT; Monarchy for RU; Communism for ZH. We attribute
such a mixing to stronger fluctuations of outgoing links as discussed in [21].
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Figure 2. As Figure 1 but for the four Wikipedia editions FR (top-left), IT (top-right), RU (bottom-left)
and ZH (bottom-right).

Concerning the global ranking indices Ky and K3, for the full network, we show the density of
their distribution in the In(Ky)-In(Kf,) plane in Figure 1 for EN, AR, DE, ES and Figure 2 for FR, IT,
RU, ZH. The overall density structure is rather comparable for all 8 editions with a certain asymmetry
between both axis. However, the precise top Ky and K3, positions (isolated small red or green squares)
are very specific for each edition.

Furthermore, the locations of the 40 edition specific selected articles of Tables 2 and 3 are also
shown in Figures 1 and 2. We see that for all editions religion nodes (white crosses corresponding
to 24 < Ky < 40) have typically higher PageRank positions (lower Ky values) as compared to social
concepts (red crosses corresponding to 1 < K¢ < 23), i. e. typically the top religion nodes appear to be
more important than the top society nodes. In particular, for the EN-edition the top religion PageRank
index is about 6 times smaller as compared to the top social concept PageRank index as can be seen
from Table 2. For the other editions, we have similar ratios of K); between the top religion and the top
society nodes which can be seen from the difference of the horizontal positions between the first white
cross and the first red cross (difference of In Kj) in the different panels of Figures 1 and 2.

4.2. Matrix Components of REGOMAX Algorithm

We have computed the different reduced Google matrix components (as described in Section 3.3)
for the 8 Wikipedia edition and using for each edition the edition specific group of 40 articles given in
Tables 2 and 3 (as explained in Section 2.2). The presentation order of the nodes in the groups is given
by the index K which was obtained by separately PageRank ordering the 23 nodes for society concepts
and the 17 nodes for religions (or branches of religions) for the EN-Wikipedia edition. However, for
the other editions there are different K and K* indices but for practical reasons we keep the same initial
node order K, (obtained from EN-Wikipedia) when presenting the different matrix components in the
figures below.

We remind that Gp is according to (4) given by the sum G + Gpr + qu where G, represents the
direct links, Gpr + Ggr indirect links with Gy being a rank-1 matrix (with columns being rather close
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to the projected PageRank P;) taking into account the contributions of the leading eigenvector in the
complementary scattering space (see [22] for details) and G is obtained from the other contributions
and containing interesting nontrivial information about indirect links. Numerically, Gy, is quite
dominant in this sum with relative weights Wy, = 0.91-0.97 depending on the edition but it has a very
simple structure. The interesting properties of the reduced Google matrix are contained in the matrix

G + G((]?d) being the sum of Gy and Gg, (with diagonal elements of the latter replaced by 0). For two

editions (EN and ZH), we present results for the four matrices Ggr, Gpr, Grr and Gyr + Gc(l?d) while for

the other six editions we limit ourselves to Gg and G + Gc(lrr‘d).

Below we will focus our discussion on the most interesting case G, -+ G((]Irld). To simplify this
discussion, we also introduce for this matrix the sub-blocks A (left top diagonal society block), B (right
top block with links from religion to society), C (left bottom block with links from society to religion)
and D (bottom right diagonal religion block). In particular, we determine the strongest matrix element
for each block, the sum of matrix elements per block and the ratios R(C, A), R(D, B, R(D, A) for these
sums. In the next subsection, we will see that the matrix G, + Gé?d)
effective networks of friends and followers.

]
I 0.8

can also be exploited to generate

;
I 08
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0.4
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Figure 3. Color density plots of the matrix components Gg, Gpr, Grr, Gir + Gc(lrr1 for the group of
Table 2 and Wikipedia EN edition; the y-axis corresponds to the first (row) index (increasing values of
K, from top to down) and the x-axis corresponds to the second (column) index of the matrix (increasing
values of K, from left to right). The outside tics indicate multiples of 10 of K,. The red arrows indicate
the separation between society nodes (K¢ < 23) and religion nodes (K¢ > 24) in both axis. The numbers
in the color bar correspond to g/ gmax With g being the value of the matrix element and gmax being the

d . . .
) there are some small negative matrix elements corresponding to values

maximum value. For G((lr;
g/ 8max > —0.035 (g/ gmax > —0.038 for other editions shown in other figures below) which are shown
with a color very close to blue for zero values.

In Figure 3, we show color density plots for Ggr, Gpr, Grr and Gy + Gc(lrrld) for the edition EN with

numerical weights being Wg = 1, Wiy = 0.0144, Wy, = 0.9661, Wy = 0.0194 (Wi + W = 0.0280).

The color plot of Gy, is essentially composed of rows of equal color with matrix elements Gp: (i, j) ~
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P;(i) for all columns j. Here the sequence of row colors illustrates the separate PageRange order in the
two blocks. The row with red color corresponds to the top PageRank node “Catholic Church” with
K =1, Ky = 24, first row in the religion block, and the rows below at K, = 25, ...,29 with orange or
(strong) green color correspond to K = 2,...,6. The color plot of Gy is similar in appearance, due to
the strong weight of Gpr, but with additional peaks at isolated positions with largest elements of G, or
Ggr (including some quite strong diagonal elements of Gy, especially in the religion block).

For G, + Gc(lrrld) the strongest matrix elements G (i,]) + G((]rrld) (i,j) for each block A, B, C and
D (for links i < j) correspond to: 0.0126 (Education <— Oligarchy, A); 0.0021 (Economy <« Chinese
folk religion, B); 0.0125 (Shia Islam <« Oligarchy, C); 0.0172 (Islam < Sunni Islam, D). The last value
appears as a sum of a direct link and also a stronger indirect link from Sunni Islam to Islam while the
two links from Oligarchy to Education or Shia Islam result from direct links also clearly visible in Gy;.

We also observe that the two diagonal blocks A and D seem rather decoupled with significantly
smaller links in the off-diagonal blocks B and C which is also confirmed by the sum ratios R(C, A) =
0.2778, R(B,D) = 0.0996, R(D, A) = 0.8998. The value of R(D, A) is above to the ratio of areas
(17/23)? a2 0.55 showing that the transitions inside the religion block D are more intense comparing to
the society concepts block A, this difference is also related to the particularly strong maximal element
in the D block (see above). The decoupling between the two blocks, which is also be confirmed for
the other 7 Wikipedia editions discussed below, seems to be surprising in view of the important
historical role played by religions in society formation. However, on the other side there is a well
known statement from the Bible: Render unto Caesar the things that are Caesar’s, and unto God the things
that are God’s (Bible Matthew 22:21 [35]) that may be partially at the origin of this result. Also in certain
countries, e.g. France, the separation between the state and religions is fixed by law.

1
I 0.8

1
[ 0.8

0.4

0.2
Gg DE

0

Figure 4. Color density plots of the matrix components Gg, Gy + G((]r;

d)

for the edition specific
group/network (see also Table 3) of AR and DE. The technical details for the color plot presentation
are exactly as in Figure 3.
Figure 4 shows the matrices Gg and G + G((]Irld) for the two editions AR and DE. For AR we
have the weights Wy, = 0.9153, Wy, = 0.0452, Wgr = 0.03936 with higher weights of G+ and Gqr as
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compared to EN. For AR the strongest matrix elements of G, + G((;rld) per block correspond to: 0.1067
(Monarchy < Autocracy, A); 0.0063 (Law < Catholic Church, B); 0.0132 (Islam < Law, C); 0.0524
(Taoism ¢ Confucianism, D). The first element of this list is related to the fact that several islamic
countries are monarchies. The sum ratios are R(C, A) = 0.1311, R(B, D) = 0.1053, R(D, A) = 0.7031.
Here in the panel of Gr one sees a strong red row at K¢ = 26 for the top PageRank node Islam.

In a similar way, we obtain for DE Wy, = 0.9582, Wy, = 0.04200, Wg; = 0.0217 and here the
strongest matrix elements of G + Gc(lrrld) per block correspond to: 0.0327 (Democracy < Oligarchy,
A); 0.0137 (Communism <— Chinese folk religion, B); 0.0058 (Islam <« Republic, C); 0.0209 (Hinduism
< Jainism, D). The sum ratios are R(C, A) = 0.1364, R(B, D) = 0.1847, R(D, A) = 0.8417. As for EN
there is a red row for Gg at Ky = 24 for Catholic Church.
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Figure 5. Color density plots of the matrix components Gg, Gy + G((]r;
group/network (see also Table 3) of ES and FR. The technical details for the color plot presentation are

d)

for the edition specific

exactly as in Figure 3.

For the ES edition (top panels of Figure 5) we find Wy, = 0.9372, Wy, = 0.0269, Wq, = 0.0358 and
the strongest matrix elements of G + Gc(lrrld) per block correspond to: 0.0222 (Oligarchy < Autocracy,
A); 0.0117 (Society < Confucianism, B); 0.0082 (Buddhism <— Materialism, C); 0.0346 (Islam < Sunni
Islam, D). Here we have in the D block a second very strong matrix element with value 0.0296 (Islam
< Shia Islam). The sum ratios are given by R(C, A) = 0.2170, R(B, D) = 0.1403, R(D, A) = 1.0227.
As for EN and DE there is a red row for Gg at Ky = 24 for Catholic Church.

For FR (bottom panels of Figure 5) we have Wy = 0.9572, Wy, = 0.0197, Wqr = 0.0229 and the

strongest matrix elements of Gy, + G((frld) per block correspond to: 0.0222 (Culture < Society, A); 0.0101
(Politics <— Confucianism, B); 0.0178 (Christianity < Autocracy, C); 0.0198 (Buddhism < Chinese
folk religion, D) with additional strong matrix elements 0.0191 (Capitalism < Economy, A), 0.0179
(Education < Economy, A), 0.0176 (Communism < Economy, A), 0.0189 (Taoism <« Chinese folk
religion, B) and 0.0170 (Monarchy < Autocracy, A). We attribute the last link and the top C link
from Autocracy to Christianity to the baptéme de Clovis when the king of France Clovis I accepted

the Christian religion around the year 500. The sum ratios are R(C, A) = 0.1894, R(B, D) = 0.1395,


https://doi.org/10.20944/preprints202412.0446.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2024 d0i:10.20944/preprints202412.0446.v1

15 of 29

R(D,A) = 1.1519. There is a red row for Gg at K; = 25, K = 1 for Christianity along with strong
orange rows at K = 26, K = 2 (Islam) and K = 24, K = 3 (Catholic Church).
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Figure 6. Color density plots of the matrix components Gg, Grr + G(({r;d) for the edition specific
group/network (see also Table 3) of IT and RU. The technical details for the color plot presentation are

exactly as in Figure 3.

For the IT edition (top panels of Figure 6) the matrix weights are Wpr = 0.9393, W, = 0.0297,
Wqr = 0.0308 and the strongest matrix elements of Gy + G((lrrld) per block correspond to: 0.0298
(Economy < Society, A); 0.0108 (Democracy <+ Sunni Islam, B); 0.0095 (Christianity < Idealism,
C); 0.0326 (Islam <« Shia Islam, D). Furthermore there are significant numbers of additional strong
matrix elements in the D-block: 0.0313 (Taoism < Chinese folk religion); 0.0307 (Islam <— Sunni Islam);
0.0285 (Confucianism <« Chinese folk religion); 0.0260 (Shinto <— Chinese folk religion) and also in
the A-block: 0.0292 (Democracy < Autocracy); 0.0280 (Fascism < Autocracy); 0.0278 (Monarchy
< Autocracy); 0.0273 (Oligarchy < Autocracy); 0.0272 (Culture < Society); 0.0266 (Republic <
Autocracy), the latter probably being related to Italian history. The sum ratios are given by R(C, A) =
0.1372, R(B, D) = 0.1159, R(D, A) = 0.6477 and there are two strongs rows for Gg being red (K; = 24,
K =1, Catholic Church) and orange (Ky = 25, K = 2, Christianity).

For RU (bottom panels of Figure 6) we have Wy, = 0.9515, Wy = 0.0217, Wy, = 0.0267 and the
strongest matrix elements of Gy + Ggrld) per block correspond to: 0.0223 (Materialism <— Idealism,
A); 0.0043 (Capitalism <— Protestantism, B); 0.0066 (Buddhism < Civilization, C); 0.0569 (Taocism
< Chinese folk religion, D). Here we have the sum ratios R(C, A) = 0.1519, R(B,D) = 0.0928,
R(D, A) = 0.7268 and in the G panel we see two orange-red rows at K¢ = 26, K = 1 (Islam) and, with
slightly smaller values, at Ky = 25, K = 2 (Christianity).
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Figure 7. As Figure 3 but for the edition specific group/network of ZH.

(Irld)

Finally, in Figure 7 we show the matrices for Gr, Gpr, Gir and Gyr + Ggr * of the ZH edition.
(nd)

Here the weights are: Wpr = 0.9233, W;, = 0.0333, qu = 0.0432 (Wy + qu = 0.0658). For ZH

the strongest matrix elements of G, + Gc(frld) per block correspond to: 0.0341 (Fascism <— Nazism,

A); 0.0097 (Education < Judaism, B); 0.0219 (Christianity < Idealism, C); 0.0653 (Christianity <
Oriental Orthodox Churches, D) and the block-sum ratios are R(C, A) = 0.2639, R(B,D) = 0.1319,
R(D,A) = 0.8458. In the panel of G, we see a strong red row at Ko = 25, K = 1 (Christianity), which
appears less pronounced (between orange and strong green) in the other panel of Gg but mainly
because the very strong maximal direct matrix element in the D-block of Gy (and of G, + G(({rld)
corresponding to the link Christianity <— Oriental Orthodox Churches) shifts the maximum value in
the color plot defining the red color which reduces the color scale of other matrix elements. We note

that the structure of the matrix Gy + G((]?d) follows for ZH mainly G, for the strongest transitions.

The results of this subsection show that for the matrices G+ + Gc(lrrld) of all 8 editions there are
indeed multiple significant transitions inside both blocks of society concepts and of religions. However,
the transitions between these two blocks are, roughly by a factor 5-10, smaller if we compare the
sums of matrix elements of the off-diagonal block to the sums over the diagonal blocks. The ratio of
transition strengths of the two diagonal blocks is typically R(D, B) somewhat larger than the ratio
(17/23)2 ~ 0.55 of block areas D, B. This shows that transitions between religions are on average a bit

stronger than those between society concepts.

4.3. Network Structure Inside Social Concepts and Religions

In this section, we present effective network diagrams for friends and followers based on the
information contained in the matrix G, + G((frld) or more precisely in its two diagonal blocks A for
society concepts and D for religions. Since, according to the results of the last subsection, these
two blocks are rather well decoupled with only weak links between them, we will present separate
network diagrams for each block. Network diagrams of (nearly) the same style, were for example used

in [22] (for groups of political leaders in the Wikipedia network), [25] (for banks and countries in the
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Wikipedia network), and [27] (for a specific fibrosis related protein group in the MetaCore network of
proteins).

However, for convenience, we present here the construction method of these network diagrams.
Assume we have a small matrix g with elements g(i, j) being either a reduced Google matrix or one of

its components (e.g. Ggr, Grr, Ggr or Gyr + G‘(lrrld)) or a certain sub-block of such a matrix (e.g. society or

religion sub-blocks A or D of Gy + Gc(lrrld) shown in the previous section). First, we choose in the list of
nodes (associated to this matrix or block) 5 top nodes representing five different subgroups based on
some categorization criteria (depending on the set of nodes and the context) and we attribute each
other node of this list to exactly one of the 5 subgroups (based on some criteria and the context). In
the following, we will use for these subgroups the notation poles as a synomym for “center of interest”
which is a typical use of this expression in the French language. For each pole, we also define some
presentation color.

To construct the effective friend network (see below for the other case of follower networks), we
draw first a main circle (thin gray line) and place the 5 top nodes uniformly on this circle with some
label and the corresponding color. Then we select for each top node j (also called level-1 nodes) the
four strongest friends i (level-2 nodes) with strongest outgoing links j — i, i. e. with largest matrix
elements ¢(i, j) in the same column j of this matrix. Each of these strongest friends, if not yet present
in the diagram as another level-1 node, is placed on a smaller secondary circle around the top level-1
node associated to him and we draw thick black arrows from the level-1 nodes to their friends. It is
possible that a new level-2 node appears as a friend of several initial level-1 nodes. In this case, we try
first to place this level-2 node on the circle of the level-1 node with same color (same pole) if possible,
i. e. if this level-2 node is indeed a friend of the level-1 node of same color. Only if this is not possible,
we place it on the circle of another level-1 node (first level-1 node of different color which has the
given level-2 node as friend). If a level-1 node has a friend which is already present in the diagram as
another level-1 node, we simply draw a thick black arrow from the former to the latter and do not
modify the position of the latter.

The procedure is repeated for all (newly added) level-2 nodes with smaller circles around them
on which we place their (up to) four strongest friends (level-3 nodes if newly added) and with the
same rule for preferential placement on a circle of a parent node of same color. Now, we draw thin red
arrows from the level-2 nodes to their friends. In case if such a friend is already present in the network
(as level-1 or level-2 node), his position is not modified and we only draw the thin red arrow from his
parent node to him. We also mention that only non-empty circles with at least one node on them are
drawn; i. e. if a given node has no newly added friends (i. e. all his friend are already in the diagram),
then we will not draw an empty circle around him.

At this stage, we typically stop the procedure for simplicity. Even if we continue this procedure
with level-4, level-5 nodes etc. the number of newly added nodes quickly decreases and when there is
no newly added node the procedure converges to a stable final diagram. This can happen actually
quite early so that their is typically no big difference in diagrams limited to level-3 nodes and those
with higher level nodes. In particular, for the diagrams given below, the number of newly added
level-3 nodes is typically already quite small (much smaller than the theoretical limit 5 x 4 x 4 = 80)
also because the available set of nodes is limited from the very beginning, even significantly smaller
than the theoretical level-3 limit. In some of the diagrams below there are even no newly added level-3
nodes (if absence of smallest level-3 circles) and we have already convergence to a stable diagram at
level-2, i. e. all friends of level-2 nodes are already present in the diagram as former level-1 or level-2
nodes. In case of convergence, the last stage does not add new nodes but it still adds arrows from
the most recently added nodes in the previous stage to their friends (which are already present in the
network diagram).

The construction of follower network diagrams is essentially the same with two modifications: (i)
at each level k we select for each level-k node i (typically only k = 1,2 in our case) the four strongest
followers j (as possible level-(k + 1) node if not yet present in the diagram) with strongest incoming
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links i +— j defined by the largest matrix elements g(7, j) in the same row i; (ii) arrows (thick black or
thin red) are drawn with inverted directions from followers (level-(k + 1) nodes) to parents (level-k
nodes), e.g. there are some arrows from a circle node to its center node while in the friend diagrams
we have arrows from the circle center to the outside nodes on the circle (note in case of multiple parent
nodes or pre-existing friends or followers, we have typically a significant number of other type of
arrows between different circles).

In this work, we present figures for the network diagrams constructed from the two diagonal
blocks A for society related nodes and D for religions of the matrix G, + Gérrld) for the 8 different
Wikipedia editions. Since there are two friend and follower diagrams for each case, we have per
edition four network diagrams presented in a figure with four panels. The subgroups or poles together
with their respective 5 top nodes for both society and religion cases are given in Table 2 (8th column)
and this table also contains a two letter code for each node (5 th column) used as a node label in the
diagrams.

For society concepts, we choose the 5 top pole nodes Law, Society, Communism, Liberalism and
Capitalism with respective node colors being olive, (dark) green, cyan, blue and indigo. We have tried
to attribute the members of the poles based on the context and logical proximity to the top node, e.g.
Education and Culture are attributed to the 2nd pole of Society; Ecology, Politics belong to the first
pole of Law; Socialism and Anarchism are attributed to the 3rd pole for Communism. In certain cases,
this attribution is a bit arbitrary and other choices would have been possible. We also tried to assure
that each pole has a certain minimum number of members.

For the religion nodes, we choose the 5 top pole religions Christianity, Islam, Buddhism, Hinduism
and Chinese folk religion (same colors as for the society top nodes in this order) and with its pole
members being related to branches of religions or sub-religions. Here, we have attributed Judaism to
the 1st Christianity pole with other members being Catholic Church, Protestantism and both nodes
about Orthodox Church.

In the following, we will more precisely call this poles also “initial poles” in order to distinguish
them from “natural poles” which may emerge naturally by certain clusters in a network diagram. Quite
often natural poles and initial poles are very similar but in certain cases natural poles are composed of
nodes from several initial poles.

Specifically, for the EN edition, whose network diagrams are shown in Figure 8, we can identify in
the friend society diagram the formation of 5 natural poles (which may slightly deviate from the initial
poles) with main members being 1T) Law, Politics, Monarchy, Autocracy (2 initial poles); 2T) Society,
Culture, Education (1 initial pole); 3T) Communism, Socialism, Anarchism, Nazism, Fascism (2 initial
poles); 4T) Liberalism, Democracy, Republic (1 initial pole) and 5T) Capitalism, Money, Economy (1
initial pole). Thus the natural pole Communism has the largest number of diagram members even if it
is composed of nodes belonging to two different initial poles.

The diagram of followers has the natural poles 1T) Law, Politics, Monarchy (2 initial poles); 2T)
Society, Culture, Education, Civilization, Oligarchy (1 initial pol); 3T) Communism, Socialism, Fascism,
Nazism, Autocracy, Idealism (5 initial poles); 4T) Liberalism, Democracy, Republic, Anarchism (2
initial pol); 5T) Capitalism, Money, Economy (1 initial pol). Thus again the strongest natural pole is
formed around Communism.

For the diagram of religion friends we have from Figure 8 the natural pole members: 1T) Christian-
ity, Catholic Church, Eastern Orthodox Church, Judaism, Protestantism, Oriental Orthodox Churches
(1 initial pol); 2T) Islam, Sunni Islam, Shia Islam (1 initial pol); 3T) Buddhism, Taoism (1 initial pol);
4T) Hinduism, Jainism, Sikhism (1 initial pol); 5T) Chinese folk religion, Confucianism (2 initial
poles). The strongest pole is Christianity, however, it is somehow isolated having strong links only
from Islam while the poles of Islam, Buddhism, Hinduism, Chinese folk religion have more active
interconnections.
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G,+GaY EN-Society | | G,+G5¥
friends followers

EN-Society

Capitlism

(nd) ..
GH+Gq'; EN-Religion
followers

Christianity
A/

CF,
Chinese folk religion Chinese folk religion

Figure 8. Effective friend (left panels) and follower (right panel) network diagrams generated from
the society sub-block of Gy + Gl(]r;d) (top panels; using the matrix elements G (i, j) + Gl(]rrld) (i,7) with
i,j < 23) and from the religion sub-block of G + Gélrrld) (bottom panels; using the matrix elements
G (i, ) + G((lrr‘d) (i,7) with i,j > 24), both corresponding to the Wikipedia edition EN. For details about
the construction method of these diagrams see the text at the beginning of Section 4.3. The five label
colors olive, green, cyan, blue and indigo correspond to the pole index 1, 2, 3, 4 and 5 respectively. The

two character node labels (or codes) and the pole index attribution to the nodes are defined in Table 2.

For the diagram of religion followers we find: 1T) Christianity, Eastern Orthodox Church, Protes-
tantism, Oriental Orthodox Churches, Catholic Church (1 initial pole); 2T) Islam, Sunni Islam, Shia
Islam (1 initial pole); 3T) Buddhism, Taoism (1 initial pole); 4T) Hinduism, Jainism, Sikhism (1 initial
pole); 5T) Chinese folk religion, Confucianism, Shinto (2 initial poles). Here the strongest pole is again
Christianity, and now it is less isolated with connections to Islam and Chinese folk religion. At the
same time we see here more intense links between religions from Asia (3T, 4T, 5T) forming a strongly
interconnected religion group.

The diagram of friends for society concepts of AR, whose network diagrams are shown Figure 9,
has a reduced number of nodes as compared to EN in Figure 8, but the poles are more interconnected
by strong links. Interestingly, the Communism pole does not include Fascism, Nazism in contrast to
the EN edition. For the diagram of society followers the natural pole with largest number of nodes is
Law with 7 members and 4 initial poles, The Communism pole includes only Socialism and Anarchism
in contrast to EN where the (natural) pole of Capitalism also includes Fascism and Nazism.

For the AR diagram of friends for religions in Figure 9, we see that the Christianity pole contains a
larger number of members as in the EN case but there are more links between poles and the Christianity
pole is not as isolated as it is for EN. However, for the diagram of followers the Christianity pole
remains more isolated compared to the EN, also there are no strong black links between Christianity
and Islam.
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G,+Ga?Y AR=Society | | G,+Gi AR-Society
friends followers

Liberalism

I:aw
Capitalism Capitlism
GG AR-Religion | | G,+G{ AR-Religion
friends followers

Christianity
Y

cr AV CF,
Chinese folk religion Chinese folk religion

Figure 9. As Figure 8 for the Wikipedia edition AR.

G,+Ga?Y DE-Society | | G,+G5" DE-Society
friends followers

G,+Gy?Y DE-Religion | | G,+G{ DE-Religion
followers

Chinese folk religion Chinese folk religion

Figure 10. As Figure 8 for the Wikipedia edition DE.


https://doi.org/10.20944/preprints202412.0446.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2024 d0i:10.20944/preprints202412.0446.v1

21 of 29

For the DE edition the diagrams are presented in Figure 10. For the diagram of friends for society
concepts the strongest natural pole is Liberalism with Democracy, Fascism, Nazism, Monarchy and
Oligarchy (3 initial poles) while for EN Fascism and Nazism are included in the Communism pole; also
for DE the poles are more densely interconnected as compared to EN. For the diagram of followers, we
again see a significant difference with EN, thus Fascism and Nazism are included in Liberalism pole
while they are in the Communism pole for EN.

For the DE religion diagrams we have denser interconnections between the 5 poles as compared
to EN. In the case of followers there are no strong links between Islam and Christianity but there are
many (level-2) red links between their respective pole members.

G, +G"Y ES-Society ?lﬁmgﬁd) ES-Society
oliowers

GG ES—Religion| | G,+G{ ES-Religion
friends followers

Chinese folk religion

Figure 11. As Figure 8 for the Wikipedia edition ES.

For the ES edition the network diagrams are given in Figure 11. Its society friend diagram is
similar to EN but there are less nodes in the Liberalism pole (i. e. the direct friends of Liberalism are
the other four level-1 top nodes), also Fascism and Nazism are absent. For the case of followers there
are less pole members for Society, Communism but more for Law and Liberalism; Nazism is attributed
to the Liberalism pole, Nazism is absent which is different from the EN case.

For the religion diagrams of ES in Figure 11 the case of friends is similar to those of the EN edition
but there are less links between the Islam and Christianity poles.

For the FR edition the network diagrams are shown in Figure 12. Here the society friend diagram
is similar to the case of EN but with less links between the Society and Liberalism poles; as for EN
the nodes Nazism and Fascism belong to the Communism natural pole. For the case of followers
the Communism pole has only one node Nazism (from another initial pole) while for EN this pole
contains 6 members including Fascism and Nazism. The religion diagrams of FR are quite similar with
those of EN.
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G,+Ga?Y FR-Society | | G,+Gi FR-Society
friends followers

CA,
Capitalism
G,+Gy?Y FR—Religion | | G,+G{ FR-Religion
friends followers

CF, .CE
Chinese folk religion Chinese folk religion

Figure 12. As Figure 8 for the Wikipedia edition FR.

G,+Ga? IT-Society | | G,+Gi IT-Society
friends followers

CA,
Capitalism

G,+Gy?Y IT-Religion | | G,+G{ IT-Religion
friends followers

Chinese folk religion

Figure 13. As Figure 8 for the Wikipedia edition IT.
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The network diagrams for the IT edition are presented in Figure 13. For the society friend
diagram the largest pole is Society including Culture, Education, Civilization, Oligarchy and Monarchy
(all nodes from the same initial pole); the Liberalism pole includes Democracy and Fascism while
Communism has only Socialism that makes the last two poles rather different from the EN edition; the
Capitalism pole is the same as for EN case; the Law pole contains only Politics and Republic. For the
society follower network of IT the highest number of members is in the pole of Communism including
Socialism, Materialism, Idealism, Civilization and Monarchy (3 initial poles). In both society friend
and follower diagrams, thoe node Fascism is attributed to Liberalism and while Nazism is absent
which constitutes a drastic difference with the EN case.

In the religion friend diagram of IT the node Christianity has the highest number of nodes and
it is strongly linked with Islam, Buddhism and Hinduism in contrast to EN where this pole is more
isolated. The diagram of followers is similar to those of the EN edition and Christianity remains the
strongest pole.

G, +Gé"d) RU-Society GH+G$d) RU-Society
followers

CA,
Capitalism

GG RU-Religion | | G, +G? RU-Religion
friends followers

Hinduism

Christianity
© a
Chinese folk religion Chinese folk religion

Figure 14. As Figure 8 for the Wikipedia edition RU.

In Figure 14 we show the network diagrams for the RU edition. Here the society friend diagram
is similar to EN but without Fascism, Nazism in the diagram, also poles Law and Society have a bit
less of included nodes. In the diagram of followers Fascism and Nazism are included in the Liberalism
pole in contrast to the EN edition where these 2 nodes are included in Communism pole.

For the religion friend diagram Christianity has the largest number of nodes including Judaism
linked also from Islam and this pole is less isolates as in the EN edition. For the diagram of religion
followers Christianity is still the largest pole with 6 nodes including Judaism pointing to Islam but in
other aspects this diagram is similar to the EN edition.
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G,+GaY ZH-Society | | G,+GHY ZH-Society
friends followers

CA

A CA
Capitalism Capitalism

G,+Gy?Y ZH-Religion | | G,+G4?Y ZH-Religion
friends followers

Christianity &~ Christianity
A Y/

<) ), CF
Chinese folk religion Chinese folk religion

Figure 15. As Figure 8 for the Wikipedia edition ZH.

Finally, for the edition ZH the diagrams are presented in Figure 15. In the society friend diagram
the strongest pole is Law including Politics, Civilization, Autocracy, Monarchy, Economy and surpris-
ingly Fascism. We note that for ZH the node Law has the unusual local Rank value K = 3 for a society
node which are normally well behind the religion nodes in PageRank order. The Communism pole
includes only Socialism being well linked to the Society pole, in contrast to the EN case; Liberalism
and Capitalism poles are similar to EN. In the society followers diagram the strongest pole is again
Law with 6 nodes and 3 initial poles; Fascism and Nazism are included in the Liberalism pole.

For the religion friend diagram of ZH the strongest pole is Christianity with 6 nodes being well
connected to other poles, in contrast to the EN case; at the same time the interlinks between Asian
religion poles Buddhism, Hinduism, Chinese folk religion are denser as compared to EN. In the religion
follower diagram the strongest pole is also Christianity with 6 nodes, the diagram structure is similar
to EN with a larger number of links between Islam and Hinduism poles.

4.4. Proximity and Differences of Cultures

Let us summarize the most important differences and similarities between the 8 cultures repre-
sented by the 8 language Wikipedia editions obtained in the last subsection by analyzing the different
network diagrams.

First for the society diagrams the English and French cultures attribute the two nodes Fascism
and Nazism to the Communism pole while they are attributed to the Capitalism pole by the Arabic
culture and to the Liberalism pole by the German, Spanish (partially), Italian (partially), Russian (for
followers) and Chinese (for followers) cultures.

Concerning the religion diagrams, the Christianity pole seems to be rather isolated in the English
culture with other links only from the Islam pole (in the friend diagram). On the other hand, for the
other cultures the Christianity pole is well connected not only with the Islam pole but also with the
other poles of Hinduism, Buddhism and Chinese folk religion. For a majority of cultures the three
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poles of the above Asian religions have a higher density of links between them as compared to the
Islam and Christianity poles.

Ggr PageRank
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DE
ES
FR
[T
RU
ZH

rr+G4 Rehglon
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AR 0.8
DE
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FR 0.4
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Figure 16. Color density plots of correlator between the 8 Wikipedia editions of Table 1 for different
quantities. Both top, both center and bottom left panels correspond to the Pearson correlator (5) of the
five quantities mentioned in Section 3.4 (and also indicated in the panel titles) and the bottom right
panel corresponds to the Kendall rank correlator (6) for the local PageRank index K. The values of the
color bar indicate the correlator value. Since no negative correlator values appear only a color bar for
positive values in the interval [0, 1] is shown in all cases. The minimal correlator values for the 6 panels
(left to right and top to bottom) are 0.381, 0.375, 0.486, 0.332, 0.674, 0.5 and the maximal off-diagonal
correlator values are 0.933, 0.939, 0.892, 0.565, 0.918, 0.782.

To determine quantitatively the proximity of the 8 cultures, we compute the correlators for
certain key quantities shown in Figure 16. The 6 panels of Figure 16 provide 8 x 8-matrix density
plots for different inter edition correlators with 5 panels for the Pearson correlator of 5 quantities
being the matrix Gg, the (group local) PageRank vector P;, the religion and society sub-blocks for
Gyr + G((]I;d) and the local PageRank index K and one additional panel for the Kendall correlator of K.
The precise definitions of these correlator quantities with some additional technical details are given in
Subsection 3.4 and we note that for such correlator quantities the minimal mathematical possible value
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is —1, for the case of two data sets with strong anti-correlations, while values close to 0 indicate weak
or absent correlations and values close to +1 correspond to strong correlations.

First, we observe that generally all 8 Wikipedia edition seem to be rather well correlated with a big
majority of correlator values being above 0.5 and only a few values close to 0.33. The two correlators
associated to Gr and P; (top row of Figure 16) are very close which is plausible due to the typical
strong numerical weight of Gy in Gg and the fact that the columns of G, are close to Pr. Here the
correlations of DE between AR, RU and ZH seem minimal (still with values ~ 0.5) and also ZH seems
to be less correlated to the other editions (with some fluctuations). The other inter edition correlations
are typically quite strong ~ 0.8 with the largest values 0.93-0.94 for the correlation between ES and IT.

More specifically, for the Gr-correlator and EN the closest other editions are FR (0.882) and ES
(0.858); for AR the largest values are with RU (0.896) and FR (0.867) which appears to be plausible due
to the, at least partial, importance of Islam in these three cultures. For DE the two closest cultures are
ES (0.845) and IT (0.803); for ES they are IT (0.933) and EN 0.858); for FR they are RU (0.885) EN (0.882);
for IT they are ES (0.933) and FR (0.842); for RU they are AR (0.896) and FR(0.885) and finally for ZH
they are FR (0.774) and RU (0.767). For the very similar P,-correlator this list of closest two editions is
identical with only slightly different correlator values.

Concerning the religion block of Gy + G((]rrld) (center left panel of Figure 16), we see that AR and
ZH have globally the weakest correlations to the other cultures, with values ~ 0.5, which seems natural
due to the importance of their specific religions. On the other hand here, we have a block of four
strongly correlated editions EN, DE, ES, FR between them, with values > 0.8, while IT and RU have
typical “intermediate” correlations ~ 0.7.

More explicitly, for this case the closest cultures of EN are ES (0.892) and DE (0.844); for AR they
are FR (0.699) and ES (0.662) with relatively low values; for DE they are EN (0.844), FR (0.814) and ES
(0.806); for ES they are EN (0.892), FR (0.814) and DE (0.806); for FR they are DE (0.814), ES (0.814)
and EN (0.801); for IT they are ES (0.76) and EN (0.746); for RU they are DE (0.737) and EN (0.73) and
finally the strongest correlator of ZH is to EN (0.694).

The society block of G + Gc(lrr‘d) (center right panel of Figure 16) shows the “weakest” general
correlations of all correlator quantities with (off-diagonal) values being typically ~ 0.5 with the
strongest off-diagonal element being 0.565 between DE and ZH which is due to two strong matrix
elements in Gy + G((]Irld) due to the links from Oligarchy to Democracy and Monarchy for both editions.
Here the AR-RU correlator represents the minimal correlator value 0.332 for all editions and all
correlator quantities.

The Pearson and Kendall correlator of the PageRank index K (bottom row of Figure 16) appear
to have roughly a similar relative structure as the Pearson correlators of Gg and P; (top row of
Figure 16). However, here the overall values are significantly stronger (lower) for the Pearson (Kendall)
K-correlator in comparison to the top row values. For the Kendall correlator of K and the two editions
EN and ZN there is an additional suppression of the correlator values to other editions which are
mostly close to ~ 0.5. Furthermore, for both K-correlators, we have a block of 5 editions DE, ES, FR, IT
and RU of relatively strong correlations between them and AR has somewhat intermediate correlations
to this block while EN and ZH seem to be a bit more separated from this block (but still with significant
correlator values).

5. Discussion and Conclusion

In this work, we presented the Google matrix analysis of Wikipedia networks constructed from 8
language editions (EN, AR, DE, ES, FR, IT, RU, ZH) collected at 1 October 2024 and with key properties
given in Table 1. Specifically, we analyzed the relations and interactions between 40 article entries
about 23 society concepts and 17 religions or branches of religions (see Tables 2 and 3). Using the
PageRank and CheiRank vectors it is possible to establish a ranking of these 40 articles based on either
their importance or their communicativeness respectively. We find that globally in this group the
articles related to religion are located at higher PageRank positions, implying higher importance, than
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the society related articles including Law, Society, Liberalism, Capitalism, Communism etc. Exceptions
are the articles of Nazism with 2nd PageRank position in the German edition and Law with 3rd
PageRank position in the Chinese edition.

Using the established REGOMAX algorithm [22], we computed for each edition the reduced
Google matrix Gr and its components which describe the direct and indirect transitions between all 40
entries (nodes), the latter taking into account all indirect pathways using nodes outside the group of 40
articles via the huge global matrix of the whole Wikipedia network. We find that the two diagonal
blocks for society and religion nodes of the matrix G + G((lrr‘d), representing direct and “interesting”
indirect links, nearly decouple with significantly smaller transitions between these two blocks.

Therefore the interactions between society concepts and religions are relatively weak for all 8
editions even if the historical role of religions on society development is well known. We conjecture
that this is partially related to the well known Bible statement Render unto Caesar the things that are
Caesar’s, and unto God the things that are God’s (Bible Matthew 22:21 [35]) but there may be also other
reasons.

We also extracted effective network friend and follower diagrams from the two diagonal blocks
of Gy + G((]Irld) providing a compact description of relations inside either the sector of society concepts
or inside the sector of religions. For example, depending on the edition, the concepts of Fascism
and Nazism are attributed to different influence poles such as Communism (EN, FR), Liberalism
(DE, IT, RU, ZH) or Capitalism (AR). For the sector of religions we note that for some editions the
Christianity pole is rather isolated from other religion poles (e.g. EN) while for most other editions it is
well connected to other poles of Buddhism, Hinduism, Islam, Chinese folk religion. For a majority
of editions the links between Asian religions represented by the poles of Buddhism, Hinduism and
Chinese folk religion are stronger than the links of the two Christianity and Islam poles.

Finally, we also provided a quantitative analysis of inter edition correlators for various key
quantities (reduced Google matrix components or blocks, PageRank vector or Index etc.) which allows
to determine the proximity or distance of different cultures, represented by the Wikipedia language
editions, with respect to their views on the 40 selected Wikipedia articles. For example, for Gy the
Arabic (Chinese) culture has the strongest correlations with the Russian (French) culture and the
German edition is closest to the Spanish and Italian editions. If we consider the religion diagonal block
of Gy + Gc(lrr‘d), we have the strongest culture proximity between EN ans ES. Generally speaking the
overall inter edition correlations are rather large, with most values above 0.5 often close to 0.8-0.9 and
only a few minimal values close to 0.33.

In conclusion, we presented a mathematical network analysis of relations and interactions of 23
society concepts and 17 religions for 8 Wikipedia editions allowing to extract nontrivial features of
these relations. We note that the described approach can be applied to any selected subset (topic) of
modest size of Wikipedia articles.
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