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Abstract: This paper studies new characterizations and expressions of the weak group (WG) inverse
and its dual over the quaternion skew field. We introduce a dual to the weak group inverse for the
first time in literature and give some new characterizations for both the WG inverse and its dual,
named the right and left weak group inverses for quaternion matrices. In particular, determinantal
representations of the right and left WG inverses are given as direct methods for their constructions.
Our other results are related to solving the two-sided constrained quaternion matrix equation
AXB = C and the according approximation problem that could be expressed in terms of the right
and left WG inverse solutions. Within the framework of the theory of noncommutative row-column
determinants, we derive Cramer’s rules for computing these solutions based on determinantal
representations of the right and left WG inverses. A numerical example is given to illustrate the
gained results.
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1. Introduction. Preliminaries on Quaternion Matrices and Generalized Inverses

Let H = {5 + m1i + m2j + 13k | i% = j? = k* = ijk = —1, 19,771,772, 13 € R} be the quaternion
skew field. For 17 = 5o + n1i + 12j + 3k € H, the quaternion 77 = 79 — #1i — #2j — 3k and the real
number ||| = /577 = /7 = \/ 13 +n? + n2 + 2 are the conjugate and norm of 7, respectively.

The symbols rank(A) and A*, respectively, stand for the rank and conjugate transpose of A €
H™*", where H"*" contains all m x n matrices on H. The set H**" presents the subset of matrices
from H™*" of rank r. Denote by

Cr(A) = {sc H"™!:s = At, t ¢ H"*1}, N;(A) = {tc H"!: At =0},

Ri(A) = {s c H": s =tA, t € H"}, NVj(A) = {t e H>" : tA =0},

the right column space, the right null space, the left row space, and the left null space of A, respectively.
It is evident that R;(A) = C,(A*) and NV;(A) = N, (A¥).
The quaternion matrix Frobenius norm for A = (a;;) € H"*" is defined as follows,

|AllF = VirATA = @na.znz = @Dwﬂn%

Generalized inverses extend over the quaternion skew field in the usual way with minor features.
Definition 1. For A € H"™*", the unique solution X € H"*™ to the system of the four equations

(1) AXA = A; (2) XAX = X; (3) (AX)" = AX; (4) (XA)* = XA.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0001-8426-0026
https://orcid.org/0000-0002-3255-9322
https://orcid.org/0000-0003-0655-3741
https://doi.org/10.20944/preprints202411.2264.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 November 2024 d0i:10.20944/preprints202411.2264.v1

2 0of 22

is the Moore-Penrose (or shortly MP) inverse AT of A.

The index of A € H"*" (denoted by k = Ind(A)) is the smallest nonnegative integer such that
rank(A*+1) = rank(AK).

Definition 2. The Drazin inverse AP of A € H"*" with the index k = Ind(A) is the unique matrix X for
which

(1F) AFXA = AK; (2) XAX = X; (5) AX = XA.
Especially, for Ind(A) < 1, AP = A¥ reduces to the group inverse of A.
A matrix A satisfying the conditions (i), (j),..., (k) is called an {i, j, ..., k}-inverse of A, and is
denoted by A("/--K), The set of matrices A(#/~*) is denoted A{i, , ..., k}. In particular, A(!) is an inner
inverse, A2 is an outer inverse, A(12) is a reflexive inverse, A(1234) is the Moore-Penrose inverse, etc.

The concepts of the core inverse and core-EP inverse, introduced for complex matrices in [1,2],
have been extended to quaternion matrices [3] as follows.

Definition 3. The core-EP inverse A® of A € H"*" presents the distinctive solution to
X =XAX, C/(X)=C(AP) =, (X").
When Ind(A) <1, A® = A® is the core inverse of A.
Definition 4. The dual core-EP inverse A, of A € H"*" is the unique solution to
X =XAX, R;(X)=R;(AP) = R;(X").
In particular, when Ind(A) <1, Ag = Ag is called the dual core inverse of A.

The following representations, obtained in [4] for a ring with involution, are also applicable to
quaternion matrices.

Lemma 1. Let A € H"*" with k = Ind(A). Then for any { > k,
+ t
A® = APA! (Az) , Ag = (Af) A’AD.

From Lemma 1 and Definition 2, it follows that

A® — ADAKT (Ak-&-l)Jr —AF(ARHTY 1)
A@ — (Ak+1>+ Ak-‘rlAD :(Ak+1)+Ak, (2)

Since the quaternion core-EP inverse A® is associated with the right space C,(A) of A € H"*",
while the quaternion dual core-EP inverse A, is linked to the left space R;(A), is advisable to refer to
these generalized inverses as the right and left core-EP inverses, respectively.

Building on the results related to the core-EP inverse from [2], the quaternion right and left
core-EP inverses are characterized by specific restricted equations.
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Lemma 2. [5] (Lemma 6) Let A € H"*" with k = Ind(A). Then X € H"*" is the right core-EP inverse of A
if and only if

XA = AF, AX2 = X, (AX)* = AXand C,(X) C C/(AF).

Lemma 3. [5] (Lemma 8) Let A € H"*" with k = Ind(A). The left core-EP inverse X € H"*" of A is
defined as the solution to

AFIX = AF X2A =X, (XA)" = XA and R;(X) C R;(AF).

Recently, Wang and Chen [6] introduce the weak group inverse of A € C"*" that evidently can be
expanded to quaternion matrices.

Definition 5. Let A € H"*" with the index k = Ind(A). The weak group inverse A® of A is the unique
matrix X € H"™" satisfying AX> = X, AX = A®A.

Lemma 4. Let A € H"*" with the index k = Ind(A). Then
A® =(AA®A)" = (4%)7A = (A2) “A 3)

The study of the weak group inverse and the generalized weak group inverse is garnered
significant attention (see, for example, [7-10]). To our knowledge, the dual of the weak group (WG)
inverse has not yet been introduced or studied for complex matrices. Furthermore, the WG inverse
and its dual have not been explored for matrices over the quaternion skew field. Investigating the
characteristic representations of the WG inverse and its dual is particularly important due to their
applications in solving matrix equations with constraints on the solution space. In this paper, we extend
the concepts of the WG inverse and its dual to quaternion matrices and provide their characterizations.

We pay particular attention to their determinantal representations (abbreviated as
D-repre-sentation), which serves as the unique direct method for computing the quaternionic weak
group (WG) inverse and its dual. It is well known that the ®-representation of the ordinary inverse can
be obtained as the matrix with cofactors in its entries. However, there are numerous D-representations
of generalized inverses for matrices over complex numbers [11-15], resulting from the search for
more applicable explicit expressions. Given the non-commutativity of quaternions, addressing
the ©-representation of quaternion generalized inverses becomes more complex, primarily due to
the challenge of defining the determinant of a matrix with non-commutative entries, known as a
noncommutative determinant (see [16-18] for details). In this paper, we provide D-representations
of the quaternion WG inverse and its dual, based on the theory of noncommutative column-row
determinants developed in [19,20].

Solving matrix equations is the main application of generalized inverses. Moreover, using various
generalized inverses enables us to select solutions belonging to specific constrained subspaces of a
solution space. For instance, the equation AX = B has a solution if and only if B € C,(A). However, it
is often necessary to find a solution that lies within a constrained subspace of C,(A) that corresponds
to the given matrix B. Various types of generalized inverses serve as essential tools for addressing
such problems.

Recently, in [21], the minimization problem in the Frobenius norm was examined for the case
when the equation AX = C has no solution. It was found that X = A®C is the uniquely determined
solution to the minimization problem.

min ||A’2X — AC||; provided that R(X) C R(A').
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This paper focuses on the two-sided quaternion matrix equation (TQME), defined as AXB = C.
As a particular case of the Sylvester equation, TQME is applicable in various fields, including the
statistics of quaternion random signal [22], quaternion matrix optimization problems [23], signal
and color image processing [24], face recognition [25], and more. Exploring and solving matrix
equations over quaternion algebras is currently a hot topic in both pure mathematics and applied
fields. Studies on matrix equations are emerging not only over Hamilton’s quaternion skew field
(see, e.g., [26-31]) but also over the quaternion split algebra [32-34], the generalized commutative
quaternion algebra [35,36], the algebra of dual quaternions [37], and others. Remarkably, these works in
various quaternion algebras are mutually stimulating and complementary, fostering a mutual exchange
of ideas. Inspired by previous research on quaternion matrix equations, this paper aims to investigate
solutions to two-sided constrained quaternion matrix equations (CQME) and their one-sided partial
cases, specifically with constraints involving the WG inverse and its dual, particularly in cases where
CQME has a solution. Additionally, we explore approximation problems related to CQME, expressed
in terms of the WG inverse and its dual.

The following notation will be useful

HM®) = M € H™" | Ind(M) = k},
(M|N) € HOm*9) — M e HE N e 1M @),
Q €, cM) = ((Q) C (M),
Qe RI,C (N) < RI(Q) C RZ(N),
Q € Oc(M,N) <= (;(Q) C C;(M), Ri(Q) C Ry(N).

This paper continues the discussion of the applications of generalized inverses in solving CQME
with specific constraints involving different inverses that started in [38-40].

The remainder of our article is directed as follows. Some new characterizations of the WG
inverse and its dual are given in Section 2. ©-representations of the WG inverse and its dual over the
quaternion skew field are derived in Section 3. The solvability of constrained quaternion two-sided
matrix equations with their partial cases that could be expressed in terms of the right and left WG
inverse solutions are considered in Section 4 and the related approximation problem is studied in
Section 5. Cramer’s rules of obtained solutions are derived in Section 6. A numerical example that
illustrates our results is given in Section 7. Concluding comments are stated in Section 8.

2. Characterizations of the WG Inverse and Its Dual

Characterizations of the WG inverse based on the core-EP decomposition were derived in [6].
We give the characterization of the WG inverse based on one of the representations in (3) and the
characteristic equations of the Drazin and core-EP inverses.

Theorem 1. Let A € HWK). The subsequent statements are equivalent:

(i) X = A® = (A®)? A is the weak group inverse of A.
(ii) Xis the unique solution to the equations

AX2 =X, AX=A®A. (4)
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Proof. (i) — (ii) The first step in the proof consists of checking that X = (A®)? A satisfies (4). Since,
by (1), A® = Ak(AkH)*, then we have
2 2
Ax2 =A |:(A®)2 A] —A |:Ak(Ak+1)+Ak(Ak+1)+A]

:Ak+l (Ak+1)fAk(Ak+1)‘|'Ak(Ak+l)‘|'A

:Ak+1 (Ak+1)+Ak+1AD(Ak+1)+Ak(Ak+1)+A

—_ [Ak(Ak+l)‘]’Ak(Ak+1)‘]’j| A

=(A®)2A =X, ®)

and
AX =A (A®)? A = AAF(AFFFAR(AFFT)TA

=APA.

(6)

From (5) and (6), it follows that X = (A® )2 A is a solution to (4).
Furthermore, assume that both X and Y satisfy (4). Then

X = AX? = APAX = APAPA = APAY = AY?2 = Y,

that is, the system of equations (4) is uniquely solvable.
Denoting X = (A®)? A =: A® completes the proof. [

Theorem 2. Let A € H K. The following statements are equivalent:

(i) X = Ag = A (Ay)? is the dual (or left) weak group inverse of A.
(ii) Xis the unique solution to the equations

X?A =X, XA=AA,. 7)

Proof. The proof is similar to the proof of Theorem 1. O

Remark 1. Since the WG inverse A® = (A®)2 A is represented by the right core-EP inverse, then it can be
called the right WG inverse. Similarly, A, is the left WG inverse.

The following representations for A® and Ag, follow as the expression for the weak group inverse
of complex matrices proposed in [7].

Lemma5. IfA € HM ) then

A® =AF(AFF2)Tp, (8)
Ay =A(AF2)TAR, 9)

Proof. The representation (8) of the right weak group inverse can be proved similarly as in the complex
case [7] (Theorem 2.1.).


https://doi.org/10.20944/preprints202411.2264.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 November 2024 d0i:10.20944/preprints202411.2264.v1

6 of 22

We prove (9). Applying A, = (A™)TA™AP from (2) for all m > k, m € N, it follows

2
Ay =A(A,)’ =A [(A"‘)*A’”AD]
— A(Am)'I'ADAm(Am)’rAmAD — A(Am)‘]'ADAmAD
O

Lemma 6 presents some properties of projections involving A® and Ag,.
Lemma 6. Let A € HW®), Then
C(AY) = CAA),  AG((AF)*A?) = N (AA),

Ri((A)°A) = Ri(AA®),  AG(AY) = Nj(AA®),
Ri(AY) = Ri(AAg),  AI(A%(AN)) = Ni(AA,),
CHAAY)) = C(AoA),  Ni(AY) = Ni(AoA).

Proof. According to [8], it follows C,(A¥) = C,(AP) = C,(A®A) as well as

N:((AF)*A%) = N ((AFH1)*A%) = NG ((AFT1)TA?) = NG (AR (AR TA?)
= N;(A®A?) = N, (A®A).

Since AA® = A(A®)2A = A®A = A(A¥1)TA, we obtain
Ri((A)*A) = Ri((AF1)*A) = Ry ((AF1)TA) = Ry (AF(AFT1)TA) = R (AA®)
and

NG(AF) © NG(AA®) =G (AF(AF)TA) © NG(AR(AFT)TART) — A (AK(AR)FAK) =
—N(Ah),

ie. NJ(AF) = Nj(AF(AFH)TA) = Nj(AA®).
The rest of the proof follows similarly. [

Necessary and sufficient conditions for a quaternion matrix X to be the weak group inverse of A
are developed in Theorem 3. Notice that most of the presented conditions are new in the literature.

Theorem 3. The following statements are equivalent for A € HM® gnd X € H*:

(i) X = A®,
(ii)) APAX =X, AX = A®PA.
(iii) APAX =X, APX = (A®)3A.
(iv) APAX =X, AX = A®A.
(V) XAX =X, AX = A®A XA® = APA®,
(vi) XAX =X, AX = A®A, XAP = APAD,
(vii) XAX = X, AX = A®A, XA = (A®)2A2,
(viii) AXA = APA%, XAX = X, XA = (A®)2AZ, AX = A®A.
(ix) XAPA =X, XA® = APA®,
(x) XA®PA =X, XAP = APAD,
(xi) XAPA =X, XA = (A®)2A2.
(xii) XA®PA =X, XAk1 = Ak,
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(xiii) XAPA2ZX = X, APAZX = A®A, XAPA?Z = (A®)2A2,
(xiv) XAPA2X = X, APA2XAPA2 = A®A2, APAZX = ACA, XAPA? = (A®)2A2,
(xv) (A®)2AZX =X, (AF)*A2X = (AF)*A.

+
Proof. (i) — (ii) The equalities X = A® = (A®)? A and A® = APAK (Ak> give this implication.

t t
(ii) + (iii) Notice that (A®)3 = (APAK (Ak) )3 = (AP)3AF (Ak) = (AP)2A®. The use of AX =
A®A leads to

APX = (AP)2(AX) = (AP)2A®A = (A®)%A

(iii) — (i) The assumptions APAX = X and APX = (A®)3A imply
X = A(APX) = A(A®)3A = (A®)2A.

(i) ¢ (iv) — (vi) These equivalences follow due to [8].
(i) > (vii) ~— (viii) It is evident.
(viii) — (i) It can be noticed

X = (XA)X = (A?)2A(AX) = (A®)2AA®A = (A?)2A.
The rest of the proof follows similarly. O

Dual characterizations for Ag, can be proved by analogy to above.

Theorem 4. The subsequent statements are equivalent for A € HWK) gnd X € H*":

(i) X = Ag.
(i) XAAP =X, XA = AA,.
(iii) XAAP =X, XAP = A(A,)3.
(iv) XAAg =X, XA = AA,.
(V) XAX =X, XA = AAy, ApX = ApA,.
(vi) XAX =X, XA = AA,, APX = APAD.
(vii) XAX =X, XA = AA,, AX = A%(Ay)%
(vii) XAX = X, AXA = A’A,;, XA = AA,, AX = A%(A,)2
(iX) AApX =X, AxX =ApAqy.
(x) AAzX =X, APX = APAPD,
(xi) AAxX =X, AX = A%(Ay)%
(xii) AAxX =X, AFIX = Ak
(xili) XA2AX =X, AZA.X = A%(A5)%, XA%A, = AA,,.
(xiv) XAZAoX = X, A2AXA%A, = A%A,, A2AX = A%(Ay)?, XA%A, = AA,,.
(xv) XA%(Ay)? = X, XAZ(AF)* = A(AF)*.

Recall that, by [41], an outer inverse of A € H"*" with predefined right column space T; and
right null space S is a solution to the constrained equation

XAX =X, C(X)=T;, N(X)=5.

Recall that, by [41], an outer inverse of A € H"*" with predefined the right column space T, and the
right null space S; is a solution to the constrained equation

XAX =X, R;/(X)=T,, N(X)=S5,.
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(2)

It is unique (if it exists) and denoted by X = A;”’ . An outer inverse of A € H"*" with prescribed

2
the right column space Ty, the right null space S;, the left row space T, and the left null space Sy is a
solution to the constrained equation

XAX=X, ¢X)=T,, N:X)=85, Ri(X)=Tr, N(X)=86,.
(2

(T1,T2),(51,52)°
inverses ASF ) satisfy AA>(k )A = A, we use the notation Ail’Z).

The results obtained in Theorem 3 and Theorem 4 lead to the following representations and
characterizations.

It is unique (if it exists) and denoted by X = A If some of the above mentioned outer

Corollary 1. The right and left WG inverses of A € HK) can be represented as

A@ :A(Z) — A(z)
Ter (AK) A7 ((AK)*A) IR, ((aky a) A, (ak)
_A®
(Cr(AF), R ((AF)*A)), (N ((AF)*A)N; (AF))
APA2 (1,2) APA2 (2)
= Ve, "o (AF) Ny ((AK)* ) = )lRI((Ak)*A),NI(Ak)
® a2\ (12)
=(ATAT) Ak Ry (AR ), (NG (A5 A) N (AD)
and
A — A® _A®
© Tor(A(AR)*) Ny (ak) I, (ak) A, (a(ak))

— A
(Cr(A(AK)*), Ry (AK)),(N: (AK) N (A(AF)*)

o (A2A 02  (A2A12)
(A )iy e mraaty = ®)ZR1<A’<>M<A<A’<>*>

_ 2 (12)
= (A A®)(Cr(A(A")*),Rz(A")),(M(A")J\G(A(A")*)'

Proof. Theorem 3 and Theorem 4 imply that A® and Ag are outer inverses of A, A® is both inner and
outer inverse of A®A2, and Ag, is both inner and outer inverse of A2A . The proof can be completed
by Lemma 5. O

3. Determinantal Representations of the WG Inverse and Its Dual

The problem of D-representing quaternion generalized inverses can be successfully resolved
based on the theory of noncommutative column-row determinants developed in [19,20].

3.1. Preliminaries on Quaternion Determinantal Representations

For A = (ui]-) € H"*", there exists a method to generate n row (9i-)determinants and n column
(¢-)determinants by generating a certain order of factors in each term.

e The ith R-determinant of A, for an arbitrary row indexi € I, = {1,...,n}, is given by

rdetiA = Z (_1)n7r (aiikl a,‘kl ikl“ - aikl*’li) - (aikrier e aikrﬂrikr ),

oeS,
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whereat S, denotes the symmetric group on I,;, while the permutation ¢ is defined as a product
of mutually disjoint subsets ordered from the left to right by the rules

g = (l iklik1+1 N ik1+l1) (ikzik2+1 cen ik2+12) v (ikrierrl v ikr+lr) ’
ikt < ikt+sr ikz < ik3 <0 <K ikrr Vt=2,...,r, s=1,...,1.

¢ For an arbitrary column index j € 1, the jth €-determinant of A is defined as

cdetjA = ZS D" @, B ai) @i By 1 By 1)
TES,

in which a permutation 7 is ordered from the right to left in the following way:

T = (kytty = Jiot1dk,) - Ukatls = Jhattdika) Ukytly * =~ Ty 41ke )+
T <Jketsr Ty <z <00 < k-

The non-commutativity of quaternion operations causes all fi- and ¢-determinants in general to be
different, except if A is a Hermitian matrix, then the following equalities hold [19]:

rdetjA = - - - = rdet, A = cdetjA = - - - = cdet,A = a € R.

This property allows to define the unique determinant of a Hermitian matrix A by putting detA = a.
The denotation |A| := detA will also be used.

The next symbols related to ©-representations will be used. Let a; and a ; denote the ith
row and jth column of A, respectively. Further, A;(c) (resp. A; (b)) stand for the matrices
formed by replacing jth column (resp. ith row) of A by the column vector ¢ (resp. by the row
vector b). Suppose a := {ay,...,ar} € {1,...,m} and B := {B1,....Bx} < {1,...,n} are
subsets with 1 < k < min{m,n}. For A € H"*", the notation Ag stands for a submatrix with
rows and columns indexed by a and B, respectively. When A € H"*" is Hermitian, A} and
|A]4 denote a principal submatrix and a principal minor of A, respectively. The usual notation
Ly = {a:a=(ay,...,0p), 1 <y <--- <ap < n}is the set of strictly increasing sequences of
ke {1,...,n} integers elected from {1,...,n}. For some selected i € « and j € B, it is usual to write
Lm{i} :={a:a€Lyyica}l, rn{j} ={B:B € Lnjc P}

Lemma 7. [42] (Theorem 4.5.) If A € HI"*", then its Moore-Penrose inverse At = (a:-f]-) € H" ™ possesses
the ©-representations

Y cdet; ((A*A).i (ﬁ))i

€lsuii
a;}:ﬁ {i} — (10)
T |aAl
ﬁefs,n
Y rdet]-((AA*)j.(al’.f))Z
:ocels,m{j} (11)
L |AAfG '
xClsm

where af;. and aj stand for the jth column and ith row of A*.

The D-representations of the right and left quaternion core-EP inverses are derived in [3].
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3.2. ©-representations of quaternion right and left WG inverses

Theorem 5. If A € HW®) with rank(AX) = s, then the right WG inverse A® = (af;?’r) possesses the
subsequent D-representation

o él aels,zn{t} rdet; ([Ak+2 <Ak+2) *} t. («‘?11(,2))>z“tj
i T nE : (12)
3 ‘ ARH2 (AkH2)

aclsy

14

where 82 is the ith row of Ay = AF(AK+2)*,

i.

Proof. Since rank(A**?) = rank(A**1) = rank(A¥) = s, then from Equation (8) it follows
) o (k) (k2T
aiQ].N = Zl Zl al(m) (dfnt )) ﬂt]‘.
t=1m=

By Equation (11),

( (k+2))+ vcels;n{t} rdet; ([A(kﬂ) (A(HZ))*L (agﬁz),*))z
Ay =

v ’A(k+2) (AGk+2))" : ’
a€lsyn o
where a,(jﬁz)’* is the mth row of (A(k+2)) "
A — Ak(AK+2)x . (k) (k+2)x _ A(2)
Denote A; = A*(A*"#)*. Then, Equation (12) holds because of ) a; ’'a;, =4~ O
m=1

Theorem 6. If A € H"W®) with rank(AX) = s, then the left WG inverse Ag, = (af;?'l> possesses the

determinantal representation

i aiy Y cdet (((Ak+2) ' Ak+2) , (51_(].2))>ﬁ

t=1 ﬁejs,;i{t} 'B
af! = 5 : (13)
Y |(Ak2)” Ak+z‘
BEsn B
where 552) is the jth column of Ay = (AF+2)* Ak,
Proof. The proof is analogous to the proof of Theorem 5.
O
4. WG-Dual-WG Solutions of CQMEs
In this section, we consider the solvability of CQMEs
(AF)*A2XB%(B7)* = (AF)*ACB(B7)*, X e O-(AF, BY) (14)
AFIXBIH! = AKCBY, X € Oc(A(AN)*, (B1)*B). (15)

Applying the WG inverse of A and the dual WG inverse of B, the unique solution to the CQME
(14) is presented in the first result of this section.
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Theorem 7. The CQME (14) has a uniquely determined solution represented by
X =A®CBg. (16)

Proof. The known equalities A® = APAK(AF)t and B, = (B7)'B7BP give A® = (A®)?A =
(AP)2A%(A%) and Bg, = B(By)? = (B7)"B9(BP)?, respectively. Hence,

X = A®CB,, = (AP)?AF(AF)*ACB(BY)'B7(BP)? € O (AF, BY),

and

~ o~ o~ o~

(Ak)*AZXBZ(Bq)* Ak)*Az(AD)ZA"(A")*ACB(B’?)*Bq(BD)ZBZ(B’i)*
AR*AAPAF(AFYFACB(BT)TB7BPB(BY)*
AR* A (ARFYYACB(B7) "B (B7)*
AF)*ACB(B7)*,
imply that X = A®CByg, is a solution of (14).

In order to prove that (14) has unique solution, let X; and X be two solutions to (14). Then
(AF)*A2(X; — X)B?(B1)* = 0,C,(X1) C C;(A¥) and C,(X) C Cr(AF) yield

(X1 — X)B2(B1)* € N;((AF)*A?) N C,(AF) = NV (A®A) N C(A®A) = {0}.
Now, R;(X1) C R;(BY), R;(X) C R;(BY) and (X; — X)B?(B7)* = 0 give
X; — X € Nj(B*(B)*) N R;(B7) = N;(BBg) N R;(BBg) = {0},
ie.X;=X. O
As a consequence of Theorem 7, we solve the COQMEs when A =1I,, or B = I,,,.

Corollary 2. Let C € H"*™.

(@) IfA € H™®), then
X =A®C 17)

is unique solution to (AF)*A2X = (A*)*AC, C.(X) C C,(AF).
(b) If B € H™M@), then
X = CB,, (18)

is unique solution to XB?>(B7)* = CB(B1)*, R;(X) C R;(BY).
Similarly as Theorem 7, we can prove the solvability of the next CQME.
Corollary 3. Let (A|B) € H""™)(k9) and C € H"*™. Then (16) is the unique solution to
A2XB% = AF(AF)TACB(BY)TB7, X € O (AF,BY).
When Ind(A) = Ind(B) = 1 in Theorem 7 and Corollary 3, we get the following result.

Corollary 4. Let C € H"™™, A € H"", B € H™" with Ind(A) = 1 and Ind(B) = 1. Then X = A*CB*
is the unique solution to

(a) A*A’XB’B* = A*ACBB*, X < Oc(A,B);
(b) A’2XB? = ACB, X € Oc(A,B).

d0i:10.20944/preprints202411.2264.v1
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Theorem 8. The CQME (15) has a uniquely determined solution that can be represented as follows
X = Ay CB®. (19)
Proof. Since C,((AN)t) = C,((A%)*) and R;((B7)') = R;((B7)*), we have that
X = A, CB® = A(AF)TAF(AP)2C(BP)?B7(B7)'B
satisfies X € O (A(AM), (B1)TB) = O (A(A%)*, (B7)*B) and
AFFIXBIHL = AKF2(AK)TAK(AD)2C(BP)2B(B7)tBI+2

— Ak+2(AD)2c(BD)2Bq+2
AFcBy.
It means that (19) is a solution to the CQME (15).

To check that CQME (15) has unique solution, assume that X; and X are its two solutions. Further,
by AM1(X; — X)BI*! =0, C,(X;) C C(A(A%)*) and C,(X) C C,(A(AF)*), it follows that

(X1 = X)BT! € NL(AM) NG (A(AN)") = N (AgA) NCr(AgA) = {0}
Using R;(X1) C R;((B7)*B), Ry(X) C R;((BT)*B) and (X; — X)B*! = 0, we obtain
X; — X € N;(B71) N R;((BY)*B) = ;(BB®) N R (BB®) = {0}.
So,X; =X. O

In special cases, Theorem 8 implies the solvability of the next CQMEs.

Corollary 5. Let C € H"*™.

(@) IfA € H™®), then
X=AgC (20)

is the unique solution to AF*1X = A!C,  C,(X) C C,(A(A%)*).
(b) If B € H™M@), then
X = CB® (1)

is the unique solution to XB1T1 = CB1, R;(X) C R;((B1)*B).

Combining the WG inverses of A and B or the dual WG inverses of A and B, we can solve some
more CQMEs.

Theorem 9. Let (A[B) € H("™*9) gnd C € H" ™,

(@) Then
X =A®CB® (22)

is the unique solution to (A*)* A>XB7! = (A¥)*ACB7, X € O (A*, (B7)*B).
(b) Then
X = AyCBg (23)

is the unique solution to A¥"1XB?(B7)* = A*CB(B7)*, X € O (A(A%)*,BY).

Especially, Theorem 9 gives the next result.

d0i:10.20944/preprints202411.2264.v1
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Corollary 6. Let C € H"™, A € H"*", B € H"™*™ with Ind(A) = 1 and Ind(B) = 1. Then X = A*CB*
is unique solution to

(a) A*A’XB?2 = A*ACB, X € Oc(A,B);
(b) A>XB?B* = ACBB*, X € Oc(A,B).

5. Constrained Quaternion Matrix Minimization Problems

Let (A|B) € H""™(*9) and C € H"*™. The main goal of this section is to present solution of the
constrained quaternion matrix minimization problem (CQMMP)

|A2XB? — ACB|r = min subjectto X € Oc(A¥,B7), (24)

and its particular kinds. The following result regarding the decomposition of A and its WG inverse A®,
obtained for complex matrices in [43], is extended to quaternion matrices by analogy to the method
used in [38].

Lemma 8. If A € HW® gnd r = rank(AK), then

A A *
A= , 25
o4 2] »
where Q € H"™" is unitary, Ay € H™*" is nonsingular and Az € H"=")*("=7) js nilpotent of index 1.
Moreover,
-1 A2
A® = Q l A A g (26)

Based on A® and Bg,, we solve now the CQMMP (24).
Theorem 10. The CQMMP (24) has a uniquely determined solution represented by (16).

Proof. The hypothesis X € O (A, B7) implies that X = A¥ZBY, for some Z € H"*™. By Lemma 8, we

can write
A A « x B; B «
A - 7 B = 7
Q 0 A, Q; Q> 0 B Q
where rank(A¥) = ry, rank(B7) = 1, A; € H" " and B; € H2*"2 are nonsingular, A3 €

H" =) (1=1) and By € H"~72)%("=72) are nilpotent matrices of indexes k and g, respectively. Using
[4] (Remark 1.3), we have B4, = [(B*)®]*, which gives

Bo = B(Bo)? = (B")" ([(8")°])* = ([(B")B*) = [(B)]".

According to Lemma 8, it follows

A7l A’A (B)* 0
A® — 1 1 2 *, B.. = [(B)®]* = 1 x
Set
x Z, 7, « G G
Z - 7 C = 7
Q1 QZ 23 Z4 ] Q1 QZ C3 C4
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where Z1,Cy € H"*"2, Z,,Cy, € H*(m=12) 7, Cq3 € H"""1)%"2 and Z,, C4 € H=r)x(m=r2) For
appropriate matrices S € H("~"1)*" and S, € H("~"2)*"2, we obtain

AZXBZ Ak+ZZBq+2

A A1A; + ACA Ak
_Ql 1 ZA2 2433 01 ]QTZQz
| ®)7 0 (B})? 0 g
S, 0 13213*+133132 (B})?

k+2 2
AT A3S,

=Qq 0 0

Z; 2B;‘)2 0 2

:Qll ATZ, <B*>q+2+A251z3 B;)72 4+ AK*2Z,8,(B})? + AJS,Z,5,(B})? 0 195

0
and _
A 0
ACB = 5
CB=Q 0 QiCQ B2 B ] Q;
A c G || B
=Q C; C4 || B B* Q
e [ G AlCzB; +A2C4B; Q:
~ =1 A3C3BE 4 A3CyB; A3C4B: 2

where G = A1CB] + A,C3B] + A1CyB5 + AyCyBj. Therefore,

|A2XB? — ACB||% =
= ||AT"2Z1 (B})12 + A7S1Z5(B} )12 + AV 12Z,8,(B})® + ATS1Z45,(B})? — G|
+ | A1CoBS 4 AoCyB; |2 + || A3C3BE + A3CyB3 |12 + || A3C4B3 3.

Because of X is a solution to (24) if and only if Z is a solution to ||AF*2ZB92 — ACB||r = min, one can
see

2 oy 4||A]1<+221(BT)'”2 +A7S1Z3(B])77? + A[72Z,S,(B1)® + A7S1Z452(B})* — G| =0,

ie.,
|A*2ZB72 — ACB||; = min ||ACoB3 + AoCyB3 |1} + [ AsC3B] + AsCyB3 |3 + | AsCyB3 1}
for arbitrary Z; fori = 2,3,4 and
z, = A;IG(By) M) — ATKS,Z5 — Z,8,(B}) 7 — A[FS1Z4S,(B}) 1. 27)
If we substitute (27) into

Al s,

X =AFZB7 =
(0]} [ 0 0

Z, 7, (BT)’] 0 *
sz
7, Z, S, 0

AKZ,(B})T + $1Z3(B})T + AKZ,S; + $1Z4S, 0 ]
0

=Qi Q;, (28)
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C G
C C4

B 0

e Bi(B;%)" 0 ] <

0 0 0

AG(B))2 0 ] 0 =0, l AT OAT?A,
0

=A®CBg
is a uniquely determined solution of COMMP (24). O

For Ind(A) =1 or Ind(B) = 1 in Theorem 10, the next consequence follows.

Corollary 7. Let C € H™™, A € H"", B € H™" with Ind(A) = 1 and Ind(B) = 1. Then X = A*CB*
is unique solution to CQMMP

|A2XB? — ACB|r = min subjectto X € Oc(A,B).
As special types of CQMMP (24), we can consider CQMMPs:
|A2X — AC||r = min subjectto  C.(X) C C,(AF), (29)
where C € H"" and A € H(MK); and
|XB? — CB||r = min subjectto  R;(X) C R;(B7), (30)
where C € H"™ and B € H("™)(@).

Corollary 8. (a) The CQMMP (29) has a uniquely determined solution by (17).
(b) The CQMMP (30) has a uniquely determined solution by (18).

6. Cramer’s-Type Representations of Derived Solutions

Firstly, we get the ©-representations for the solution (16) and its special cases (17) and (18).

Theorem 11. Let (A[B) € H"™*49), rank(A¥) = s, and rank(B7) = sp. The unique solution X =
(xi) € H"™ from (16) can be expressed componentwise by

0

Xij = . 5 (31)
v ‘ ARH2 (AR2)]T ¢ ) (B7+2)* Bo+2

a€ls)n XBE J5y,m B

where C; = (c(.l)

i ) = ®ACBY. Here ® = (¢;;) and ¥ = (1p;;) are determined, respectively, by

Pit :aezg,{t} rdet; ([Ak+2 (Ak+2)*} t. (55@))2 (32)
% . B
b :ﬁefsgn{f} ey < [(517%) B, & )> 1 >

where 35.2) is the ith row of Ay = A*(A*+2)* and Bgz) is the jth column of By = (B1+2)*B1.
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Proof. According to (16) and determinantal representations (12) of the right WG inverse A® = (a@]@ ’)

and (13) of the left WG inverse Ay = ( ) respectively, we have

ij

m té “Glslz,ln{t} rdet; ([Ak+2 (Ak+z)*L (ég@))iatgcgp

n
a’c b@/l:
gz:lr; ig C8r7pj g;lp;l ‘Ak+2 Ak+2)
leIhln

14

B
zb Y cdet ((Bq+2)*m+2 (BF?>))
e W et ) f[ ]f 78
Y (Bq+2)* Ba+2 ’ﬁ

JBEJSZ,WI ‘B

where a( ) is the ith row of Ay = Ak (AF+2)* and 1552) is the jth column of B, = (B7+2)*BY.

Suppose that ¢;f = Z Z atgCepby, s and C= (¢ £) = ACB € H"*". If we construct the matrices
g=1p=1

® = (¢;;) and ¥ = (¢f;) determined by (32) and (33), respectively, then, by putting C; = ®CY, it

follows (31). O

The next corollaries evidently follow from Theorem 11.

Corollary 9. Under assumptions A € H)K) with rank(AK) = sy, and C € H"™ ™, the matrix X = (xij) €
H"*™ defined in (20) is represented as

~(1
o
v ‘ ARH2 (AkH2)*

a€lsy n

xz-]- =

o

where C, = (¢ (] )) ®AC and @ is determined by (32).

Corollary 10. Assume that B € H("™ (@) with rank(B7) = sy, and C € H"*™, the matrix X = (x;j) € HP™
defined in (18) is represented as
PIS)
l]
Y (Bq+2)* BI+2 B
BEJsy,m P

xi]' =

where C; = (¢ 1(] )) CBY, and ¥ = (y;;) is determined by (33).

Theorem 12. Suppose that (A|B) € H("™ K1), rank(AK) = sy, and rank(B7) = s,. The unique solution
X = (x;;) € H"™™ from (19) is expressible elementwise in two possible ways.

D
m 14
Y L rdety ([Bq” (B72) } (. )) bj
f=1 a€ls,, m{f}
Xij = 5 , (34)
‘ Ak+2) Ak+2 ’Bq+2 Bq+2)
.Befsl n ﬁlXEIszm «

d0i:10.20944/preprints202411.2264.v1
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where ; _is the ith row of ® = ®B1(BI172)*, and &, = (4)1.(;)) is determined by
n « B
o) =Y Y cdet ([(AF2) A2 @) (35)
t=1 ,Be]sl,n{t} ' p
where & p is the pth column of C = (AF2)* AkC.
@) ;
n * v
Yap ¥ cdet ([(A2) A2 ()
t=1 " Bes  n{t} 4 B
Xjj = 7 — (36)
Y ‘ (Ak+2)* Ak+2 Y ‘Bq—&-Z (Bq+2)*
,Befsl,n ﬁlxelsz,m &
where 4 j is the jth column of ¥ = (AM2)*ARY ), and ¥, = (qbg)) is determined by
1 _ - d Bq+2 Bq+2 * A txb . 37
Yo =3, ), rdety s (&.) ) byjs (37)
: 14

F=lael, mif}
where & is the gth row of C = CB1(B7+2)*.

Proof. According to (19) and determinantal representations (13) and (12) of the left WG inverse
Ag = (a%’l) and the right WG inverse B® = (bp@]-’r> , respectively, we have

. B
4 det Ak+2) 7 Ak+2]  (5(2)

n o m o) o =1 ltﬁejfn{t}c ek ({( ) ].t (a'g ))ﬁcgp
Xij = Z Z uig, Cgpbpj’

[l
-
=

g=1p=1 p=1 3 ‘ (Ak+2)* Ak+2‘ﬁ
BEJs B
m R 14
Z rdetf ( {Bq+2 (B‘H’Z) *} (béZ))) bf]
f=1acls,m{f} f [
X = , (38)

Z B2 (Bq+2)*

ae Isz,m

o

where ég) is the gth column of A, = (A¥*2)*A¥ and Bgf) is the pth row of B, = B1(B7+2)*.
To obtain expressive formulas, we make some convolutions of (38).
Denote C = (¢jj) = A,C. Then

n

: B
£ o () 2,68

- K2\ * aki2] s 2P
: ﬁﬂg«{t} cdet; (| (AF?) AF2] (°~P))ﬁ‘

Further, put

gbl-(;):f:ait y cdett([(Ak”)*Ak*Z]t(é,p))Z

t=1 ,36]51,n{t}
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and construct the matrix ®; = (4)1(; )) € H™*™. Finally, Equation (34) follows from the setting
(DR s
Y
p=1

Now, denote C = (6j) = CB,. Then

m " R «
P=1cgpaels§{f} el ([Bq+2 (Bq+2) }f- (b](f))>a -
— lxels%{f} rdetf <[Bq+2 (Bq+2>*]f. (ég))j

We put

o

lp;) _ i 2 rdetf <[Bq+2 (Bﬁz)*}ﬁ (ég_)>“bfj.

f=la€ls,m{f}
n
to determine the matrix ¥; = (1,0;})) Then, Equation (36) holds because of ) é?gbé? =¢; O
g=1

We possess the next results when, respectively, A = I, or B = I, in Theorem 12.

Corollary 11. Suppose that A € H®) with rank(AX) = s, and C € H"™". The matrix X = (x;) € HP*™
defined in (17) can be represented as

té uitﬁelslz,n{t} cdet; ([(Ak+2>* AHZ} ) (5])>z
/S 7

y ‘ (Ak+2)* Ak+2‘
BEJsy n p

xz-]- =

where & j is the jth column of C = (A*+2)*AkC.

Corollary 12. Suppose that B € H(™(@) with rank(B7) = sy, and C € H"™, The matrix X = (xj;) € H"™™
defined in (18) is represented as

o

Y Y rdet (B“z BI+2)” él-,) b
_f=10‘€Isz,m{f} / { ( )}f( ) “f]

y ( Ak+2) * Ak+2
BE oy

7

xi]- B

o

Y ‘Bq—&-Z (Bq+2)*

aeISZ/m

o
where ¢; _is the gth row of C = CB1(B7+2)*.
The rest two theorems can be proved similar to the proofs of Theorems 13 and 14.

Theorem 13. Let (A|B) € H"™ (K4 rank(A¥) = sy, and rank(B9) = s,. The unique solution X =
(xij) € H"™™ from (22) can be expressed componentwise by

Y Y rdet <Bq+2 B7+2)* ) ) b,
. f:laEISZ/m{f} f |: ( ) ]f( i ) . fi

T (39)
Y Ak+2 ( Ak+2) *

a€lsy LS

Xij X

Z ‘Bq+2 (Bq+2) *

“aelsz,m
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where 4)1.(.2) is the ith row of @ = (gbl.(].z)) = ®ACB (BT+2)", where ® is determined by (32).

Theorem 14. Let (A|B) € H""™ k1), rank(A¥) = s, and rank(B7) = s,. The unique solution X =
(xjj) € H"™™ from (23) can be expressed componentwise by

ié:l aitﬁefsi{t} cdets ( {(Akﬂ) * AkH} + (1/:.(].2) ))Z
B 5

56%“1 ‘ (AKk+2)" Ak+2)ﬁge%2,m ‘ (BI+2)* Be+2 ’ﬁ

xij =

(40)

where 1p.(].2) is the jth column of ¥o = (A¥+2)* AKCBY and ¥ is determined by (33).

7. An Illustrative Example

Let’s use corresponding Cramer’s rules to find the WG-dual-WG solutions to CQMEs with the
given matrices

—1lij i:k ? 1l+j o4 o Bl —Ok 701
A= B= |- _

kK 0 i o 12’ EI; 13( STk 0

—itk 1-j i i-k 0 —j 0

We have rank(A) = 3, rank(A®) = rank(A?) = 2, rank(B) = 2, rank(B?) = rank(B?®) = 1. So,
k =Ind(A) =2 and q = Ind(B) = 2. In view of Theorem 11, the Cramer’s rule to the solution (31) is
computed as follows.

1. Compute ® by (32) and ¥ by (33).

-15 —5i —10j 5j . ;
®— —10i —15k —-5-5j 10i—15k —5i —5k ¥y — 11111 711111 711111](
T | -15+425 -5  -25-10j 5 |’

11j —11k —11
~15+10j —5i+5k —15-10j 5 5j J

2. Taking into account that Y |A* (A%) *|" — 25 and Y |(BY) : B4‘ﬁ = 33, from (31) it follows
0(6[2/4 a ﬁEIl,S ‘B
7~ 5i42j 5 7i— 2k —2—7j -5k
1| -si-ok —9j + 5k 5+ 9i
15 |-7-5i+7—5k 5-7i—5-7k —7+5i—7j—5k
9 5i 59 9§ — 5k

Due to Theorem 12, the Cramer rule to the solution (19) can be founded as follows.
1. Compute &1 by (35).

25j —25i+25k  —25k
®. _ | 951 T10k —45-65j 55+ 10j
V7| 25425 —50i  25i—25k

10 + 55j —65i +45k 10i — 55k

d0i:10.20944/preprints202411.2264.v1
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Then,
& = ®,B7(BT+2)* =
—225 — 225i — 900j —75 4 75i — 300k —300 + 75j + 75k
90 + 1890i — 495j — 855k 630 — 30i + 285j — 165k  —165 — 285i — 30j — 630k
—1125 — 225i — 675j — 225k~ —75+ 375i 4 75j — 225k = —225 — 75i + 375j 4 75k ’
—885 —495i — 1890j — 90k  —165 + 285i 4+ 30j — 630k —630 — 30i + 285j + 165k
and finally by (34),
—60i + 15§ + 6k 60 — 15] — 15k —19 +19i — 76k
X — l 57 —33i — 126j + 6k 33+ 57i+6j+ 126k  159.6 — 7.6i + 72.2j — 41.8k
T 11 |15 —45i + 15§ — 75k 45 + 15i — 75§ — 15k —19 + 95i + 19j — 75k

6 —126i +33j —57k 126 +6i —57j —33k —41.8+72.2i +7.6j — 159.6k

Similarly, based on Theorem 13, Cramer’s rule applied to the solution (39) yields

—54i + 15j — 21k 54 —21j — 15k —19 4 26.6i — 68.4k
X — 1 27 — 15i — 60j 15 + 27i 4 60k 76 +34.2j — 19k
11 [15—-39i+15j — 81k 39+ 15i —81j — 15k —19 4 102.6i + 19j — 49.4k
—60i + 15§ — 27k 60 —27j — 15k —19 4 34.2i — 76k

By utilizing Cramer’s rule from Theorem 14, the solution (40) is

—100i + 15j — 35k 100 — 35j — 15k —15 + 35i — 100k
1 [117—33i —206j + 6k 33+ 117i + 6j + 206k 206 — 6i + 117j — 33k
~ 15 | 15— 65i + 15j — 135k 65 + 15i — 135j — 15k —15 + 135i + 15j — 65k
6 — 206i + 33j — 117k 206+ 6i — 117j — 33k —33 + 117i + 6j — 206k

X

8. Conclusions

Initial goals in current research are related to characterizations and expressions of the weak
group (WG) inverse and its dual over the quaternion skew field. We introduce a dual to the weak
group inverse for the first time in literature and give some new characterizations for both the WG
inverse and its dual, named as the right and left weak group inverses for quaternion matrices,
respectively. In particular, determinantal representations of the right and left WG inverses are given
as direct methods for their constructions. Our other results are related to solving the quaternion
restricted two-sided matrix equation AXB = C and the according approximation problem that could
be expressed in terms of the right and left WG inverse solutions. Within the framework of the theory of
noncommutative row-column determinants, we derive Cramer’s rules for computing these solutions
based on determinantal representations of the right and left WG inverses. A numerical example is
given to illustrate the gained results.
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