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Abstract: Vaccination’s impact on the dynamics of HFMD transmission is explored in this paper, considering
a fractional-order derivative system of equations. This model provides vaccination strategies and characterizes
local and global stability using Lyapunov functions. This work computes the basic reproduction number (Rp) to
characterize the endemic and epidemic scenarios. Besides, sensitivity analysis was performed to identify the most
critical parameters responsible for the disease dissemination. The fractional-order model captures the memory
effect in infectious disease dynamics, providing further insight into modeling HFMD transmission compared to a
traditional integer-order model. The results would contribute to effective vaccination strategies and public health
interventions against HFMD.
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1. Introduction

This involves incorporating vaccination into the study of Hand, Foot, and Mouth Disease trans-
mission dynamics to understand the effects of different immunization strategies on outbreaks within
populations. Vaccination has the potential to significantly lower the basic reproduction number (Rp),
the number of secondary infections produced by the average infected person. The immunization of a
large part of the population susceptible to infection breaks the chain of transmission, which will slow or
reduce the spread of the virus. In communities where vaccination is highly prevalent, HFMD outbreaks
may remain impressively low due to fewer people susceptible to the virus [1,2]. Besides, vaccination
may assist in herd immunity, whereby the unvaccinated populations tend to benefit from the reduced
virus circulation. In addition, vaccine efficacy and coverage rates, and even age distribution among
the vaccinated population [3], might be other factors influencing the effectiveness of vaccination in
HEFMD control. This can be accomplished using mathematical modeling and epidemiological studies
to determine what different vaccination scenarios would yield an effect on, thereby assisting program
designers in developing specific immunization programs that would limit the burden of HFMD in at-risk
populations.

The modes of transmission of infectious diseases represent a variety of mechanisms, generally
classified into two broad categories: direct and indirect. Direct transmission may occur through actual
physical contact, respiratory droplets, or several body fluids to permit the transfer of infectious agents
from one host to another. Indirect transmission involves intermediate agents such as fomites (inanimate
infected objects), vectors like mosquitoes, and air particles [4,5]. Mathematical modeling further elu-
cidates the complex nature of disease spread and provides critical tools for describing and predicting
transmission dynamics. The basic notions include the basic reproduction number, R, defined as the
average number of secondary infections produced by one infected individual in a wholly susceptible
population, indicating a pathogen’s contagiousness. SIR and SEIR compartment models have been one of
the most used compartment models to simulate dynamics of diseases within populations by partitioning
individuals into different compartments depending on their disease status [6—15].
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Agent-based models explicitly simulate the individual-to-individual interactions within a popula-
tion and hence provide yet further detail, and are thus much better suited to capturing heterogeneous
mixing patterns and individual behavior. Stochastic models incorporate randomness in the transmission
process; this is appropriate for modeling the natural variability and, in particular, the unpredictability of
real-world disease transmission. The network model approaches that explicitly represent populations
as interconnected networks of individuals offer insight into how the structure of social interactions
drives disease dynamics. Besides these mathematical methods, a significant contribution is seen in
modern epidemiology in data-driven approaches. Using data around surveillance analysis and genomic
epidemiology, model-based approaches use real-time data and large datasets to track disease spread,
identify risk factors, and optimize intervention strategies.

Another key aspect involves intervention modeling, such as different vaccination scenarios, sim-
ulations for quarantine and isolation policies, and social distancing measures. These models enable
the modeling of the potential impacts of various interventions on disease containment and control. In
reality, such models are used in planning pandemic responses, and governments and health agencies use
them to forecast outbreaks, assess the effectiveness of interventions, and inform resource allocation. But
once again, such models are hostage to the quality of data, the accuracy of assumptions behind them,
and their ability to capture uncertainty and behavior changes in the population. Nonetheless, model
techniques will remain invaluable for scientific insight and management of infectious disease spread.

2. Preliminaries

This section presents basic definitions, theorems, and results connected with the stability, existence,
and uniqueness of the model developed based on the Caputo fractional derivative. Such a mathematical
toolkit will provide a complete setting where the dynamic behavior of the model will be scrutinized.
Moreover, we start by recalling some relevant definitions of the Caputo fractional derivatives, fixed point
theorems, and stability criteria. These are critical elements to help validate the robustness and reliability
of our model for capturing the dynamics of HFMD.

Definition 1 ([16]). The integral formula for the Caputo-fractional derivative of order(x € (m — 1, m]) for a
function (h(x)) that is (m'")-differentiable is given by:

1

oDih(x) = T(m—a)

/0 Y= (), de = [a]

Theorem 1 ([17]). Any contractive operator (T : Y — Y) that maps a complete metric space onto itself has a
unique fixed point (T(z*) = z*). Furthermore, (T) satisfies the following condition:

dist(T(z*), T(w)) < K, dist(z*,w), 0<K<1.
Definition 2 ([18]). For integrable function f : R — Rand 0 < a < 1, the fractional-integral for the function
f of order w is given by

I = g o -0 0

Lemma 1 ([19]). Representing the Laplace transform associated with the Caputo fractional derivative:
L{Dif()} =" Z{f()} =" f(0), 0<a<1
Theorem 2 ([20]). The equilibrium solutions x* of the Caputo-fractional differential equations system

oDfx(t) = f(t,x), x(ty) =xo
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of

The Jacobian matrix —— evaluated at equilibrium points ensures local asymptotic stability (LAS) if its eigenvalues

an
/\]- satisfy
|larg(A))| = >am/2, O0<a<l, Vj=1,-,n

Theorem 3 ([21]). Let x(t) € R be a continuous and derivable function. If x* € R* and 0 < a < 1, then for
any time instant t > tq, we have

oD |x(f) — x* — x* In x}g?] < (1 - ")E”) oD%x(#)

Theorem 4 ([22]). Let (z*) be the equilibrium point of (¢Dfz(t) = g(t,z)), where(QY C R™) is a domain
containing (z*). By defining (U(t,z) : RY U0 x Q — R), and assuming U is a continuously differentiable
(Lyapunov candidate) map such that:

e Wi(z) < U(tz) < Wy(z),
e oD{U(t,z) > —Ws(z), for all nonnegative (t) and forall z € Q,a € (0,1),

for given continuous positive definite functions(Wy (z), Wa(z)), and(W3(z)) on (Q)).
Then (z*) is globally asymptotically stable.

Our article is organized as follows: We begin with the proposed model, introducing the fractional
model and the proofs of existence and uniqueness. This is followed by a section dedicated to Equilibrium
Stability Analysis. Next, we include a section on Endemic Equilibrium. Finally, we conclude with a
section on Discussion and Numerical Results.

3. Proposed Model for HFMD Dynamical Spreading

In this section, we introduce a system of differential equations incorporating fractional derivatives
to model the dynamical spreading of Hand, Foot, and Mouth Disease (HFMD). Using fractional deriva-
tives allows for a more accurate representation of memory and hereditary properties in the disease
transmission process. This approach captures the complex dynamics of HFMD more effectively than tra-
ditional integer-order models. The equations presented here reflect these advanced modeling techniques,
providing a robust framework for analyzing the spread of HFMD under various realistic scenarios,
including vaccination efficiency. Figure 1 illustrates the interconnections between compartments, with
all parameters clearly defined, while the system of equations 1 mathematically describes the dynamic
behavior depicted in Figure 1.
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Figure 1. Links between compartments in the HFMD model

oDfS = A" — B*ST — (" 4+ u*)S

oD{Sy = —B*(1 — m*)Sul + %S — u*S,

oD¥T = B*SI + B*(1 — m*) Syl — (8% + w® + 9% + u*)1 1)
oDfH = "I — (" +0* + u*)H

oDfR =+*1+0*H — u*R

oD*D = 6% + n*H

With the initial conditions:
$(0) > 0,5,(0) > 0,1(0) >0,H(0) >0,R(0) >0,D(0) >0

Table 1 summarizes the detailed descriptions of the variables and parameters used in the proposed
model. The model tracks different groups of the population based on their health state. S is the class of
the susceptible population, and S, accounts for the vaccinated susceptible individuals. I denotes the
proportion of those infected, H - those hospitalized, and R - those recovered. The parameters describe
basic model dynamics: A* describes new inflows into the population, u* describes the mortality rate,
and B* describes the rate at which an infection spreads in the population. The vaccination efforts are
described through 7*, while through 7* and ¢*, the recovery rate models describe the infected and
hospitalized populations. Hospitalization and death rates are described through w*, 6%, and 7r*. Finally,
m* describes the efficiency of the vaccine to impede the infection. The above variables and parameters
define the dynamics of infection, recovery, hospitalization, and population mortality.
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Table 1. The Description of the variables and parameters in the proposed Model (1)

Variable Description

S The Proportion of the susceptible population.

Sy The Proportion of the susceptible vaccinated population.

I The Proportion of the infectious population.

H The Proportion of the hospitalized population.

R The Proportion of the recovered population.

D The proportion of dead population.

Parameter Description Sample value utilized

A* Recruitment rate Assumed to range between 300 and
500

u® Natural death rate Assumed to range between 1 and 5
per day

Bt The transmission rate 0.3 to 0.5 per day, [23]

™ Vaccination rate Varies, [3]

v Recovery from infection rate 0.1 to 0.14 per day, [24]

ot Recovery from infection while in hospital 0.2 to 0.3 per day, [25]

w” Hospital admission rate 0.01 to 0.05 per day[25]

o The death rate of the infected population 0.0001 per day, [26]

s The death rate of hospitalized population Taken from References [24,25]:
0.0002 per day

m* The efficacy of vaccine for preventing infection | Taken from References [27]: 90%

3.1. Positivity and Boundedness

In a mathematical model for epidemiology, positivity and boundedness are the two major features
that guarantee the model operates in a way that shows real population dynamics. Positivity guarantees
that no model variable, representing the number of susceptible, infected, or recovered individuals at
any given time, assumes a negative value, which does not make biological sense. Boundability means
that the model variables do not grow boundless but rather stay within the confines of the total size of a
finite population. These characteristics are crucial for ensuring the model’s validity and reliability in
accurately portraying the dissemination and management of diseases.

Define the region Q = {(S(t), So(t), I(t), H(t),R(t)) € RS :S,Sy, I, H,R < E,1(¢t*)}. Where
Eq1(¢t*) is the Mittag-Leffler function. The following theorem shows that ) is positively invariant.

Theorem 5. The non-negative region () that includes the solutions of the model’s (1) equations is positively
invariant for t > 0.

Proof. Write the total population T(#) to be the sum of the model’s componentsi.e. T(t) = S(t) + S, (¢) +
I(t) + H(T) 4 R(t). Then

oD{T = oD{S + oDf'Sy + oD I + oDfH + oDf R
=N —p"S—p*Sy—p*1-n"H—pu*H—-pu*R
=A"—u*"T-n"H
< ¢ T(t), where, ¢ is the population coefficient.

Therefore, we conclude that
oDIT < ¢ T(t) 2)
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To proceed with the proof we, Let Z{T(t)} = T(s) be the Laplace transform of T(t) with the initial
condition T(0) = Ty. By the application of the Laplace transform on Equation (2), we have

Z{oDiT} < Z{9T(1)}
s*T(s) —s* 1Ty < ¢ T(s)

-1
s® TO

< m ®)

To find T(t), we take Laplace inverse of both sides of Equation (3), to get:

2£7HT(s)} < f‘l{To ioqll}

_ oy (et)"
_TOV;)I’(mx+1)

Thus, T(t) < Ty Ey1(¢ t*), which completes the proof.
O

3.2. Existence and Uniqueness

We can prove the existence and uniqueness of the solution for the fractional epidemic model of foot,
hand, and mouth disease by applying mathematical methodologies, mainly fixed-point theorems. The
accent is on the Banach fixed-point theorem. This model, which combines fractional derivatives, better
describes the dynamics of the disease due to the presence of memory in the population. The existence of
a solution guarantees a well-defined trajectory of the disease spread for any given set of initial conditions.
On the other hand, uniqueness guarantees that the behavior is deterministic; the course of the disease
progression can thus be predicted and is not dependent on arbitrary choices. These properties are
usually demonstrated by converting the system to an appropriate integral form and showing that the
associated operator satisfies the fixed-point theorem conditions to guarantee the solution’s existence and
uniqueness. The conclusion here is that the model produces a reliable prediction about the dynamics of
the epidemic over time.

Theorem 6. Equations of System (1) are satisfying the Lipschitz continuous for K; > 0, j=1,2,3,4,5

Proof. Rewrite the equations of System (1) in a steady-state mode as follows:

g1(8) = A" — (" +u")S — "SI

82(S0) = TS — Sy — B(1 —m")So1

g3(I) = p* 51+/3 ( m®)Sol — (0% + " + p* +9")1
g4(H) = "I — (1" + o™ + ")

¢5(R) = "‘I—I—(T H—u"R
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Upon applying Theorem 1, we obtain:
Ig1(8) = g1 ()| = (" +u*) (S = 8") + BI(S = &) |
<[+ ptl]|S = Sl + 1B IS = '
< (17" + [+ |B*max;c o ) 11]]) [|S — S
=K [|s 5|
Where Ky = [t + | + 8| maxc o 1 1] < oo.

Similarly, the following results can be obtained:

182(S0) — 82(S0) || < K2 [IS0 — S,
llgs(I) —gs(I')|| < Kz || I-T'||
llga(H) — ga(H')|| < K4||H = H'||
|85(R) —85(R)|| < K5 [[R — R

Where,

Ky = [p| +[B* (1 = m*)| maxyepory || 1]] < oo,
K = |B*[ maxiepo,r) [ISI| + |B* (1 — m®)| max;c(o,ryl|Sol| + 0% + w® + 9" + p*| < oo,
Ky = | + 0" + u*| < 00, and K5 = |u*| < oo, which completes the proof. [I

Lemma 2. A Volterra-integral equations form can represent the system of equations of the model (1).
Proof. Consider the system of equations of the Model (1)
oDfxi(t) = gi(t,x;), j=1,---,5. 4)
By the application of Definition (2) to both sides of the Equation (4), we get:
FMDRx(1) = S8 x), =108, ©)
The left-hand side reduced to x;(#) — x;(0) and hence Equation (5) becomes

t
xi(t) — x;(0) = r(la) /0 (t— )" gi(u,x;)du, forall ] ©)

Thus, the proof is completed, and the system of equations of the Model (1) is converted to the following
equivalent system of Volterra-integral equations:

t
L/ g]-(u,xj)(t—u)"‘*ldu, for all j. ?)
0

O

Theorem 7 ([28]). For 0 <a < 1land G = [0,u] C R, ] = [x;(0) — k,x;(0) + k. Let gj : G x ] — R be
Lipschitz condition and continuous bounded i.e. 3'M; > 0, ||g;(x)|| < M;, where M; = max,c(o,, |1gj(x)|]-
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Kit;
If ﬁ < 1, then 3 only one solution for the initial value problem (1), namely, x; € C[0,u*], where u* =
]
1

. ij(lX*Fl) « .
min{ u, | — . j=12,---,5

M;

Proof. Let X = {x;(t) € C([0,u],R°) : ||xj(t) — x;(0)[| < ¢, j=1,2,---,5. Since every sequence
x! in X converges to xj € C([0, u], R®) with respect to infinity norm, || - ||e, and x is continuous and
|[x;(t) — x;(0)]| < ¢;, then Vn ||x7(t) —x(0)|| < ¢;. Thus, X is closed and hence a complete metric space.

Define .% : X — X such that

Fi(x(t)) = xj(0) + 1“(11x) /Ot ka(u, t) Zi(u,xj(t)) du, where ko (u, t) = (t —u)*~! then

1710500 = 55011 = | iy [l 01850300

j=12,---,5
1 t
g——/%me&M%WMW

/kautdu

_ Mf“ M](u) <
_F(oc+1)_r(ac+1) =7

Therefore, ||.7;(x;(t)) — x;(0)|| < ¢;, and hence, # maps X onto itself.
To show that .# is a contraction operator, we assume that y,z € X, such that

15650 = Z GO = | iy ka2 (50,30 = gz |, =125

%gﬂwwmmm&wmw

< 5 10 =5 O [ ka0
ZWHW() zi(t)]]
K] (M*)a K ¢;

< Farm) < a0 5Ol

. K0
Therefore, ||.7(y;(t)) — Fi(z;(t))|| < KI\’T? [lyj(t) = zj(t)||. Thus, by the assumption # < 1,% is

]
a contraction mapping. Therefore, it possesses a unique fixed point. The system (1) has a unique
solution. [

4. Equilibrium Stability Analysis

4.1. Basic Reproduction Number

The reproduction number, referred to as R, is an essential threshold parameter that defines the
stability of the foot, hand, and mouth disease epidemic model. This parameter quantifies the mean
number of secondary infections that result from one infected individual within a completely susceptible
population. If Ry < 1, then the disease-free equilibrium is stable, and the disease will die out eventually;
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otherwise, if Ry > 1, then the disease will spread in the population, and the endemic equilibrium
becomes stable. The reproduction number can be obtained by the next-generation matrix method, which
involves linearizing the differential equations around the disease-free equilibrium system and then
analyzing the transmission and recovery rates. The principal eigenvalue of the resultant matrix yields
Ry, offering valuable information regarding the likelihood of disease outbreaks and guiding control
measures [29]. Following [30], the infection states are divided into transmission and transition matrices
as follows:

£ |BS B -mY)S, 0
0 0

5ﬂt+wﬂl+,ylk+‘ulx O

and V: _wﬂé 7T1X+(T‘X+I/l“

By the application of theorem (2) in [30], the basic reproduction number is defined to be the spectral
radius of the matrix FV 1, ie., Ry = 0 (F V‘l). Therefore, the basic reproduction number can be given
by the following expression:

A(X ﬁ(x ya +Alx ‘le Tﬂ((l _ mtx)
P+ T (0% + Wt ot )

Ro =

®)

4.2. Existence of Equilibria

To find the Hand, foot, and mouth-free equilibrium point (HFMEEP), we set the right-hand side of
the model’s (1) equations to Zero. to get

A —B*ST— (T +u")S=0
—B*(1 —m")Spl + 1S — u*S, =0

B*SI+ B*(1 —m"*)Spl — (6" + w* +4* + u*)[ =0 )
W'l — (" +c* +pu")H =0
YI+0*"H—-pu*R=0

The solution of the system (9) is given by:

A® A
f0= (V“ + T (et + T"‘)’O’O’O>

4.3. Local Stability Analysis

This section investigates local stability analysis of the fractional mathematical model of hand, foot,
and mouth disease. The system’s behavior around its equilibrium points, particularly the disease-free
equilibrium, is dealt with. Considering the nonlinear system of fractional differential equations, a
linear system is considered around the approximate equilibrium solution. Then, the stability of such an
equilibrium can be determined by the eigenvalue analysis of the Jacobian matrix of the system. In most
cases, a fractional-order model’s Jacobian matrix characteristic equation involves the fractional powers
of the eigenvalues and the integer-order classical models. When viewed in the context of fractional
derivatives, if all the eigenvalues have negative real parts, then the equilibrium point is locally stable;
small perturbations will decay in time and lead the system back to the equilibrium point. This, in
turn, gives such an analysis a high degree of importance because understanding the dynamics of initial
outbreaks and under what conditions this disease can be controlled or even eradicated is a must. Thus,
the Jacobian matrix for the Model (1) is given by


https://doi.org/10.20944/preprints202411.1963.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 November 2024

—BY — (% + u®) 0 0 0
7= ™ —B*(1—m*)I — u* 0 0
o BI BE(1 —m*)I — (8% + w* + ¥ + ua) 0

0 0 w® — (7% 4 o 4 u®)

Theorem 8. The hand, foot, and mouth disease-free equilibrium point, &, is locally asymptotically stable.

Proof. At the HFMD free equilibrium point, & = <V“A%’ %, 0,0, 0) , the Jacobian matrix is given

as follows:
—(t*+u*) 0 0 0
™ —u~ 0 0
Ey) =
J (&) 0 0 —(0"4w + 4" + BY) 0
0 0 w® — (" 4 o™ + %)

The eigenvalues of the Jacobian matrix at the HFMD free equilibrium point, (&), are the solu-
tions of the characteristic equation of the J (&), ie., |AIdentity — J(E)| = 0. Namely, Ay =
—(0° + B ), Ay = =, A = —( £ + )

and Ay = —(u* 4 1*). Since all the eigenvalues of J () are negative real numbers, then |arg(A;)| =
a7t ,
7T>7, 0<¢x<lfor]:1,2,3,4.

Thus, by theorem (2), the HFMD free equilibrium point, & is locally asymptotically stable. [

5. Endemic Equilibrium

Endemic equilibrium of hand, foot, and mouth disease can be defined as a steady-state condition
whereby the disease persists within a population at a constant level over time. This, in other words,
means that the number of infected individuals at this equilibrium remains the same, neither increasing
nor decreasing significantly, since the rates of new infections and recoveries balance out one another.
Mathematical models of the disease use parameters on transmission rates and recovery rates for popula-
tion dynamics in analyzing the endemic equilibrium. The endemic equilibrium is helpful for a long-term
understanding of the disease and for assessing control strategies. This equilibrium is hugely important
because the stability analysis will show whether small perturbations will cause the disease prevalence to
go back to its steady state or give rise to outbreaks, and it may thus be central to informing public health
interventions.

5.1. Existence of the HFMD Endemic Equilibrium

Let £* = (5%, S}, I*, H*, R*) be an equilibrium point of the Model (1). Thus, the following theorem
follows.

Theorem 9. The proposed Model (1) has a unique endemic equilibrium point £*, whenever Ry > 1.

Proof. By solving the equations of the steady-state model (9) at the endemic equilibrium point £*, we

get
A* . THA® 1

= ‘BD‘I*—FT“%—“M“’ Sv: ﬁa1*+Ta+Ha 'ﬁ"‘(l—m"‘)l*jty“

—b+Vb? —4dac
2a

S*

I* = ,  where

d0i:10.20944/preprints202411.1963.v1
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@ = (8% @+ ) (1 ) ()2
b= [(8% w7 ) (T B (L= ) + pB2) — (B*)PA%(1 — m*)

c= (5uc_’_wuc+,ya+yvc)(,ruyac+(V:X)Z) _Tuc'BocArx(l_mrx)_#zx‘BaAa

B w*T* N ot I*

(ot ) o (et )
It is readily seen that all the compartments are positive whenever I* > 0. Moreover, I* > 0 iff
—b+ Vb2 —4ac > 0. i.e b* — 4ac > b? which implies that ac < 0. That is ¢ < 0 since a is always positive.
Thus,

*

(5zx + W® _’_,)/oc + yuc) (T‘X}l“ + (‘utx)Z) _ T“ﬁ“/\“(l o m“) _ VDC'BIXAIX <0
which implies that
Tﬂt‘Bﬂ(AﬂL(l _ mﬂ() _|_ ]/llxﬁle(X
(0% + @ + 9% + &) (Tou + (u*)?)
Therefore, Ry > 1. Which completes the proof. [

>1

5.2. Global Stability Analysis

Global stability analysis of a fractional mathematical model of hand, foot, and mouth disease
deals with the system’s long-term behavior over the entire state space, so it goes beyond the local
neighborhood of equilibrium points. This is important because it explains whether the system will
always end in a disease-free or endemic equilibrium, regardless of initial conditions. Specifically, the
global stability analysis in fractional models is often carried out with a specially constructed Lyapunov
function, where the analysis demonstrates that the system’s total energy or "distance" from equilibrium
decays monotonically. This means that a model is globally stable with a Lyapunov function being
positive definite and its fractional derivative along the trajectories of the system being negative definite.
The existence of such a function would ensure global convergence to a stable equilibrium of the system;
otherwise, it would spread uniformly in the population or die out. Thus, this analysis plays a vital role in
the design of control strategies, giving information on how the system behaves regarding its robustness
and interventions. Thus, the following theorem was obtained:

Theorem 10. The hand, foot, and mouth endemic equilibrium point, £*, is global asymptotically stable if Rg > 1.

Proof. Let Ry > 1, then by Theorem (9) the Model (1) has a unique disease-present equilibrium point,
&*. To proceed with the proof, we define the following Lyapunov function:

92(5152;/[,1‘[) = |:S—S - S 11’15*:| + |:SU_SU_SU1HS—UU*:|

+[1—1 —1 lnl*]—l—[H—H H 1nH*} (10)

By taking the Caputo derivative for both sides of Equation (10), we get:
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Applying theorem (3) on Equation (11), yields

oDLF, < [1 - SS} oDES + {1 g ]OD”‘SU [ 1} oD + {1 - H} oDYH (12)

Substituting the Caputo derivatives from Model (1) into Equation (12), we get:

[1 - S} X [A% — B*ST — (% + u%)S], but A = B¥I* S* + (u* +1%) S*

S
Therefore,
S* " S* SI I
_ - < KTk QX - _
[1 S]ODtS_,BIS {1 S S*I*+I*] (13)
Similarly, we will have the following:
o Q* SU
+utSy | 1— § (14)

)
) rerletd
sl ) )]

Upon adding Equations (13) to (16) and by the application of the Arithmetic-Geometric mean inequality,
which is the geometric mean is less than or equal to the arithmetic mean, we conclude that

g (243

So
a0
I*

+ (W +u )I*(

oDf 72 < 0. (17)

Therefore, by theorem (10), the hand, foot, and mouth endemic equilibrium point, £*, is globally
asymptotically stable, and the proof is completed. [J

6. Discussion and Numerical results

In this section, we validate the proposed model and the theorems presented in the previous section.
Our results demonstrate the alignment between the theoretical analysis and the observed dynamics of
both pandemic and endemic scenarios, particularly focusing on the reproduction number threshold.
Using MATLAB, we simulate the model to visualize the results and analyze the sensitivity of the
reproduction number. This allows us to observe the effects of various parameters on the spread of
Hand, Foot, and Mouth Disease (HFMD). The simulations provide insights into how changes in specific
parameters can influence the disease dynamics, offering valuable information for effective disease
management and control strategies.
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Figure 2a,b showcases two scenarios of disease progression with varying levels of fractional deriva-
tives—alpha at 0.3 and 0.8, illustrating how changes in this parameter can impact the long-term behavior
of an endemic illness. Each sub-figure represents a fractional derivative value, and an inset focuses on
the long-term disease life cycle. Figure 2c illustrates the dynamics of Foot, Hand, and Mouth Disease
using an alpha fractional derivative of 0.5. Notably, the basic reproduction number (Ry) is calculated to
be 1.98, which exceeds the threshold of 1, indicating pandemic potential. Additionally, the inset figure
focuses on the long-term behavior of disease progression.
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Figure 2. Comparative Dynamics of Foot Hand and Mouth Disease: Endemic States with Fractional
Derivatives (a) « = 0.3 vs (b) « = 0.8, and (c) Pandemic Potential with Basic Reproduction Number
Rop>1

Figure 3 illustrates the dynamics of Foot, Hand, and Mouth Disease using varying alpha fractional
derivatives. The left figure represents short-term trends, while the right figure focuses on long-term
behavior. In the short term, infection cases peak around 96 — 98, declining sharply with higher alpha
values. In the long term, all infection cases are gradually decreased over time.
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Figure 3. Modeling Foot Hand and Mouth Disease Dynamics: A Comparative Analysis of Short-Term vs
Long-Term Infection Spread Using Alpha Fractional Derivatives.

The three-dimensional Figure 4 depicts the dynamics of Foot, Hand, and Mouth Disease using
varying alpha fractional derivatives (specifically, « = 0.5). The axes are labeled as x-axis: S + S, (repre-
senting susceptible vaccinated individuals). y-axis: I(t) (indicating the number of infected individuals
over time). z-axis: H + R (likely referring to hospitalized plus recovered individuals). Notably, all
trajectories converge to a common point during the pandemic. This convergence occurs regardless
of initial conditions, emphasizing that any initial disease discovery eventually leads to a consistent
outcome.
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Figure 4. Trajectories of Foot Hand and Mouth Disease Spread: Convergence at the Pandemic Point

Figure 5 consists of two graphs related to Foot, Hand, and Mouth Disease dynamics. The right
graph illustrates the impact of varying recovery rates (7y) on infection cases, while the left graph focuses
on vaccination efficiency (m). Increasing recovery rates and vaccination efforts contribute to reducing
infection cases and controlling disease spread.”
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Figure 5. Controlling Foot Hand and Mouth Disease: Recovery Rate vs. Vaccination Efficiency

Figure 6 represents Partial Rank Correlation Coefficients (PRCC) for the basic reproduction number,
denoted as Ry. The graph displays vertical bars above and below a horizontal axis (which represents
zero). The bars above the axis indicate positive PRCC values, while those below represent negative
PRCC values. Each bar is labeled with a different Greek letter or symbol (such as 8, A, u, T, m, A, w,
and 7). This visualization shows how different variables correlate with Ry when other variables are
held constant. PRCC is relevant in fields like epidemiology, where Ry represents the basic reproduction
number of an infection. It helps us understand how changes in specific factors impact disease spread.
Our simulations validate the theoretical model, showing the importance of the reproduction number
in HEMD dynamics. Sensitivity analysis reveals how parameter changes affect disease spread, aiding
effective intervention strategies.
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Figure 6. Parameter Sensitivity: PRCC Analysis

7. Conclusions

This study investigated the impact of vaccination on the transmission dynamics of Hand, Foot,
and Mouth Disease (HFMD) using a fractional-order derivative model. The mathematical analysis
section established the proposed model’s existence, uniqueness, and stability. Numerical simulations,
implemented using MATLAB, were conducted to validate the model’s behavior under various scenarios.
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The results demonstrated the effectiveness of vaccination in reducing disease prevalence. Sensitivity
analysis using the Partial Rank Correlation Coefficient (PRCC) identified key parameters influencing
disease transmission. Overall, this research provides valuable insights into the dynamics of HFMD and
underscores the importance of vaccination strategies for disease control.
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