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Abstract: Incorporating the effective speed of light, rather than the conventional constant c, into the four-velocity

vector leads to a more physically meaningful expression for the momentum and energy of stationary objects in

Schwarzschild spacetime. This indicates that free-falling objects do not gain any energy in the gravitational field;

instead, they experience a conversion of rest energy into kinetic energy within the specific spacetime structure.

This innovative approach allows us to dispense with the traditional concept of gravitational potential energy,

simplifying energy transformations within gravitational fields.
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1. Introduction

The four-velocity vector in special relativity is defined as [1], (p.10):

Uµ =

(
c

dt
dτ

,
dx
dτ

,
dy
dτ

,
dz
dτ

)
(1)

The Schwarzschild solution for Einstein field equations is [1, p.47]:

ds2 = −
(

1 − rs

r

)
c2dt2 +

(
1 − rs

r

)−1
dr2 + r2

(
dθ2 + sin2 θ dϕ2

)
(2)

Where rs = 2GM/c2 is the Schwarzschild radius. To generalize the four-velocity vector from Eq. (1) to
Schwarzschild spacetime, we must consider every factor in both Eq. (1) and Eq. (2). To simplify the
problem, we only consider stationary objects.

2. Metric Modification

For a stationary object, we only need to consider the U0. Therefore, we attempt to modify the
dt/dτ. According to Eq. (2), for a stationary object, dr = 0, dθ = 0, dϕ = 0. Thus:

ds2 = −
(

1 − rs

r

)
c2dt2 (3)

For a time-like path ds2 = −c2dτ2. Thus, we have [1, p.20]:

dτ = dt
√

1 − rs

r
(4)

Substituting Eq. (4) into Eq. (1), we obtain U0 as:

U0 = c
dt
dτ

=
c√

1 − rs
r

(5)

Eq.(5), which could be derived from [2], (p.48, Eq.3.5), is commonly presented in traditional general
relativity textbooks. It predicts an increase in rest energy within Schwarzschild spacetime, leading to
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the introduction of gravitational potential energy to explain energy transformations in gravitational
fields. However, we will demonstrate that this interpretation is misleading because the consideration
of the speed of light c has been neglected in both Eq. 5 and [2], (p. 48, Eq. 3.5).

3. Consideration of the Significance of c in U0

According to Eq. (1), all the components of Uµ are defined by derivatives with respect to dτ.
Specifically, in U0 the speed of light c is multiplied by the ratio dt/dτ. This implies we should use
a speed of light that is also defined with respect to dτ. Consequently, all the components of the
four-velocity vector are expressed in a unified reference frame.

3.1. Incorporating the Effective Speed of Light into the Four-Velocity Vector

Let’s examine the effective speed of light in Eq. (2), under the conditions dτ = 0, dθ = 0, dϕ = 0.
For a time-like path ds2 = −c2dτ2, we can derive the following:

dr
dt

= c
(

1 − rs

r

)
(6)

Eq. (6) indicates that for a far-away observer in a given time dt the path length of light in Schwarzschild
spacetime is not cdt, but rather c(1 − rs

r )dt. On the other hand, according to Eq. (4) the proper time of a

stationary object in the same given time is dt
√

1 − rs
r . So, we can derive the effective speed of light as:

Ce =
dr
dτ

=
c(1 − rs

r )dt

dt
√

1 − rs
r

= c
√

1 − rs

r
(7)

As shown in Figure 1 the speed of light in a flat spacetime is c = ct/t, which defines the worldline
of light. The effective speed of light in Schwarzschild spacetime is slower than that in flat spacetime,
which defines the worldline of light in Schwarzschild spacetime.

t

ct

dτ = dt
√

1 − rs
r

dr = cdt(1 − rs
r )

R

T

Figure 1. The effective speed of light in Schwarzschild spacetime.

Apply this metric modification to the speed of light c, denoted Ce in the Eq. (5), we obtain the
new definition of U0 in the four-velocity vector in Schwarzschild spacetime as:

U0 =
Ce√

1 − rs
r

=
c
√

1 − rs
r√

1 − rs
r

= c (8)
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For a stationary object in Schwarzschild spacetime, we thus have Uµ as:

Uµ = (c, 0, 0, 0) (9)

This is the four-velocity vector of a stationary object in Schwarzschild spacetime, derived through
rigorous mathematical analysis that accounts for the effective speed of light.

3.2. Momentum and Rest Energy

According to the Eq. (9), the momentum of a stationary object can be calculated as:

Pµ = (mc, 0, 0, 0) (10)

As we know in relativity P0 = E/C, but in case of Schwarzschild spacetime, the effective speed of light
is not c but Ce in Eq.(7). Therefore, the rest energy of a stationary object in Schwarzschild spacetime is:

E = P0 ∗ Ce = mc ∗ c
√

1 − rs

r
= mc2

√
1 − rs

r
(11)

Eq. (11) indicates that the rest energy of a stationary object in Schwarzschild spacetime will
decrease as it gets closer to the singularity, as shown in Figure 2. According to the law of conservation of
energy, the lost rest energy is converted into kinetic energy during the process of free fall. That suggests
a fundamental difference in energy transformation between an object continuously accelerating due to
an external force in flat spacetime and an object continuously accelerating due to spacetime curvature
in a gravitational field. The former has its kinetic energy increased by the work done by other objects
without losing rest energy. The latter, on the other hand, does not gain energy but rather experiences a
conversion of rest energy into kinetic energy under a specific spacetime structure.

E = mc2
√

1 − rs
r

rs

r

E

Figure 2. The rest energy of a stationary object in Schwarzschild spacetime decreases when geting
closer to the singularity.

Why must an object’s rest energy decrease in a gravitational field? This can be understood by
examining how the object’s electromagnetic energy changes within such a field. It is known that in a
gravitational field, the electric field strength generated by a given amount of energy increases [2], (p.
121–123). To maintain a stable energy-state structure in Schwarzschild spacetime, this excess energy
must be transformed into another form. A similar situation occurs with energies dominated by the
other two fundamental forces to preserve the internal structure of the object within the gravitational
field unchanged. This results in an energy gradient where the object’s rest energy in Schwarzschild
spacetime decreases as r decreases. This energy gradient is the source of gravitation.

In the reverse process, an object is lifted in the gravitational field. By obtaining the work done
by other objects, the lifted object gains energy and is able to establish a stable internal structure and
energy level at a location farther away from the singularity.
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3.3. Kinetic Energy and Gravitation

According to the analysis in Section 3.2, objects in Schwarzschild spacetime are not subject to
any traditional forces but experience a transformation of energy forms in special spacetime geometry.
To determine the force experienced by an object in Schwarzschild spacetime due to this energy
transformation, we attempt to derive the force acting on the object using the kinetic energy formula.
According to Eq. (11), the kinetic energy Ek of an object in free fall in Schwarzschild spacetime is
defined as the difference between the rest energy in flat spacetime and the rest energy in Schwarzschild
spacetime.

EK = mc2
(

1 −
√

1 − rs

r

)
(12)

According to the definition of work, force is the derivative of kinetic energy with respect to distance.

F =
dEK
dr

= −mc2rs

r2
1√

1 − rs
r

(13)

This indicates a force opposite to the direction of r. Considering rs = 2GM/c2 , we can get a more
familiar equation for the force:

|F| = GMm
r2

(
1 − rs

r

)− 1
2 (14)

As shown in Figure 3 the force experienced by an object in Schwarzschild spacetime will increase
as it approaches the singularity. On the other hand, as r → ∞, Eq. (14) reduces to Newton’s law for
universal gravitation.

F = GMm
r2

(
1 − rs

r
)− 1

2

rs

r

F

Figure 3. The force experienced by an object in Schwarzschild spacetime increases when geting close to
the singularity.

4. Results

In this paper, we explore the modifications necessary to extend the definition of the four-velocity
vector from special to general relativity. We have derived a more plausible expression for the momen-
tum and energy of stationary objects in Schwarzschild spacetime. This result reveals that a free-falling
object, continuously accelerating due to spacetime curvature in a gravitational field, experiences a
conversion of rest energy into kinetic energy. Introducing the concept of gravitational potential energy
is unnecessary. Instead, it is essential to incorporate the effective speed of light into the four-velocity
vector. This approach necessitates re-examining all general relativity calculations that involve the
speed of light. Our work contributes to a deeper understanding of the interplay between energy and
gravitation, paving the way for future explorations within the framework of general relativity.
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