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Abstract: Based on a recent representation of the psi function due to Guillera and Sondow and independently
Boyadzhiev, new closed forms for various series involving harmonic numbers and inverse factorials are derived.
A high point of the presentation is the rediscovery, by much simpler means, of a famous quadratic Euler sum

originally discovered in 1995 by Borwein and Borwein..
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MSC: 30B50; 33E20

1. Introduction

Our main purpose in this note is to discover the harmonic number series associated with the
following identity:

5 1 _t@-H?, zec\z, (1)

2)

where {(s) is the Riemann zeta function and H;
are given below). At z = 0 identity (1) subsumes the solution to the Basel problem and we will see that
its derivative includes the well-known relation between the Apéry constant and a classical Euler sum,
namely,

is a second order harmonic number (both definitions

as a special case, H; being the jth harmonic number.
We will also evaluate the following series:

E n+1><””> £n<n+1)<n+2>(”zz>’ £n<n+1>(n+2>(n+3><”7>’

and derive the harmonic and odd harmonic number series associated with them.
Identity (1), stated without proof in Sofo and Srivastava [15, Equation (2.13)], is a consequence of
the following representation of the digamma function ¥ (z) = I (z) /T'(z):

s 1
_n;)n—kl

(Z) (—1)¥In(z + k), @)

k=0

which holds for all z € C with (z) > 0. This representation first appeared in [10, Theorem 5.1] and
was rediscovered by Boyadzhiev [6, Identity (5.18)].

Harmonic numbers H, and odd harmonic numbers O, are defined for 0 # a« € C\ Z™ by the
recurrence relations

1
Ha:Ha,leE and O“:O“1+2a—1

with Hy = 0 and Op = 0. Harmonic numbers are connected to the digamma function through the

fundamental relation
Hy =¢(a+1)+1. (3)
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(m)

Generalized harmonic numbers H,

and odd harmonic numbers O,SZ")
by
1

m m 1
Hl,(c ):Hv(éf)l—i_aim

and O,Scm) = Olgni)l +

with H(()m) =0and O(()m) = 0sothat Hy, = Hﬂ(él) and O, = o&l).

The recurrence relations imply that if # = # is a non-negative integer, then

(m) _ v 1
om=y -
U ScrET

and

Generalized harmonic numbers are linked to the polygamma functions ¢!

by
PE) = e = DR
iz’ ]+z (+2)r 1
through
-1 r—1 .
HY = ¢(r) + ((r _)1)! Pz +1),

where ((s) is the Riemann zeta function defined by

l(s) = kZ:l %, seC,R(s)>1
The analytical continuation to all s € C with R(s) > 0,s # 1, is given by
& (1 k+1
i(s) = (1-2"7) 1}(2‘1( kl

2. Proof of Identity (1)

For completeness and a better readability we first prove identity (1).

Theorem 1. Forall z € C\ Z~ the following identity holds:

[ee]
)y
n=1

r o)
n2(n:z)—§(2) H;”.

Proof. Differentiating the representation (2) gives
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of order m € C are defined

") (z) of order r defined
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and hence (1). Note that we used
i <n> (-1
SNk k()
which is a particular case of the Frisch identity ([1,2]). O
3. Required Identities
We will make frequent use of the following basic identity [12]:
L | 1 n 1
Y = — , 0,1#neC. (4)
= =1 n=1(000)
and the identities stated in the following lemmata.
Lemma 1. We have
kal/Z = ZOk -2 11’12, (5)
2 2
H,, =-282) +407, (6)
3
H®) ,=-62(3), @)
4
HY = -147(4), )
(m+1) (m+1) _ 1~ (m+1)
HZ ), —HY = 2"0, ©)

Lemma 2. For integers u and v, we have
-1
(u 1/2> _ (2u> (u>2_2v (Z(u v)) , (10)
v u v u—0o
u 22u+1 2u -1
() =5 () )

(1 /2u— v) B $ (u ;r U) h (2(:1?;)) ) <2(;_11))22u+21 12
(07 = () () ()

(u +Ul/2> _ (—;3:1—1 Zvu j—ul (Z) -1 (2;) (Z(UU_;_;)), o> a4
(73/2) = oz (), 05

Proof. These identities are readily derived using the following well-known Gamma function identities:

I’(u+;> = g(?)r(u+l), F<u+;> = (—1)12% (?) _11{11),

together with the definition of the generalized binomial coefficients:

u\ F'(u+1)
<v> S To+ DI (u—ov+1)
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4. Results

In this section we state new closed forms for infinite series involving inverse factorials. More
results of this nature have been produced, among others, by Sofo [13,14], Boyadzhiev [7,8] and by the
authors [3].

Theorem 2. If m is a non-negative integer, then

& 22 1
L

ATy 2 (Rt iy (2

(3 0(2) —4 o,(nz)) . (16)

In particular,

0 2n 2
Z 22 N % (17)
n=1M1 ( n )
Proof. Write m — 1/2 for z in (1) to obtain
Y _fe)-H? (18)
() i
- n
from which (16) follows on account of Lemmata 1 and 2. [
Theorem 3. Ifz € C\ Z~, then
= H,
Y i = H(¢2) - HY ) +2(g3) - HY). (19)
n=1 n ( n )
In particular,
[ee] Hn B
n; —7 =200, (20)
[e0] Hn
I _97(3)—7(2), 21
Y s 1) = 260) €0 @)
- Hy _ 3 1
Proof. Differentiate (1) with respect to z to obtain
> Hn+z — H, - . (3)
Y =2 (c3) - B, (23)
and use (1) again to rewrite the second term on the left hand side of (23).
Identity (21) corresponds to an evaluation of (19) at z = 1 followed by the use of
1
Hyy1=Hn+ P (24)

and the decomposition

S R G L
n2(n+17% 1% (n+1)>? n n+1)
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Corollary 1. If m is a nonnegative integer, then
2 220 1 2 3
Y o = o (On(32(2) —40) + (72(3) - 803 ). (25)
n=1M" (n+m )(m) (m)
Proof. Write m — 1/2 for z in (23) and use Lemmata 1 and 2. O
Theorem 4. Ifz € C\ Z~, then
© (H — H 2 H(z) _ H(Z)
yo e 2Bt B T ) o, (26)
n=1 n ( z )
In particular,
H2 + HY
Y S = 60(4), @7
n=1
| 2211 ) @\ _ 7.[2
Y = (02 +0) =7 (28)
Proof. Differentiate (23) with respect to z. [
Remark 1. The symmetry relation
o ) o ()
H H,
Yt L =lpi@) + i+
n=1 n=1
makes it easy to calculate
0 ép)
I ({(R eI}
n=1
so that, in particular,
) (2)
H, 7
21 =35
n=
and using this in (27) therefore gives
> H2 17
21 3= 0 (29)
n=

Thus (27) allows a much easier determination of the sum (29) which was originally evaluated by Borwein and
Borwein [5] through Fourier series and contour integration.

Lemma3. Ifz € C\Z~, then
3 @ _
; Tl 41 (H+Z) - Z<HZ €(2)> +1, (30)
Proof. Sum (1) over z from 1 to 7, using (4) and the fact that [4, Equation (3.1)]
Y HY = ¢+ 1)H? - H,,

to obtain
——1-(r—-1)5(2) + rH®.
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But
= 1 = (1 1 = 1
n;l (n+1)2n _;<n_ n+1) _n;l (n+1)2
_§(L Ly g
S a\n on+1) mn?
= (1 1 |
E(n_ n+1) +1_ﬂ;ﬁ
=2-4(2),
which when substituted into the previous sum gives (30) after replacing r with z. [
Remark 2. Identity (30) was also derived by Sofo and Srivastava [15, Equation (2.17)].
Theorem 5. If m is a non-negative integer, then
e (=) (sokf
Y = m—=)(40," —3(2) +1>. (31)
it n(n+ D) CGE R G 2 ( )
In particular,
0 22;1 2
y —= =T, (32)
=R CE ICONNE
i 22n _ § 7.[2 (33)
=) 2 8
i 2 _B_ 12 (34)
it n(n+1)>%(n+2)*02y 36 16
Theorem 6. Ifz € C\ Z~, then
> Hpyz (3)
— = ((2 1-zH;)+H, — 3)—H;"). 35
n;ln(n_f_l)(n:z) ( ( ) )( z Z)+ Z (g( ) z ) ( )
In particular,
©  H, 7(2
7; n(n+1) 6
[=S) Hn
———— = {(2) = ¢0). (37)
n;l n(n+1)>*
Proof. Differentiate (30) with respect to z to obtain
o Huyz— H; @ (3)
———— =((2)-H,” —2z({(3) —H;" ), 38
Loty =@ - (¢3) - B (38)

and hence (35) upon using (30) again to rewrite the second sum on the left hand side of (38). Identity
(37) is an evaluation of (35) at z = 1 where we used (24) and the fact that
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i 1 _ i (1 1 1 1 )
=nn+1) Z\n o n+l (n+1)2 (n+1)3
> (1 1 > 1 > 1
_ng(n n—i—l) 7,;_1 (n+1) n; (n+1)
O
Remark 3. Identity (36) was also recorded by Chu in [9].
Remark 4. Subtraction of (37) from (21) gives the Euler sum
Z 37(3) —27(2). (39)
=1 n2(n+ 1)
Corollary 2. If m is a non-negative integer, then
0 22non+m (2)
= 3 (32(2) —402) (1 — Op(2m — 1))
RS A 2(2::> ( oh)1 -0 )
+ On @m—1) (7¢(3) — 80})
m )
G260
In particular,
x 270, n? 7
O =T ), @
n; nn+1)() 42
> 2210, 11 5 7
=5~ 700). (42)
o+ 12N 24
Proof. Write m — 1/2 for z in (38) and use Lemmata 1 and 2. O
Theorem 7. Ifz € C\ Z~, then
- (Hn+z - Hz)z + Hr(lzJZZ - HZ(Z) (3) (4)
=4(0(3)—H;") -6 4) —H;" ). 43
)y T (¢3) - H) —6z(c(4) - HY) (43)
In particular,
> H2+HY
R —47(3), 44
Y — 4 (44)
o (034 0)
—2”=§+7§(3). (45)
n=1 7’1(7’1 + 1)( n)
Proof. Differentiate (38) with respect to z. [
Remark 5. Since Xu showed that [17, Equation (2.30)]
o0 (2)
2 n n—+ 1 - 5(3)

identity (44) yields
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(46)

i n+1 =37(3);

an identity that was also reported by Nimbran and Sofo in [11, Identity (2.24)]

L (47)

Lemmad. Ifz € C\Z~, then,
1 _1 2 _ z
= S22+ D) (HP —5@) + 2+

; (n+1)(n+2)("}7)

(48)

1 (co)-HP) -2 42,

Proof. We first derive the following identity
L = EZ(Z -1)

n;l n(n+2)(")7)
by summing both sides of (30) over z from 1 to r and replacing r with z in the final identity. Note that

d 1 1
E_l nn+1)(n+2) 4
since
S SRS V6 SN S SR
nn+1)(n+2) 2\n n+l1 n+l1 n+2)
Note also that [4, Equation (3.2)]
ZZZH r+1)H +H, —r. (49)
Identity (47) is obtained by subtracting (48) from (30). O
Theorem 8. If m is a non-negative integer, then
i 22n
2
=i n(n +11><n +2)( gm))(";? 50)
_ 2(27;71)<(;71— 2> <m+ 2) (4 —3g(2)) —i—m).
In particular,
i 2 = n—z (51)
Sinn+1)m+2)>3n 167
00 221’1 3 2
2 2Dy, LT 3%’ (52)

n=1n(n+1)"(n+2)(%,5")

i 22n+l B E B ﬁ (53)
it n(n+1)>%(n+2)2C02y 9 32

Proof. Setz=m —1/2in (47). O

Theorem 9. Ifz € C\ Z~, then
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. Hyys 1 1
= I’Z n-+ 1 1’1:— 2)(714-2) = <Z+ N 7Z(Z+ 1)Hz> <€(2) — Hzgz))

In particular,

Z n(n+1)(n+2) 12 Y
w1

; n+1) (n+2) “nty G

Proof. Differentiate (47) to obtain

L n(n —I—I_Ianr(jz Jj;("“) - (Z + ;> ((,(2) B Hz(z))

n=1

—z(z+1) (@(3) — HZ(3)) — %

Identity (56) is an evaluation of (54) at z = 1, where we also used (24) and the fact that

> 1

1

since . 1/1 .
n(n+1)°n+2) N ( - ) -

O
Theorem 10. If m is a non-negative integer, then

22n On+m

Egnw+4xn+zx%ﬁﬁbwyﬂ

-k -0 o)) )

2(5
! ((m - 1) (m + ;) (75(3) - 8052)) — MO + ;)

20 2

In particular,
i 22nOn B Z
=inn+1)m+2)>3 8
> 2210 21
X e =3 16t t g
n=1n(n+ 1) (n+ 2)( T )

Proof. Setz =m —1/2in (57) and use Lemmata 1 and 2. O

Theorem 11. Ifz € C\ Z~, then

9of 12

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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[} Hn —_H 2 H(z) _H(z)
(e = He) o Hoss 1 ) gy gz 1) (HE) - 4(3))
=1 nmn+1)m+2)("77) (61)
+82(z+ 1) (HY —¢(4)).
In particular,
©  H24+HY
T —270(3) - {(2), 62
w 2 (O% + O,(f)) R
s = a2y e (63)
pmin(n+)(n+2)(G) 32 8
Proof. Differentiate (57) with respect to z. O
Lemma5. Ifz € C\ Z~, then
5 I = 2z + 1) +2) (HP ~ )
minn+1)(n+2)(n+3)("7) 12 (64)
12 24 18
Proof. Sum (48) over z using (4), (49) and [4, Equation (3.6)]
) rr+1D@2r+1) o 1 ror
Z z H 6 Hr 6HV + 3 6 7
to obtain
v L oo (g® 1, 7 .11
Znn+3nﬂ) 2z DE-2)(HY — @) + 2 - 57+ 15 (65)
Identity (64) is obtained by adding (65) and (47) and subtracting (48). [
Theorem 12. If m is a non-negative integer, then
i 22n
asin(n 4+ 1) (n+2) (n +3) (3 imy rhm)
__1 1 1 3\ (402 _
=2 <m 2) <m + 2) <m + 2) (40 ~3¢(2)) (66)
Lo (mom 1
aPm\3 2 9)
In particular,
- 221 1
) = i 3 67)
i1 n(n+1)(n+2)(n+3)(5)
00 2n 2
) 2 - 2n+1)y > - 5L' (68)
it n(n+1)>%(n+2)(n+3)(3ny 72 128
) 22n+1 65 357.[2
; (nt2)y — 72 384" (69)

n(n+1)*(n+2)%(n+3)(*U2)

Proof. Setz=m —1/2in (64). O
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Theorem 13. Ifz € C\ Z~, then
i Hy,
minn+1)(n+2)(n+3)("7)
1 2 1
— <1zz(z+1)(z+2)Hz - (Z: ) _ 6) (HZ(Z) —g(2)> (70)
1 ©) _ 2 5z 1\, z_ 5
+gz(z+1)(z+2)<Hz 5@)) + ( +o+ 18)H z— o
In particular,
= Hy, 5
LoD+ 43 %6 24 @1
Proof. Differentiate (64) to obtain
- Hn+z — H; (Z(Z + 2) 1 (2)
= +- (B —¢(2
LT D) n 4 2)(n £3)079 i tg) () -) -
1 3) z 5
+ 2+ 1)E+2) (HY —¢3) -2 - o
and hence (70) by a repeated use of (64). O
Theorem 14. If m is a non-negative integer, then
i zznOner
o 1n(n+l)(n+2)(n+3 ) (R(tmy (ntm)
_ 1 1 mrom 1 @)
m) ) (73)
3)
+12 o ( )(m+2> (m+ ) ~7¢(3))
1 (1, 5 m 1
2 )(36( ni? + 9m — 2)om—6—8>
In particular,
& 2210, 7 1
=_—7(3)— — — —, 74
Loninmrameae 29 1% 1 74)
> 2210, 11 137 > 35
= ot 5 — ¢3 (75)
r;n(n+1)2(n+2)(n+3)( 2ntl)y 288 48 ~att)
Proof. Write m — 1/2 for z in (72) and use Lemmata 1 and 2. O
Theorem 15. Ifz € C\ Z~, then
o (Hnyz — Hz) +H7(12422 HZ(Z) 1 (2)
== D(H; —(2
ngl Tl Tl—l—l (n+2)(n+3)(n+Z) 2(Z+ )( z g( ))
2
- (z(z +2) + 3) (B - 2(3)) (76)
1 1
+52(z4+1)(z+2) (HY — @) + <


https://doi.org/10.20944/preprints202411.0288.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 November 2024 d0i:10.20944/preprints202411.0288.v1

12 of 12

In particular,
2 n+32:fz())(n+3) §€(3)_%22+%’ 7
w  22(0F+0P) w7y 1 (78)

L n(n+1)(n+2)(n+3)(%) 128 32 48
Proof. Differentiate (72) with respect to z. [
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