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Abstract: For studying of the finite-size behavior of the Ising model under different boundary conditions

we propose an alternative to the standard transfer matrix technique approach based on Abelès theorem and

Chebyshev polynomials. Using it we easily reproduce the known for periodic boundary conditions results for

Lee-Yang zeros, the exact position space renormalization group transformation, etc., and extend them deriving

new results for antiperiodic boundary conditions. Note that in the latter case one has a nontrivial order-parameter

profile, which we also calculate, where the average value of a given spin depends on the distance from the

seam with opposite bond in the system. It is interesting to stress that under both boundary conditions the

one-dimensional case exhibits Schottky anomaly.

Keywords: Ising model; Yang–Lee theorem; phase transitions; statistical mechanics; exact results; Chebyshev

polynomials; renormalization group; boundary conditions; finite-size effects

1. Introduction

The one-dimensional Ising model is one of the simplest and most studied statistical mechanical
systems in the last 100 years. However, there are challenged problems which is still meaningful and
new results have been obtained. Among them we will note the boundary effects in the context of
different canonical Gibbs ensembles, the presence of impurities or other competitive interactions, which
have been the subject of intensive research in recent few years [1–4]. Note in particular that the one-
dimensional Ising model always been a field of illustration of various principles [5–7], phenomena [1,
8–15], and methods of mathematical physics [2,5,7,8,16–18] that are effectively used in statistical
physics. Quite recently, for example, was also realized that the Chebyshev polynomials are one of
the effective tools in the mathematical analysis of the finite-size one-dimensional Ising model [12–15].
An unified method based on Chebyshev polynomials is, which we now aim to provide. There are
an ultimate connection between the algebra of the 2 × 2 transfer matrices of the model and the
Chebyshev polynomials that are to explore providing an alternative proof of known results. This imply
a simplification of the mathematical treatment that is to explore providing new results especially in the
case finite geometry. The benefit result of our present work is the presentation of an unified and at the
same time relatively simple method for calculating finite-size quantities in the one-dimensional Ising
chain in the case of different boundary conditions. We will note that this is particularly useful in the
modelling the thermodynamic behavior of small systems [3,19,20].

The development we present is based on a theorem from the algebra of two dimensional matrix
due to Abeles [21]. This route makes the calculations much easier to understand and are more
complete, in particular, due to the very well knowledge of the algebra of the Chebyshev polynomials.
We discovered that exact and compact results can be obtained even in a much more complicated
situation we have chosen to give a thorough treatment of thermodynamic of the model in finite-size
geometry in periodic and anti-periodic boundary conditions (PBC’s and ABC’s) — Sec. 2 and 3, and
Lee-Yang theorem Sec. 4, well controlled position space renormalization group and its relation with
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logistic maps — Sec. 5 and the finite-size behavior of the specific heat, i.e., of Schottky anomaly, in
Sec. 6. In order to make the presentation self-contained all the used information about the Chebyshev
polynomials is shown in the Appendix A. Furthermore, aiming to make the text more easier for reader
some longer calculations are separated in the Appendix B.

The article closes with the discussion and concluding remarks section given in 7.

2. The Partition Function in the Case of PBC’s and ABC’s

We consider one-dimension Ising model defined on a ring of N spins σi = ±1 with imposed
PBC’s or ABC’s. The Hamiltonian of the model is given by

H = −J
N−1

∑
i=1

σiσi+1 − JBCσNσ1 + h
N

∑
i=1

σi, (1)

where JBC = J, and − J for PBC’s and ABC’s boundary conditions, respectively.
The well-known solution to the model proceeds by expressing the partition function Z(ζ)

N (K, h) in
terms of the so called transfer matrix T defined as

T =

(
eK+h e−K

e−K eK−h

)
, (2)

which has two eigenvalues of the form

λ± = eK cosh(h)±
√

e2K sinh2(h) + e−2K, where K ≡ βJ. (3)

Here β = 1/(kBT) is proportional to inverse temperature, the coupling constant J > 0 and h is the
dimensionless magnetic field.

Let us introduce an “edge” K∗, which obeys the equation

sinh(h) = (ie−2K∗
) → h = i sin−1(e−2K∗

) (4)

at which the argument of the square root in Eq.(3) vanishes and eigenvalues λ± become degenerate.
In the high-temperature region 0 < K < K∗ the eigenvalues are reals λ+ and λ−, while in the
low-temperature region ∞ > K > K∗ they are complex conjugates.

The well known result for the partition function of the model in the case of PBC’s is determined
by the eigenvalues of the transfer matrix and is given as follows

Z(per)
N (K, h) = λN

+ + λN
− . (5)

while for the partition function in the case of ABC’s the corresponding result reads

Z(anti)
N (K, h) =

cosh(h)√
e4K sinh2(h) + 1

(λN
+ − λN

−), (6)

respectively.
Now we will present our based on the algebra of Chebyshev polynomials approach to the problem.

Let us note in advance that the key role of the scaling variable:

x(K, h) =
eK cosh(h)√
2 sinh(2K)

≡ a, (7)

which encodes a large amount of information about Z(per)
N (K, h) and Z(anti)

N (K, h). In the remainder of
the text, in order to simplify the notations in long expressions, we will use a instead of x(K, h).
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Obviously, for the partition functions Z(per)
N (K, h) and Z(anti)

N (K, h) in terms of the transfer matrices
one has

Z(per)
N (K, h) = Tr(TN), (8)

and
Z(anti)

N (K, h) = Tr(TN−1 · TA) = Tr(TA · TN−1), (9)

where we have taken into account that the transfer matrix TA, appropriate to an antiferromagnetic
bond, is

TA =

(
e−K+h eK

eK e−K−h

)
. (10)

2.1. The Case of the PBC’s

Let us introduce the notation

r =
√

2 sinh(2K) =
√

det T (11)

and define the unimodular matrix T̃ (i.e. with det T̃ = 1)

T̃ =

(
eK+h

r
e−K

r
e−K

r
eK−h

r

)
, det T̃ = 1, (12)

where the evident relation takes place
TN = [r]N T̃N , (13)

Using a result of Abelès [21], see also ([22], pp. 55 and 67) from the theory of matrices, the n − th
power of unimodular matrix T̃ may be presented in the form [21]:

T̃N =

(
eK+h

r UN−1(a)− UN−2(a) e−K

r UN−1(a)
e−K

r UN−1(a) eK−h

r UN−1(a)− UN−2(a)

)
, (14)

where UN(a) are Chebyshev polynomials of the second kind [23] (for a definition and some properties
of the Chebyshev polynomials to be used in the text see Appendix A). We note that, there are several
elegant proofs of the result of Abelès about the N-th power of an unimodular 2 × 2 matrix, see e.g. [24]
and refs. therein.

So, we have

Tr(T̃N) = 2
[

x(K, h)UN−1(x(K, h))− UN−2(x(K, h))
]
= 2TN(x(K, h)), (15)

where the last equation follows from Eq. (A7).
Using Eq.(13) we get

Tr(TN) = 2
(√

2 sinh(2K)
)N

TN(x(K, h)), (16)

and for the partition function we obtain the result:

Z(per)
N (K, h) =

[√
2 sinh(2K)

]N
Tr(T̃N) = 2

[√
2 sinh(2K)

]N

TN(x(K, h)), (17)

in a full agreement with Eq. (2.7) in [12] where this equation has been reported initially but derived
in a different way. Note that exactly the explicit dependence on x(K, h) is convenient for the further
consideration.
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2.2. The Case of the ABC’s

Following the idea of the previous sub-section in order to calculate Eq. (9) in an explicit form we
will use the following result for TAT̃N−1

TAT̃N−1 =


[

e2h+1
r UN−2(a)− e−K+hUN−3(a)

]
1
r

[
e2K−h + e−2K+h

]
UN−2(a)− eKUN−3(a)

1
r

[
e2K+h + e−2K−h

]
UN−2(a)− eKUN−3(a)

[
e−2h+1

r UN−2(a)− e−K−hUN−3(a)
]

. (18)

It is thus found that

Tr
(

TAT̃N−1
)
= ehe−K

[
2aUN−2(a)− UN−3(a)

]
+ e−he−K

[
2aUN−2(a)− UN−3(a)

]
= 2 cosh(h)e−KUN−1(a), (19)

where the first recurrence equation Eq. (A7) has been already used. Now, after setting in Eq. (A9) from
the Appendix A the above expression, we arrive at the relation with the unumodular matrix T̃ (see
Eq.(13)). Performing some simple algebra, we derive the final result

Z(anti)
N (K, h) = 2e−2K

[√
2 sinh(2K)

]N

x(K, h)UN−1(x(K, h)). (20)

One of the advantages of the proposed approach is that from the many well known mutual
recurrence equations for the Chebyshev polynomials, see e.g. Appendixes A and D in Ref. [13], it
immediately follows different mutual recurrence relations for the partition functions, e.g., like this
one [25]

Z(per)
2N (K, h) = [Z(per)

N (K, h)]2 − 2
(√

2 sinh(2K)
)2N

. (21)

Additionally, from Eq. (A8) and Eq. (A10) from Appendix A, one obtains [17]

Z(per)
N (K, h) = 2eK cosh(h)Zper

N−1(K, h)− 2 sinh(2K)ZN−2(K, h). (22)

3. Finite-Size Magnetization in the Case of PBC’s and ABC’s

3.1. Finite-Size Magnetization (PBC)

To calculate the average of the spin at site n, i.e., the local magnetization, let us look at

⟨σ(per)
1 ⟩ :=

1

Z(per)
N (K, h)

∑
σ1,...,σN

σ1T(σ1, σ2)T(σ2, σ3)...T(σN , σ1), (23)

where {T(σm, σn)} are elements of the transfer matrix T.
So, in terms of the unimodular matrix T̃ we may also write (using Eq.(13))

⟨σ(per)
1 ⟩ = rN

Z(per)
N (K, h)

Tr
(

σ1 · T̃N
)

. (24)

Using Eq.(14) the quantity (σ1T̃N) may be presented as 2 × 2 matrix with entries:

σ1T̃N =

(
eK+h

r UN−1(a)− UN−2(a) e−K

r UN−1(a)
− e−K

r UN−1(a) − eK−h

r UN−1(a) + UN−2(a),

)
. (25)

This logic also extends to the magnetization at any other site. Thus we have

⟨σ(per)
n ⟩ = [2 sinh(2K)]N

Z(per)
N (K, h)

Tr
(

σzT̃N
)

, (26)
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where σz is the usual third 2 × 2 Pauli matrix.
The standard way to evaluate the expression in (26) is to rotate to a basis where the matrix T is

diagonal. Note that under this transformation the Pauli matrix σz is rotated into σx. (see, e.g.,[ p.102,
Kardar ]) . Instead, directly we will use our Eq.(25). After a simple algebra we get the finite-size-result
in a compact form:

⟨σ(per)
n ⟩ = tanh(h)(x(K, h)

UN−1(x(K, h))
TN(x(K, h))

, x(K, h) =
cosh(h)√
1 − e−4K

. (27)

3.2. Finite-Size Magnetization (ABC)

In accord with Eq. (1), the −J bond connects the spins σ1 and σN . Then, in order to evaluate the
average of the spin at site p (the local magnetization), we observe that it may be written in the form

⟨σ(anti)
p ⟩ :=

1

Z(anti)
N (K, h)

× ∑
σ1,...,σN

T(σ1, σ2)T(σ2, σ3)......T(σp−1σp)σpT(σp, σp+1), T(σp+1, σp+2)...T(σp+N−p−1, σN)TA(σN , σ1) (28)

and so

⟨σ(anti)
p ⟩ :=

1

Z(anti)
N (K, h)

Tr
(

Tp−1 · σpTN−p · TA

)
=

1

Z(anti)
N (K, h)

Tr
(

TATp−1 · σp · TN−p
)
=

rN−1

Z(anti)
N (K, h)

Tr(A · B) (29)

The matrices in question in the rhs of Eq. (29) are

A = TA · T̃p−1 ≡
(

A11(h) A12(h)
A21(h) A22(h)

)
and B = σp · T̃N−p ≡

(
B11(h) B12(h)
B21(h) B22(h)

)
(30)

and are calculated in the same way as in the previous subsection. It may be convenient to separate the
technical details in the special Appendix B. The final result is:

Tr(A · B) = 2 sinh(h)e−K 1
(a2 − 1)

[
aTN(a)− T|2p−N−1|(a)

]
. (31)

From Eq. (29) and Eq. (31) one obtains

⟨σ(anti)
p ⟩ = tanh(h)

T|N−2p+1|(a)− aTN(a)

(1 − a2)UN−1(a)
, (32)

which, with the help of Eq. (A7) from Appendix A, easily may be rederived in a more instructive form

⟨σ(anti)
p ⟩ = tanh(h)

(
1 +

T|N−2p+1|(a)− TN−1(a)

(1 − a2)UN−1(a)

)
. (33)

From the last equation at once follows the remarkably simple result σ1 = σN = tanh(h). The behavior
of the order-parameter profile is shown in Figure 1.
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Figure 1. On the left panel: The behavior of the local magnetization ⟨σ(anti)
p ⟩ for N = 100, h = 0.1 and

K = 1. On the right panel: The behavior of ⟨σ(anti)
p ⟩ with N = 10, h = 0.1 and K = 1. The profiles

visualize Eq. (32) or, equivalently, Eq. (7).

3.3. The Behavior of the Average Finite-Size Magnetization per Site m(ζ)
N (K, h) for PBC’s and ABC’s

In the case of ABC the average magnetization per spin, using the definition

m(anti)
N (K, h) = ∑N

i=1⟨σi⟩
N

= −∂h f (anti)
N (K, h), (34)

where f (anti)
N (K, h) is the Gibbs free energy density, leads to

β∂h f (anti)
N (K, h) = − 1

N
sinh(h)√
1 − e−4K

[
∂aUN−1(a)
UN−1(a)

+
1
a

]
. (35)

Using Eq. (A14) from the Appendix A we obtain

∂aUN−1(a)
UN−1(a)

=
N

x2 − 1

[
TN(a)

UN−1(a)
− a

N

]
. (36)

Thus, the final result is

m(anti)
N (K, h) =

1
N

[
∂aUN−1(x)
UN−1(a)

+ 1/x
]

∂ha =
1
N

sinh(h)√
1 − e−4K

{
N

a2 − 1

[
TN(a)

UN−1(a)
− a

N

]
+

1
a

}
. (37)

It will be instructive to obtain the bulk result from Eq.(37). We have

lim
N→∞

1
N

∂aUN−1(a)
UN−1(a)

=
1√

a2 − 1
(38)

and since
sinh(h)√
1 − e−4K

1√
a2 − 1

=
eK sinh(h)√

[eK cosh(h)]2 − 2 sinh(2K)
(39)

we obtain the well known bulk result [26]

m∞(K, h) =
eK sinh(h)√

[eK cosh(h)]2 − 2 sinh(2K)
. (40)

Therefore, Eq.(37) may be rewritten in the form

m(anti)
N = m∞

{
1√

a2 − 1

TN(a)
UN−1(a)

− 1
aN

}
, (41)
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The calculation for PBC proceeds exactly as in the previous case except that the derivative of
UN(a) is replaced throughout by the derivative of TN(a). In this case the corresponding final result is:

m(per)
N = m∞

√
a2 − 1

UN−1(a)
TN(a)

. (42)

The behavior of the average magnetization for both PBC and ABC is visualized in Figure 2 for
N = 100 and N = 10. We observe that for N = 10 the average magnetization is strongly suppressed
being much smaller than the one for periodic boundary conditions. The situation changes when N
grows - for N = 100 they are already close to each other. Note that the finite-size corrections in Eqs.
(41) and (42).

antiperiodic, N=10, h=0.1

periodic, N=10, h=0.1

antiperiodic, N=100, h=0.1

periodic, N=100, h=0.1

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

K

m
N(ζ

) (
K
,h
)

Figure 2. The behavior of the magnetization m(ζ)
N (K, h) as a function of K for N = 100 and N = 10,

for h = 0.1 for periodic boundary conditions - see Eq. (42), and Eq. (41) for antiperiodic boundary
conditions.

4. Yang-Lee Zeros

Lee and Yang [27,28] circle theorem states that the grand canonical partition function Lee-Yang’s
zeros of the Ising ferromagnet lie on the unit circle in the complex magnetic-field (eh) plane. We
will demonstrate this statement on the example of 1-d Ising model under PBC and ABC using the
presentation of the partition function in terms of Chebyshev polynomials.

4.1. The Case of PBC

As one can see from Eq. (17), the partition function zeros correspond precisely to the zeros of the
Chebyshev polynomials of the first kind which enters in Eq,(17). Since TN(ζ) is a polynomial of order
N the fundamental theorem of algebra asserts that it has N roots. Recall that all zeros ζk of TN(ζ) i.e.,
defined by

TN(ζk) = 0, (k = 1, 2, ..., N). (43)

are real, simple, lie in the open interval (−1, 1), moreover the set {ζn
k : 1 ≤ k ≤ n, n = 1, 2, ...} is dense

in [−1, 1]. The zeros are located at
ζk = cos(θk) (44)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 November 2024 doi:10.20944/preprints202411.0276.v1

https://doi.org/10.20944/preprints202411.0276.v1


8 of 20

where

θk =

(
(k − 1/2)π

N

)
, (k = 1, 2, ..., N). (45)

Since TN(ζ) is a polynomial and we know all its zeros, we may write

TN(ζ) = γ
N

∏
k=1

(ζ − ζk), (46)

where the constant γ = 2N−1.
So the problem of the Lee-Yang zeros by transitivity is easily transforms on the language of the

zeros of Chebyshev polynomials. Thus, it will appear that it is necessary to assume

TN

(
x(K, h)

)
= 0. (47)

Here a problem arises, since for all real h and K, by definition x(K, h) > 1, (see Eq. (7)), and thus the
Eqs. (43) and (47) obviously failed to determine compatible conditions for common roots. The situation
is changed if we introduce into consideration a complex field h with a complex variable (fugacity)
z = eh, which can be parametrized by the trigonometric angle α on the unit circle in the complex plane
z.

Now, from Eqs (43) and (47) follows a relation which connects the angular variables α and θ. It
defines the location of the zeros in the complex z- plane determined by the solution (with respect to
z = eh) of the key equation

eK cosh(h)√
2 sinh(2K)

= cos
(
(k − 1/2)π

N

)
. (48)

Indeed, its solutions depends on k and N. Then, setting Eq.(44) in the above equation and using
the notation cos(x0) =

√
1 − e−4K, we obtain

(z + 1/z) = 2 cos(x0)ζk(N), where ζk(N) := cos
(
(k − 1/2)π

N

)
, (49)

with solutions
z1,2

k = [cos(x0)ζk(N)± i
√
[1 − [cos(x0)ζk(N)]2]. (50)

We see that, |zk| = 1, and all the zeros lie on the unite circle in the complex z- plane. the zeros lie
exactly on the unit circle as proved by Lee - Yang theorem.

The argument αk of the complex zk is given by

Arg(zk) := αk = tan−1
√

1 − [cos(x0)ζk(N)]2

cos(x0)ζk(N)
(51)

Using the formula

tan−1
[
±
√

1 − [cos(x0)ζk(N)]2

cos(x0)ζk(N)

]
= cos−1

(
cos(x0)ζk(N)

)
, (52)

we get

αk = cos−1
[

cos(x0) cos
(
(k − 1/2)π

N

)]
. (53)

If N is finite and at high temperature K → 0, we have cos(θ0) =
√

1 − e−4K = 0 and

lim
K→0

θk = cos−1(0) =
π

2
, (k = 1, 2, ..., N), (54)
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i.e. all zeroes cluster around θ = π/2, while at low temperatures K → ∞

lim
K→∞

αk =

[
(k − 1/2)π

N

]
, (k = 1, 2, ..., N), (55)

and they are uniformly spaced over the unit circle. The points which lies closest to the positive real
axis is referred to as the “Yang-Lee edge singularity”.

In the thermodynamic limit

lim
N→∞

ζk = lim
N→∞

cos
[
(k − 1/2)π

N

]
= 1, (k = 1, 2, ..., N). (56)

and the edge singularity is given by

αk = cos−1(cos(θ0)) ≡ cos−1
√

1 − e4K = sin−1(e−2K) ̸= 0, if T > 0. (57)

From here we conclude that it lies outside the real axis and no transition occurs for any T > 0.

4.2. The Case of ABC

The process of reasoning already employed leads us to consider the key equation

eK cosh(h)√
2 sinh(2K)

= cos
(

kπ

N

)
. (58)

instead of the Eq.(48), where

ζk = cos(θk) = cos
(

kπ

N

)
, k = 1, 2, ...N (59)

are the roots of the Chebyshev polynomial of the second kind UN−1(ζ) which in the case is a constituent
part of the partition function Z(anti)

N (K, h), see Eq. (20). For the argument of the complex fugacity we
get

αk = cos−1
[

cos(x0) cos
(

kπ

N

)]
. (60)

Further consideration is performed in a standard way on the line of previous case of PBC.

5. Chebyshev Recursion Relations and Exact RG Transformation

From the RG-point of view the study of the one-dimensional Ising model can be considered
almost closed. However, from parallels with theory of route to chaos there are important shares to be
clarified. It was shown that the exact renormalization transformations (RG) for the one-dimensional
Ising model in a field can be cast in the form of a logistic map [29]. It is instructive to re-derive this
result in a strait way in terms of Chebyshev polynomials.

5.1. Periodic Boundary Conditions

Our starting point is the partition function of the one dimensional Ising model under periodic

boundary conditions Z(per)
N (K, h) (see Eq.(17)) The RG approach is based on the (decimation) procedure

known as the Kadanoff construction. It can be performed by a summing the configurations of every

alternate spin variable in the chain and thus calculating of the partition function Z(per)
N/2 (K′, h′). In

this way one obtains a renormalized chain with only the half of number of the original N spins (N is
supposed even). The essence of the RG approach is to obtain from the solution of the equation

Z(per)
N (K, h) = AN(K, h)Z(per)

N/2 (K′, h′), (61)
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new couplings K′ and h′ such that Eq.(61) should take place.The normalized factor A(K, h) is the
contribution (per site) from the "decimated" spins. Unfortunately the Kadanoff procedure can be
performed exactly only in the one-dimensional case [30].

We will present a straightforward way of solving this problem using the recurrent equations of
the Chebyshev polynomials.

First, we make use the substitution

x(K, h) = cosh(Θ) (62)

in the Chebyshev polynomials which is a constituent of the partition function Z(per)
N (K, h) in Eq.(17)

(and the physics of the system). Then we get

TN

(
x(K, h)

)
= cosh

(
N/2(2Θ)

)
= TN/2

(
cosh(2Θ)

)
= TN/2

(
2 cosh(Θ)− 1

)
= TN/2

(
2x2(K, h)− 1

)
, (63)

Note that this is a particular realization of semigroup functional equation (A11). In the case these
analytic property the Chebyshev polynomials is intimately related to the physical notion of decimation
procedure. Our aim is to clarify this connection. If N is even,Eq.(63) maps the Lee-Yang zeros for a
system of size N to the zeros of size N/2.

Let us introduce the partition function for the systems with N and constant (K, h) ,

Z(per)
N (K, h) = 2

(√
2 sinh(2K)

)N
TN(u), u = x(K, h) (64)

and for the partition function obtained from the partial trace by summing over every second spin
variable along the chain with new length N/2 and and (K′, h′)

Z(per)
N/2 (K′, h′) = 2

(√
2 sinh(2K′)

)N/2
TN/2(u′), u′ = x(K′, h′)., (65)

respectively
Let us note that:
1.) The gist of of the proposed decimation transformation is to use the recursive relation between

Chebyshev polynomials TN and TN/2 with imposed of a "linkage relation" of both arguments.
2.) Indeed, this transformation is such that it does not change the partition function.

So, if we suppose in the partition function Z(per)
N/2 (K′, h′) for N/2 spin-system the pull-back relation

u′ = 2u2 − 1. (66)

due to Eq. (63) it follows that

Z(per)
N/2 (K′, h′) = A−N Z(per)

N (K, h), (67)

where A is a normalization factor. The normalization factor A will not be further considered because
it cancels in all thermodynamic averages.

The above equation in conjunction with Eq. (63) suggested that one can find new couplings K′

and h′ (as a function of K and h, ). In other words the recursive RG transformation for the 1D Ising
could takes place, by demanding

x(K′, h′) = 2x2(K, h)− 1, (68)

which is nothing but of one-dimensional quadratic maps.
Since the quadratic map

y′ = 4y(4 − 1), (69)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 November 2024 doi:10.20944/preprints202411.0276.v1

https://doi.org/10.20944/preprints202411.0276.v1


11 of 20

also referred to as the logistic map, appears frequently in the literature we write down the correspond-
ing transformation between both forms:

x = 1 − 2y. (70)

A curious fact is that if require the condition Eq. (68) which is coupling with decimation this make
an other conjugated form of quadratic map, e.g. Eq. (69) (as stated first in [29]) relevant to the problem.

So we obtain exactly the result of [29] in a different presentation as we will show below. In Ref.
[31, example 3.12 on p. 156] shows that the logistic map f (x) : T2(x) = 2x2 − 1 on [−1, 1] is linearly
conjugate to the map g(x) = 4x(1 − x) on [0, 1]. Since both maps are "topologically conjugate" i.e.
equivalent as far as their dynamics are concerned, one can use any of them to study the other. In
particular conjugacy preserves chaos, see. [31, Theor. 3.9].

Now we will give a more friendly (without using special terminology) deduction of the above
statement. Eq.(68) in explicit form is

cosh(h′)√
1 − e−4K′ = 2

cosh2(h)
1 − e−4K − 1 (71)

It may be rewritten in the form √
1 +

m′

e4K′ − 1
= 1 +

2m
e4K − 1

, (72)

where
m = 1 + e4K sinh2(h) (73)

is known as a renormalisation transformation invariant, i.e. m′ = m, but here the last property is not
essential to our consideration. It can be checked that for h = 0, follows m = 1, and Eq.(72) imply the
well known RG-recursion relation for K, see e.g. [Kardar Eq.(6.38) p.106]

4K′ = 2 ln[cosh(2K)]. (74)

Finally introducing the new variables [29]

x := − m
e4K − 1

= − me−4K

1 − e−4K , and x′ = − m′

e4K′ − 1
(75)

instead of K′s in Eq.(72), one gets √
1 − x′ = 1 − 2x (76)

which is exactly the logistic map defined:

x′ = 4x(1 − x), ∀x ∈ [0, 1]. (77)

The condition x ∈ [0, 1] is equivalent to

0 ≥ m ≥ e4K − 1. (78)

Thus lhs gets
1 + e4K sinh2(h) ≤ 0. (79)

These constraints define the external magnetic field to lie at the imaginary axis of h, i.e. on the unit
circle of z = eiθ , with

sin2(θ) > e−4K. (80)

This makes a connection to Yang-Lee circle theorem, since it is valid also if h = iθ is an imaginary field.
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Here a small comment is in place. If we introduce y =
√

1 − x in Eq.(76) we get

√
1 − x′ = 2(1 − x)− 1,→ 2y2 − 1 = y′ (81)

we have the logistic map in the other form

y′ = 2y2 − 1, y ∈ [−1, 0]. (82)

Both expressions appear equal frequently in the literature, see 1.) in Ref. [32, Ch. 2, p. 29] and 2.)
Ref. [33]. Indeed, a linear transformation x = (1/2)(y + 1) and x′ = (1/2)(y′ + 1) brings one to the
other. A point x∗ is said to be a fixed point of the map f (x) if f (x∗) = x∗. So, Eq. (76) has two fixed
point 0∗ = 0 and x∗ = 3/4. Eq. (82) has two fixed points y∗ = 1/2 and y∗ = −1.

We have thus seen that exploiting a decimation-type renormalization transformation based on the
Chebyshev polynomials, Eq. (63), gives rise to a recursion relation that in turn be mapped on to the
logistic equation. This result is not new (see Doland Dolan and Johnston), but it is obtained in a way
that reveals the potential of Chebychev recursion relations.

This will exhibit chaos for almost all 0 < x < 1, i.e. 1 − e4K < m < 0. The first inequality implies
h to be imaginary, i.e. h = iθ (see eq. (4)). The second one implies sin2(θ) > e−4K, see [29,34].

5.2. Antiperiodic boundary conditions

The partition function of the one dimensional Ising model under anti-periodic boundary condi-
tions is given in the form [12]:

Z(anti)
N (K, h) = 2e−2K

(√
2 sinh(2K)

)N
x(K, h)UN−1(x(K, h)), (83)

In order to obtain the analog of Eq. (67) we make use the identity (valid for every N, K and h):

Z(anti)
2(N+1)(K, x) = 2eK[2 sinh(2K)]N/2 cosh(h)Z(anti)

N+1 (K, 2x2 − 1), (84)

which results from the following relation for the Chebyshev polynomials of the second kind

U2N+1(x) = 2x UN(2x2 − 1). (85)

The realization of the Kadanoff procedure (which in this case is modified since we exclude the
inverted spin) is given by

Z(anti)
N/2+1(K

′, h′) = B−N Z(anti)
N+1 (K, h), (86)

where B is a normalization factor. Eq.(86) holds only if

x(K′, h′) = 2x2(K, h)− 1. (87)

Indeed, in the case of anti-periodic boundary conditions we obtain the same recursion relation as in
the periodic case, as it must be.

At the end let us note that it is well known that the logistic map of Eq. (69) is topologically
conjugate to a Chebyshev map y = T2(x) = 2x − 1 [35].

6. Schottky Anomaly

The Schottky anomaly is a phenomenon observed in the specific heat of certain materials at low
temperatures that possess a finite number of discrete energy levels in the system. It is named after the
German physicist Walter H. Schottky. It is usually observed in systems that have an excitation gap
above its ground state [36]. The Schottky anomaly occurs because, at low temperatures, the thermal
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energy is comparable to the energy differences between these discrete levels. As the temperature
increases, more energy levels become accessible and occupied, leading to an increase in specific heat.
Once most of the levels are excited, the specific heat decreases again, creating a peak.

It is well know that in the bulk Ising model the heat capacity cN(K, h) does not exhibit a singularity,
but demonstrates a peak near J ≃ kBT, which is a demonstration of the Schottky anomaly [37]. The
behavior of the specific heat in a finite chain under boundary conditions (ζ), i.e., of c(ζ)N (K, h) is shown
in Figures 3 and 4.

Figure 3 shows, in a full agreement with Fig. 1 in [1] that for smaller N the specific heat decreases
faster to zero with increase of K (see also Fig. 6 in [38]). The Schottky anomaly is clearly visible.

In Figure 4 we observe that Schottky anomaly is preserved also for the finite Ising chains with
both periodic and antiperiodic boundary conditions.
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c N(
pe
r)
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N=1024

N=∞

Figure 3. The behavior of c(ζ)N (K, h = 0) for different values of N. This plot is to be compared wth Fig.
1 in [1]. We observe that with smaller N the specific heat drops faster to zero with increasing K.
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Figure 4. On the left panel: The behavior of the specific heat c(ζ)N (K, h) for N = 100 and h = 0.4 as a

function of K. On the right panel: The behavior of c(ζ)N (K, h) with N = 100 and K = 1 as a function of h.
Due to the ±h symmetry the two branches are symmetric with respect to h = 0. The results for the
infinite system practically coincide with those for the periodic boundary conditions with N = 100.

It is interesting to note that for moderate values of K, the maximum of cN(K, h) is at nonzero
value of h. The maximum shifts to h = 0, as it is to be expected, with increase of K.
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The above results immediately do follow from Eq. (17) and Eq. (20), and the standard relation

c(ζ)N (K, h) = K2 ∂2 ln Z(ζ)
N (K, h)

∂K2 , (88)

with c(ζ)N (K, h) measured in terms of kB. The result for the infinite system with h = 0 is well known [1]

c∞(K, h = 0) = K2sech2(K). (89)

For h ̸= 0 one has

c∞(K, h) =
4e−6KK2(

sinh2(h) + e−4K
)

λ+(K, h)

 e−K
(

2e4K sinh2(h) + 1
)

√
sinh2(h) + e−4K

− 1
λ+(K, h)

. (90)

7. Discussion and Concluding Remarks

In the present study, all the results for the case of PBC have been obtained before, but in a different
form. The results for the ABC case are new. In both cases, a new approach based on the algebra of
Chebyshev’s polynomials was demonstrated.

It is worth noting that to use a special function in the theory of one-dimensional Ising model
is not a new attempt, since a relation between the finite-size partition function and the generalized
Lucas polynomials is found in Ref. [17], or an approach based on the Bell polynomial for studying
one-dimensional lattice gas (equivalent to the Ising model) is demonstrated in Ref. [10]. The resulting
formulas, even for such a simple model, are sufficiently complex due to the accounting for of finite-size
effects.

In the current article we show the existence of another polynomial form of the solution for the
Ising model chain, expressed in terms of Chebyshev polynomials. Thanks to the existence of the
scaling variable a, see Eq.(7), there is an isomorphism between the partition function of the model and
Chebyshev polynomials having its as argument. It is noteworthy that the index N of the polynomials
takes into account the number of spins in the chain, while the type of boundary conditions is directly
related to the kind of polynomials: TN(a) for the PBC (see Eq. (17)) and UN(a) for ABC (see Eq.
(20)). These properties make formulas more compact and therefore easier to comprehension, despite
complex functional dependencies of K, h and N. An additional advantage is the presence of different
recurrence relations between Chebyshev polynomials (see Appendix A) which imply a straightforward
calculation. A typical example of this are the expressions Eq. (32), or , for local magnetization in the
case of APC, which cannot be obtained by direct differentiation of free energy due to violation of the
translation invariance. The corresponding profile is shown in Figure 1.

The requirement of the relationship of the roots of Chebyshev’s polynomials to the scaling variable
a (see Eq. (17)) and (20)) elegantly verifies the Lee-Young circle theorem in both cases of PBC and ABC.

An interesting fact is that the functional relations of Chebyshev’s polynomials, Eq. (63) and Eq.
(85) have encoded Kadanoff’s procedure, which in this case can lead to chaotic behavior. In particular,
the recursive RG transformation for the 1D Ising could takes place, by demanding to validity of Eq.
(68) which is nothing but of one-dimensional quadratic map.

A productive use of the proposed approach is related to the calculation of the specific heat capacity
associated with the so-called Schottky effect, as the numerical results are presented in Figure 3 and
Figure 4, for both cases of boundary conditions.

In a summary, one can conclude that the key point of the calculations procedure based on Cheby-
shev polynomials is the one during which the degrees of transfer matrix TN , N ∈ N+, are expressed in
terms of the Chebyshev polynomials of second kind. Naturally, this method is complementary to the
classical approach based on standard way of using a transfer matrix and, of course, it can be used in
conjunction to it. The advantages of the method based on the Chebyshev polynomials are expected to
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be mainly when it is used to calculate object like the multispin correlations [4], however in chains with
violation of translation invariance — either due to the the boundary conditions or to site-dependence
of an external field applied on the system, say to study systems, e.g. for the periodic Ising chain with
length N = n × p (here p defines the period of the chain) with partition function ZN = Tr[(Tp)n],
where Tp = T1 · T2 · · ·Tp [9]. We hope to return to these problems in the future.
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Appendix A. Chebyshev Polynomials

There are several ways to introduce the Chebyshev polynomials of first and second kind com-
monly denoted by TN(x) and UN(x). An endless variety between Chebishev polynomials may be
derived. In this Appendix the reader will find these formulas which are exploiting in the main text.
The Chebyshev polynomials in terms of algebraic functions are defined as follows:

Tn(x) =
1
2

[
(x +

√
x2 − 1)n + (x −

√
x2 − 1)n

]
(A1)

and

Un−1(x) =
1

2
√

x2 − 1

[
(x +

√
x2 − 1)n − (x −

√
x2 − 1)n

]
(A2)

upon setting x = cos(θ) in the above equations after applying De Moivre’s theorem one obtains the
results

Tn(cos(θ)) = cos(nθ) and Un−1(x) =
sin(nθ)

sin(θ)
(A3)

In therms of variable x the defining for these function become

Tn(x) = cos(ncos−1(x)) and Un(x) =
sin(ncos−1(x))√

1 − x2
(A4)

Since these two polynomial presentations agree for |x| ≤ 1, so they must agree for all real or complex
x.
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For a non-negative integer n ≥ 2, the Chebyshev polynomials can be defined recursively as
follows:

Un(x) = 2xUn−1(x)− Un−2(x), U0(x) = 1, U1(x) = 2x. (A5)

and for Tn(x)
Tn(x) = 2xTn−1(x)− Tn−2(x), T0(x) = 1, T1(x) = x. (A6)

Eq. (A5) is basically used several times in the main text. The Chebyshev polynomials satisfy the
following formulas [39, p. 99]:

a.) the recurrence relations

Tn(x) = xUn−1(x)− Un(x), (A7)

and
2aTn(x) = Tn+1(x) + Tn−1(x) (A8)

b.) the multiplication formulas

Um−1(x)Un−1(x) =
1

2(1 − a2)

[
Tm−n(x)− Tm+n(x)

]
(A9)

and
2Tm(x)Tn(x) = Tm+n(x) + Tm−n(x) (A10)

c.) the functional equations

Tm(Tn(x)) = Tn(Tm(x)) = Tmn(x). (A11)

and
2xUn−1(T2(x)) = U2n−1(x), T2(x) = 2x − 1. (A12)

It is interesting to note that if one requires Tn(x) to be a polynomial of degree n, Eq.(A11) uniquely
determines Chebishev polynomials [39].

d.) the derivative of Tn(x) and Un(x) are [see Eqs.(3.2-1) and 3.2-2 in M. A. Snyder]

∂TN(x)
∂x

= nUn−1(x) (A13)

and
∂Un−1(x)

∂x
=

NTn(x)− xUn−1(x)
x2 − 1

. (A14)

Appendix B

Here we present some of the calculations leading to obtaining the results reported in the main text
concerning the behavior of the local order parameter profile in Ising chain with antiperiodic boundary
conditions.

The product of the matrices A = TA · T̃p−1(a) has the following explicit form:

A =

(
e−K+h eK

eK e−K−h

)
·
(

eK+h

r Up−2(a)− Up−3(a) e−K

r Up−2(a)
e−K

r Up−2(a) eK−h

r Up−2(a)− Up−3(a),

)
≡
(

A11(h) A12(h)
A21(h) A22(h)

)
,

(A15)
and, correspondingly, the other product B = σp · T̃N−p may be written in a similar way as:

B =

(
1 0
0 −1

)
·
(

eK+h

r UN−p−1(a)− UN−p−2(a) e−K

r UN−p−1(a)
e−K

r UN−p−1(a) eK−h

r UN−p−1(a)− UN−p−2(a)

)
≡
(

B11(h) B12(h)
B21(h) B(h)22

)
,

(A16)
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where

a =
1
2

(
eK+h

r
+

eK−h

r

)
≡ x(K, h) =

cosh(h)√
1 − e−4K

. (A17)

The entries of A and B can be easily obtained as follows:

A11(h) =
[

e2h + 1
r

Up−2(a)− e−K+hUp−3(a)
]

, A12(h) =
e−2K+h

r
Up−2 +

[
e2K−h

r
Up−2(a)− eKUp−3(a)

]
(A18)

A21(h) = A12(−h), A22(h) = A11(−h), (A19)

and

B11(h) =
eK+h

r
UN−p−1(a)− UN−p−2(a), B12(h) =

e−K

r
UN−p−1(a) (A20)

B21(−h) = −B12(h), B22(−h) = B11(−h). (A21)

Multiplying the matrices A and B after some simple, but a little bit tedious algebra, we obtain for

Tr(A · B) = A11B11 + A21B12 + A12B21 + A22B22 (A22)

the result

Tr(A · B) = 2 sinh(h)e−K
[

Up−2(a)UN−p−1(a) + Up−1(a)UN−p(a)
]

. (A23)

It is worth noting that recurrence relation (A5) from the Appendix A is used in order to obtain the Eq.
(A23) in a such simplified and compact form. Some time it is useful to have the "p" dependence in a
only one of the Chebyshev polynomials. To this aim one can use the recurrence relations Eqs. (A8) and
(A9) from the Appendix A. Let us briefly sketch the idea of computations. They are performed in two
steps:

A. first if we take the case: p < N+1
2

From Eq.(A9) (with m = N − p, n = p − 1) for the first term in the rectangular brackets in Eq.
(A23) we have

Up−2(a)UN−p−1(a) =
1

2(1 − a2)
[TN−2p+1(a)− TN−1(a)], (A24)

and from Eq. (A9) (with m = N − p + 1, n = p) for the second term in the rectangular brackets in
Eq. (A23) we have

Up−1(a)UN−p(a) =
1

2(1 − a2)
[TN−2p+1(a)− TN+1(a)] (A25)

Thus

Up−2(a)UN−p−1(a) + Up−1(a)UN−p(a) (A26)

=
1

2(a2 − 1)

(
− 2TN−2p+1(a) +

{
TN+1(a) + TN−1(a)

})
=

1
(a2 − 1)

(
aTN(a)− TN−2p+1(a)

)
, if 2p < N + 1,

where recurrence relation Eq. (A8) is used.
B. and in the opposite case: p > N+1

2
From Eq. (A9) (with n = N − p, m = p − 1,) we have

Up−2(a)UN−p−1(a) =
1

2(1 − a2)
[T−N+2p−1(a)− TN−1(a)] (A27)
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and from Eq.(A9) (with n = N − p + 1, m = p) we have

Up−1(a)UN−p(a) =
1

2(1 − a2)
[T−N+2p−1(a)− TN+1(a)] (A28)

Thus

Up−2(a)UN−p−1(a) + Up−1(a)UN−p(a) (A29)

=
1

2(a2 − 1)

{
− 2T−N+2p−1(a) + TN+1(a) + TN−1(a)

}
=

1
(a2 − 1)

[aTN(a)− T−N+2p−1(a)] if 2p > N + 1,

where the relation Eq. (A8) is used. The final result in a unified form is

Up−2(a)UN−p−1(a) + Up−1(a)UN−p(a) =
1

(a2 − 1)

[
aTN(a)− T|2p−N−1|(a)

]
, ∀p, 1 ≤ p ≤ N

(A30)
and hence for Eq.(A23) we obtain

Tr(A · B) = 2 sinh(h)e−K 1
(a2 − 1)

[
aTN(a)− T|2p−N−1|(a)

]
. (A31)

The above result is easily summable over the index ”p”, in comparison with the one given in Eq. (A23).
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