Pre prints.org

Article Not peer-reviewed version

Portfolio Selection Based on Modified
CoVaR in the Gaussian Framework

Piotr Jaworski ~ and Anna Zalewska

Posted Date: 1 November 2024
doi: 10.20944/preprints202411.0037v1

Keywords: Conditional Value at Risk (CoVaR); Porfolio selection; Gaussian copula

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/3660591
https://sciprofiles.com/profile/3972888

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 November 2024 d0i:10.20944/preprints202411.0037.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Gaussian Framework

Piotr Jaworski "* and Anna Zalewska 2
1

2

University of Warsaw, Poland
Warsaw University of Technology, Poland

*  Correspondence: p.jaworski@mimuw.edu.pl

Abstract: We study the Mean-Risk model, where risk is measured by the Modified CoVaR
CoVaRiﬁ(XW) = VaRg(X | Y 4 VaRy(Y) < 0).
We prove that in Gaussian setting, for sufficiently small 8, such model has a solution.
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1. Introduction

The question of optimal asset allocation is naturally as old as the history of investing itself, yet the pio-
neering work of Markowitz is barely over seventy years long and it was as recently as 1990 that the Alfred
Nobel Memorial Prize in Economic Sciences was awarded for the theory of portfolio choice (Harry Markowitz),
Capital Asset Pricing Model (William Sharpe) and theory of corporate finance (Merton Miller). There are still
ample opportunities to explore interesting questions inside that complex field of portfolio analysis. We will
pursue the path of investigating conditional value-at-risk, selected instead of variance as the risk measure in
the Markowitz model. The task before us is to find the portfolio with the lowest risk while simultaneously
retaining the chosen expected return.

To fix the notation, in this paper we will base on the Profit/Loss (P/L) approach as for example in
[1,2,7,11,12,20].

We will study random variables X, Y, which are modelling for example: welfare of the financial institutions,
financial positions, gains of the investments, or rates of returns of stock prices and indices. So generally

"The higher value of X the better”.

The above can be expressed in terms of quantiles. Namely Value-at-Risk at a significance level « is equal to
minus upper « quantile of X or lower 1 — a quantile of the loss —X

VaRlX(X) = _Q:(X> = Q;—a(_X)'

We recall that for a given random variable X and a given level x € (0,1) the set of x quantiles is a closed
interval Qx(X), which might be reduced to a point. The end points of the interval Q,(X) are referred to as
upper and lower quantiles.

O (X),QF (X)) = Q(X) ={x:P(X<x) >kand P(X > x) > 1—«}.

To switch to the alternative Loss/Profit (L/P) approach (applied for example in [3,9,15]) when random
variables are modelling losses of the financial investments, actuarial risks or high water levels in hydrology, it is
is enough to change the sign of the variables

L=-X,

and remember that, by a convention, the subscript is changed. The significance level « is replaced by the confi-
dencelevelc =1—a
VaR.(L) = VaR,(X).

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Now assume, that we are measuring the risk given some stress event. For example, we want to determine
how big bailout would be necessary to keep a financial institution X solvent with probability at least 1 —  when
a financial institution Y would perform badly. Conditional Value-at-Risk (CoVaR) introduced in 2008 by Adrian
and Brunnermeier ([1]) and its later modifications proved to be very useful tools for measuring (quantifying)
such phenomena.

Let X and Y be random variables modelling positions. CoVaR is defined as VaR of X conditioned by Y. In
more details:
CoVaR(X[Y) = VaRg(X|Y € E),

where a Borel subset of the real line E is modeling some adverse event concerning Y. Most often E consists
of one point (a threshold) or is a half-line bounded by a threshold.

As we see, to deal with CoVaR, one has to model the dependence between X and Y. This can be achieved
by means of copulas, as can be seen in [2,11,12].

Adrian and Brunnermeier ([1]) applied the construction with E consisting of one point. Such approach
has a certain drawback, pointed out for example by Mainik and Schaanning in [15], which is due to the fact
that the standard CoVaR is not compatible with the concordance ordering. Hence it is "breaking" the paradigm:
more dependence, more systemic risk (see also [11]). To avoid this inconsistency a modified definition of CoVaR
was introduced in 2013 and 2014 by Girardi and A.T. Ergiin ([8]) and by Mainik and Schaanning ([15]), both in
L/P setting.

The modified Conditional-VaR at a level (&, ), which is a main objective of this survey, is defined as VaR at
level B of X under the condition that Y < —VaR,(Y).

In this survey we consider the portfolio optimization problem with risk measured by the modified CoVaR
under the assumption of the normality of returns. It shows that the switch from "standard" CoVaR with one
pointed E (see [20]) to modified CoVaR makes the problem more demanding. For example in the "modified"
problem, it is not obvious that between portfolios with fixed value and expected value one can find a portfolio
minimizing the risk.

The paper is organized in the following way:

In section 2, "Notation", we recall the basics about CoVaR and portfolio selection. In the next one, "The Mean-
CoVaR model", we present our main results concerning the existence of optimal portfolios. The following one,
"Proofs and auxiliary results”, deals with Gaussian copulas and optimization problems. In the last section we
provide numerical results concerning a given four-dimensional portfolio.

2. Notation

2.1. CoVaR in the Copula Setting
We present the definition after [2]

Definition 2.1.
CoVaR3 4 (X[Y) = VaRs(X | Y < —VaRu(Y)), 1)

which can be expressed in terms of quantiles:

CoVaR5, (X]Y) = ~Qf (X| Y < QF (¥)),

d0i:10.20944/preprints202411.0037.v1
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We assume that the distribution functions of X and Y are continuous and their joint distribution is described
by a copula C.!
From the same article ([2] ) we learn that, since
P(X <xY<QJS(Y)) _ C(Fx(x),a)

P(X <x|Y<Qi(Y)= " ==

the following is valid:

Theorem 2.1.
CoVaR(X|Y) = VaRy(X), )

where w is the maximal root of the equation:
C(a, w) = ap. 3

For more details the reader is referred to [11,12].

When furthermore we assume that the pair (X, Y) is normally distributed then

CoVaR(X|Y) = -E(X)-o Yw)r(X), 4)
and
Cla,w,p(X,Y)) = ap, ©)

where C(u,v,p) denotes a Gaussian copula with a parameter (correlation coefficient) p and ® is a distribution
function of a univariate standard normal probability law N (0,1). Thus the impact of Y is encapsulated in
the correlation coefficient. The implied significance level w is a function of &, f and p.

w = w(a, B, p),

which is decreasing with p.

wa,B,—-1)=1—a(1-p), w(xpB,0)=p wa/pB1)=uap.
Furthermore p depends on X. For more details see Section 4.1.

2.2. Portfolio Selection

Portfolio (i.e. investment strategy) x = (x1,...,x,)” meets the natural condition of summing up to 1
and = (p,..., un)T is defined as expected value of n-dimensional random variable of returns on risky assets,
R=(Ry,..., Rn)T. Now we add the assumption of normality of R, to be held throughout the rest of the article.
To obtain a non-degenerate problem, two more assumptions are made. First, H 1,=(1,..., 1)T, i.e. not every

asset has the same expected return. Second, the covariance matrix of R, X = is positive definite.

..
lij=1,..n
n
We also define X = xTR = }_ x;R;, the univariate random variable of return on the portfolio. Obviously
i=1
the expected value and the variance are given by

E(X) = E(x'R) = xTy,

1 For more details about copulas the reader is referred to to the monograph of Roger Nelsen [18] or other publications on the subject like

[4-6,13,16].
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?(X) = c*(xTR) = xTZx = ||x| 3.

The distribution of X is conditioned on one chosen variable R;, i € {1,...,n}. Without loss of generality let that
be Y = R;. The correlation coefficient p = p(X, Ry ) (provided X # 0) is equal to the cosine of the angle between
vectors x and ej in the metric in (R)" induced by the scalar product given by the matrix X:

T
e; 2x

el Zey vValEx
where ¢; = (1,0,...,0)T.

We select portfolios with respect to two criteria. We maximize the expected value and minimize the risk
measured by CoVaR.

We recall that a portfolio x, xT]ln = 1, is called efficient, if and only if it is maximal with respect to
the generalized Markowitz ordering. Which means that there exists no portfolio y fulfilling the budget
constraints y' 1,, = 1, such that

p=0c(X)to(Ry)teov(X,Ry) = = cosy(x,e1) (6)

E(y'R) > E(xTR) and CoVaR(y'R | R;) < CoVaR(x'R | R;) @)
and at least one inequality is strict.

3. The Mean-CoVaR Model

First, we want to find the portfolio x with fixed return which is minimizing CoVaR . The optimization
problem presents itself as follows:
CoVaR(x"R | Ry) — min,
xTu=E, 8)
xT1, =1,

where R ~ N, (i, ).
The solution of the above problem is closely related to the classical Markowitz problem

xTZx — min
xTu=E 9
xT1, =1

We recall that this problem has a unique solution X); € R" when:

e the symmetric matrix X is positively defined i.e. is a matrix of a scalar product on R";
o the vectors y and 1, are linearly independent (i.e. not parallel);

e E is any real number.

The solution Xy is given by a formula

Xy(E) = ()G (1, 1,)T27, (10)
where G is a Gram matrix of vectors x# and 1, with respect to the scalar product defined by the matrix £~
G= (,ur ]ln)TZ_l(l’t/ 1,), (11)

where by (4, 1,,) we denote a n x 2 matrix with columns p and 1,,. For details see 4.2.2.

The existence of the solution X, of the optimization problem (8) depends on a portfolio X, given by
a formula:
Xo =6l = Xu(n) =ef = (u, )G (1) =7 (12)
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We recall that i1, the first coefficient of the vector y, is equal to E(Y). Note that X, is orthogonal to vectors u
and 1, with respect to the standard scalar product and orthogonal to X3, with respect to the scalar product
associated to the matrix £ — for proofs see (52), (53). Besides, if we define g in the following way:

9 = el = XX+ (0, )G (1 1) (13)
then the vanishing of X, implies that the vectors g, y, 1,, are linearly dependent.

Theorem 3.1. For g, u, 1,, linearly independent, the optimization problem (8)
1. has no solution when

1 1
- -, — Xoo) |;
B> GC(ac, 5 cosg (e1, )>

2. has a solution when . .
,B < &C <“/ E/ - COSZ(Q], XOO))’

where C(u,v,p) is a Gaussian copula with correlation parameter p. Moreover, if X, is a solution of the optimization
problem (8), then the vector X, — Xy is parallel to Xco.

X, = Xp(E) = A(E) Xeo, (14)

where

ME) = Argmiruzo(—cb1<w<a,ﬁ,cosz<el,xM<E> — %)) /1 Xu (B[R +A2||Xoo||§). (15)

The proof is provided in Section 4.2.

Remark 3.1. For p = %C (tx, %, — coss (e, Xoo)) solution of the optimization problem (8) may not exist, see Example 5.1.

Next, we want to find the portfolio x which is minimizing CoVaR. The optimization problem presents
itself as follows:

{ CTE)VaR(xTR | Ry) — min, a6
x'1,=1,
where R ~ Ny, (i, 2).
Let the vector X,; denotes the derivative of Xy;(E) with respect to E. Then
dXu(E)T _ _
Xi = % = (1,0)G7 (i, 1,)'z7 (17)
and _—
1,271
Xq|lE = X72Xy; = (1,00G 1(1,0)7 = 2= 1
|| d||2 d d ( 'O)G ( /0) det(G) (18)

Theorem 3.2. For g, u, 1,, linearly independent, the optimization problem (16)
1. has no solution when

B> m'ln(ic<“/¢‘(H}Z‘fZ)ICCOSZ(%Xd) - \/@COSZ(BLXoo)) S [0/1]>2
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2. has a solutions when

< min(1C(a,0( ) ccossler, X~ 1 - Beoss(er, X)) £ 01]);

where C(u,v, p) is a Gaussian copula with the correlation parameter p.

The proof is provided in Section 4.2.

Remark 3.2. Note that when the set of the portfolios of the minimal risk is nonempty and bounded then the one with
maximal expected value of return is an efficient portfolio. Moreover the existence of the nonempty, bounded set of portfolios
of the minimal risk is a necessary and sufficient condition for the existence of the efficient portfolios.

4. Proofs and Auxiliary Results

4.1. Gaussian Copulas

Let us consider a Gaussian Copula:

(0) 62 ZP§f7+f7

Clu,v;p) / / T dgdq (19)

The correlation coefficient p has been added to the copula symbol for the convenience of notation as it is the only
other parameter needed for the computation of a copula, due to all elliptical copulas being normalization
invariant (c.f. [14], p. 174, Remark 4.3).

Meyer in [17] shows that the Gaussian copula can be extended continuously, approaching the lower and
upper Fréchet-Hoeffding bounds, i.e. W and M, respectively; in dimension 2 both of those are copulas.

lim C(u,v,p) = min(u,v) = M(u,v), (20)
hm C(u,v,p) = max(u+v—1,0)=W(u,0). (21)
p——1

Following (c.f. [17]) we get an extension of the classical Fréchet-Hoeffding inequality:
Corollary 4.1.

W(u,v) = max{u+v—1,0} < C(u,v,01) < C(u,v,0) = uv (22)
< C(u,v,02) < M(u,v) = min{u, v}
where p1 <0 < po.

Remark 4.1. The Double Gaussian distribution ®, fulfills the following.

For
_xz—pry+y2 y x
e 20-0?)
P2(x,y;0) = m and Dy (x,y;p) __4 _4 $2(&,v;p) dg dv (23)
one has

2

2 o, 0:0) = <2 pa(,,p)
8p¢2 e _auav¢2 Y0
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so that:
3<I>z(x,y;p)=<l)z(x,y;P)= > D (x, y; p)- (24)
op ox oy
Thus 0
D2 (x,y;50) = p(x)¢(y) + /O $2(x,y;r)dr. (25)

In consequence,
Clu,0,p) = (@7 (u), @' (0);p)

is the strictly increasing function of not only its variables (which is obvious), but also of its parameter p. We

recall that
d 1 & (u)? — 20D (u)d 1 (v) + <I>1(v)2>
—C(u,v, = e — , 26
dp (u.2,p) 2714/1 — p? xp< 2(1—p?) 20
9 _ — Py
@%(x,y,p) = o(y)® <\/—7pz>’ 27)
2 (@7 W)~ po (o)
%C(urvfp) - q)< m : (28)
Meyer in [17] provides us also with the following formula:
Corollary 4.2.
[
1 O 1(u)? — 2r® 1 (u) D (v) + D 1(v)?
C(u,v, :uv+/7ex (— )dr. 29
( P) / an P 2(1—7’2) ( )
For u = v = 1/2 formula (29) simplifies.
[
®(0,0,0) = C(1/2,1/2 )=1+/ L ar=24 L aresingo) (30)
7 rp 4 /p 4 ) 27'[ 1 — 1’2 4 27_[ p °
This result is usually attributed to Sheppard [19].
Corollary 4.2 implies:
Corollary 4.3. Given C(a, w, p) = ap we have sign(p — w) = sign(p), i.e
IL.w<B&p>0
2 w=B&p=0
3 w>pB&p<O.
Remark 4.2. The unique root of the equation
C(a,w; p) = af (31)

solved for w, with a given p € (—1,1), exists for any choice of significance levels u, B, as the horizontal sections of Gaussian
copula are continuous, strictly increasing with respect to w:

u? 2puv+vz

af = Cla,w;p) = / / e dudv (32)
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Moreover, as C(a, w; p) is strictly increasing with respect to its parameter p and is a strictly increasing function of w, we
have one-to-one correspondence in the implicit equation.

Figure 1. Horizontal sections of a chosen Gaussian copula

Remark 4.3. This holds true for p = 1 and the M(x, w) copula as well. We get w = a (which by the Corollary 4.3 is
the minimum value of w). Similarly for p = —1 and the W(a, w) copulawe get w =1 —a +afp =1—a(1— p).

We denote the above root as w(«, B, p).

w:(0,1)% x (=1,1) — (0,1), C(x,w(a,B,p),p) = ap. (33)
The following is true:
w(a, B, —p) +w(a,1—B,p) =1. (34)
Note that the equality (30) implies
11 1 . 1
w (2, 3 + p arcsm(p),p) =5 (35)

Moreover w(w, B, p) is a strictly decreasing, implicit function of p and strictly increasing of .

1 ()220 ()P~ L (w)+ P (w)?
dw(a,Bp)  2m/1p? eXP( 21— ) 36)
dp o 20— ()
\/1-p?
and (@~ () —p~! (w))?
1 _ (@ (a)—pd (w
0! (w(a,B,p)) _  2r( %) exp (=5 ) )
dp o 2 wW—p21(w) '
\/1—p?

By a direct calculation we get (compare [12]) for fixed p and p

0 p>0,

limw(w,p,p)={ f p=0,
1 p<Q,
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o  p>0,
lim 20@A0) ) 2
a—0 du

- p<0.

Figure 2. Graph of the function p — ®~(w(0.05,0.01, 0)).

4.2. The Optimization Problems

4.2.1. The Basic Problem

We want to find the portfolio x minimizing CoVaR. The optimization problem (8) is equivalent to the fol-
lowing one:
CoVaR(X | Y) = —xTp — &1 (w) VxT Zx — min,
Clawip) = ap,
p = cosg(e1, x), (38)
xTu=E,
xT1, =1.

This poses an important question: what if the constraints cannot be satisfied? Now we note only that p
(being a function of x, p = cosy (e, x)) plays an important role in answering that question. We recall some facts
about the cosine when x is moving along a line.

Lemma 4.1. Let
Xy =u+Aw,

where the nonzero vectors u and w are X-orthogonal. Then

[l
Mlwllz + [lxalls

(cosz(ehx,\) — cosz(el,w))Hx/\Hz = ||u||2 COS):(el, u) +COSZ(€1,w)

and for A tending to 4-oco we get

cosy (e1,x)) = cosg(e1, w) + cosy (er, u) T

Proof.
Since
Al 1% = [[ull3 + A?[|w] 3,
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we get

(cosy(e1,xp) — cosx(er, w))|[xa||x
T T
ey XU Aey Zw
= i + T —cosg (e, w)|[xa ||z
lletlls — ledlls

= ||u||x cos(ey, u) + Al[w||s cosx(e1, w) — cosx(e1, w)||xy||=

= ||ullx cos(er, u) 4 cosx.(er, w) (M|wl[z = [|xa2)

Ju][3
Mw|lz + [|xa [l

= ||u||x cos(e1, u) — cosy (e1, w)

The tail expansion follows from the fact that for A tending to +co

[lxallgt = A7 lwllg (1 +0(A72)).

4.2.2. The Markowitz Problem

As was stated in Section 3 the classical Markowitz problem

xT¥x — min
xTu=E (39)
xT1, =1

has for every E € R, a unique solution X;(E) € R" when:

o the symmetric matrix X is positively defined i.e. is a matrix of a scalar product on R";
e the vectors y and 1,, are linearly independent (i.e. not parallel).

The solution Xp;(E) (X for short) is given by a formula

Xir = (E )G (1, 1,) 7, (40)
where G is a Gram matrix of vectors y and 1, with respect to the scalar product defined by the matrix £~
G = (w1,) 27 (1, 1), (41)
where by (u, 1,) we denote a n x 2 matrix with columns y and 1,,.
Indeed, X, fulfills the constraints
Xio (1 1,) = (E1)G (1, 1,) =7 (1, 1,) = (E,1)GT'G = (E1). (42)
Furthermore for any nonzero Y, such that yT u=0= YT]ln
(X +)TZ(Xp +Y) = XLEXy + YT2Y 4 2XT 3y, (43)

Since
YIsy >0

and
xIzy = (E,1)G (1, 1,)T2712Y = (E,1)G Yy, 1,)TY = (E,1)G Y (uTY,11Y) =0, (44)
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the minimum is attained to Xj;. Note that
XIxxXy = (E1)G Y 1,)'2 22 Y, 1,)GY(E,1)T = (E,1)GY(E,1)T, (45)
XIxer = (E1)G Yw1,)T=71%e; = (E,1)G(py, 1)T. (46)

In the classical approach, where we put

Xpr = VTZ_lyf Bm = VTZ_l]lnr M = ]152_1]171

and
G = &p :BM ,
(ﬁM 'YM>
we get
XM(E)—<det(GM)Z>_1< If iﬁ A+ ;’; f 11n>. 47)

It is called the critical line. The variance of the portfolio and the correlation with R; equal respectively:

Bu\?
2 _ mE - 2PuEtay WM(Ei“TM) 1
cosy(e1, Xpm(E)) = (ymp1 — Bm)E + am — Bmpn (49)

/det(G)||ei| |Z\/7ME2 —2B,E +a,,

Note that Xp1(Bm/vm) is the portfolio of the minimal variance between portfolios fulfilling the constraint
1]x = 1. Hence it is Z-orthogonal to the critical line

Xm(Bm/rm) Ly Xm(E1) — Xm(E2).

Furthermore
~ (ympr — Bm)Bm + (ap — Bmp1)rm 1
cosx(e1, Xm(Bm/vm)) = det(G)|le1||xv/TM ~ Tetllsv/m > 0. (50)

For introduced earlier portfolio X, given by
Xm(E) = EXg+ Xpm(0)

we obtain .
X3 = lim = |[Xpm(E)|[E = M, 1
|| d||2 E%HJrrloo E2|| M( )||Z det(G) (51)

We get also the estimates for the Sharpe ratio

E(xTR)  uTx
o(xTR)  [lx[lz’

S(xTR) =

Lemma 4.2. For any portfolio fulfilling the constraint 1Tx > 0

Wx (_\/det(G)—l-ﬁM Mdet(G)%—ﬁ&)
B vr oo V7 ‘
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Proof.

Since both the expected value and standard deviation are homogeneous of degree 1 with respect to
the positive multipliers, we may restrict ourself to the case 1} x = 1. From the formula (48) we get for portfolios
fulfilling the constraints 1}x = 1and u'x = E

det(G det(G 2
detG)) 11 > 4G By 2 > (E—ﬁM) :
YM M YM

Thus

4

Vdet ) 1xlls \E Pu

and

det(G) Bm < E < det(G) n Bm
v ullxlls s Vi mllxlls

Since for portfolios, fulfilling the constraint 17 x = 1, formula (48) implies that ||x||x > W we obtain

det(G)  Pu _ E _ J/det(G) , Bu
Vi v IR S vam v

4.2.3. Critical Plane

First we show that the solution X, of the optimization problem (38) is belongs to the linear plane spanned
by two X-orthogonal vectors Xy (E) and X, which was defined in (12) as:

XL =ef —Xiy(m) =ef — (u1,1)G 1(p, 1)L

Note that X is orthogonal to vectors y and 1,, with respect to the standard scalar product and orthogonal to
X with respect to the scalar product associated to the matrix X. Indeed

XoTo(Vr 1,) = 6{(‘1/1, 1,) — (u1, 1)G71 (7 ]ln)Tz‘il(.ur 1,) (52)
= (1,1~ (1, 1)G'G =0,
XLEXM(E) = (of = ()G (o 1) )22 (1, 1,)G 7 (E,1)T (53)

= (el (1) = (1, DG (0, 1,) "7 (1,1,) ) GHE )T
= ()= (16 6)6 EDT =0

Furthermore the X-scalar product of X« and e; is positive, unless Xo, = 0. Indeed

XLrXe = XIZe; — XLEXp(p1) = XLZe; +0, (54)
X,
cosy (61, Xeo) = lh;}l';- (55)

Besides, since by (13) we have:

q' =elL = XL+ (e (1, 1,)G ) (1, 1,)7,

we noted that the vanishing of X., implies that the vectors g, 1, 1,, are linearly dependent.
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4.2.4. Auxiliary Optimization Problem

Now let X, be a solution of the optimization problem (8) then it solves the following auxiliary problem.
Let 2 be a scalar square of X,
#? = XI'vXx,. (56)

Since (—®~(w(, B,p))) is strictly increasing with p, X, is a solution of the optimization problem

elT Yx — min,
xTu=E,
xT1, =1,
xTxx =12,

(57)

Lemma 4.3. The vector

VP = X (E) =X (E)
VXTE X0

is a unique solution of the optimization problem (57) with t* > X1 (E)TZ X (E).

Xtest = XM(E) = A X, A= (58)

Proof.
Step 1. Xiest fulfills the constraints. Indeed, due to equalities (42), (52) and (53) we have

thgzst(yl ]ln) = XM(V/ ]ln) - AXOO(.MI ]ln) = (Er 1) - (01 0); (59)
XEgZXpest = XLZXpm — 2AX 5 E X0 + A2XEE X0 (60)
2 — XL 2 Xy

Xy X = 12,
XIsXe ~®

XTZ X +

Step 2. Minimum by perturbations.
Let Y be nonzero vector such that

(1, 1,)TY = (0,007 and  (Xtest + Y)TZ(Xpest + Y) = 12 (61)

Since A > 0 and X)XY = 0 (compare equality (44)),

1
(Xtest +Y) 21 = (Xpest + Y) Zeq + N (Xtest +Y)TE(Xtest +Y) — 12) (62)

1 1
= Xt];stzel + 21 (Xg;stzxtest — tz) + E{ZY + 1

1 1
= XjZer + 0+ e[ LY + £ (X} — AXL)ZY + — YTz

1
= XfuZer+e[TY — xLTy + —v'zy

1
= XpgZer+eiXY — (ef —ef (1,1,)G (1, 1,)"= 7)Y + ﬁYTZY

1
XL, ZY + ﬁysz

_ 1
= XiesZer +ef (1, 1,)G (1, 1,)TY + 5 YTEY

1
= XLyXe + ﬁysz > XLgZer.

Since X, is the unique solution of the optimization problem (57) it must be equal to X..


https://doi.org/10.20944/preprints202411.0037.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 November 2024 d0i:10.20944/preprints202411.0037.v1

14 of 22

4.2.5. Proof of Theorem 3.1
We fix E € R and consider the limiting properties of

Xy = Xpm(E) — A Xeo,
when A tends to +oo.

Lemma 4.4.

lim CoVaR(XIR|R;)

A—r00
—0 l_f,B > %C n, %/,DOO 7
400 ifp<ic

coss.(e1, Xu(E)) [ Xu(E)l [z if B = 1C(x,3,p0),

where poo = — oSy (€1, Xoo ).

Proof.
Since C(«, w, p) = af and for a fixed « copula C is strictly increasing with w (see Remark 4.2) we have

sgn(® () = sgnw- )
1

= sgn(C(a,w,p) — C(a, E,p)) = sgn(af — C(a, %,p))

Note that since we have Lemma 4.1 and w(w, B, p) is a continuous function,

lim —® (w(a, B,coss(Xy, e1))

A—r00
<0 wheng > %C a, %, — cosy(e1, Xoo) ),
= —® N (w(w, B, coss(—Xeo,€1)){ >0 whenp < 1C(a,i, —cosy(er, X)),

=0 whenp=1C(a, 1, —cosy(er, Xa0)).
Therefore for aff # C (oc, %, cosy (€1, Xoo))

. _ . -1 /xT
)%Lr}rc}oCoVaR(X)JY) = —E— lim & "(w(a,B,cosz(X),e1))\/ X3 EX) (63)

A—r00

= —sgn(af—Cla, %,p)) - 00,

The last case ap = C(a, %,poo), Poo = —cosy(e1, X ), is a bit more complicated. Note that the above

assumption implies that
1
w(a, B, poo) = 7
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We apply Lemma 4.1 and basing on the formula (37), we obtain

1 T
lim &7 (w(a, , cosy (X, e1))/ X3 EX)

. D! (w(w, B, cosy (X, e1))
~ 1 . X, 1) — coss.(—Xeore1))||X
A ss (Xx, 1) — coss (— Xy e1) (cosx,(X), e1) — cosy (X, e1))[| Xa |5

O Hw(a, B p) — P M (w(a, B pw))
P p—poo
- lim (cosy (X, e1) — cosy (= Xeo e1)) || Xal |2

_ 90 (w(w, B, peo))
dp

coss. (e1, Xm) || Xml|x

;exp(—&(az)j

— > 2(1—p%

:_an (17p=) cosy (e1, Xp) || Xml|x-
o2

o~ (a)
1—p§0

Theorem 3.1 is a direct consequence of Lemma 4.4. Indeed:
Point 1. follows from the fact that each member of the family X,, A € [0, ), is fulfilling the constraints
of the optimization problem (38). Since due to lemma 4.4 our target function CoVaR(X,|Y) tends to —co when
A — oo, the optimization problem has no solution.

Point 2: Since due to lemma 4.4 our target function CoVaR(X, |Y) tends to 400 when A — oo, there exists A1 > 0
such that
VA > A1 CoVaR(X,|Y) > 2CoVaR(Xu|Y).

Hence the minimum is attained to some X, with A € [0, A4].

Furthermore for a solution X, of the optimization problem (38) the vector X, — X is parallel to Xeo. O

4.2.6. Proof of Theorem 3.2

We start with the following basic case:

Lemma 4.5. Let (x,)%_; be a sequence of portfolios fulfilling the constraint 11x = 1, such that:
(i). The variance tends to infinity

lim ||| = oo;

n—oo

(ii). The Sharpe ratio has a limit s

T
lim WX
n=eo |[ x|z

Sk,
(iii). The correlation coefficient with Ry has a limit p.
Jlim cosg(e1, xn) = -

Then
—oo ifp> LC(a, B(~s.),p.),

li VaR(xIR|R;) =
1’1—1>I-]it-100C0 a (xn ‘ 1) { +00 lf:B< %C(a/q)(_s*)/p*)
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Proof.
We observe that
T T
CoVaR(xuRIR1) _ _ M- _ =130, B, coss(e1, ) "= —s. — &~ (w(a, B, ps)). 64)
B l|xnlls
Since
sgn(—s. — P (w(w, B,p4)) = sgn(P(—s.) —w(w,pb,ps)) (65)
= sgn(C(a, (—s:),p«) — Cla, w(a, B, px), px))
= sgn(Cla, @(—sx),0+) —ap),
we get for B # 1C(a, D(—s.), ps)
nlirfw CoVaR(x R|Ry) = sgn(C(a, ®(—s4),04) — ap) - co. (66)
O

If we add to assumptions from the above lemma, the additional assumption that the sequence x, belongs
to the critical half-plane, than we get the dependence between the limiting values s. and p..

Lemma 4.6. Let
xn = Xpm(En) — AuXeo, En,An > 0.

Then the assumptions from Lemma 4.5 imply that:

1
2
Sy < ;
el
and
Px = S*||Xd||): cosz(el,Xd) — 1/ 1-— S%HXdH%COSZ(el, Xoo).
Proof.

From the definition of the Sharpe ratio we get
Exn

Sy = ; .
VIXm(ER[ + 23] X2

Thus
L%HX ||2:l_||XM(E)||%
E2'% s2 E2

This implies that the ratio %—Z has a limit. Basing on the formula (48) we get

2 1 ™
Xoof|> im =2 = = — . 7
[[Xeof |7 Tim B2~ 2 det(C) (67)

Obviously the above implies that
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Next
el EXpm(Ey) — Anel X
1 M\ En n€q )
= cosy(er,x,) = 68
Pn Z(l n) ||el||}:,||Xn||Z ( )
_ e EXp(En) — Anef EXeo ©9)
lleal [z g
Sn 31ZXM<En) /\n oy
= 12X 70
||31||2< E. E% 70
n—0 S T 1 M
— 2Xg— 4= — X 71
lle1l] (6’1 d det(G) cosy (€1 00)||el||2> (71)
= Sx cosz(el,Xd ||Xd||2 — 1-— S%d COSZ elXoo) (72)
= S*||Xd||2 COSy, el,Xd \/ 1-— Sz||Xd||2 COSy, elXoo (73)
d
In order to prove point 1 of Theorem 3.2 we provide for any ¢ € [0, 1] such that
1 ¢
> C(oc, ,&cosy(e1, Xg) — /1 — &2 cosy (e, Xoo )
P2\ T v
a sequence x, such that
nlgrc}o CoVaR(x!R,Ry) = —co. (74)
We put
[1 [ Xalls
X = Xp(n) — -1 1 Xco-
! 2 Xl
We get
2 2 2
[lxullE = [ Xpm(n)| 3 +n <62 _1>||Xd||2/
and
2
> . n . 1
sy = lim —— = lim (75)
n—oo ||xn||2 n—oo HXM( IXm(m)3 + (;‘ 1)||Xd||§;
1 2
- : ;= TTE 7
1Xallz + (2 —1)lIxali2 1 Xallg
Hence, due to Lemma 4.6
P« = S« ryiMCOS):(el,Xd) — /1 —¢s2 M cosy (e1, Xoo) (77)

det(G) det(G)

= Zcosyg(er, Xy) — ﬁcosz(el,Xm)

Finally Lemma 4.5 implies that the limit from (74) equals —oo
Next we prove point 2 of Theorem 3.2. We assume that
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(oo (i) / )iz <o)
<min( =C(a,®| —=— |, Ecosx (e, Xy) —1/1 — &2 coss (e1, Xeo €0,1] ). 78
p (a ( (HXdZ ¢ cosy (e1, Xy) g% cosy(e1, Xeo) | ¢ € [0,1] (78)
We denote by inf, the infimum of the CoVaR,
inf, = inf{CoVaR,g(x"R,Ry)|x'1, =1} (79)

= inf(—xTpu — @ Y(w(a, B, cosxy (e, x))||x||x | xT1, = 1).
Let the sequence (x,)]° be a sequence of portfolios approaching in f,

XL, =1, lim (—x— @ (wla, B, cosg(er, %)) [l lz) = inf-.

We show that the assumption (78) implies that the sequence x, must be bounded. Indeed, otherwise there
would exist a subsequence x;, such that

[|2n, ||z — +o0.

Since the Sharpe ratios

L Tl
S ET
and correlation coefficients .
eq XXy
e1,xy) = —————
cos=(e1 ) = T e Tralls

belong to a bounded sets (see Lemma 4.2) we might select the subsequence x,, in such a way that these ratios
and coefficients have limits. We denote these limits by s, and p.

T
x
s« = lim e , (80)
k—oo || X, ||
px = lim cosy (e, xy, ) (81)
k—o0
Due to Lemma 4.3 (f = ||x, ||z, E = ka‘u) and Lemma 4.6
px = lim cosg(eg, xy, ) > lim cosz(el,XM(kay) — M Xoo) (82)
k—o0 k—ro0
= s:||Xyllx cosz(er, Xg) — /1 — s3] Xq[3 cosg (e1, Xeo).
Thus the assumption (78) and Lemma 4.5 imply that
kll_I)IOIO CoVaR(x,{kR, Rq) = +o0. (83)

which contradicts the assumption that the sequence x, is approaching the infimum of CoVaR.

5. Examples

We consider the following data:

1 L1 2

1

11 0 -1 3
s—| 5 d u=

1 0 9 0 and# 1

1 -1 0 4 3

We get
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det> = 17.16,

G— 1 587.6 217.36
- 1716\ 21736 8228 |’

Xu(E)" = 57 ((142,-98,25.36, ~5.12) + E(~44,46.2,~10.12,7.92)),

x5 = 64%(10.24,5.6, —5.12,-10.72).

53
cosy (1, Xoo) = 21/@.

We fix E and study the halfline of portfolios

Finally

Xy = Xm(E) — AXeo, A > 0.

This way we get

B = iC(oc, %, —cosz(el,Xoo)>, @71(W(pm)) =0, and cosy (X, e1) = 0.

Therefore
637 _1 212A%2 2561
RX)|Y)=———-® —
where o)
p(A) = cosg(X),e1) = > 0co,

212)2 2561
8031/ “go3~ + 8800
or an > U and in consequence —d~ - (w > 0. From Lemma 4.4, we have that:
forany A > 0and i q d Yw(p(A))) > 0. From L, 4.4, we have th

lim CoVaR(X,|Y) = — 27 < CoVaR(X, | Y)
A—ro0 220

Thus the global minimum cannot exist. We illustrate this at Figure 3.
CoVaR(X,|Y)

CoVaR(Xi_o|Y)} ~—2.52049

T I . LY. L NN ———
2 4 6 8 10

Figure 3. Numerically calculated CoVaR as the function of A
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Example 5.2. We consider the same data. However, now we choose

Dy (—2,0; pe0 — 13
“_q><_g)’ﬁ_ a 5c1>(_pg) b)

This way we get B < %C (oc, %, — cosg (eq, Xoo)) and the optimization problem has a solution. We have

2057E2 — 10868E + 42412 + 14690
1606

CoVaR(X | Y) = —E — @ '(w(p(7))) \/

o V/2(—660E—212A+1911)
where p(A) = /803(2057E2 —10868E-+424A2+14690)
For E = 2 we have p(xp,e,) > 0. We get numerically calculated minimum —0.815187 ... for A = 4.211162.. .. as

illustrated at Figure 4.

CoVaR(X,[Y)

20 40 60 80 10 A

CoVaR(X;o|Y)

Figure 4. Numerically calculated CoVaR for E = 2
For E = —1 we have CoVaR|, _, > 0. We get numerically calculated minimum 6.254844 . . . for A = 24788285 . ..

as illustrated at Figure 5. As the reader can guess, it has been easier to subtract a certain constant from CoVaR to show
how the new function is positive for A > 210.

CoVaR(X,|Y)-7.5

A

0.5}

)

Figure 5. Numerically calculated CoVaR —7.5 for E = —1
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For E = % we have p(x 1, e,) = 0. We get numerically calculated minimum —2.812375. .. for A = 5.271369. ..
as illustrated at Figure 6.

CoVaR(X,|Y)

50 100 150 200 250 300

Figure 6. Numerically calculated CoVaR for E = %

For E = 3 we get p(xp1,e,) < 0. We get numerically calculated minimum —3.036088 ... for A = 5.991312.. . as
illustrated at Fiqure 7.

CoVaR(X,|Y)

—2.96¢ \
—2.98¢

—3.00} /

7

—3.02¢ \ /
. . SRR . . - A

2 4 6 8 10 12 14

Figure 7. Numerically calculated CoVaR for E = 3

All the numerical calculations seem to point to the existence of unique solution under condition from Theorem 3.2.
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