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Abstract: In this paper, we consider the sensitivity of the controllable subspaces of single-input linear control

systems to small perturbations of the system matrices. The analysis is based on the strict componentwise

asymptotic bounds for the matrix of the orthogonal transformation to canonical form, derived by the method of

the splitting operators. The asymptotic bounds are used to obtain probabilistic bounds on the angles between

perturbed and unperturbed controllable subspaces implementing the Markoff inequality. It is demonstrated that

the probability bounds allow to obtain sensitivity estimates which are much tighter than the usual deterministic

bounds. The analysis is illustrated by a high order example.
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1. Introduction

The notion of controllable subspace plays an important role in linear control theory [26]([Ch. 1]),
[7]([Ch. III]). In this paper we are interested in the sensitivity to small parameter perturbations of the
controllable subspaces of single-input time-invariant linear control systems, described by the state
equation

ẋ(t) = Ax(t) + Bu(t), (1)

where x ∈ Rn is the state vector, u ∈ R1 is the control vector and A ∈ Rn×n, B ∈ Rn×1. The subspace

Ck =
k−1

∑
j=1

AjR(B) = R([B, AB, . . . , Ak−1B]), k = 1, 2, . . . , n

is said to be the kth controllable subspace of (1). Clearly,

dim(Ck) = rank([B, AB, . . . , Ak−1B]).

We have that
C1 ⊂ C2 ⊂ · · · ⊂ Cn.

The subspace Cn is said to be the controllable subspace of the pair (A, B). If dim(Cn) = n, i.e., Cn is
the whole state space, then the system (1) and respectively the pair (A, B), is called controllable. If
the system is controllable, then for every vector xT ∈ Cn and T > 0 there exists a continuous control
u : [0, T] → R1 such as the state vector x(t) of (1) with x(0) ∈ Cn satisfies x(T) = xT , i.e., each xT ∈ Cn

may be reached starting from each initial state x(0) ∈ Cn. If dim(Cn) < n, the system is said to be
uncontrollable. Note that the controllability of a system is not affected by nonsingular transformations
of the state or control vector. As it is well known [26]([Ch. 1]), the controllability is a generic property
which is open and dense in the parameter space. The genericity means that each uncontrollable pair
(A, B) can be made controllable by arbitrary small perturbations of A and B.
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In case of some perturbations of the system matrices A and B, the controllable subspaces change
and for sufficiently large perturbations a controllable system may become uncontrollable one. That
is why the sensitivity of the controllable subspaces of a linear control system is closely related to the
magnitude of the distance of a controllable system to uncontrollable one, which is roughly defined
as the size of the smallest perturbations in A, B that makes a controllable system uncontrollable one
[2,5,16]. In accordance with the well known paradigm in the numerical analysis [3], it is justified to
expect that the sensitivity of the controllable subspaces is inversely proportional to the distance to an
uncontrollable system. However, in contrast to the numerous papers devoted on the estimation of the
distance to an uncontrollable system (see [8,15,25,27], to name a few), the sensitivity of the controllable
subspaces is not studied up to the moment.

In this paper, we consider the sensitivity of the controllable subspaces of single-input linear control
systems to small perturbations of the system matrices that preserve the system controllability. The
analysis is based on the new strict componentwise asymptotic bounds for the matrix of the orthogonal
transformation to canonical form, derived by the method of the splitting operators [9]. The asymptotic
bounds on the entries of the orthogonal transformation matrix are used to obtain probabilistic bounds
on the angles between the perturbed and unperturbed controllable subspaces implementing the
Markoff inequality. The analysis is illustrated by a high order example. The analysis performed and
the example given demonstrate that in contrast to the deterministic bounds, the probabilistic bounds
are much tighter with a sufficiently high probability. We note that the same approach of perturbation
analysis is used in [20] to perform perturbation analysis of invariant, deflating and singular subspaces
of matrices.

The paper is organized as follows. In sect. 2, we show how to find orthonormal bases of the
controllable subspaces, using an appropriate system canonical form. Using the method of splitting
operators, we derive asymptotic bounds on the controllable subspaces. In sect. 3.1, we briefly present
some results concerning the derivation of lower magnitude bounds on the entries of a random matrices
using only their Frobenius norm. In the same section, we describe the application of this approach to
derive probabilistic perturbation bounds for the controllable subspaces of a single-input system. We
illustrate the theoretical results by an example of 100th order system demonstrating that the probability
bounds of the controllable subspaces are much tighter than the corresponding deterministic asymptotic
bounds.

All computations in the paper are done with MATLAB®Version 9.9 (R2020b) [14] using IEEE
double precision arithmetic. M-files implementing the perturbation bounds described in the paper can
be obtained from the authors.

2. Asymptotic Perturbation Bounds for Controllability Subspaces

2.1. Orthonormal Bases of the Controllable Subspaces

Using a sequence of n − 1 orthogonal similarity transformations in the form

xi+1 = Qixi, i = 1, 2, . . . n − 1, x1 = x,

the system (1) can be reduced to the form

ẋc(t) = Acxc(t) + Bcu(t), (2)
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where xc = xn−1 and Ac = UT AU, Bc = UT B and U = Q1Q2 · · · Qn−1. For appropriately chosen
orthogonal transformations, the matrices Ac and Bc acquire the form

Ac =


a11 a12 · · · a1,n−1 a1n
a21 a22 · · · a2,n−1 a2n

. . . . . .
...

...
an−1,n−1 an−1,n

an,n−1 an,n

, Bc =


b1

0
...
0


and we say that the system (2) is in orthogonal canonical form [10,11] or Hessenberg form [13]. Details
of the reduction can be found in the aforementioned references and in [24].

The controllability of the system (1) ensures that

ai,i−1 ̸= 0, i = 2, 3, . . . , n

(i.e., Ac is an unreduced Hessenberg matrix [6]) and b1 ̸= 0.
Orthonormal basis of the k-th controllable subspace can be obtained by using the orthogonal

canonical form of the system. Let U be the orthogonal transformation matrix which reduces the pair
(A, B) into orthogonal canonical form. Partitioning this matrix by columns as

U = [U1, U2, . . . , Un]

we have that

C1 = R(U1),

C2 = R([U1, U2]),
...

Cn = R([U1, U2, . . . Un]).

If the matrices A and B are subject to perturbation δA and δB, respectively, then instead of the
decomposition (2), we have the decomposition

˙̃xc
(t) = Ãc x̃c(t) + B̃cu(t), (3)

where the pair (Ãc, B̃c) with

Ãc = ŨT ÃŨ, Ã = A + δA,

B̃c = ŨT B̃, B̃ = B + δB

is again in orthogonal canonical form and Ũ is orthogonal, i.e., ŨTŨ = In. The columns of the
perturbed matrix of the orthogonal transformation

Ũ = [Ũ1, Ũ2, . . . , Ũn]

represent the basis vectors of the perturbed controllability subspaces

C̃1 = R(Ũ1),

C̃2 = R([Ũ1, Ũ2]),
...

C̃n = R([Ũ1, Ũ2, . . . Ũn]).
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Further on, we shall assume that for small perturbations δA and δB the pair (Ãc, B̃c) preserves its
controllability, i.e., dim(C̃n) = n. Note that in this case C̃n = Cn and the perturbation analysis of the
controllable subspace Cn doesn’t represent interest.

The sensitivity of the canonical form (Ac, Bc) without analyzing the sensitivity of the orthogonal
transformation matrix U, is studied by several authors [12,13,18].

Denote for brevity the controllable subspace of dimension k by X = R(UX) and its perturbed
counterpart by X̃ = R(ŨX), where rank(UX) = rank(ŨX) = k. The sensitivity of the controllable
subspace X is measured by the canonical angles

Θ1 ≥ Θ2 ≥ · · · ≥ Θk ≥ 0

between the perturbed and unperturbed subspaces. The maximum angle Θmax = Θ1 between X̃ and
X can be computed efficiently from [22]([Ch. 4]), [23]

Θmax(X̃ ,X ) = arcsin(∥Uperp
X

T
ŨX∥2), (4)

where Uperp
X is the orthogonal complement of UX , Uperp

X
T

UX = 0.

2.2. Perturbation Bounds by the Splitting Operator Method

Denote by

δU = Ũ − U = [δU1, δU2, . . . , δUn],

δAc = Ãc − Ac.

According to the splitting operator method [9], it is possible to derive separately perturbation
bounds on |δU| and |δAc| which allows to obtain tight bounds. For this aim, we introduce the
perturbation parameter vector

x = vec(Low(δW))

=
[
UT

2 δU1 . . . UT
n δU1|UT

3 δU2 . . . UT
n δU2| . . . |UT

n δUn−1

]T
∈ Rp, p = n(n − 1)/2,

where the components of x are the entries of the strictly lower triangular part of the matrix δW = UHδU.
Using this vector, it is convenient to find bounds on various elements related to the orthogonal canonical
form and the transformation matrix U.

The matrix δW = UTδU can be represented as

δW = δV + δD − δY, (5)

where

δV =


0 −x1 −x2 . . . −xn−1

x1 0 −xn . . . −x2n−3

x2 xn 0 . . . −x3n−6
...

...
...

...
...

xn−1 x2n−3 x3n−6 . . . xp

 ∈ Rn×n,

and the matrices

δD =


UT

1 δU1 0 . . . 0
0 UT

2 δU2 . . . 0
...

...
. . .

...
0 0 . . . UT

n δUn

 ∈ Rn×n,
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δY =


0 δUT

1 δU2 δUT
1 δU3 . . . δUT

1 δUn

0 0 δUT
2 δU3 . . . δUT

2 δUn

0 0 0 . . . δUT
3 δUn

...
...

...
. . .

...
0 0 0 . . . δUT

n−1δUn

 ∈ Rn×n,

contains second order terms in δUj, j = 1, 2, . . . , n.
The vector x can be found from the perturbations δA and δB as follows. From the relationships

UT AU = Ac, UT B = Bc,

we have that

UT
i B = 0, i = 2, 3, . . . , n, (6)

UT
i AUj = 0, i = 3, 4, . . . , n, j = 1, 2, . . . , i − 2.

The corresponding perturbed quantities satisfy

ŨT
i (B + δB) = 0, i = 2, 3, . . . , n, (7)

ŨT
i (A + δA)Ũj = 0, i = 3, 4, . . . , n, j = 1, 2, . . . , i − 2.

Assuming that the perturbations of the data are small, we can neglect the second order term
δUT

i AδUj thus obtaining asymptotic estimates. From (6) and (7) we find that

δUT
i B = −ŨT

i δB, i = 2, 3, . . . , n.

UT
i AδUj + δUT

i AUj = −ŨT
i δAŨj, (8)

i = 3, 4, . . . , n, j = 1, 2, . . . , i − 2,

Exploiting the identities

UT A = AcUT , AU = UAc, UT B = Bc,

the terms on the left hand side of (8) are expressed as

δUT
i B = b1UT

1 δUi, i = 2, 3, . . . , n

δUT
i AUj =

j+1

∑
k=1

akjUT
k δUi, i = 3, 4, . . . , n, j = 1, 2, . . . , i − 2,

UT
i AδUj =

n

∑
k=i−1

aikUT
k δUj, i = 3, 4, . . . , n, j = 1, 2, . . . , i − 2.

From the orthogonality of the matrix Ũ, it follows that ŨT
i Ũj = 0 so that up to the first order

terms we obtain
δUT

i Uj = −UT
i δUj, i ̸= j. (9)

In this way

b1UT
1 δUi = −ŨT

i δB, (10)
n

∑
k=i−1

aikUT
k δUj +

j+1

∑
k=1

akjUT
k δUi = −ŨT

i δAŨj.
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Denote
F = −ŨTδAŨ, G = ŨTδB

and construct a vector h consisting of the columns of the strict lower part of the matrix H = [G, F], i.e.,

h = vec(Low([G, F]))

=
[
ŨT

2 δB, . . . , ŨT
n δB| − ŨT

3 δAŨ1, . . . ,−ŨT
n δAŨ1| . . . | − ŨT

n δAŨn−2

]T
∈ Rp.

The system of equations (10) can represented as the linear system of equations for the perturbation
parameters,

Mx = h, (11)

where M ∈ Rp×p is a matrix which is determined according to (8) from the entries of Ac and Bc as
M = 

b1

b1

. . . · · ·
b1

b1

a32 a33 − a11 · · · a3,n−1 a3n −a21

a43

. . . a4,n−1 a4n −a21

...
...

. . . · · ·
an−1,n−1 − a11 an−1,n −a21

an,n−1 ann − a11 −a21

a43 a44 − a22 · · · a4,n−1 a4n

a54

. . . a5,n−1 a5n

. . .
...

... · · ·
−a12 an−1,n−1 − a22 an−1,n

−a12 an,n−1 ann − a22

...
...

. . .
−a1,n−2 −a2,n−2 · · · −an−1,n−2


It is possible to show that the matrix M is determined by

M = M1 + M2,

where

M1 = Ω(C ⊗ Ac)ΩT ∈ Rp×p, (12)

M2 = Ω([Bc,−Ac
1:n,1:n−1]

T ⊗ In)ΩT ∈ Rp×p, (13)

C =



0
1 0

1
. . .
. . . 0

1


,

and

Ω :=
[
diag(Ω1, Ω2, . . . , Ωn−1), 0p×n

]
∈ Rp×n2

, (14)

Ωk :=
[
0(n−k)×k, In−k

]
∈ R(n−k)×n, k = 1, 2, . . . , n − 1.

The lower triangular matrix M is nonsingular, since due to the controllability of the system the
diagonal entries b1, a21, . . . an,n−1 are different from zero. With the decreasing of the magnitude of these
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entries, the distance to uncontrollable system decreases and the matrix M becomes worse conditioned.
If some or several diagonal elements become zeros, than the system becomes uncontrollable and the
matrix M becomes singular. This shows that there is a close connection between the singular values of
M and the distance to uncontrollable system. More specifically, for small perturbations δA and δB,
the smallest singular value of M can be considered as a measure of the distance to an uncontrollable
system.

Since ∥h∥2 ≤
√
∥δA∥2

F + ∥δB∥2
F, we have that

|xℓ| ⪯ xlin
ℓ , ℓ = 1, 2, . . . , p,

where
xlin
ℓ = ∥M−1

ℓ,1:p∥2

√
∥δA∥2

F + ∥δB∥2
F (15)

is the asymptotic (linear) bound on |xℓ|.
According to (5), the matrix |δW| can be estimated as

|δW| ⪯ δW lin + ∆W , (16)

where

δW lin =


0 xlin

1 xlin
2 . . . xlin

n−1
xlin

1 0 xlin
n . . . xlin

2n−3
x2 xlin

n 0 . . . xlin
3n−6

...
...

...
. . .

...
xn−1lin xlin

2n−3 xlin
3n−6 . . . 0

 ∈ Rn×n

is a first-order approximation of |δW| and ∆W contains higher order terms in x. Thus, an asymptotic
(linear) approximation of the matrix |δU| can be determined as

|δU| ⪯ δUlin = |U||UHδU| = |U|δW lin. (17)

Consider the sensitivity of a controllable subspace X = R(UX) of dimension k. Since

ŨX = UX + δUX , Uperp
X

T
UX = 0,

we have that

sin(Θmax(X̃ ,X )) = ∥Uperp
X

T
ŨX∥2 = ∥Uperp

X
T

δUX∥2 = ∥δWk+1:n,1:k∥2. (18)

Equation (18) shows that the sensitivity of the controllable subspace X of dimension k is connected to
the values of the perturbation parameters xℓ = UT

i δUj, ℓ = i + (j − 1)n − j(j+1)
2 , i > k, j = 1, 2, . . . , k.

Consequently, if the perturbation parameters are known, it is possible to find at once sensitivity
estimates for all controllable subspaces with dimension k = 1, 2, . . . , n − 1. More specifically, let

δW =


∗ ∗ ∗ . . . ∗
x1 ∗ ∗ . . . ∗
x2 xn ∗ . . .
...

...
...

. . .
...

xn−1 x2n−3 x3n−6 . . . ∗

,
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where * is an unspecified entry. Then we have that the maximum angle between the perturbed and
unperturbed invariant subspace of dimension k is given by

Θmax(X̃ ,X ) = arcsin(∥δWk+1:n,1:k∥2). (19)

Thus, we obtain the following result.

Theorem 1. Let the system (1) be reduced into orthogonal canonical form (2) and assume that the Frobenius
norms of the perturbations δA and δB are known. Set

L =



∗ ∗ ∗ . . . ∗
M−1

1,1:p ∗ ∗ . . . ∗
M−1

2,1:p M−1
n,1:p ∗ . . . ∗

...
...

...
. . .

...
M−1

n−1,1:p M−1
2n−3,1:p M−1

3n−6,1:p . . . ∗


∈ Rn×n.p,

where the matrix M is determined as in (11). Then for the kth controllable subspace of (1), the following
asymptotic perturbation bound holds,

Θlin
max(X̃ ,X ) ≤ arcsin(∥Lk+1:n,1:kp∥2∥h∥2) ≤ arcsin(∥Lk+1:n,1:kp∥2∥

√
δA∥2

F + ∥δB∥2
F). (20)

The proof of Theorem 1 follows directly from (19), replacing the matrix δW by its linear approxi-
mation δW lin and substituting each xlin

ℓ by its approximation (15). Note that, as always in the case of
perturbation bounds, the equality can be achieved only for specially constructed perturbation matrices
δA and δB.

Similarly to the componentwise sensitivity analysis of the orthogonal transformation matrix, it is
possible to find perturbation bounds on the entries of the matrices Ac and Bc.

3. Probabilistic Perturbation Bounds for Controllable Subspaces

3.1. Probabilistic Bounds for Random Matrices

The asymptotic perturbation bounds for controllability subspaces are usually pessimistic espe-
cially for high order systems. The conservatism of these estimates can be substantially reduced, if
instead of the quantities ∥δA∥F and ∥δB∥F, producing the maximum possible (and unrealistic) pertur-
bation bound (20), we use their estimates obtained for a specified probability. This can be achieved by
exploiting the properties of perturbation matrices with random entries. We note that our approach to
the analysis of the random matrices is different from the methods proposed by Edelman and Rao [4]
and Stewart [21].

Assume we are given an n × m random matrix δA with uncorrelated elements. To bound the
entries of this matrix in the perturbation analysis, we have to use the matrix bound ∆A = [∆aij], ∆aij >

0, so that |δA| ⪯ ∆A, i.e.,

|δaij| ≤ ∆aij, i = 1, 2, . . . , n, j = 1, 2, . . . , m, (21)

where ∆aij = ∥δA∥ and ∥.∥ is some matrix norm. If we use the Frobenius norm of δA, we have the
deterministic bound ∆aij = ∥δA∥F that guarantees the fulfillment of (21). However, for such a bound
we have that

∥∆A∥F =
√

mn∥δA∥F,

which yields very pessimistic results for large n and m. That is why to decrease ∥∆A∥F, we shall reduce
the entries of ∆A, taking a bound with ∆aij = ∥δA∥F/Ξ, where Ξ > 1. Obviously, in the general case
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such a bound may not satisfy (21) for all i and j. However, we can allow to exist some entries δaij of the
perturbation δA that exceed in magnitude with some prescribed probability the corresponding bound
∆aij. The probability that |δaij| > ∆aij can be determined by the Markoff inequality [17, Sect. 5-4]

P{ξ ≥ a} ≤ E{ξ}
a

, (22)

where P{ξ ≥ a} is the probability that the random variable ξ is greater or equal to a given number a
and E{ξ} is the average (mean value) of ξ. We note that the Markoff inequality is valid for arbitrary
distribution of ξ, which makes it conservative for a specific probability distribution. Applying the
Markoff inequality with ξ equal to the entry |δaij| and a equal to the corresponding bound ∆aij, we
obtain the following result [19].

Theorem 2. For an n × m random perturbation δA and a desired probability 0 < P re f < 1, the estimate
∆A = [∆aij], where

∆aij =
∥δA∥F

Ξ
,

and
Ξ = (1 −P re f )

√
mn, (23)

satisfies the inequality

P{|δaij| < ∆aij} ≥ P re f , i = 1, 2, . . . , n, j = 1, 2, . . . , m.

According to Theorem 2, the using of the scaling factor (23) guarantees that the inequality

|δaij| < ∆aij

holds for each i and j with probability no less than P re f .
Theorem 2 can be used to decrease the mean value of the bound ∆A and hence the magnitude

of its entries by the quantity Ξ, choosing the desired probability P re f less than 1. The value P re f = 1
corresponds to the case of the deterministic bound ∆A which fulfills (21). The value P re f < 1
corresponds to ∆aij = ∥δA∥F/Ξ, where Ξ > 1. We note that the probability bound produced by
the Markoff inequality is very conservative and the actual results are much better than the results
predicted by the probability P re f .

In the perturbation analysis, we frequently encounter the problem of determining a bound on the
elements of the vector

x = M f , (24)

where M is given matrix and f ∈ Rp is a random vector with known probabilistic bound on its
elements. It may be shown that it is valid the following deterministic linear componentwise bound

|xℓ| ≤ xlin
ℓ := ∥Mℓ,1:p∥2∥ f ∥2, ℓ = 1, 2, . . . , p. (25)

A probability bound on |xℓ|, ℓ = 1, 2, . . . , p can be determined by the following theorem [19].

Theorem 3. If the estimate of the parameter vector x is chosen as xest = |M f |/Ξ, where Ξ is determined
according to

Ξ =
√

p(1 −P re f ), (26)

then
P{|xℓ| ≤ ∥xest∥2} ≤ P re f . (27)
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Since
∥xest∥2 ≤ ∥M∥2∥ f ∥2/Ξ,

the inequality (27) shows that the probability estimate of the component |xℓ| can be determined, if in
the linear estimate (25) we replace the perturbation norm ∥ f ∥2 by the probability estimate ∥ f ∥2/Ξ,
where the scaling factor Ξ is taken as in (26) for a specified probability P re f . In this way, instead of the
linear estimate xlin

ℓ , we obtain the probabilistic estimate

xest
ℓ = xlin

ℓ /Ξ = ∥Mℓ,1:p∥2∥ f ∥2/Ξ, ℓ = 1, 2, . . . , p.

3.2. Probabilistic Sensitivity Analysis of Controllable Subspaces

To determine tighter perturbation bounds of the controllable subspaces, we replace the Frobenius
norms of the matrix perturbations δA and δB in the linear estimate (20) by much smaller probabilistic
estimates of the perturbations entries, determined by using Theorems 2 and 3. This makes possible to
decrease with a specified probability the perturbation bounds for the different subspaces achieving
realistic results for higher dimensional problems. For this aim, we replace ∥δA∥ and ∥δB∥F in (20) by
the ratios ∥δA∥/ΞA and ∥δB∥/ΞB, where

ΞA = n(1 −P re f ), ΞB =
√

n(1 −P re f ).

Using Theorem 3, the probabilistic perturbation bounds of x and δU can be found from (15) and
(17), replacing in (15) the perturbation norms ∥δA∥F and ∥δB∥F by the quantities ∥δA∥F/ΞA and
∥δB∥/ΞB, respectively. In this way, we obtain the probabilistic asymptotic estimate

Θest
max(X̃ ,X ) = arcsin(∥Lk+1:n,1:kp∥2∥δA∥F/Ξ) (28)

of the maximum angle between the perturbed and unperturbed invariant subspace of dimension k.

3.3. A Numerical Example

In this example, we present the asymptotic deterministic perturbation bounds for the controllable
subspaces, along with the probabilistic bounds obtained by using the Markoff inequality.

Example 1. Consider a single-input linear system with matrix A, taken as

A = Q0 A0Q−1
0 , B = Q0B0,

where

A0 =



p 2p 3p 4p . . . (n − 1)p np
5.0 (n + 1)p (n + 2)p (n + 3)p . . . (2n − 2)p (2n − 1)p

5.0 2np (2n + 1)p . . . (3n − 4)p (3n − 3)p
5.0 (3n − 1)p . . . (4n − 6)p (4n − 6)p

5.0 . . .
...

...
. . . ((n2 + n)/2 − 2)p ((n2 + n)/2 − 1)p

5.0 ((n2 + n)/2)p


,

p = 0.00001

B0 =
[

1 0 0 0 . . . 0 0
]T

,
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and the matrix Q0 is constructed as [1]

Q0 = H2ΣH1, Q−1
0 = H1Σ−1H2,

H1 = In − 2uuT/n, H2 = In − 2vvT/n,

u = [1, 1, 1, . . . , 1]T , v = [1,−1, 1, . . . , (−1)n−1]T ,

Σ = diag(1, σ, σ2, . . . , σn−1),

where H1, H2 are elementary reflections, σ is taken equal to 1.01 and cond(Q0) = 2.678. The parameter σ is
used to change the conditioning of the matrix Q0 and the parameter p is used to change the conditioning of the
controllable subspaces.

The perturbation of A and B are taken as δA = 10−8 Ar, δB = 10−8Br, where Ar and Br are matrices
with random entries with normal distribution and ∥δA∥F = 9.91429 × 10−7, ∥δB∥F = 9.50807 × 10−8. The
matrix M in (11) is of order p = 4950 and its inverse satisfies ∥M−1∥2 = 1.88694 × 104. This shows that the
problem for the sensitivity of the controllable subspaces is ill-conditioned since the perturbations of A and B
can be magnified 104 times in x and, consequently, in δU and Θ(X̃ ,X ). The minimum singular value of M
is equal to 5.29957 × 10−5, which shows that perturbations of size 10−5 may transform the given system to
uncontrollable one.

In Figure 1 we show the mean value of the matrix [∆aij/|δaij|] and the relative number N{∆aij ≥
|δaij|}/(n2) of the entries of the matrix |δA| for which |δaij| ≤ |∆aij|, and in Figure 2 - the corresponding
quantities for |δB|, obtained for normal distribution of the entries of δA and δB and for different values of the
desired probability P re f . For the case of P re f = 90%, the size of the probability entry bound ∆aij decreases 10
times in comparison with the size of the entry bound ∥δA∥F, which allows to decrease the mean value of the ratio
∆aij/|δaij| from 840.86 to 84.086 (Table 1). For P re f = 40%, the probability bound ∆aij is 60 times smaller
than the bound ∥δA∥F and even for this small desired probability the number of entries for which |δaij| ≤ |∆aij|
is still 90.34%. The corresponding quantities for δB are shown in Table 2.

Table 1. The mean value of the ratios [∆aij/|δaij|] and the relative number of entries for which
N{∆aij > |δaij|}/n2, obtained for different values of P re f , n = 100

P re f Ξ E{[∆aij/|δaij|]} N{∆aij > |δaij|}/n2

% %

100.0 1.0000 × 100 8.4086 × 102 100.0000
90.0 1.0000 × 101 8.4086 × 101 100.0000
80.0 2.0000 × 101 4.2043 × 101 100.0000
70.0 3.0000 × 101 2.8029 × 101 99.8800
60.0 4.0000 × 101 2.1022 × 101 98.8200
50.0 5.0000 × 101 1.6817 × 101 98.8200
40.0 6.0000 × 101 1.4014 × 101 90.3400

Table 2. The mean value of the ratios [∆bij/|δbij|] and the relative number of entries for which
N{∆bij > |δbij|}/n, obtained for different values of P re f , n = 100

P re f Ξ E{[∆bij/|δbij|]} N{∆bij > |δbij|}/n2

% %

100.0 1.0000 × 100 4.3503 × 101 100.0000
90.0 1.0000 × 100 4.3503 × 101 100.0000
80.0 2.0000 × 100 2.1751 × 101 100.0000
70.0 3.0000 × 100 1.4501 × 101 100.0000
60.0 4.0000 × 100 1.0876 × 101 97.0000
50.0 5.0000 × 100 8.7005 × 100 94.0000
40.0 6.0000 × 100 7.2504 × 100 88.0000
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Figure 1. The mean value of [∆aij/|δaij|] as a function of P re f (left) and the mean value of N{∆aij >

|δaij|}/n2 (right) as a function of P re f for a normal random distributions of the entries of the 100 × 100
matrix A
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Figure 2. The mean value of [∆bij/|δbij|] as a function of P re f (left) and the mean value of N{∆bij >

|δbij|}/n2 (right) as a function of P re f for a normal random distributions of the entries of the 100 × 1
matrix B

In Figure 3 we compare the asymptotic bound δUlin and the probabilistic estimate δUprob with the
actual componentwise perturbations |δU| for normal distribution of perturbation entries and probabilities
P re f = 90%, 80% and 60%. The probabilistic bound δUprob is much tighter than the linear bound δUlin and
the inequality |δU| ⪯ δUprob is satisfied for all entries and chosen probabilities. In particular, the size of the
estimate δUprob is 10 times smaller than the linear estimate δUlin for P re f = 90%, 20 times for P re f = 80%
and 40 times for P re f = 60%. In Figure 4 we show the ratio [δUlin

ij /|δUij|] (left) and the ratio [δUprob
ij /|δUij|]

(right) for P re f = 0.6 for normal random distributions of the entries of the matrices A and B. Note that the
mean value of ratio for the probabilistic estimate is 40 times smaller than the mean value for the deterministic
estimate and its value for each i and j is greater than 1.
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Figure 3. Perturbation bounds of the entries of U for different probabilities

Figure 4. The ratio [δUlin
ij /|δUij|] (left) and the ratio [δUprob

ij /|δUij|] for P re f = 0.6 (right) for normal
random distributions of the entries of the matrices A and B

In Figure 5 we show the asymptotic bound δΘlin
k and the probabilistic estimate δΘprob

k along with the exact
value |δΘk| of the maximum angle between the perturbed and unperturbed controllable subspace of dimension
k = 1, 2, . . . , n − 1 for the same probabilities P re f = 90%, 80% and 60%. The probability estimate satisfies
|δΘk| < δΘest

k for all 1 ≤ k < 100.
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Figure 5. Angles between the perturbed and unperturbed controllable subspaces and their bounds

4. Conclusions

In this paper we present asymptotic and probabilistic perturbation bounds of the controllable
subspaces of linear single-input control systems. The probabilistic bounds are considerably less
conservative than the corresponding deterministic bounds with sufficiently high probability that make
them suitable for high order problems. However, they may require a large number of computation
due to the using of the Kronecker products. The analysis presented in this paper, is also valid for linear
discrete-time single-input systems with a state-space description

xk+1 = Axk + Buk.

By duality, the results of this paper can be also used to analyze the observability subspaces of linear
systems.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The datasets generated during the current study are available from the author upon
reasonable request.

Conflicts of Interest: The author declares that the research was conducted in the absence of any commercial or
financial relationships that could be construed as a potential conflict of interest.

Notation

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 November 2024 doi:10.20944/preprints202411.0022.v1

https://doi.org/10.20944/preprints202411.0022.v1


15 of 16

R, the set of real numbers;
Rn×m, the space of n × m real matrices;
A = [aij], a matrix with entries aij;
Aj, the jth column of A;
Ai,1:n, the ith row of an m × n matrix A;
Ai1 :i2,j1 :j2 , the part of matrix A from row i1

to i2 and from column j1 to j2;
Low(A), the strictly lower triangular part of A;
|A|, the matrix of absolute values of the elements of A;
AT , the transposed of A;
A−1, the inverse of A;
0m×n, the zero m × n matrix;
In, the unit n × n matrix;
δA, the perturbation of A;
∥A∥F, the Frobenius norm of A;
:=, equal by definition;
⪯, relation of partial order. If a, b ∈ Rn, then a ⪯ b means

ai ≤ bi, i = 1, 2, . . . , n;
X = R(X), the subspace spanned by the columns of X;
U⊥, the orthogonal complement of U, UHU⊥ = 0;
A ⊗ B, the Kronecker product of A and B;
P{y > y}, the probability of the event {y > y};
E{ξ}, the average value or mean of the random variable ξ;
N{aij ≥ bij}, the number of the entries of A that are

greater or equal to the corresponding entries of B.
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