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Abstract: We study multivariate Ly-approximation problem APP; defined over a Banach space in the average
case setting. The space is equipped with a zero-mean Gaussian measure with weighted covariance kernel which
depends on parameter sequences & = {«;};cy and B = {B;}jen with1 < a; <ap <---and 1> B > B >
-++ > 0. In this paper two interesting weighted covariance kernels are considered, which model the importance of
the covariance kernels. Under the absolute error criterion or the normalized error criterion, we discuss (s, t)-weak
tractability of the Ly-approximation problem APP = {APP,} ;o with the above two weighted covariance kernels
for some positive numbers s and ¢ in the average case setting, where (s, t)-weak tractability means that how the
information complexity depends on d and e 1 for large dimension d and small threshold e. In particular, for
alls > 0and t € (0,1) we find the matching sufficient and necessary condition on the parameter sequences
o = {a;}jcy and B = {B;};cn to obtain average case (s, t)-weak tractability under the absolute error criterion or

the normalized error criterion.

Keywords: Ly-approximation; weighted covariance kernels; information complexity; (s, t)-weak tractability

1. Introduction

This paper is devoted to studying d-variate problems S; with huge d. This is a hot topic in
computational finance (see [1]) and computational chemistry (see [2]). We consider multivariate
problem S = {S; : F; — G} 4cn in the average case setting, where F; is a Banach space with a zero-
mean Gaussian measure y;, and Gy is a Hilbert space. We approximate S; by arbitrarily # continuous
linear functionals. Let ¢ € (0,1) and d € N. In the average case setting, for the absolute error criterion
(ABS) or the normalized error criterion (NOR), information complexity nX (g, S4) is defined as the
minimal number of continuous linear functionals to approximate the multivariate problem S; with the
threshold less than sCRI{}l/ 2, where X € {ABS,NOR} and

CRl; := 1, for X = ABS,
v Je ISa(f) 12, 1a(df), for X =NOR.

In 1994, the notion of tractability was first introduced to describe the behavior of the information
complexity nX(g, S;) when d tends to infinity and e tends to zero (see [3]). If the information complexity
nX (e, S4) is the function of d and e~ for large d and small ¢, then the problem S is called algebraic
tractability. In the average case setting, there are many papers discussing the algebraic tractability such
as strongly polynomial tractability, polynomial tractability, quasi-polynomial tractability, unform weak
tractability and (s, t)-weak tractability; see [4-6].

Recently, some authors are interested in algebraic tractability of multivariate approximation
problems from Banach spaces equipped with zero-mean Gaussian measures with weighted covariance
kernels in the average case setting. The weights can model how important the covariance kernels
are. Some special weights were investigated such as analysis Korobov weights, Korobov weights,
Euler weights, Wiener weights and Gaussian weights. In the average case setting, under ABS or NOR
[7-9] discussed the Ly-approximation problem defined over a Banach space whose covariance kernel
has analysis Korobov weight. [7] obtained the compete sufficient and necessary conditions for weak

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202410.2404.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 October 2024 d0i:10.20944/preprints202410.2404.v1

20f19

tractability, strongly polynomial tractability, polynomial tractability, quasi-polynomial tractability and
uniform weak tractability; [8,9] got the compete sufficient and necessary conditions for (s, t)-weak
tractability. For the Ly-approximation problem from a Banach space whose covariance kernel has
Korobov weight, the matching sufficient and necessary conditions for weak tractability, strongly poly-
nomial tractability and polynomial tractability under NOR in [10], quasi-polynomial tractability under
NOR in [10,11], uniform weak tractability under ABS or NOR in [12], strongly polynomial tractability
and polynomial tractability under ABS in [13], and (s, t)-weak tractability under ABS or NOR in
[9] were studied in the average case setting. In the average case setting, for the L-approximation
problem with Euler covariance kernel and Wiener covariance kernel under NOR, the sufficient and
necessary conditions for weak tractability, strongly polynomial tractability, polynomial tractability and
quasi-polynomial tractability in [14], uniform weak tractability in [15], and (s, t)-weak tractability in
[9,16] were gotten. For the Ly-approximation problem with Gaussian covariance kernel under ABS
or NOR, the matching necessary and sufficient conditions for strongly polynomial tractability and
polynomial tractability in [17], quasi-polynomial tractability in [18], and weak tractability, uniform
weak tractability and (s, t)-weak tractability in [19] were obtained in the average case setting.

It is interesting that different methods are used to solve (s, f)-weak tractability for different fixed
s and t in the same article. Hence, in this paper we study (s, t)-weak tractability of multivariate L;-
approximation problems defined over Banach spaces with two different weighted covariance kernels
in the average case setting. Those two weights come from the ideas of analysis Korobov weights (see
[7-9]), Korobov weights (see [9-13]), and Gaussian ANOVA weights (see [20-23]). For ABS or NOR
we obtain a compete sufficient and necessary condition on (s, t)-weak tractability of the above two
Ly-approximation problems with alls > 0and t € (0,1).

We summarize the contents of this paper as follows. In Section 2 we present a general multivariate
approximation problem equipped with a zero-mean Gaussian measure in the average case setting,
and give some definitions about algebraic tractability. Section 3 discusses Ly-approximation problems
with weighted covariance kernels in the average case setting. Section 3.1 and Section 3.2 introduce a
variant of the korobov covariance kernel and a variant of the Gaussian ANOVA covariance kernel,
respectively. In Section 4 we investigate sufficient and necessary conditions for (s, t)-weak tractability
of the L,-approximation problems with the above two weighted covariance kernels for all s > 0 and
t € (0,1) in the average case setting, and then give the proof. Section 5 provides a summary of this

paper.

2. Average Case Algebraic Tractability of Multivariate Approximation Problems

First, some notions on the paper: we define N = {1,2,...}, Ny = {0,1,...}, In" x = max{1,Inx},
[a] for the smallest integer not less than a.

We recall some concepts of multivariate approximation problems from functions defined over
Banach spaces with zero-mean Gaussian measures in the average case setting; see [4].

We consider multivariate approximation problem S; : F; — G, for each d € N, where F; is a
Banach space equipped with a zero-mean Gaussian measure j;, and G is a Hilbert space with an
inner product (-, -),. For every f € F; we approximate S;(f) by algorithm of the form

Apa(f) = @pa(Li(f),..., Lu(f)), 1)

where Ly, Ly,..., L, are continuous linear functionals on F;, and ®, ; : R" — G; is an arbitrary
mapping. We set Apy = 0.

In this paper we approximate S; in the average case setting. The average case error e(A,, ;) of the
algorithm A, ; is defined as

1
2

e(Aa) = ( [ 15400) = Ana(Pllataf)
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For any n € Ny the nth minimal average case error is defined to be

e(n,S;) = qunf e(Apg),

n,d

where the infimum is taken over all linear algorithms A,, ; of the form (1). Then for n = 0 the error

1
2
e(0,5) = ([ 154 llcnataf))
d
is called the average case initial error. If there exists an algorithm AE, ;4 of the form (1) such that

e(Ayg) = e(n,S4),

we call A ; the nth optimal algorithm of S;.
Lete € (0,1) and d € N. Under the absolute error criterion (ABS) or the normalized error criterion
(NOR) we define the information complexity n*(e, S) for X € {ABS,NOR} as

nX(g,Sy) := min{n €Np:e(n,Sg) < €CRIL11/2}/
where

1, for X = ABS
CRl,; := ! !
d { ¢2(0,S,), for X = NOR.

Recall some definitions of algebraic tractability (see [4-6]). Let S = {S; }4en. For X € {ABS,NOR},
we say that

¢  Sisstrongly polynomially tractable iff there are non-negative numbers C and p such that
nX(e,S4) < Ce P forall ec (0,1),d=1,2,....
*  Sis polynomially tractable iff there are non-negative numbers C, p, and g such that
nx(e, Sq) < Cdie7P forall e€(0,1),d=1,2,....
*  Sis quasi-polynomially tractable iff there are numbers C > 0 and ¢ > 0 such that
n*(e,S;) < Cexp (t(1+1Ind)(1 —l—lnsfl)) forall e € (0,1),d=1,2,....

. S is uniform weakly tractable iff for all s, > 0,

InnX(e, Sy)
s*l-il-fin—mo e=s 4dt 0
*  Sisweakly tractable iff
X
im Inn®(e, Sq) _ 0.
e 14d—oo el +d
e Sis(s,t)-weakly tractable for fixed s > 0 and t > 0 iff
X
lim RS

e ltdseo €5+dt
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Obviously, we have the relationships between the above algebraic tractability notions:

strongly polynomial tractability = polynomial tractability
= quasi-polynomial tractability
= uniform weak tractability

= (s,t)-weak tractability for all s, t > 0,
and
weak tractability < (1,1)-weak tractability.

We will discuss the nth minimal average case error e(1,S;) and the information complexity
nx(s, S;) more explicitly; see [4, Section 4.3].

Let Cy, : (F4)* — F; be the covariance operator of 114 (see [4, p. 357-360]), and v; = yds,;l be the
induced measure of y;. Then the induced measure v, is a zero-mean Gaussian measure on the Borel
sets of G; with covariance operator Cy, : G; — G, given by

Cy = 5aCpy(Sa)”,
where (S;)* is the operator dual to S;. The eigenpairs {(A4;,174,) }ien of Cy, satisfy
Cogllai = Agifla; With Agy > Agp >+ >0,

where (14, 14,/) G, = i, and

5 — 1, fori=j,
10, fori#j.

Then for n € Ny, we have that the nth optimal algorithm AE, ;4 of 5, satisfies

n

AL =Y (Salf) M4y Mai
i=1

and the nth minimal average case error e(n, S;) has the form

e(n,Sq) = e(Ay) = ( i Ad,i) ;

i=n+1

see [4, Section 6.1]. Hence for the absolute error criterion (ABS) or the normalized error criterion (NOR)
the information complexity has the form

nX(e,Sy) = min{n € Np: Z Aai < SZCRId}, ()
i=n+1

where
1, for X = ABS,

CRI; = Y A, for X = NOR.
i=1

3)

It is obvious that the algebraic tractability of S = {S;} depends on the behavior of the eigenvalues
{A4i}ien. Next, we present some relationships between the information complexity nX(g, S4) and the
eigenvalues {A;;};cn for ABS and NOR in the average setting.
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For any 7 € (0,1), since

LAt LAt
Adjg(l—l ) g(l—l. ) ,
" ] ]
we have by (2) that
1
€2CRId < Z )\d,] < (Z A;z) Z ll
j=n*(&Sq) i=1 j=nX(e,S4) ] T

AN
N
g
>
A
~—
= =
=\
R
m
L
L
R
Al

— - T : T
N (-Z Ad”) (1—1)(nX(e,Sq) — 1) "7

A=

It means
¥ AT )
T <i_1 dj —2r )

ACEES | Fa CRI,

We note that the fact In[x] < |In(2x)| holds for x > 0. Indeed, we have In[x| < In(x +1) < In(2x) for
x >1,and In[x] = 0for 0 < x < 1, which deduces In[x]| < |In(2x)| for x > 0. Combing the inequality

(4) and the above fact, we have

X <
Inn”(e,Sy) < In E—p

IN
5

—_
|

|
0
&
=

(5)

1
T T = T ‘ -1
— (ln — —Hn((l;)\d’l) /CRId) +2In(e )) +In2

3. L,-Approximation with Weighted Covariance Kernels
Let Hyap([0, 1]%) be a Banach space equipped with a zero-mean Gaussian measure y; with

weighted covariance kernel
(6)

= fE)f(y)ualdf) = Y, Waap(h)exp(2mih- (x —y))

KWd (xi y) -
. Hinp 7
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d

forx,y € [O,l}d, wherei = /(—1),h = (hy,...,hy) € Ng, u-v=Y uov,u=(uy... uy) € R
i=1

v=(vy,...,04) € RY and Wi, p is the weight of the covariance kernel Ky, , .. Here, & = {a;}jen and

B = {Bj}en are parameter sequences satisfying
1<D€1§l¥2§---andlZ,BlZ,BzZ-'->O. (7)

Then the covariance operator of i is given by Cy,, : (Hyag([0,1]7))* — Hg, g([0,1]%).
In this paper we discuss the Ly-approximation problem APP = {APP;} e

APP; : Hyo 5([0,1]%) — Lp([0,1)%) with APP4(f) = f, (8)

for f € Hyap([0, 1]%). Then the covariance operator Cy, : Ly([0,1]%) — La([0,1]¢) of the induced
measure vy = ydAPPgl has the form

(€ = [

oyt K¥ans (5 9)f (y)dy for 2y € [0,1)4. 9)

By (6) and (9) we have that the eigenvalue sequence {A;;}ieny with Ag; > A4 > -+ > 00f Cy, is the

sequence { Wy, g(h)}, end-
We will consider product weights

d
Wd,a,ﬂ(h) = Hwaj,lg/. (h]) for h = (hl, .. .,]’ld) S Ng
j=1

Then for any T > 0 we have

e}

d d oo
i = 2, Wiap(h) = Wy g, (hj) = I Wy, (1)- (10)
i=1 heNg heNg j=1 j=1h=0

We note that the weighted covariance kernels are restricted by their weights. So it is worth to
investigate the weights. There are many papers discussing the Korobov weights (see [9-13]), the
analysis Korobov weights (see [7-9]), and the Gaussian ANOVA weights (see [20-23]). According to
ideas of the above weights we introduce two weights, which have faster decay rates than the Korobov
weights and the Gaussian ANOVA weights, respectively.

3.1. A Variant of the Korobov Covariance Kernel

In this subsection we introduce a weighted covariance kernel Ky, | p with the weight Wy , g given
by a variant of the korobov weight p; , g, where & = {a;} ey and B = {B;}cn satisfy (7). The weight
Pda,p 18 given as product form,

d
pd,a,ﬁ(k) = Hpﬂéj,ﬁj(kj)l k - (kll' . ‘/kd) € Nd/
j=1

where p, g, (k;) are univariate weights,

(k) = 1, fork=0,
Prp® =0 pA™ fork > 1,

for fixed A € (0,1), a € (1, +c0) and B € (0,1]. The idea of the weight p; , g comes from the korobov
weight (see [9-13]), and the analysis korobov weight (see [7-9]).
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The references [9-13] consider the Ly-approximation problem APP = {APP;} ;¢ satisfying (8)
from the Banach space Hy , ([0, 1]%) equipped with a zero-mean Gaussian measure j; whose weighted
covariance kernel Kyy " of the form (6) has the kovobov weight Wy , g = 74, g Of the form

d
rd,/x,ﬂ(k) = Hra].,ﬁ].(k]‘), k= (kl, .. .,kd) € Nd,
j=1

with

1 fork=0
k :: 7 7
ra’ﬁ( ) { kﬁa, fork >1,

for a € (1,+0c0) and B € (0, 1], where the parameter sequences &« = {«;};cny and B = {B;} e satisfy
(7). Using ABS or NOR the references [9-13] have solved the algebraic tractability of the above problem
APP, and got the following results:

. For ABS or NOR, strongly polynomial tractability holds iff polynomial tractability holds iff

_Ing
liminf4 %

> 1.

e  For NOR, quasi-polynomial tractability holds iff

. For ABS or NOR, weak tractability holds iff
lim ﬁk =0.
k—o0
U For ABS or NOR, uniform weak tractability holds iff
lim Bik? =0 forall p € (0,1).
k—o0

For ABS or NOR, (s, t)-weak tractability with s > 0 and ¢t > 1 always holds.
For ABS or NOR, (s, t)-weak tractability with s > 0 and t € (0,1) holds iff

1
lim k8, Int — = 0.
kl—I;[olo Prln Bk

Another covariance kernel is the analysis korobov covariance kernel, which is famous for its fast
exponentially decaying weight. The analysis korobov weight is given as

wdaﬁ Hw,x],/g] , k= (kl,. . .,kd) S Nd,

with
1, fork=0,
wup(k) := { wPK | fork >1,
for fixed w € (0,1), & > 0 and B > 0, where the parameter sequences & = {a;};cy and B = {B;}jen

satisfy
infay >0 and 0 < B < B <
keN

In the average case setting, the references [7-9] investigate the algebraic tractability of the L-approximation
problem APP = {APP,} ;o satisfying (8) from the Banach space Hy , g([0,1]%) equipped with a zero-

d0i:10.20944/preprints202410.2404.v1
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mean Gaussian measure yi; whose weighted covariance kernel Ky, s of the form (6) has the analysis
kovobov weight Wy 4 g = w4, g- They obtained that (see [7-9]):

*  For ABS or NOR, strongly polynomial tractability holds iff polynomial tractability holds iff

.Bk 1
li f = .
1;1_1;;1 In k Inw1

¢ For ABS or NOR, weak tractability holds iff
lim By = oo.
k—o00

e  For NOR, quasi-polynomial tractability holds iff

deN Rin*

U For ABS or NOR, uniform weak tractability holds iff

lim wPkP =0 forall p € (0,1).

k—o0

e For ABS or NOR, (s, t)-weak tractability with s > 0 and t > 1 always holds.
e For ABS or NOR, (s,t)-weak tractability with s > 0 and t € (0,1) holds iff

lim k'~ BrwPr = 0.

k—o0

Remark 1. We note that the variant of the korobov weight p4 . g descends faster than the korobov weight 4, g,
but slower than the analysis korobov weight w 4 g

3.2. A Variant of the Gaussian ANOVA Covariance Kernel

In this subsection, we present a weighted covariance kernel Ky,  , with the weight Wy, g given
as a variant of the Gaussian ANOVA weight 0, , g, where & = {«;};cny and B = {B;} e satisfy (7).
The weight 01 g is of product form, and determined by

Ud:xﬂ Haa] /3] r

where 7, g, (kj) are univariate weights,

1, fork=0,
0o p(k) = BAF, for1<k< [a],
ﬁAk!/(kf[zﬂ)!, for k > Lﬂ,

for fixed A € (0,1), « € (1,+00) and B € (0,1].
The weight 0 g is similar but different with the Gaussian ANOVA weight ¢, g given by

d
Yaap(k) =[] ap (k)
j=1

with
, for k=0,

1
Pup(k) = £, for 1 <k < [a],
B, for k=),
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for a € (1,+00) and B € (0,1], where & = {a;};cy and B = {B;};cn satisfy (7) (see [22,23]). In the
worst case setting, the reference [21] and the reference [22] investigate the algebraic tractability of
APP = {APP;}4cn satisfying (8) defined over the reproducing kernel Hilbert space Hg 4 ([0, 1)4),
where the reproducing kernel function has the Gaussian ANOVA weight 15, g. But in the average
case setting, there are no results about the algebraic tractability of the problem APP = {APP;}jcn
satisfying (8) from the Banach space Hy, ([0,1]%) equipped with a zero-mean Gaussian measure
1 with the Gaussian ANOVA covariance kernel or the variant of the Gaussian ANOVA covariance
kernel.

Remark 2. Noting that the variant of the Gaussian ANOVA weight 0, g has faster decay rate than the
Gaussian ANOVA weight ¥4 4 6.

Remark 3. Set Wa].,,gj(k) € {pa].,ﬁj (k),aa].,/g].(k)}for all j € Nand k € Ny. Then we have

k(‘"ﬂ

Wi, p,(k) < BjAI1“ forall j,k € N.

Especially, we have Wy, ,(0) =1 for all j € N.

Proof. (1) Set Wy g, (k) = O p (k) for all j, k € N. We have

j
Kl

[ag] o
P, (k) < puy (k) = B AR < piATal™T

forallj, k € N.
(2) Set W,x].,/g],(k) = U,X].,/gj(k) forall j,k € N. For 1 <k < [a;] and j € N we have

aﬂ
o]

Al

k )Mﬂ

(1a; o
Ouypy (k) = BiAM < BA< piAT = gAY
On the other hand, for k > [a;] and j € N we get

O’aj,ﬁj(k) — ﬁ]Ak'/(k—(ﬂt]])' _ ‘B]Ak(k—l)(k—[l’é]—‘-‘rl)

faj1 fw] . 1411 fa:]
< g Al I8 IH0 T — g AR (1= =)

[a;]
[a]

w:]— ) k
Kol (= [y Ty

< 'B]A [a)] — ﬁ]A [;]

It follows that for all j, k € N
L
fa:] [a)]
iy, () < A
Since 0, g, (k) < 0y, (k) for all j, k € N, we further obtain

k(“ﬂ

Pl
o-lxj‘,ﬁ/'(k) S ﬁ]A’V ﬂ ! °

Therefore, by (1) and (2) we have

k(“ﬂ
Way g, (k) < AT
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for Wy, g, (k) € {p,le/gj(k),(faj/ﬁj (k)} and all j, k € N.
(3) For all j € N it is obvious from

pﬂéj,ﬁ]‘ (0) = Ut’tj,ﬁj (0) =1
that Wa].,/gj(O) =1 O

Remark 4. Set Wy g, (k) € {p,xj,/g/. (k),%]-,ﬁj (k)} forall j € Nand k € Ny. Then for all j € N due to
p,leﬁ;j(l) = (7“],,/5],(1) = BjA , we have Waj,ﬁ].(l) = B;A.

4. Average Case (s, t)-Weak Tractability of L,-Approximation with the Two Weighted Covariance
Kernels and the Main Result

In this section, we consider (s, t)-weak tractability of the Ly-approximation APP = {APP;} e
satisfying (8) defined over the Banach space Hy, ([0, 1]%) with a zero-mean Gaussian measure /7 in
the average case setting. Here, the covariance kernel Kyy " with weight Wy, g of the measure i is
given by (6), and the parameter sequences & = {a;};cy and B = {B;}cn satisfy (7). In this paper, we
consider two product weights: the variant of the korobov weight p; , g and the variant of the Gaussian
ANOVA weight 0  g.

d

Let Wy, p = Hl W,X/.,ﬁ],(hj) with W,X].,/gj(k) € {Pocj,ﬁj(k)faa;,ﬁj(k)} forall j € Nand k € Ny. Then
]:

from Lemma 3 we have

W‘Xj,/g].(()) =12 Wy (k) forall j k€N, (11)
which yields
d
Mgy = Wiap(0) =] [Wa,p,(0) = 1. (12)
j=1

We conclude from (3), (10) with T = 1 and (11) that

1, for X = ABS,

ORIy = (1+ > Wy, p.(k)), for X =NOR. (13)
j=1 k=1 "
By (2) and (13) we obtain
nNOR (¢, APP,) < nBS(e, APP). (14)

Theorem 1. Let the parameter sequences & = {a;}jcy and B = {B;}jen satisfy (7). Consider the Lp-
approximation APP from the space Hy o g([0,1]7) with the covariance weight Wy o g € {040 p, 00,p} in the
average case setting. For any t € (0,1) and s > 0, (s, t)-weak tractability holds under ABS or NOR iff

lim ;i " =0.
]
Proof. Necessity. Lets > 0and t € (0,1). Assume that (s, t)-weak tractability holds for ABS or NOR.
By the inequality (14), we only need to assume that (s, t)-weak tractability holds for NOR. Due to
the definition of the information complexity (2) for NOR, we have

nNOR(S,APPd) [o's)
CRI;— ) M= ) Ag,i < €CRIy,
i=1 i=nNOR (¢, APP,)+1

d0i:10.20944/preprints202410.2404.v1
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which means
nNOR (¢, APP,)
(1 - EZ)CRId S Z /\d,i'
i=1
We further deduce from (13) and (12) that
d 00 nNOR(S,APPd)
(1-¢) [T+ ) Wayp (k) = (1- ¢?)CRI, < Y A
j=1 k=1 i=1
< nNOR(g, APP)A ;1 = nNOR(¢, APP,). (15)
From (15) we get
NOR 2 d =
InnNOR (¢, APP,;) > In(1 —€%) + Zl In(1+ kzl We, g, (K)). (16)
j= =

Set ¢ = 1. It follows from the assumption, inequality (16) and Remark 4 that

d )
Inj+ ¥ In(l+ L Wap, (k))

0= lim InnNOR(1 APP,) =1

d—oo 25 4 dt T d—oo 25 4 (gt

d
In3+ ‘21 In(1+W,,6.(1))
7=

> i
_dgl;lo 25 4 gt

d
In3+ L In(1+ B;A)

= lim =1
d—ro0 25 + dt
d
Y In(1+ [SjA)
i=1
= lim /
dgrc}o dt

Due to the fact In(1 + x) > 7 forall x € (0,1), B;A € (0,1) for all j € N, and Stolz theorem, we further

have
5 b
0— 1 InnNOR(1 APP,) “ fim =
T e 2 4+ df =i dt
= é lim Ba

2 dsed — (d—1)

A . 17t
= _ > 0.
7 dhm Bad 0

It yields dlim Bad' "t =0foranyt € (0,1).
— 00
Sufficiency. Assume that dlirn Bgd'™t = 0 for any t € (0,1). We will prove that (s, t)-weak
—o0

tractability holds for ABS or NOR.
By the inequality (14), we only need to prove that (s, t)-weak tractability holds for ABS. We set

1 1
T, = max ,
k {1n+(,3k—1) In(2k+1)

} for k€ N. (17)
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Obviously, hm ,Bk = 0 and thus hm T =0, i.e., T € (0,1) for sufficiently large k. Set T =1 — 7. It
follows from 1nequa11ty (5) for ABS that

d

1 1 ln<§ AETd)
—4 ln;—dr"’ +2In(e7 1) + ’:fT +In2

) In nABS(s, APP,) )
lim < lim
e l4d—oo g5+ dt e l4d—oo es +dt

(18)

Note that

Td

L (ln 1;—;"’ + 211‘1(8_1)) + lr12‘
0<  lim — ;
e 14+d—o0 e 4+d

< 1 |(In(2d +1) — 1) (In(In(2d + 1) — 1) + 2In(e ")) +In2|
- e*lil;in%oo e 5+ dt
— _ _ -1
m (In2d+1) —1)In(In(2d +1) — 1) 4 lim 2(In(2d +1) —1)In(e™")
d—yo0 dt e 1l4d—oo e s+ dt
2(In(2d +1) — 1) In(e 1)
e l4d—oo es+dt
(In(2d +1) — 1)> + (In(e~1))?
T e ltdoeo g5 +dt

o @+ -1 M:o,

d—o0 dt e 1 500 e s

and thus in the inequality (18) we only need to prove

fn(£ )] bin( ")
lim = lim

e +d—oo es +d! e lpd—oo es +d!

=0, (19)

where we used

ln<Z)\l Td) >InAy; " =0

i=1

by (12).
From (10) with T = 1 — 7; and Lemma 3 we have

(£ ) ({1 o))

:im(u i( Wa )H">

j=1 k=1

(1— Td [J"‘ﬂ
< Zln 1+Z/31 g il (20)
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=gkl (1—rp)kl1] o (=]
Since 0 < A [ul™! < A w117 and YA 1l g convergent. It means that there exists a
k=1
constant C > 0 such that
o (—tpklal
y A i <c (21)
k=1
for all d € N. By (20) and (21) we have
o 1 d 1 4
In{ YA ) < Lin(14+Cp %) <CY B, (22)
i=1 =1 =1

where in the last inequality we used In(1 + x) < x for x > 0. Since (17), we have ijl <In*t ,B;l <

—1
1+1In ,3;1 and thus §; < e for all j € N. We further get forall 1 <j < d that

B < g T < 1T = e ), (23)
We note that
~1 ~1
el_Tf —ee G = — i
min{eln ,B]- , eln(Zj-i—l)}
e 1
< . =emax{Bj, =——1, (24)
min{elnﬁ/ 1,e1n(2f+1)} thi 2j+ 1}
and
e_Tf(l_Tfil) =e Tt <e. (25)
Combing (23), (24) and (25), we have
i 1-7, 2 i 1
B “<e ) max{Bj 57—} (26)
st ] fut 2j+1
From (22) and (26) and we have
Lin OZO; AL In OZOL AL
u M B | L
< 1 — < li —
0< 8—1_'1_Idn_>oo e5+dt = e Tydt
d 17 2 | 1
Cj)_:1 Bi Ce j;l max{B;, 57}
< lim — < 1i — .
B dlgl;}o Tydt B dlgl;lo Tydt 27)

Next, we will prove

d 1
¥ max{B;, m}

lim = =0.
d—o0 Tddt
It follows from (17) that
o
T d 1
=1 Zjt+t j=0 Zx+1 dx % In? (2d+1)

0 < lim < lim < lim

—_— = 0,
s Tydt T doeo T,dt T d—oo dt
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ie.,
d

Lo

i 7:. 2
dh—I}c}o Tddt 0 (8)

Due to dlim d'~'B; = 0 forany t € (0,1), we have dlim d'~*/2B; = 0. This means that there exists a
—00 —00

positive number N € N such that §; < j*/271 forall j > N. It follows that

d N d
Y.Bi=Y. B+ Y Bj<N+ ) j*!
j=1 j=1 j=N+1 j=N+1

for sufficiently large d, which yields by (17) that

v In(2d + 1) z B

=1 =
0 < lim ! < Iim ; =
d—co Tyd d—sco d

24'/2
< lim In(2d +1)(N + )
d—oo dt
iy NIn(2d +1) + lim 2d"/21n(2d +1)
d—oo dt d—oo tdt
. 2In(2d+1)
ST

:0/

ie.,

=0. (29)

We conclude from (28) and (29) that

£ max{p), 3t

=0.
d—o0 Tddt

Then we have by (27) that

e l4+d—oo es + dt

and thus (19) holds. Hence (s, t)-weak tractability holds for any ¢ € (0,1) and s > 0 for ABS or NOR.
Therefore, we finish the proof. [

Example 1. An example for (s, t)-weak tractability with s > 0and t € (0,1).
Assume that a; = 2j and p; = ]J%z satisfy (7) for all j € N. Obviously, we have

]11‘

1 F— lim £+— =0.
Jim '~ = Jim g =
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Next, we will prove that the problem APP defined over the space Hy g([0,1]%) with the covariance weight

Wiap € {Pdap Tanp) is (s t)-weakly tractable for s > 0 and t € (0,1) under ABS or NOR. By the

inequality (14), we only need to prove that (s, t)-weak tractability holds for s > 0 and t € (0,1) under ABS.
Lets > 0and t € (0,1). Choose

1
I _
T; =

n(d+2)’ for d e N.

Set T =1 — T} in the inequality (5) for ABS. Then we have

o 1-7
_ _ ln<,2 Adi d)
! Y (ln1 T +2In(e™ 1) + —=L 2 | +1In2

/ 1-7
In n4BS (e, APP,) K K d
< 10 S A
0= s*lft;:oo e=s4dt o s*1+ut’inaoo e=s +dt
/ / ® L 1-1
‘1?‘* (lnt—f"’ +21n(£’1)) —1—1112’ legln(Zl)‘d,i d)‘
< i . . li — .
- E*lJlrI;lILoo es+dt + Eflif}lm es 4+t
Since
‘ 1?';’ <1n 1;—7",’ + 21n(£’1)) + an‘
0< lim d d
el 4d—oo =S +dt
C tim |(In(d +2) — 1) (In(In(d + 2) — 1) + 2In(e" 1)) + In2|
B e~ 14+d—oo e=s 4 dt
_ _ _ -1
< lim (In(d+2) —1)In(In(d +2) — 1) +1In2 4+ lim 2(In(d +E) 1)In(e™)
d—co dt e ltd—oo e 4 dt
_ —1
~ lim 2(In(d+2) —1)In(e ")
e ltd—oo e=s +dt
_ (In(d+2)—1)%+ (In(e1))?
< lim
e lrd oo e 4 dt
2 ~1y\2
- 1
< fim W@+2) =17 o (InEH)
d—o0 dt e~ 1200 e®
ie., / /
‘ L <ln g 211‘1(8_1)> + ln2‘
lim " % -0
e 1rd—eo e=s +dt ’
next, we only need to prove
yin( £,
. d i—=1
1 : =0.
s*l—ll—l;in—>oo es - dt 0

It follows from (10) with T = 1 — T and Lemma 3 that

0 , d 0 -7
57) (i )

j=1

=Y (1 +koo (w“],,ﬁj(k))l_f‘9>

]:] =1
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a-ghlal
< Zln (1 + Z B Tp I )

d [} 2
1 (1—1))k
—Zln(l—k(‘/ZAf). (30)
j=1

j+2) o
We note that ( )
(-2 kW K2 177 2
A 4d —A T S A( I 3)
o (1-g25)K
and Y. A is convergent. Then there exists a constant C > 0 such that
k=1
[ (171./),(2 0 17% K2
ZA 4d S ZA( 143) < C
k=1 k=1

We further get from (30) that

1n<iA”d'> < fln<l + C) ccy L
S ) =1 Gj+2)1% )~ S (+2)

d 1 d : 2%
n(d+

N e = B R

(d +2) 707

L |
- =Ce) ——
j+2 ];]Jrz

< Ce(/od L 2dx> — Ce(In(d +2) — In2),

1 ln< YA Td) ‘
&
< 1
0= s*ll-il-rr;lﬁoo g5 4 dt
lim |Celn(d +2)(In(d +2) — In2)|
e 14d—oo es+dt
|Ce In(d +2)(In(d +2) — In2)|
d—>oo dt

< lim |Celn(d +2)(In(d +2))|
d—co dt

11 1Td
' dn Z/\
lim

e 1+d—o0 e’ + dt

which conclude that

<1

:0,

ie.,

=0.

Hence we have
_ InnBS (¢, APP,)
lim ————-%

e td—oo es+dt
which yields that (s, t)-weak tractability holds for ABS. Therefore, APP is (s, t)-weakly tractable for any s > 0
and t € (0,1) under ABS or NOR.

=0,
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Example 2. An example not for (s, t)-weak tractability with any s > 0and t € (0,1).
Assume that a; = 2/ and Bi = @ forall j € N. Obviously, we have

1t
lim B;i'~f = lim / — =00
j—oo Bii j—oo In(37)

Next, we will prove that the problem APP defined over the space Hgq ([0, 1]%) with the covariance weight
Wiap € 10d,0,8 Td,a,p} is not (s, t)-weakly tractable for any s > 0and t € (0,1) under ABS or NOR. Due to
the inequality (14), we only need to prove that (s, t)-weak tractability does not hold for any s > 0and t € (0,1)
under NOR.

Lets > 0and t € (0,1). We conclude from inequality (16) with e = % and Remark 4 that

d 00
N34+ Y In(1+ ¥ W, g(k
i IR (5, APPy) ! jgl (4 F Waupy (1)
oo 25 + 4! = e 25 1 4t
d
ln% + Y In(1+ W,leﬁ],(1))
. j=1
>
- dlglr;lo 25 4 (gt

d
In3+ ¥ In(1+ BjA)
i=1

= lim /
d—o0 25 +dt

_dlln(l +BjA)

= Jim

| :lln(l + maay)

I T
. In(1+ ﬁ)
d—eo df — (d —1)F

o Lot A
= Jim dn(+ )
Adl—t

= M nGa) T
where in the fourth equality we used Stolz theorem. Hence APP is not (s, t)-weak tractable for any s > 0 and
€ (0,1) under ABS or NOR.

5. Conclusions

In this paper we study average case (s, t)-weak tractability with any s > 0 and t € (0,1) for the Lp-
approximation problem APP = {APP;} jc from the Banach space H; , g equipped with a zero-mean
Gaussian measure p; with the covariance kernel Ky, " with weight Wy, g, where 1 <ay <ap <---
and 1> 1 > By > - -+ > 0 are parameters. We obtain a compete result for Wy, g € {pd,m,ﬂ,ad,a,,g} that
APP is (s, t)-weakly tractable under ABS or NOR for any s > 0 and t € (0,1) iff

lim ;i " = 0.

j—oo
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We will further investigate other algebraic tractability notions about multivariate approximation
problems from Banach spaces equipped with zero-mean Gaussian measures with different weighted
covariance kernels and hope to get more good results.
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