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Abstract: In this paper, we propose the definition of block tensors and the real representation of
tensors. Equipped with the simplification method, i.e., the real representation along with the M-P
inverse, we demonstrate the conditions that are necessary and sufficient for the system of dual
split quaternion tensor equations (A sy X, X %5 C) = (B, D) when its solution exists. Furthermore,
the general expression of the solution is also provided when the solution of the system exists and
we use a numerical example to validate it in the last section. To the best of our knowledge, it is
the first time that the aforementioned tensor system has been examined on dual split quaternion
algebra. Additionally, we provide its equivalent conditions when its Hermitian solution X = X* and
n-Hermitian solutions X = X"* exist. Subsequently, we discuss two special dual split quaternion
tensor equations. Last but not least, we propose an application for encrypting and decrypting two
color videos and we validate this algorithm through a specific example.
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1. Introduction

Irish mathematician W.R. Hamilton pioneered the related research about the concept of
quaternions in 1843 [1]. There has been a rapid development in quaternions during recent years.
There exist various kinds of related work about quaternions that achieve valuable results [2,3]. Most
recently, researchers focus on the theories of solving quaternion matrix equations, i.e., general and
special solutions of quaternion matrix equations [4]. Quaternions and quaternion matrices have been
comprehensively applied to multiple areas including algebra, analysis, topology, and physics. In
particular, they are crucial in several fields, such as signal processing [5], image processing [6], and
quantum physics [7].

In 1849, building upon Hamilton’s work, James Cockle further introduced "split quaternions" [8].
The set of split quaternions is denoted as:

Hs = {q = q0 + q1i + q2j + g3k : 90,91, 92,93 € R},
where
P=—=-k=-1,ij=—ji=k jk=—kj = —i, ki = —ik = |.

As a derivative version of quaternions, its form is similar to the original definition of quaternions,
but they are indeed two different algebras. The definition proposed by James Cockle has a more complex
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algebraic structure. Split quaternions play a significant role in various fields, e.g., physics, quantum
mechanics, signal processing, and deep learning. Split quaternions have been applied to denote Lorentz
rotations, and Lorentz transformations can be represented as 2 x 2 unitary matrices of split quaternions,
which reveals the geometric and physical importance of split quaternions [10-14,38,39].

Clifford [42] later proposed dual numbers and dual quaternions in 1873 and they have already
become the basis of handling some typical engineering problems [15]. Dual split quaternions, like dual
quaternions, expand the idea of dual numbers to include split quaternions. Building on the principles
of split quaternions, dual split quaternions have been applied to diverse disciplines including algebra,
geometry, and physics [9,16-18].

Below is a typical matrix equation system that this paper mainly focuses on. There exists some
related work providing solutions to it, while this paper will explore this equation system defined in
the domain of dual split quaternion tensor.

AX =B, 1)
XC=D.

Due to its wide applications in fields such as biology, inverse problems in vibration theory and
linear programming, system (1) has been extensively studied. Rao and Mitra [19] established the
criteria for the solvability of the system (1). They also presented their general solutions. Khatri and
Mitra [20] examined their Hermitian solutions within the complex field. Wang [21] derived conditions
for solvability and provided solutions for bi-symmetric cases of system (1) in the quaternion skew
field. Li and others [22] examined generalized reflexive solutions for complex system (1). Yuan [23]
used spectral decomposition to investigate least squares solutions for system (1). Xie [24] applied the
M-P inverse as well as the rank of quaternion matrices to determine the equivalent conditions when
there exist solutions and then propose the general solution. Si and others [39] used real representations
to establish various solutions of system (1) and their equivalent conditions over split quaternion field.

It is revealed that tensors are useful in engineering and science, and there are some papers focusing
on the solutions of tensor equations [25-29,35]. Based on the extensive applications of tensors, this
paper focuses on solving system (1) defined on the space of dual split quaternion tensors. To the best
of our knowledge, it is the first exploration of the above system within the dual split quaternion tensor
algebra. Specifically, it aims to solve the following system of dual split quaternion tensor equations:

{.A xNX =8, 2
X xsC =1D.

This paper is designed with such structure: Section 2 describes essential definitions and corollaries
that are essential to our subsequent analysis. Section 3 investigates the conditions that are equivalent
for system (2) when there exist solutions. In this section, We further demonstrate its general solution
in cases where solutions are attainable. Furthermore, we present the sufficient and necessary criteria
when system (2) have #-Hermitian solutions. Based on these results, we will introduce the equivalent
condition for the Hermitian solution, along with the general expressions of solutions for two specific
dual split quaternion tensor equations. Ultimately, we will present a specific numerical example and
an encryption and decryption algorithm as an application.

In this paper, the dual number field, quaternion field, split quaternion field, dual quaternion
field, and dual split quaternion field are represented by D, H, H;, DQ, and DQ, respectively. All

I x -+ x Iy x J1 X -+ x [y tensors over DQ; are represented using DQilX"'XIMXhX'"X]N.

2. Preliminary

In this section, there are three parts to provide fundamental knowledge for the subsequent
demonstration of this paper. In the first part, we will give the definition of dual split quaternion
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tensors. The second part will cover some definitions and propositions about tensors. Lastly, we will
present various real representations of split quaternion tensors.

2.1. Dual Split Quaternion Tensors

A = (aj,jy)1<ji<J; (k=1,..,m) is a multidimensional array tensor with J; X J x -+ x ] entries.
Let RIv<>XIm [hxXIm  and HJ< > M respectively represent the sets of the order M tensors with
J1 x -+ X Jp dimensions over the real field R, real quaternion algebra H, and real split quaternion
algebra Hi.

For A = (uil"'iMll”'lN) € Hglx'”XIMXle'”XLN, B = (bll“'lNi]"'iM) S Hg‘lx.“XLNXhXWXIM. When
bl .dyiyoipg = @igeipgly-ly, B is referred to as the transpose of A and is denoted by AT. When
bl dygiy iy = Biy-inly--1y, B is the conjugate transpose of A, represented as A*. A diagonal tensor
D = (dijotytyty) € Hzlx"'XTMXTlx"'XTM has all zero entries except for the elements dy,...¢y 4.ty
When all diagonal elements of D are equal to 1, D is referred to as a unit tensor, expressed as 7.
Specifically, if 7 € HZ VX DXy x T , it is expressed as Zp;. O denotes the zero tensor whose
elements are all zero.

Definition 1 ([30,42]). The field of dual numbers is expressed as:

D={g9=q0+q1€: 90,1 € R e # 0,62 =0},
where € is the infinitesimal unit.

By extending quaternions and split quaternions to include dual numbers, we derive the definitions
of dual quaternions and dual split quaternions:

DQ={g=9q0+q€:q0,q1 €H e # 0,e2 =0},

DQ, = {q = qo + q1€ : g0, 91 € Hs, € #0,€* = 0}.

The sets of dual quaternion tensors and dual split quaternion tensors [9,30] are represented as
follows:

DN = {0 = Qo+ Qre : Qo, Q1 € B e £ 0,62 = 0},
Dlexmlexhx...x]N ={Q=Qo+Q1€:Qp Qs € Hglx"'XIMXhX'“X]N €40 &2 = 0}.

For X = Xy + X1, Y = Yo+ Vi€ € DQ?X“'XIMXMX'“XLN, X = )Y means that Xy = )y and
X1 = )1, and vice versa. X'* = X + Xje is called the conjugate transpose of X. X" = X" + X"e
are called the 17-conjugate transposes of X', where y = {i, , k}.

For X € HglmeIMXLlX"'XLN, X is uniquely identified as X = Xy + Xyi + Ayj + Ask, where
Xy, X1, Xp and A3 € RIix-xlmxLix-xLy The conjugate transpose of A’ satisfies X'* = XOT — XlTi —
xFj— x]k. Additionally, for 7 € {i,j,k}, the 7-conjugates and 77-conjugate transposes [36] of X have
following forms:

X =i Xi= Xy + Xji — Xyj — Ak,
X] = jilXj = Xo — X11+ XZ] - ng,
X* = k1 Xk = Xy — i — Xyj + Xsk,
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and
X =it = xf — afi+ &l j+ X7k,
X =it = xf + a8 - 2+ &fk,
X =Wk = a7 + afli+ 2 — Xk
Definition 2. Let X € DQM* !N *I*IN ' provided that X fulfills subsequent criteria:
X = X" = 17_12‘(*17, ne€{ijk},
we refer to X as a y-Hermitian tensor.

For X = Xp+ Xie, YV = Yo+ Vie € DQIV XTI XIN then we can derive that (X + )1 =
X1 4 YT and (X7*)7T* = X. And X = ) means that Xg* = yg* and Xlﬂ* = yf*, and vice versa.
2.2. Basic theory with Einstein product

Definition 3 ([31]). Let X € DQI > *mxLvxIn gy ¢ ]D)QSLIX”'XLNXKIX“'XKS, then we can define
the Einstein product of tensors X and Y through the operation * as follows:

I X x Iy x Ky X -+ X Kg
s .

(X 5N V) iy oipghy ks = 3 Xigeosigglyooodyy Yy ooodygky ks € DQ

[
Proposition 1. Let X € ]D)Qilx'"XIMXLlX"'XLS and Y € DQSLlX'"XLSXKlX'"XKT, then

2. Is*sy:yﬂndy*TITZy.

Definition 4 ([32,35]). Let A € Hl < ax o xLr g g ) @ i< Erxdoesxdu ) g referred to as the

Moore-Penrose inverse of A, expressed as A, if the subsequent conditions are all fulfilled:

1. AxrYsp A=A
2.V smAxr Y=Y,
3. (A*1 V) = AxrY;

Furthermore, projectors L 4 and R 4 have following forms:
La=T—-At sy ARy=T— Axr A"

Similar to block matrices, reference [32] provides the definition of block tensors and reference [33]
provides the definition of block tensors when their sizes are same. Next, we extend the definitions
from references [32,33] to split quaternion tensors to give the definition of block tensors with the same
size.

Definition 5. Let X' = (xy,....0k;.-ky ) @14 YV = (Y1y-oipky - ky) € b B K xRN
’ ’ . L1><---><LT><K1X---XKN_1><2KN
1. The "row block tensor’ formed by X and ) is [X V] € Hg , and

[X y]ll...lTkl...kN

_ {xll---szl--»kN, Iy -y € [Ly] x - x [Ly], ky -+ -kn € [Kq] x - x [Kn];
Yiy-irky-(ky—Ky) Iy -y € [Ly] x -+~ X [L1], k1 -+ -kn € [Kg] X -+ X T,

whereT = {Ky +1, Ky +2...,2KN}.
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2. The "column block tensor’ formed by X and ) is l ;}( 1 € ]I-]IsLlX"'XLT’IXZLTXKM"'XKN, and

Y I Irkyky

_ {xll~~~lrk1~-kw Iy ---lp € [Ly] x -+ X [Lt], k1---kn € [K1] x -+ X [KN];
Yio(lp—Lp)kykys I € [La] X oo X T, ky -k € [Kq] X+ x [Ky],

whereT = {Lr+1,Lt+2...,2L7}.

In particular, let X1, Xjp, Ay and Ay € ]I-]I;Ll XX LrxKpe xRN then
[ X1 X2 ] e L ¥ Lo 2LyxKy <o x Ky x2Ky
S .

Remark 1. Xj; is the tensor located at row i, column j (i, j = 1,2) in the aforementioned block tensor and it
will be used in the following statement.

Lemma 1 ([32]). Let X; € H My i — (9,9 3,4,y e E[COINeds = (99}, and
2y € HEVSN e e — 09 oY then

1.
A A3 oy | _ [+ A3xn 2|
X Xy W Xysn V1 + Xyxn Vo |”
2.
X, X
[Zl Zzi| *M [Xl X3‘| = |:Zl s X+ Zokpr o 21 kpm Ay + 2o okpp Ay | -
Xy

Next, we will introduce the definition of the transformation t between a tensor and a matrix
within split quaternion algebra [34,35]. Under this definition, we can simplify the tensor into a matrix.

Definition 6. The transformation t : TII/IZV"'!IMILlVLZI"'/L’N (Hs) — Mll‘IZ”'IMrLl'LZ"‘LN (Hs) with t(X) =X
is defined as follows:
t
()isiy-virghlyly = (X>[i1 M (=D T} B[+ X0, (e —1) T ] L)

where X € Try 1y, 1y Ly L. Ly (Hs ) and X € Mgy pyoopyy 1y L1y (Hs)-

Lemma 2 ([35]). Let X' € HI¢ > mrbvexhn gy gy @ grlv < IneKeeKs “mpen t satisfies following
properties:

1. The map t is bijective and its inverse map t ! exists as follows:

t71
My b Iy g Il Lo Ly 1Ly (Hs) = T 5 Iy I Ly Loy Ly, Ly (Hs )

2. tsatisfies: t(X xy V) = t(X) - (V) and t(XT) = t(X)T.
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Example 1. Let A € H2*2*2%2 js defined by

(A =i+2k, (A)iz =k (A2 =30, (A)1122 =2,

(A)2111 =0, (A)oi1 =i+, (A)ai2 = 2k, (A)oie = i+2j,
(A)1211 = =i +2j, (A)1221 =4k, (A)1212 =0, (A)1222 = 3j,
(A)

A
A)o11 = 4i+2k, (A)am = i+3j, (A)azia =2+3i+j, (A2 =1+ 2j+ 5k
Then
(A (A2 (A (A
A=tA) = (Ao (Aan (Ao (A)ax
(A1 (At A2z (Ao
(A1 (A)aor (A)i2 (A)2
i+ 2k k 3i 2
oo i i+2j
| -i+2 4k 0 3j

4i+2k i+3j 2+43i+j 1+2j+5k

Consequently, there is a one-to-one correspondence between the elements of the split quaternion
matrix and the split quaternion tensor. Thus, we can make use of the above definition to transform the
tensor into a matrix for further calculations.

2.3. Real Representations of Split Quaternion Tensors

In this section, we will provide various real representations using the definition of block tensors
in the above section.

Let X = Xy + Xji+ Xoj + Xk € Hs{lx"'XIMXhX"'X]N’ where X; € RI1><---><IM><]1><-~-><]N, 1 =
{0,1,2,3}. We will define three kinds of real representations of X’ based on the real representation in
[12]:

o A A3
- A - A

X -3 A -4

P TS ¢ SRS WL €

XY — c R11><~~-><4IM><]1><~~-><4]N

Definition 7 ([36,39]). Let X = Xy + Xyi + Xpj + Xgk € HI MU onere Xy, Xy, Xy, X3 €
Rllx--~><IM><]1><~-><]N, IM c Rllx‘--lexllx---le' Then we deﬁne

X o A Iy O 0o 0
. , X =X X X O Iy 0O 0O
X‘Tl = XUI = 7 = ’
Vi #m X X X x |0M O 0 Iy O
BT T T 0o 0 O Ium
X M X A Iv O O O
X Xl —XO X3 —Xz O —IM @) o0
X% = X = , = ;
W *m X - X~ | M O 0 Iy O
- X X A | O 0 0 -Iy

d0i:10.20944/preprints202410.2162.v1
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X XA X Iy O O O
M X X & | |0 Iy 00
—X X X x |UMT o o -1y o |’
—X —X —A - O 0 0 -Iy

X =Py X% =

where Vi, Way and Py € RI< - x4InxTxx4ly,

As shown in the next proposition, we present the relevant characteristics of real representations
discussed previously. These properties will play a crucial role in subsequent sections and can be easily
obtained through simple calculations. Let

O Iy O 0 O 0 Iy O O 0 0 Iy
Re_|IM O O O | O 0 O Iyl |0 0 Iy O
M o 0 0 -Iy|""™ |y 0 o0 o |'M O Iy O O
O 0 Iy O O -Iy O O Iy O O O

Proposition 2. Forn = {i,j,k}, let X,) € Hglx”'XIMXhX"'XIN,P € HS{IX"'X]NXle"'XKT, and A € R.
Then

1. X =Y X =)0

2.(X+ )7 = X%+ Y%, (AX)T = AX1;

3. (X xNP)i = X xnP% (X xnyP)7T = X% sy Vn NP, (X xyP)%k = X% sy Wy *N

P%, (X xN P)7 = X xy Py xN P

4. (a) R&*MXW *NRN:XUi,ST *M)(Vi *NSN:XU",TT*N%XW *NTN:XUi;
(b) RJYI s X7k Ry = —X%, 8L %y X% x5y Sy = — X 1,773\4 sy X xn Ty = XY;
(C) RM *M X‘Tk *N RN = —ng, M *M X(Tk *NSN = Xok,TM *M ng *N TN = —ng,'

5. (.X*)‘Tl — (Xal)T’ (X”*)g” — (XUV)T;

IN

iIn |

JIn |

KIn

6. (a)X:%[IM Ty Im kzM} w01 X xy

Iy |
iTy
JIn
KTy |
In|
iTy
JIN
KIy |
7 (XD = P Xy P, (X9)T = Vo X955 Vi, (20)% = Wi s X% 5y Wi

(b)X:%[IM — Ty —iTm kIM] spg Xy

(0 x =1 [IM —iTy jTum kaM} w01 X% 5y

3. The General Solution to System (2)

Using the definitions and lemmas outlined above, this part will examine the solutions to system
(2). At the beginning of this section, we present two lemmas. Utilizing Definition (6), we can transform
tensors into matrices. Consequently, the subsequent lemmas can be readily proven using matrix
proof techniques found in references [24,37], so this paper will not delve into the details. Building on
these lemmas, split quaternion tensors” real representations are used for obtaining the necessary and
sufficient criteria when system (2) exists solutions as well as the general solution expression.

d0i:10.20944/preprints202410.2162.v1
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Lemma 3 ([37]). Let Ay, Ay € HIv<>xIwxJoxxIy By By, € HbixxLsxKixxKr gnd C, Cp €
Hllx---xIMxlemeT_ Set

K=Asn L, F=Rp *sBa, G=Co— Apsn Al 501 Cy 57 B} %5 By, H = Ryc xpm1 Ao,
Q = Al s Cyo#7 B 4 Loay #n K'Yt G BY — Lo, #n K 5n Aoy HY 501 Ric % G %7 BY
+H wp Ricxm G x1 Fo#s R,

Then

{Al *N X x5 By = Cq, )

Aok X x5 By = Co
is consistent if and only if
R, #mC1 =0, Crx1Lp, =0, RyyxmC2 =0, Co*x7 Ly, =0, R *m G *1 Lr = 0.
Building on this, the general solution for system (3) is stated in the following form:

X:Q—i—ﬁAl *NEIC*NW1+W2*SRI*SR81+£A1*NWS*SRBZ+£A2*NW4*SR811

where W; (i = 1,4) are arbitrary tensors of appropriate size defined on H.

Lemma 4 ([24]). Suppose that A = Ag + Aje € DQU*>*hxJx-xIv B — By 4 Be €
DQHX"'XIMXle“'XKS, cC = Co+Cle c DQlemestlx»--xLT, and D = D0+D1€ e
DQthX]NXLlX“'XLT. Set

Ao = Ay xn L4, Co =Ry *sC1, By =By — A *n (-AS *m Bo + L4, *N Do *1 C(J)r) ,
Az = R, *m A2, B3 = Re,, D2 =D1— («45 *m Bo + L4, *N Do *r1 CS) *s5 C1,
C3=TRuy*mBa, Ay =Ly, By=CoxrLey, C4=Drxr L, As=Ag*nLoa,,
Bs = Rp, *s Ba, C5=Cy— Agxn Al 5pCs%5 BY %5 By, Ds =Ry, #n A,

.F:A;,—*MC:J,*SB;—FEAS *NA;*NCS*TBI_‘CAg *NA;*N-A4*ND§*NRA5 *NCS*TBI
+ DI N R, *n Cs %1 B %5 R,

Then the subsequent descriptions are equivalent:

1. The system (2) is solvable.
2.

R4y *m Bo =0, Do*1 Le, =0, Ao xn Do = By *5 Co,
Ao N D1 — By x5 C1 = By x5 Co — Ay xn Do, Ry *mC3 =0,
C3*sLp, =0, R, *NCy =0, Cyx7 L, =0, Ryy *NnCs5 %1 Lg; = 0.

Based on these, the general solution for the system (2) is represented as X = Xy + Xj€, where

Xo:AE*MBO—i-LAO *NDO*TCS—i—EAO *N W ks Rey,
Xy = Afspm (By — Ay sy Wag Rey) + L ag #n (Do — Loag #8 W ks Ca) x7 C{
+ L4, N W1 *s Re,,
W = F + Ly *N Lag *N Wa + Ws ks R *s Ry + L az N Wa s Rp, + L a, *N Ws x5 R,

and W; (i = 1,5) are random tensors with suitable dimensions.
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Remark 2. Note that the set of real tensors is included within the set of quaternion tensors since real numbers
are special cases of quaternions with all imaginary parts set to 0. Thus, the conclusions above also hold in the
field of real tensors.

Theorem 1. Suppose that A = Ay + Age € DQI* >mxJvxn g — B4 Bue ¢
pgi Rk ¢ L gy [oge e DGR, and D = Dy + Die
DQL XKL xLr gy

Ay = A, Ay = AG, Bo = By, B1 = Bj, Co = Cqiy, C1 = Ci, Do = Dy, D1 = D,
A = Ay xn L4, C11 = Rey *#s Cr, By = By — A xn (A(J; *m Bo + L4, *N Do * C(J)r) p
Dy =Dy — (A(JS *p Bo + L4, *N Do *1 CJ) x5 C1, A2 = R4y *m A1, B2 = Re,,

Co =R, *m B, A3 = L4, B3 = Ci1 *1 Ly, C3 = D11 *1 Ly, As = Az xn Loa,,

By = Rp, *s Bs, Ca = C3 — Az *ny Ab 501 Ca %5 BY %5 B3, Dy = R4, *n As,

.7-":./4; xp1 Co *ng—i—EAz *N-AZ *NC4*TB;—EA2 *N.AZ N Az *NDZ *N Ra, *NC4*TB§
+ D} xR, *N Ca #7 B} s Rp,.

Then the subsequent descriptions are equivalent:

1. The system of dual split quaternion tensor equations (2) is solvable.
2. The system of real tensor equations

Ao *n Xo = By,

Xy *s Co = Dy,

Ao #n X1 + Ay xn Xy = By,
Xy x5 C1 + X1 %5 Co = Dy

(4)

is consistent.
RAO *MB() =0, 'Do*Tﬁco =0,

Ao *n Do = By x5 Co, Ao *n D1 — By x5 C1 = By *5 Co — A xn Dy,
Ra,*mCo=0,CoxsLp, =0, Ryy*nC3 =0, C3x7 L, =0, Ry, *nCs*1 L, = 0.

Based on these circumstances, the general solution of the system (2) can be represented as X = Xpo + Xp1€,

where

L]

X, —E[I I iIn kT Ko+ R N Xo #s RE 4 Sny #n X #s ST+ Toy 1y Xo % TL iZs
00 =g |In iIn jIN KIy *N (X + Ry *n Xp #s R + Sy *n Xp 5 Sg + Ty *n Xp *5 Tg ) *s i |
_kIS_

2]

1 . . iZ
XOl = g [IN ZIN ]IN kIN] *N (Xl +RN *N Xl *g RE—FSN *N Xl *g Sg-FTN *N Xl *g 'TST) *g ]Iz ,
_kIS_

Xo = Af #p1 Bo + L4, %8 Do *1 Cf + L 4, v W x5 Re,,
Xy = Af#p (Biy — A sy Wkg Rey) + Loag #n (D11 — L4, #n W #s Cr1) 7 Cf
+ L4, N W1 *s Re,,
W =F+ L, xN Lo, *N Wa+ Ws %5 R, xs R, + L, *N Wa*s R, + Lag *n W5 *s R,
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and W;(i = 1,5) are random tensors with proper dimensions.

Proof. (1)& (2)

If condition (1) holds, it indicates that the system (2) possesses a solution. Thus, we can express
the solution for the system (2) as X = Ay + Apie € D@gl xR Ks - yhere Xoo, Xo1 €
]HISI,l X XK, By substituting X = Xy + Ap1€ into system (2), we obtain the following split
quaternion tensor equations:

Aoo *n oo = Boo,

Xoo *s Coo = Do,

Ao *N Xo1 + Aot *n Xoo = Bo1,
Xoo *s Cor + Xo1 *s Coo = Do

(5)

Let Xy = Xi, X1 = X,. Apply the real representation to the system, and by (2), (3) of Proposition
(2), then we have

AGh #N Xog = By,
0 0; a;
XO(S *5 CO(I) = ,DOE)’

Ay s X0+ ATy e X = BE, ©
Xo0 *s Coi + Xgi *s Cop = D
ie.,
Ao xn Xo = B,
Xp x5 Co = Do, @)

Ao s X1 + Ay *n Xo = By,
XQ *5C1 +X1 *SCO = Dl-

Thus, (X, X7) is a pair of solutions to the system (4).
On the other hand, let (Xp, A7) be the solutions to the system (4). By (4a) of Proposition (2), we
have

R xm Ao xn Ry *n Xo = RE; #pm By *s Rs,

Xp s RL x5 Cox1r R = RL *n Do *1 Ry,

RY, #m Aoy Ry *n X1+ R1 xm Ay #n Ry #n Xo = R, #m B *s R,
X *g Rg xg C1 7 R7 + X7 *xg Rg x5 Co*x7 R = RIT\] xny D1 *x7 Rr.

ie.,

.A() *N RN *N XO *g Rg = B(),

R *N Xo*g RE #5 Co = Dy,

Ag #n Ry *N X1 ks RY + Ay +y Ry xn Xo s RE = By,
RN *N Xo *g Rg *g Cl + RN *N Xl *g Rg *g CQ = Dl-

©)

Thus, (Ry *N Xp *s Rg, RN *N X7 *g Rg) represent solutions to the system of real tensor
equations. Likewise, (Sy *n X *g SST, SN *N XY *g SST) and (Ty *n Xp *s ’TST, TN *N X7 *g TST) are
also solutions to the system. Then, we define

1
Yo := E(XO + R xn Xy *s RE + Sy xn Xo #5 8¢+ Ty xn Xo #s Tg ),

1
V= Z(Xl + RN *N X1 *g Rg +SN *N X *g Sg =+ TN *N X *g 7TST)

Set
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Vii Vi2 Viz Vi
Vor Va2 Vaz Vu Jusr x4 xKq % x4K
Xy = c Rl N XKy s,
0 Va1 Va2 Vi3 Vu
Vi Vo Vi3 Va
Wi Wi Wiz Wi
Wa Wan W Wy Jo - x Ay K -+ x 4K
X = cRh NxKq s
! Wi Wz Wiz Way
Wa Wi Wiz Wu
By direct computation, we have
By B B> B3
Vo = -B1 By B3 B
7| B, -By By -8B
B, B B B |
and
Dy D; D, Ds
Y, = -Dv Dy —-D; D
Y1 p, -p3y Dy -D; |’
Dy D, Dy Dy |
where
By Z(V“ + Vo + V3 + V), B = Z(Vu — Vo1 — Vg + Va3),
1 1
B, Z(VB +Vos + V31 + Vi), Bz = Z(V“ — Vo3 — V3o + Va1),
and 1 1
Dy ;L(Wll + Who + Wsz + W), D Z(le —Wht — Wag + Wig),
1 1
D, ZL(W13 + Way + Wz + Wy), D Z(WM — Waz — Wi + Wyi).
Then, we let
7]
. . 1 ) ) i 7
Xoo :BQ+811+82]+83](: 5 [IN iTn ]IN kIN:| *N 0 *s ;Iz
_kIS_
and L
Zs
. . 1 . ) A
Xoy =Do+Di+Daj+Dsk = 5 [Ty iTy jIn KIn]#n Vs ;Iz ,
_kIS_
where Xy and Xy € Hglx"'XINXle”'XKS
Due to (6a) of Proposition (2), Yy = 00' V= X(gfli. Thus, due to
Agd N Xog = Bog,
CUI — Ul
0 *s 00 = Doy (10)

Aoo *N Xm + A01 *N Xoo = Boy
o __
Xog *s Cop + Xgi *s Coy = D,
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we can obtain (Xpo, Xp1) as the solution of system (5). And it is clear that system (2) and system (5) are
equivalent. Therefore, when system (2) has solutions, system (4) also has solutions, and vice versa. In
addition, we can deduce the general solution of system of dual split quaternion tensor equations by
Lemma (4) as X = Xyg + Xp1€, where
(7o
iZs
iZs |’
| kZs |
T
iZs
iZs |’
ks |

1 ) )
Xoo = 3 [IN iIN jIn kIN] s (Xo + Ry *N Xo#s RE + Sn #n X *s S§ + Ty #n Xo *5 Tg ) *s

1 ) )
Xo1 = 3 [IN iIN jIn kIN] s (X1 + Ry *n X ks RE + Sn#n A1 #s SE+ Ty #n X1 %5 Tg ) *s

X():Ag*M60+£A0 *NDO*TCg+£Ao *NW*SRCO/
Xy = Afxpm (B — A sn W s Rey) + L, #8 (Din — L4, ¥8 W x5 Cin) #1 Cf
+‘CA0 *N W1 *SRCOI
W=F+ L *NLa *NWa2+WsxsRp, xs Rp, + L, *N Wa*s R, + L A, *N W5 xs Rp,,
and W;(i = 1,5) are random tensors with suitable size.

Besides, (2) and (3) are equivalent to each other that can be easily proven using Lemma (3) and
Lemma (4). We will not elaborate further on these points here. [

In the following part, we will propose equivalent conditions required when system (2) have
#-Hermitian solutions.

Theorem 2. Suppose that A = Ay + Age € DQIX *mxJvcxin g — B4 Bue €
DQ?X“'X;MXI?X'”X]IQ', C = Cop+Cpne € DU INKeKr pug D = Dy + Dye €
DQ51X~--X N XK1 X---X T'
Set
A, n=1i, .Aga, n=1i,
Ao = (-Aléo)aj/ n=j A= (A61)Ujr =1
(A{)o)gk/ n=k (A{n)akr n=k

By = By, B =By, Co=Cly C1="Cqi, n={i,j,k}
Dy =Dy}, D1 =Dy, 1= 1{i,jk}.
Then the system (2) have n-Hermitian solutions X = X'* € DQL XN XN n={i,jk}, and

this means that the system (4) possesses a pair of solutions (Xy, X1) that satisfies Xy = XOT, X1 = XlT, and
vice versa.

Proof. It is only necessary to demonstrate the situation for 77 = j, the other situations are identical to it,
so we omit them. Let’s assume that X = X9 + Ap1€ € ]D)Qg1 e XN XN g g j-Hermitian solution
of system (2), where X = X7/*. Then we have

I% I
Xoo = Xy, Xo1 = X))
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By substituting X = &g + Ap1€ into system (2), then system (2) corresponds to the subsequent
system:

Aoo *N Xoo = Boo,

Xoo *N Coo = Doo,

Aoo *N Xo1 + Aot *n Xoo = Bot,
Xoo *N Co1 + Xo1 *N Coo = Dor-

(11)

Let Xy = X(;g, X = Xglj. Apply the real representation to the system, and by (2), (3) of Proposition
(2), then we have
Agy *n Vv *n Xoh = By,

l7' tT T;
]
XOO *N VN *N COO DOO’

(12)
AOO*NVN*NXl —|—A01 *NVN*NXO = l?;Ol’
Xoo *N VN *N 001 + X01 *N VN *N Coo = Dy
ie.,
U' 0" (0]
VM *M 'AOO *N VN *N XOO = VM *M 806,
XOO *N Vll\yl *NCO_DOO‘; (13)
VM *p Agh *N VN *N Xm + VM *m Am *N VN *N Xoo = VM *Mm 301,
XOO *N VN *NC()1+ *N %N *NCOO _DOJI
According to (7) of Proposition (2) and the definition of real representation, we have
Vi s Agh#n Vv = (Afo), Vi Ag) #n V= (Afy)7,
(o8] L ;i ) a; . ag; L
VM * M 306 = Bgf), VM * M 60]1 = Bgll,VN *N COé = Cgé, VN *N Coé = Cg(l]
Thus, the above system can be expressed as
(/}7]60) THN X 00 = Boor
Ji
oo N Cop = Dof)f (14)
(“ﬁgo)aj N Xop (JTF (A8 *y Ko = By,
Xyl #n CL + Xyl #n o = Dy,
ie.,
Ao xn Xo = B,
Xo *n Co = Dy, (15)
Ap xn X1 + Ay xn Xp = By,
XO *N C1 + X1 *NCO = D1.
By (5) in Proposition (2), we have
. .
(A00)7T = (X)), (X)) = (X))
Consequently,
g; o;
Xog = (X}0) = ()T, Xg] = (X3)% = (X)),
ie.,
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On the other hand, if system (4) has a pair of solutions (X, X;) that satisfies Xy = XOT, Xy = XlT ,
then the system (4) can be denoted as
(Afo) T *n Xo = By,
: a;
XO *N Cg(l) = DO%)’ (16)

(Afo) 7 *n X1 + (Afy) % *NUXO = By,
o; o; i
Xp *N COi + X *N COE) = DO]l

and
Xo=X], & =al.
As indicated by (4b) in Proposition (2),

(—RN *N Xo *n RL, —Rn #n X1 8 RL),
(—Sn *n Xo *n SE, —Sn *N X1y ST,
(T #N Xo *N To, T #n X1 8 T )

are also solutions to the system. Next, we define

1
Mo = Z(XO — R *n X0 *N R — Sy #n Xo #n SE + T #n Xo *n Ty ),
1
yl = Z(Xl - RN *N Xl *NR]T\} *SN *N Xl *NSZT\} +TN XN Xl XN TI\F{)
Set
Vin Vi Viz Vi
Vo Voo Vo3 Vi Jix o X AfN X Jy X X 4]
Xy = c R NXJ1 N,
0 Va1 Va2 Vi3 Vu
Vin Vo Viz Vu
Wi Wi Wiz Wy
Wot W Wiy Wiy Jyxo XAy X J1 X -+ X 4]
X = c RN NXJ1 N,
! Wi Wi Wi Way
Win Wi Wi Wy
By direct computation, we have
By B B, B3 ]
B By B3y -8B
Yo =
-B, B3 —-By B
Bs B, B By |
and -
Dy Dy D, D
y_| Dt Dy D Dy
1 -Dy, D3y -Dy Dy |’
Ds D, Dy Dy |
where . .
Bo= 7 Vit = Voo = Vas + Vaa), Bi =  Viz + Vor + Vas + Vis),
1 1
Ba =7 (Vi3 = Vau = Va1 + Vi), B3 = ; Via + Vas + Va2 + Vua),
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and 1 ,
Dy = ZL(WH — W —Wss+Wy), Dy = E(le +Wai + Way + Wiys),
1 1
D, = ZL(WB —~Way = W1 +Wy), D3 = Z(WM +Waz +Wa + Wa).
Then, we let
T
. . 1 ) . iTn
Xoo = B() + B]l + Bz] + ng = E [IN —iIN —]IN kIN] *N Vo *N T
JLN
KTy
and -
In
. . 1 . . iTN
Xm = D() + Dll + Dz] + D3k = E IN —ZIN —]IN kIN} *N yl *N ]ZN ,
Ky
where X and Xy € Hglx”'XINXhX"'XIN.
Due to (6b) of Proposition (2), Yy = Xgé, V= X(;le' Thus,
. g; )
(A5))% = 5] = B
i __
Xoo *~ Cop *Upof)f ” . (17)
(J‘}TI(SO)UJ *N Xot x (A’((n()j] *N foé = By,
Xoo *N Cop + X1 *n Cop = Dyy.-
That is, ( /'\,’(;g, Xglj ) is a pair of solutions of system (4). Then,
g; g; 1 .
Koo = (Xo0)" = (X)),
g; g; 1 .
Kot = (X)) = (X))
The above system is equivalent to
0; (o (o]
V]\‘;IV*M ./406 *N KN *N /’Eoé = VM *M 806,
XO(]) *N VI(\T]_*N CO{) = DOéé. . . o (18)
YV *#m Ay *N KN *N Xyl + VM *um ?4011 *NUVN *N Xy = VM *m By,
T : a; . .
XOé *N VN *N COi + XOlj *N VN *N Co(j) = DO]1’
ie.,
Aoo *N Xoo = Boo,
Xoo *N Coo = Doo, (19)
Aoo N Xo1 + Ao #n Xoo = Bot,
Xoo *N Co1 + Xo1 *N Coo = Do1
and

. y
Xoo = X}y, Xo1 = X},

It is obvious that system (19) and system (2) are equivalent. Consequently, X = Xy + Xpye =
Xé; + Xéie = XJ* is a j-Hermitian solution of system (2). O

d0i:10.20944/preprints202410.2162.v1
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Based on above theorems and lemmas, we will next present the equivalent condition when system
(2) possesses a Hermitian solution. Additionally, we will put forward the equivalent criteria when
two specific equations A xy X' = B and X x); C = D have solutions, along with their general solution
expressions.

Corollary 1. Let A = Ay + Apr€ and B = By + Bye € DQL - xKixxKs o0 004 Coe and
D = Dyo + Dore € DQKI**Ks XSSt 6ot

Ao = (Aj)™, A1 = (Apy)™, Bo = By, B = By,

Co = Cgp, C1 = Cgi, Dy = Dy, Dy = D}

Then the system (2) has a Hermitian solution X = X* € DQN K *KixKs 0y i it means that the
system of real tensor equations

Ap *s Xo = B,

Xo *s Co = Dy,

Ap s X1 + Ay x5 Xy = By,
XO*501+X1 *SCO :Dl

has a pair of symmetric solutions (X, X1), and vice versa.

Corollary 2. Let A € DQI X T XTI yg B e DQilX”'XIMXle"'XKS, where A = Ay +
Agi€, B = By + Byr€. Set

Ag = Agy, A1 = Agy, Bo =BG, Bi=Bgi, By =B — Ay Al Bo,

Az = Ay #n L4y, Az = R4, xm A2, C3 = Ry, *m Bo.
Then the subsequent descriptions correspond to each other:

1. Dual split quaternion tensor equation A +y X = B is solvable.
2. The following system of real tensor equations is consistent,

(20)

Ao xN Xy = By,
A() *N Xl +.A] *N XO = Bl-

3. RAO *MBOZO, RAS *MC3:0'

Based on these circumstances, the general solution of tensor equation A xy X = B is represented as
X = Xy + Ap1€, where

1 . .
Xoo = 3 [IN iIN jIn kIN] s (X + RN *N Xo *#s RE + Sy #n X *s S§+ Ty #n Xp #5 Tgl ) *s

1 . .
X = 3 [IN iIN jIn kIN] s (X1 + RN *n X1 s RE + Sy wn X %5 ST+ Ty #n Xy #5 Tg ) *s

where

Xo = A§ #m Bo+ L, *n V,
Xy = Ab sy (By — Ay sy V) + L g, %8 V1,
VIAg*MC3+£A3 *N Vo,
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and V1, V, are arbitrary real tensors with appropriate dimensions.
Corollary 3. Suppose that C = Cp+ Cie € DQS{lX"'XIMXhX”'X]N and D = Dy + Die €
Dlex”'XKTXhX'”XIN‘ Let
Co = Cgh, C1 = Cgi, Do = Dy, D1 =Dy, Dy = D1 — Dy #n Cf #m Ca,
Cr =Ry *mC1, Bz = Cz *N Le,, C3 = Dy xn L,
Then the descriptions below correspond to each other:
1. Dual split quaternion tensor equation X *); C = D is solvable.
2. The following system of real tensor equations is consistent.
X *m Co = Dy, 1)
Xo *Mcl-f—.)(l *MCO =D

3. DO *N ‘CC() :0, C3 *N £B3 =0.

Based on these situations, the general solution of tensor equation X *p; C = D can be expressed as
X = Xy + Xyi€, where

1
Koo = 5 [ZT iTr iTr sz] s (X + Ry #7 Xo a1 RL, + St o7 Xo s STy + T w7 Xo s Tk

1
Xo1 = ¢ L

ZT ZIT]IT kZT *T (Xl +RT *T Xl *M R}A +ST *T Xl *M S}\W/I +7—T *T Xl *M TMT) *M
8

where

Xo =Dy *NC§+W*M7€CO,
Xl = (Dz *W*MCZ) *NC(J{ +W1 *MRC()/
W = C3 *N B;-FWZ *MRBy

and Wy, W, denote random tensors over R with suitable dimensions.

4. Numerical Example

This segment will show an example to substantiate Theorem (1) and an example as an application
of Theorem (1).
Example 2. Let A = Ay + Ag1€, B = Boo + Bor€, C = Cog + Cg1€ and D = Dyy + Dyy€, where

(Aoo)1111 =i, (Aoo)1121 = j, (Aoo)1112 =k, (Aoo)1122 =1,
(Aoo)2111 = 0, (Aoo)2121 =k, (Aoo)2112 =i, (Aoo)a122 =i+,
(Aoo)1211 = —i, (Aoo)1221 = 1, (Aoo)1212 = 0, (Aoo)1222 = J,
(Aoo)2211 = 0, (Aoo)2221 =1, (Aoo)2212 = j, (Aoo)2222 =1,
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(Aot)1111 = j, (Aor)ui21 =k, (Ao)1z =i, (Ao)iz =0,
(Aot)2111 = 147, (Ao1)2121 = i =k, (Ao1)2112 = 0, (Ao1)2122 = j
(Ao1)1211 =1, (Aor)1221 = i — 2k, (Ao1)1212 = 1, (Ao1)1222 = J,
(Ao1)2211 =2, (Ao1)2221 =1, (Ao1)a212 = j, (Ao1)aaz =k

(Boo)1111 = 1, (Boo)1121 = —1, (Boo)1112 = j, (Boo)1122 = i,

(Boo)2111 =0, (300)2121 =1, (Boo)o112 = —1—i—k, (Boo)ziz2 =0,
(Boo)1211 = j — k, (Boo)1221 = 1, (Boo)1212 = —i, (Boo)1222 = 0,

(Boo)2z11 = —j +k, (Boo)22z1 = —i+j, (Boo)2212 = =2, (Boo)azzo =1+i—7,

(Bo1)1111 = 1=, (Bor)uizr = =k, (Bor)1112 = —1+2j —k, (Bor)11iz2 = 1+i—j+k,
(Bo1)2111 =1 —i+j, (Bot)aiz1 = 1, (Bot)2112 = i +2j, (Bot)oie = —1—j —k,

(Bo1)1211 = =2 = 3i + 3k, (Bo1)1221 = —i + 2k, (Bo1)1212 =i —j, (Bo1)1222 = =3 —k,
(Bo1)2211 = —j +k, (Bot)2oz1 = —1+2i+j+k, (Bot)a21z =2+, (Bo1)azoz =2 — 14,

(Coo)1111 =k, (Coo)1121 = 0, (Coo)1112 = 7, (000)1122 =1+,
(Coo)2111 = 1, (Co0)2121 = j, (Coo)2112 = i —k, (Coo0)2122 = 7,
(Coo)1211 = J, (Coo)1221 = =k, (Coo)1212 = 0, (Co0)1222 = i,
(Co0)2211 = 1 +1, (Coo)2221 = 1, (Coo)2212 = —J, (Co0)2222 =k,
(Co1)1111 =0, (Co1)1121 =i, (Co1)1112 (Cot)1ze =1
(Cot)2111 = J, (Co1)2121 = 2, (Cor)2112 = —4, (Co1)2122 =0
(Cor1)1211 =k, (Con)1221 =1, (Con)1212 = J, (Co1)1222 = —k,
(Co1)2211 = 1, (Co1)2221 =k, (Co1)2212 = 0, (Co1)2222 = J,
(Doo)1111 = j, (Poo)1121 = 0, (Doo)1112 = —1+j =k, (Doo)1122 = i +J,
(Doo)2111 = =1 —i+j+2k, (Doo)aiz1 = k, (Doo)znz = —2i,
(Doo)2122 =1 =i+, (Doo)izi1 = —1+j—k, (Doo)1221 = —i +2j,
(Doo)1212 = =1 =14, (Doo)12ze = —2—i—j+k, (Doo)2211 = =142+,
(Doo)2221 = 1, (Doo)2212 = i — 2k, (Doo)2222 = —k,
(Do1)1111 = 4k, (Do1)1121 = 3i+j —k, (Dor)11iz = 1+2i +j, (Do1)1izz = 2j — k,
(Do1)2111 =1 +k—2j, (7301)2121 =341, (Do1)2112 = —1+2i +3j +k,
(Do1)2122 = —1+2i +2j—k, (Do1)1211 = 1+ —k, (Do1)1221 = —2i +2j +k,
(Do1)1212 = —2+i+k, (Do1)1222 = —i, (Do1)2211 =2 +2i+j+k,
(Do1)2221 = i+2j —k, (Do1)2212 = —1+i+j+2k, (Do1)ooze = —2+i+k.

From MATLAB 7.0, it can be proven that part (3) of the Theorem (1) in this paper holds:

Ray*mBo=0, Do*1 L, =0, Ry, xmC2 =0, Caxs L, =0,
Ruy*nC3 =0, C3x1 L, =0, R, *n Ca*x7 L, =0,
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and
t(Ag *N Do) = t(Bo *s5 Co) =
[ -1 o0 0 1 1 2 0 -1 0 -1 0 0 1 0 0 -1
1 1 0o 1 -1 o 1 o0 -1 0 0 -1 -1 1 -1 0
o o 0 2 -1 0 1 0 0 0 -1 1 -1 0 -2 -1
1 2 2 o0 2 1 1 0 -2 -1 -1 -2 1 1 -1 1
-1 -2 0o 1 -1 0 o0 1 -1 0 0 1 0 -1 0 0
1 0 -1 0o 1 1 o 1 1 -1 1 0 -1 0 0 -1
1 0 -1 0 0 o0 O 2 1 0 2 1 0 0 -1 1
2 -1 -1 0o 1 2 2 0 -1 -1 1 -1 -2 -1 -1 =2
o -1 0 o -1 0o o0 1 -1 0o 0 1 -1 -2 0 1 |~
-1 0o o0 -1 1 -1 1 0o 1 1 0 1 1 0 -1 0
o o -1 1 1 o0 2 1 0 0 0 2 1 0 -1 o0
2 -1 -1 -2 -1 -1 1 -1 1 2 2 0 -2 -1 -1 0
1 0 0o -1 0 -1 0 o0 1 2 0 -1 -1 0 o0 1
-1 1 -1 0 -1 0 o0 -1 -1 0 1 0 1 1 0 1
-1 0 -2 -1 0 o0 -1 1 -1 0 1 0 ©0 0 0 2
|l 1 1 -1 1 -2 -1 -1 =2 2 1 1 0 1 2 2 0 |
t(Ag *n D1 — By *s5 C1) = t(By %5 Co — Ay *n Do) =
r-1 o o -1 2 2 o0 1 -1 -1 1 -1 2 0 0 0 ]
1 0 0 -2 0 2 0 -1 0 2 -1 0 2 0 0 -3
-1 1 -1 -1 2 -1 1 2 0 2 -1 -1 -1 0 -3
1 1 -1 -3 3 0 0 0 2 0 0 1 2 -1 3 0
-2 -2 0 -1 -1 0 o0 -1 -2 0 0 0 -1 -1 1 -1
0 -2 0o 1 1 o0 0 -2 -2 0 0 3 0 2 -1 0
1 -2 1 -1 2 -1 1 -1 1 1 o0 3 2 0 2 -1
3 0 o o0 1 1 -1 -3 -2 1 -3 0 2 0 0 1
-1 -1 1 -1 -2 0 0 0 -1 0 0 -1 -2 -2 0 -1 |-
0 2 -1 0 -2 0 0 3 1 0 0 -2 0 -2 0 1
2 0 2 -1 1 1 0 3 2 -1 1 -1 1 -2 1 -1
2 0o 0 1 -2 1 -3 0 1 1 -1 -3 -3 0 0 0
2 0 0 0 -1 -1 1 -1 2 2 o0 1 -1 0 0 -1
2 0 0 -3 0 2 -1 0 0 2 0 -1 1 0 0 -2
-1 -1 0 -3 2 0 2 -1 -1 2 -1 1 2 -1 1 -1
| 2 -1 3 0o 2 o0 o0 1 3 0 0 0 1 1 -1 =3 |
ie.,

.A()*NDQ:BQ*SCO, AQ*Npl—Bo*Scl :Bl *SCO_.A] *NDO-

Then, it can be deduced that the system of dual split quaternion tensor equations (2) is solvable and a
solution of this system can be expressed as X = Xy + Xo1€, where

(Xoo)1111 = j, (Xoo)1121 = i, (Xoo)1112 = 1, (Xoo)1122 = 0,
(Xp0)2111 =, (Xoo)2121 = —1, (Xoo)2112 =1, (Xoo)2122 =k,
(Xo0)1211 = =1, (Xoo)1221 = 0, (Xoo)1212 =1 —j, (Xoo)1222 = J,
(Xbo)2211 = 0, (Xoo)2221 = J, (Xoo)2212 =k, (Xoo)2222 = 1,
and
(Xo1)1111 = 1, (Xo1)1121 = 0, (Xp1)1112 =i, (Xp1)1122 =0,
(Xo1)2111 =k, (Xo1)2121 = 1, (Xo1)2112 = j, (Xo1)2122 = —1,
(Xo1)1211 = 0, (Xo1)1221 = 1, (Xo1)1212 = —k, (AXp1)1222 =,
(Xo1)2211 = —J, (Xo1)2001 =k, (Xo1)2212 = 1, (Xp1)2222 = 0.

Example 3. In this section, we propose a method for video encryption and decryption using Theorem (1) and
provide a specific example to demonstrate this method.
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Similar to quaternions [6], it has been demonstrated that split quaternions can represent color images [40].
Split quaternion tensors can represent color videos, as long as the video is segmented into multiple image slices.
Then, the dual split quaternion tensor can represent two color videos.

We can encrypt two color videos through system (2) and the following model is the encryption process

based on system (2):
i w [(X] ="

The system coefficients Two original videos Keys

—

—
[[x] s Se [2]
Two original videos The system coefficients Two encrypted videos

Figure 1. The model of encrypting two videos.

It is clear that system (2) and the following system are equivalent, so we can use system (22) to encrypt
and decrypt videos.

Ap *s Xo = B,

Xo *s Co = Dy,

Ap x5 X1 + Ay x5 Xy = By,
X *5C1 + X1 x5 Co = Dy

(22)

We use two original videos Xy and X, each composed of 51 slices of color images of size 540 x 540
pixels, represented as HZA0*540x5L [41]. That is, X = Xy + Xje € DQPHOL A = Ay + Aje and
C = Cy+ Cie € ]D)QE4OX54O are the system coefficients. For simplicity, we select all Ay, Ay, Co and Cq
as real matrices and they are invertible. And we represent By and By € H2¥0*540X51 gg keys. Dy and
Dy € HH0*340X51 yepresent two encrypted videos. The process of encryption is described below:

Algorithm 1 Encryption process

1: Input: Two original videos and system coefficients.
2: Let &y and &) represent the first original video and the second original video. Then Xy; and Xj;

represent i-th slice of video Ap and &, wherei =1, - - - ,51. The system coefficients are Ay, Ay, Co

and C;.
3: Encrypt Ap and & by the system (22).
4: By; and Bj; denote keys. Dy; and Dj; represent i-th slice of the two encrypted videos, where

i=1,---,51. So we have obtained two encrypted videos Dy and D;.
5: Output: Two encrypted videos and keys.

For the decryption process, we use two encrypted videos, Dy and D1, obtained from the encryption process,
along with keys By and By, as well as system coefficients Ay, A1, Co, and Cy, to recover the two original color
videos. The decryption algorithm is represented as follows:

The encryption’s CPU time is 59.2300 seconds and the decryption’s CPU time is 145.9600 seconds. The
figure below illustrates a portion of slices from the encrypted and decrypted videos results:
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Algorithm 2 Decryption process

—_

: Input: Sgstem coefficients, keys and two encrypted videos.
2: By and B; represent keys. Dy and D; denote the encrypted videos. Ay, A1, Co, and C; are the

system coefficients and they are reversible. 4
: Usinlg the real representation, we obtain .AZ’, B?, Cgl, and Dg’, where p = 1,2.
: By Theorem (1), we obtain XDy and X'D;.
: Convert XDy and XD into XDy and XDy using Theorem (1), respectively.
: Two decrypted videos are XDy and XDy, respectively.
: Output: Two decrypted videos.

N O U= W

Orignal Orignal orignal Orignal Orignal Orignal Orignal Orignal

Encrypted Encrypted Encrypted Encrypted Encrypted

Decrypted Decrypted Decrypted Decrypted Decrypted Decrypteq Decrypted Decrypted

Figure 2. The original, encrypted, and decrypted images of randomly selected slices from color videos
XO and Xl-

I
I

Encrypted Encrypted Encrypted

I
I
A

To assess the quality of the encryption and decryption algorithm for color videos, we utilize the Peak
Signal-to-Noise Ratio (PSNR), Structural Similarity Index Measure (SSIM) and Feature Similarity Index
Measure (FSIM), with the results presented in Tnbles 1 and 2. A higher PSNR value usually indicates smaller
errors, meaning that the quality of the processed image is higher. The results show that the PSNR values are all
greater than 30 and all SSIM and FSIM values are equal to 1, indicating a high degree of similarity between
the decrypted videos and the original videos. This further demonstrates the effectiveness of our encryption and
decryption algorithm.

Table 1. PSNR, SSIM and FSIM of the video 1.

Video 1 PSNR SSIM | FSIM
1 279.8545 1 1
2 280.0351 1 1
3 279.8906 1 1
4 279.4681 1 1

Table 2. PSNR, SSIM and FSIM of the video 2.

Video 2 PSNR SSIM | FSIM
1 248.0390 1 1
2 248.2462 1 1
3 247.9977 1 1
4 246.5033 1 1
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5. Conclusions

We use the real representations of split quaternions to simplify the system of dual split quaternion
tensor equations (A xy X, X x5 C) = (B,D) into real tensor equations. Based on this, we put
forward the equivalent conditions for this system’s solvability and the general expression of solutions.
Subsequently, this proposed theorem is applied to two specific cases of dual split quaternion tensor
equations. Furthermore, the paper presents the equivalent conditions when the Hermitian solution
(denoted as X = A*) and #-Hermitian solutions (denoted as X = X*) of the system (2) exist, using
various real representations. Additionally, we provide a numerical example using MATLAB to validate
the correctness of the key theorem presented in this paper. In the end, we use Theorem (1) to present a
method for encrypting and decrypting two color videos, along with a specific example. The algorithm’s
efficacy is demonstrated by PSNR, SSIM and FSIM.
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