Pre prints.org

Article Not peer-reviewed version

Gauge-Invariant Perturbation Theory on
the Schwarzschild Background
Spacetime Part ll: — Even-Mode
Perturbations —

Kouji Nakamura i
Posted Date: 25 October 2024
doi: 10.20944/preprints202410.2048v1

Keywords: black hole; Schwarzschild spacetime; perturbation theory; gauge-invariance

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/3881837

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 October 2024 d0i:10.20944/preprints202410.2048.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
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II:—Even-Mode Perturbations—
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181-8588, Japan; dr.kouji.nakamura@gmail.com

Abstract: This is the Part II paper of our series of papers on a gauge-invariant perturbation
theory on the Schwarzschild background spacetime. After reviewing our general framework of the
gauge-invariant perturbation theory and the proposal on the gauge-invariant treatments for / = 0, 1
mode perturbations on the Schwarzschild background spacetime in the Part I paper [K. Nakamura,
arXiv:2110.13508 [gr-qc]], we examine the linearized Einstein equations for even-mode perturbations.
We discuss the strategy to solve the linearized Einstein equations for these even-mode perturbations
including I = 0,1 modes. Furthermore, we explicitly derive the I = 0,1 mode solutions to the
linearized Einstein equations in both the vacuum and the non-vacuum cases. We show that the
solutions for I = 0 mode perturbations includes the additional Schwarzschild mass parameter
perturbation, which is physically reasonable. Then, we conclude that our proposal of the resolution
of the I = 0,1-mode problem is physically reasonable due to the realization of the additional
Schwarzschild mass parameter perturbation and the Kerr parameter perturbation in the Part I paper.

Keywords: black hole; Schwarzschild spacetime; perturbation theory; gauge-invariance

1. Introduction

Gravitational-wave observations are now carrying out through the ground-based detectors [1-4].
Furthermore, the projects of future ground-based gravitational-wave detectors [5,6] are also progressing
to achieve more sensitive detectors. In addition to these ground-based detectors, some projects of space
gravitational-wave antenna are also progressing [7-10]. Among them, the Extreme-Mass-Ratio-Inspiral
(EMRI), which is a source of gravitational waves from the motion of a stellar mass object around a
supermassive black hole, is a promising target of the Laser Interferometer Space Antenna [7]. To
describe the gravitational wave from EMRIs, black hole perturbations are used [11]. Furthermore,
the sophistication of higher-order black hole perturbation theories is required to support these
gravitational-wave physics as a precise science. The motivation of this paper is in such theoretical
sophistications of black hole perturbation theories toward higher-order perturbations for wide physical
situations.

Although realistic black holes have their angular momentum and we have to consider the
perturbation theory of a Kerr black hole for direct applications to the EMRI, we may say that further
sophistications are possible even in perturbation theories on the Schwarzschild background spacetime.
From the pioneering works by Regge and Wheeler [12] and Zerilli [13-15], there have been many
studies on the perturbations in the Schwarzschild background spacetime [15-28]. In these works,
perturbations on the Schwarzschild spacetime are decomposed through the spherical harmonics Y},
because of the spherical symmetry of the background spacetime, and / = 0 and I = 1 modes should be
separately treated. Furthermore, “gauge-invariant” treatments for / = 0 and / = 1 even-modes were
unknown.

Owing to this situation, in the previous papers [29,30], we proposed the strategy of the
gauge-invariant treatments of these | = 0,1 mode perturbations, which is declared as Proposal 1
in Section 2 of this paper below. One of important premises of our gauge-invariant perturbations is the
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distinction of the first-kind gauge and the second-kind gauge. The first-kind gauge is the choice of the
coordinate system on the single manifold and we often use this first-kind gauge when we predict or
interpret the measurement results of experiments and observation. On the other hand, the second-kind
gauge is the choice of the point-identifications between the points on the physical spacetime ., and
the background spacetime .. This second-kind gauge have nothing to do with our physical spacetime
A . The proposal in the Part I paper [30] is a part of our developments of the general formulation
of a higher-order gauge-invariant perturbation theory on a generic background spacetime toward
unambiguous sophisticated nonlinear general-relativistic perturbation theories [31-36]. This general
formulation of the higher-order gauge-invariant perturbation theory was applied to cosmological
perturbations [37-44]. Even in cosmological perturbation theories, the same problem as the above
I = 0, 1-mode problem exists as gauge-invariant treatments of homogeneous modes of perturbations.
In this sense, we can expect that the proposal in the previous paper [30] will be a clue to the same
problem in gauge-invariant perturbation theory on the generic background spacetime.

In addition to the proposal of the gauge-invariant treatments of / = 0, 1-mode perturbations on
the Schwarzschild background spacetime, in the previous Part I paper, we also derived the linearized
Einstein equations in a gauge-invariant manner following Proposal 1. From the parity of perturbations,
we can classify the perturbations on the spherically symmetric background spacetime into even- and
odd-mode perturbations. In the Part I paper [30], we also gave a strategy to solve the odd-mode
perturbations including I = 0, 1 modes. Furthermore, we also derived the explicit solutions for the
I = 0,1 odd-mode perturbations to the linearized Einstein equations following Proposal 1.

This paper is the Part II paper of the series of papers on the application of our gauge-invariant
perturbation theory to that on the Schwarzschild background spacetime. This series of papers is the full
paper version of our short paper [29]. In this Part II paper, we discuss a strategy to solve the linearized
Einstein equation for even-mode perturbations including / = 0,1 mode perturbations. We also derive
the explicit solutions to the I = 0,1 mode perturbations with generic linear-order energy-momentum
tensor. As the result, we show that the additional Schwarzschild mass parameter perturbation in
the vacuum case. This is the realization of the Birkhoff theorem at the linear-perturbation level in
a gauge-invariant manner. This result is physically reasonable, and it also implies that Proposal 1
is also physically reasonable. The other supports for Proposal 1 are also given by the realization of
exact solutions with matter fields which will be discussed in the Part III paper [46]. Furthermore, brief
discussions on the extension to the higher-order perturbations are given in the short paper [45].

The organization of this Part II paper is as follows. In Section 2, after briefly review the framework
of the gauge-invariant perturbation theory, we summarize our proposal in Refs. [29,30]. Then, we also
summarize the linearized even-mode Einstein equation on the Schwarzschild background spacetime
which was derived in Ref. [30] following Proposal 1. In Section 3, following Proposal 1, we discuss
a strategy to solve these even-mode Einstein equations including I = 0,1 mode perturbations. In
Section 4, we derive the explicit solutions to the linearized Einstein equation for the I = 0 mode
perturbations in both the vacuum and the non-vacuum cases. In Section 5, we also derive the explicit
solutions to the linearized Einstein equation for the | = 1 mode perturbations in both the vacuum and
the non-vacuum cases. The final section (Section 6) is devoted to our summary and discussions.

We use the notation used in the previous papers [29,30,45] and the unit G = ¢ = 1, where G is
Newton’s constant of gravitation and c is the velocity of light.

2. Brief Review of the General-Relativistic Gauge-Invariant Perturbation Theory

In this section, we review the premise of the series of our papers [29,30,46] and this paper. In
Section 2.1, we briefly review the framework of the gauge-invariant perturbation theory [31,32]. This is
an important premise of the series of our papers. In Section 2.2, we review the linear perturbation
on spherically symmetric background spacetimes which includes our proposal in Ref. [29,30]. In
Section 2.3, we review the linearized Einstein equations for even-mode perturbations on the Schwarzschild
background spacetime which are to be solved in this paper.
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2.1. General Framework of Gauge-Invariant Perturbation Theory

In any perturbation theory, we always treat two spacetime manifolds. One is the physical
spacetime («///ph/ $ap), which is identified with our nature itself, and we want to describe this spacetime
(Aon, Sap) by perturbations. The other is the background spacetime (.7, g,;,), which is prepared as
a reference by hand. Note that these two spacetimes are distinct. Furthermore, in any perturbation
theory, we always write equations for the perturbation of the variable Q as follows:

Q(“p”) = Qo(p) +Q(p). (1)

“u_ 1

Equation (1) gives a relation between variables on different manifolds. Actually, Q(“p”) in Equation (1)
is a variable on .# = .}, whereas Qu(p) and 6Q(p) are variables on .. Because we regard
Equation (1) as a field equation, Equation (1) includes an implicit assumption of the existence of a
point identification map ¢ : # — Me:p € M — “p” € M. This identification map is a gauge choice
in general-relativistic perturbation theories. This is the notion of the second-kind gauge pointed out by
Sachs [47]. Note that this second-kind gauge is a different notion from the degree of freedom of the
coordinate transformation on a single manifold, which is called the first-kind gauge [30,43,44].

To compare with the variable Q on .Z. and its background value Qg on .#, we use the pull-back
Z of the identification map 2. : # — .4 and we evaluate the pulled-back variable .Z7Q on the
background spacetime .#. Furthermore, in perturbation theories, we expand the pull-back operation

Z to the variable Q with respect to the infinitesimal parameter € for the perturbation as
O — 1) 2
25Q=Qo+e€,Q+0(e). (2)

Equation (2) are evaluated on the background spacetime .#. When we have two different gauge choices
Ze and %, we can consider the gauge-transformation, which is the change of the point-identification
Ze — %. This gauge-transformation is given by the diffeomorphism @, := (2) Yot M —
A . Actually, the diffeomorphism ®. induces a pull-back from the representation Z.*Qe to the
representation %.'Qc as #.°Q. = ®; 2. Qc. From general arguments of the Taylor expansion[48], the
pull-back ®f is expanded as

Qe = 2IQe+eLy 2Qe+O(E%), 3)

where f,“(ll) is the generator of ®.. From Equations (2) and (3), the gauge-transformation for the

first-order perturbation () Q is given by

Ue-G0 = £, @

We also employ the order by order gauge invariance as a concept of gauge invariance [41]. We call the
kth-order perturbation (glzf)Q as gauge invariant if and only if

09 = B )

for any gauge choice 2 and %.

Based on the above setup, we proposed a procedure to construct gauge-invariant variables of
higher-order perturbations [31,32]. First, we expand the metric on the physical spacetime .#., which
was pulled back to the background spacetime .# through a gauge choice Z¢ as

238w = Sap+€gha +O(€2). (6)

Although the expression (6) depends entirely on the gauge choice Z¢, henceforth, we do not explicitly
express the index of the gauge choice Z. in the expression if there is no possibility of confusion.
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The important premise of our proposal was the following conjecture [31,32] for the linear metric
perturbation /,:

Conjecture 1. If the gauge-transformation rule for a perturbative pulled-back tensor field h,y, to the background
spacetime A is given by gl — gl = £§(1) Qap with the background metric g, there then exist a tensor
field F ., and a vector field Y such that hyy, is decomposed as hy, =: Fpp + £y Qap, wWhere Fyp and Y are
transformed as o F,, — o Fop = 0and 5Y* — YY" = 6?1) under the gauge transformation, respectively.

We call .%,;, and Y* as the gauge-invariant and gauge-variant parts of h,y,, respectively.

The proof of Conjecture 1 is highly nontrivial [33,35], and it was found that the gauge-invariant
variables are essentially non-local. Despite this non-triviality, once we accept Conjecture 1, we can
decompose the linear perturbation of an arbitrary tensor field %)Q, whose gauge-transformation is
given by Equation (4), through the gauge-variant part Y, of the metric perturbation in Conjecture 1 as

Vo="2+£,,Q 7)

As examples, the linearized Einstein tensor %)Gab and the linear perturbation of the

99)

energy-momentum tensor ,- T, b are also decomposed as
GGt =W V(7] + £,0G,0, Gt =070 £ \T,0, ®)

where G, and T, are the background values of the Einstein tensor and the energy-momentum tensor,
respectively. The gauge-invariant part (% ? of the linear-order perturbation of the Einstein tensor is
given by

1 c
(1)%1 b [A] = (1)Zab [A] - Eéab(l)zc [A] ’ &)

WL, P[A) = 2V Hy" [A] = AR, H,y,“[A] i= V(A — v A, (10)

[a

where A, is an arbitrary tensor field of the second rank. Then, using the background Einstein
equation G, = 87T,?, the linearized Einstein equation %)Gab = 871%/)]};, is automatically given in the
gauge-invariant form

Vg, b (7] = 8217, ! (11)

even if the background Einstein equation is nontrivial. We also note that, in the case of a vacuum
background case, i.e., G,’ = 87T, = 0, Equation (8) shows that the linear perturbations of the
Einstein tensor and the energy-momentum tensor is automatically gauge-invariant of the second kind.

We can also derive the perturbation of the divergence of V,T,? of the second-rank tensor T, on
(AMph, Sap)- Through the gauge choice Z¢, T, is pulled back to 2*T,” on the background spacetime
(A, 84p), and the covariant derivative operator V, on (.#ph, $ap) is pulled back to a derivative operator
V(= ZXVo(Z1)*) on (M, gap). Note that the derivative V,, is the covariant derivative associated
with the metric 2¢§,,, whereas the derivative V, on the background spacetime (.#, g,;) is the
covariant derivative associated with the background metric g,;. Bearing in mind the difference in
these derivatives, the first-order perturbation of VaTh % is given by

@ (v”Tha) = v”(l)‘% "+ Hcaa [9‘] Tbc - Hbac [ﬁ] Tca +£YvﬂTha' (12)
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The derivation of the formula (12) is given in Ref. [32]. If the tensor field Tb % is the Einstein tensor G,?,
Equation (12) yields the linear-order perturbation of the Bianchi identity

Vo', [F] + H, " [F] Gy = Hy, [F] G =0 (13)
and if the background Einstein tensor vanishes G,” = 0, we obtain the identity
v, 7 [Z] =o0. (14)

By contrast, if the tensor field T, * is the energy-momentum tensor, Equation (12) yields the continuity
equation of the energy-momentum tensor

Va7, + H,* [Z] T, — H,© [7] T, = 0, (1)

where we used the background continuity equation V,T,” = 0. If the background spacetime is
vacuum T,, = 0, Equation (15) yields a linear perturbation of the energy-momentum tensor given by

v,z 7 =0 (16)

We should note that the decomposition of the metric perturbation h,;, into its gauge-invariant part
Fap and into its gauge-variant part Y* is not unique [41,43,44]. As explained in the Part I paper [30],
for example, the gauge-invariant part .%#,, has six components and we can create the gauge-invariant
vector field Z* through these components of the gauge-invariant metric perturbation .%,;, such that the
gauge-transformation of the vector field Z? is given by 4Z% — 2 Z% = 0. Using this gauge-invariant
vector field Z*, the original metric perturbation can be expressed as follows:

hay = Fap — £28ab + £24Y8ab =: Hop + £X&ab- (17)

The tensor field 5, 1= %#,, — £7g, is also regarded as the gauge-invariant part of the perturbation
hap because @70, — 974, = 0. Similarly, the vector field X? := Z% + Y* is also regarded as the
gauge-variant part of the perturbation h,, because X* — X = (',"(11 ) This non-uniqueness appears
in the solutions derived in Sections 4 and 5, as in the case of the I = 1 odd-mode perturbative solutions
in the Part I paper [30]. These non-uniqueness of gauge-invariant variable can be regarded as the
first-kind gauge as explained in Part I paper [30], i.e., degree of freedom of the choice of the coordinate
system on the physical spacetime .#.. Since we often use the first-kind gauge when we predict
and interpret the measurement results of observations and experiments, we should regard that this
non-uniqueness of gauge-invariant variable of the second kind may have some physical meaning [30].

2.2. Linear Perturbations on Spherically Symmetric Background

Here, we consider the 2 + 2 formulation of the perturbation of a spherically symmetric background
spacetime, which originally proposed by Gerlach and Sengupta [20-23]. Spherically symmetric
spacetimes are characterized by the direct product .# = .#; x S? and their metric is

8ab = Yar Tt rz')’abr (18)
Yab Yap(dx™)a(dxB)y,  Yap = Ypg(dxF)a(dxT),, (19)

where x4 = (t,7), xP = (6, ), and 7y, is the metric on the unit sphere. In the Schwarzschild spacetime,
the metric (18) is given by
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ya = —Fa(dt)+ @y, f=1-20, (20)
Yo = (d0)a(d6), + sin® 0(de)a(d)y = 0a6) + Pachs, (21)
0, = (dO)s, o =sinb(de),. (22)

On this background spacetime (.7, g,5,), the components of the metric perturbation are given by
Moy = hap(dx)a(dx® ) + 2hpp (dx™) (o (3P ) ) + hpg (dxP ) o (dxT),. (23)

Here, we note that the components hisp, hap, and hy, are regarded as components of scalar, vector,
and tensor on S?, respectively. In many literatures, these components are decomposed through the
decomposition [49-51] using the spherical harmonics S = Y}, as follows:

hag =Y hagS, (24)
I,m

= rZ[ (e1)a DS +h(01)Aep,,Dqs} (25)

hpg =1 Z { Vpahieo)S + ) (Dqu - 27PquDr) S+ 2h(e)er(pDy) D'S| (26)

where f)p is the covariant derivative associated with the metric y,; on S%2,DP = 4P f)q, €pg = €]
26,¢, is the totally antisymmetric tensor on S2.

If we employ the decomposition (24)—(26) with S = Y}, to the metric perturbation h,;, special
treatments for I = 0,1 modes are required [12-28]. This is due to the fact that the set of harmonic
functions

pql =

. o 1 s 1
{s, DyS, €pgDS, 57345, <Dqu - zrypq) 5,2¢,, )Dfs} 27)

loses its linear-independence for I = 0,1 modes. Actually, the inverse-relation of the decomposition
formulae (24)-(26) requires the Green functions of the derivative operators A:=D'D,and A +2:=
D'D, + 2. Since the eigen modes of these operators are | = 0 and ! = 1, respectively, this is the reason
why the special treatments for these modes are required. However, these special treatments become an
obstacle when we develop higher-order perturbation theory [52].

To resolve this I = 0,1 mode problem, in Part I paper [29,30], we chose the scalar function S as

Yim for 1>2;
k(A) for I=0

and use the decomposition formulae (24)-(26), where the functions k( A) and k( At2) satisfy the equation

~ ~

Ak(A) =0, (A+2) k(A+2) =0, (29)
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respectively. As shown in Part I paper [30], the set of harmonic functions (27) becomes the
linear-independent set including ! = 0,1 modes if we employ

1—cos?
kay = 1—|—51n<1+c059) , SER, (30)
1 1+ cosf
k(A+2,m=0) == COSG + (5 (2 COSGlnm - 1) 7 (S E R, (31)
r _ 045 1 . 01 1+ cos¥d 0 Lig 3
(A+2,m:i1) = sin o + —|—§sm nm + cot e . ( )

These choices guarantee the one-to-one correspondence between the components {hap, hap, hyg} and
the mode coefficients {hag, (1) 4, N(o1) 4, N(c0) I(e2), (02) } With the decomposition formulae (24)-(26)
owing to the linear-independence of the set of the harmonic functions (27) when 6 # 0. Then, the
mode-by-mode analysis including I = 0,1 is possible when J # 0. However, the mode functions
(30)—(32) are singular if 6 # 0. When § = 0, we have k( A) & Yoo and k( At2)m & Y1,,. Using the above
harmonics functions S; in Equation (28), we propose the following strategy:

Proposal 1. We decompose the metric perturbation h,y, on the background spacetime with the metric (18)—(21)
through Equations (24)—(26) with the harmonic function Ss given by Equation (28). Then, Equations (24)—(26)
become invertible including I = 0,1 modes. After deriving the mode-by-mode field equations such as linearized
Einstein equations by using the harmonic functions Ss, we choose 6 = 0 as regular boundary condition for
solutions when we solve these field equations.

As shown in the Part I paper [30], once we accept Proposal 1, the Conjecture 1 becomes the
following statement:

Theorem 1. If the gauge-transformation rule for a perturbative pulled-back tensor field h,y, to the background
spacetime A is given by ghy, — 2N, = £€<1) Sap With the background metric g, with spherical symmetry,
there then exist a tensor field %,y and a vector field Y such that hyy, is decomposed as hyy, =: Fyp + £y Qap, Where
Fap and Y* ave transformed as o Fppy — g-Fqp = 0and gY" — Y = §’(‘1) under the gauge transformation,
respectively.

Furthermore, including / = 0, 1 modes, the components of the gauge-invariant part .%,;, of the
metric perturbation h,, is given by

Fap = Y FapSs, (33)
I,m
,SZAP = TZFAequqS(S, DpyAp - O/ (34)
Im
1 -
Fpg = = Emrz Y FS;. (35)
I,m

Thus, we have resolved the zero-mode problem in the perturbations on the spherically symmetric
background spacetimes. Through the gauge-invariant variables (33)—(35), we derived the linearized
Einstein equations in Part I paper [30].

2.3. Even-Mode Linearized Einstein Equations

Since the odd-mode perturbations are discussed in Part I paper [30], we consider the linearized
even-mode Einstein equations on the Schwarzschild background spacetime in this paper. The
Schwarzschild spacetime is vacuum solution to the Einstein equation G,” = 0 = T,”. Since we proved
Theorem 1 on the spherically symmetric background spacetime, the linearized Einstein equation is
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given in the following gauge-invariant form as Equation (11). To evaluate the Einstein equation (11)
through the mode-by-mode analysis including | = 0, 1, we also consider the mode-decomposition of
the gauge-invariant part (1.7, := ¢, (1.7, € of the linear-perturbation of the energy momentum tensor
through the set (27) of the harmonics as follows:

Wy = Y TapSs(dx™)s(dx® b+72{ (e1)aDpSs + T(o1y a€pr D" 55}2(dxA)(a(dxp)b)

I,m Im

A

A 1 A
+T(02)2€r(PDﬂ)DrS5} (dxP)a(dx)y.

Since the background spacetime is vacuum, the pull-backed divergence of the energy-momentum
tensor is given by Equation (16) and the even-mode components of Equation (16) in terms of the mode
coefficients defined by Equation (37) are given by

N 1

(DPr)Tp” — l<l+1) (e1) — (DB ) T(e0) =0, (37)
_ - 1 . -

(D) Terye + 5 Teo) = E(l —1)(14+2)T () = 0. (38)

Owing to the linear-independence of the set (27) of the harmonics, we can evaluate the
gauge-invariant linearized Einstein equation (11) through the mode-by-mode analyses including
I = 0,1 modes. As summarized in the Part I paper [30], the traceless even part of the (p, 4)-component
of the linearized Einstein equation (11) is given by

FpP = —167r°T ). (39)

Using this equation, the even part of (A, q)-component, equivalently (p, B)-component, of the
linearized Einstein equation (11) yields

e 1. - 1, -
DPF4p — 5DAF =167 |rTiep)4 ErZDAT(eZ) =:167S (o) (40)
through the definition of the traceless part I 45 of the variable F45:
i .1 L.
Fap :=Fap — syaskc™ (41)
Using Equations (39) and (40), and the background Einstein, the trace part of (p, q)-component of
the linearized Einstein equation (11) yields Equation (38).

Finally, through Equations (39) and (40) and the background Einstein equations, the trace part of
the (A, B)-component of the linearized Einstein equation (11) is given by

(DDDD +2(0PDp - “‘125”2)) F— 3 (Der)(Dor)FP = 1675 ), 2)

Sipy =T +4(DDr)T( D —2r(Dpr)DP Ty — (1(1+1) +2) T ). (43)
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On the other hand, the traceless part of the (A, B)-component of the linearized Einstein equation (11)
is given by

4 o -
+;(DDr)D(A1FB)D —
= 167TS(F)AB’ (44)

1 _ -~ 1 _ -
Sw)aB = Tap — EyABTcC -2 (D(A(TT(,A)B)) - zyABDD(TT(el)D)>
| o 5
+2 ((D(Ar)DB) - 23/AB(DD7’)DD) (rTie2))
1 3
+r (DADB - 2ymBDDDD> (rT(e2))

42 ((Dan)(Dwr) = Juan(DN(Den)) Ty

+2y (D) T(e1)c — ryaB(Dr)DeT ). (45)

Equations (39), (40), (42), and (44) are all independent equations of the linearized Einstein equation
for even-mode perturbations. These equations are coupled equations for the variables F~ €, F, and
F 4p and the energy-momentum tensor for the matter field. When we solve these equations, we have
to take into account of the continuity Equations (37) and (38) for the matter fields. We note that these
equations are valid not only for / > 2 modes but also / = 0,1 modes in our formulation. For [ > 2
modes, we can derive the Zerilli equation, while we can derive formal solutions for / = 0,1 modes.
The derivations of these formal solutions for [ = 0, 1 modes are the main ingredients of this paper.

3. Component Treatment of the Even-Mode Linearized Einstein Equations

To summarize the even-mode Einstein equations, we consider the static chart of y4p as
Equation (20). On this chart, the components of the Christoffel symbol T, © associated with the
covariant derivative D 4 is summarized as

/ / !
rtttzor rtrt:é(f/ I’wt:ol rttr:%l rtrr:()r Iﬁr;‘r:{f’ (46)
where f' := 9,f.

First, Equation (39) is a direct consequence of the even-mode Einstein equation. Here, we introduce
the components X,) and Y(,) of the traceless variable [F 45 by

Fap =: X {—f(df)A(df)B _f_l(dr)A(dr)B} +2Y (o) (dt) (a(dr) p).- (47)

Through these components X,y and Y(,), t- and r- components of Equation (40) are given by

1. ~
atX(e) +farY(g) +f,Y(e) — EatF = 167ts(ec)tr (48)
1 f’ 1. -
?atY(e) + arX(e) + ?X(E) + EE)YF = —167TS(6C).,.. (49)

The source term S, 4 is defined by

5 10 .
S(ecya = 1Te1ya — ETZDAT(eZ)' (50)
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Furthermore, the evolution Equation (42) for the variable F is given by

- ~ 2 = (-1)(1+2) .~ 4

—7F + fo,(fo,F) + - f?9,F — W# fE+5 f?X (o) = 167GfSF). (51)
The source term S ) is defined by
5(1:) = TE E + 4(DDr)T(311)) - ZT(DDT)DD ~(e2) - (l(l + 1) + Z)T(ez) (52)
1= - - - -

= —=Tyu+fT++ 4fT(el)r - Zi’farT(ez) — (l(l + 1) + 2) T(eZ)‘ (53)

f

The component expression of Equation (44) with the constraints (48) and (49) are given by

BZX(g - far(farX(e)) - 2(1 _T’Zfi)farx(e) - (1 — f)(l — 5’,5) — l(l + 1)fX€

= -lér (S(F)tt + 2f(3];_1)5(ec),,) , (54)
B%Y(e) —for (farY(e)) 20 -20)f _rzf)farY(e) ~d=hHa- 5/;) G l)fY(e)
+1 _73f F

= 16 (fS(F)tr — 2(1;2f)5(ec)t> . (55)

Here, we note that (rr)-component of Equation (44) with the constraint (49) is equivalent to
Equation (54). The source terms Sp); and Sy, in Equations (54) and (55) are given by

1 -
Son = 5 (Ttt +f Trr) — 13 T(e1ye = 3 Tier) — 7£20: T (1)
T ~ 1’ ~ ~ ~
+Ea% Tie2) + Ef 207 T(e2) + 37120, Tea) + 2T 02, (56)
Swyr = Tir =10 T(e1yy — 19 T(e1yr — Tenys + ;fT(el)t
- - r(l— -
+I’ZatarT(€2) + 2r8tT(ez) — (sz)atT(ez). (57)

The components of Equation (37) is given by

- - 1 - -

—atTtt +f28rTrt + MTTf - {l(l + 1)T(€l)t - 0, (58)
5 +A)f. . 5

—0t Ty + 5 ff Ty +f 0, Ty + ( 2rf)f Ty — f?-l(l + 1)T(61) f?-T(eO) 0, (59)

where Equation (58) is the t-component and Equation (59) is the r-component, respectively.
Furthermore, Equation (38) is given by

- - 1+2 ~ ~ -
—0¢ Ty + 20, Tenys + %T(d)r + %T(eo) - %(l —1)(I1+2)T(,p) = 0. (60)
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From the time derivative of Equations (48) and (49), we obtain

0F X (o) = fOr(fOrX(e)) = ny O X(e) = %X@

1,~ 1 I - 8
758%1-" — 5 for(forF) — 7f fo,F
—16710¢S (o) — 16710, (f*S (o)) = 0. (61)

1-— 1-3f)(1—

1 2_rf OF — f3,0F — 1670, (fS pe)1) — 167Tf01S o), = 0. 62)

From Equations (54) and (61), we obtain
419, (fX(e)) + %l(l +1)(fX(e)) + riF +1£3,(f3,F) + (5f — 1) fo,F

= —32nr [S(F)tt +0tS (o)t + f20rS (o) + % fZS(EC)r} : (63)

Furthermore, from Equations (55) and (62), we obtain
40,(fY) + A1) (fY) — 2efo0F — (5 ~ Do
= 32nr {fS(F)tr + f0tS(ecyr — ﬁs(“)t +f8,5(ec)t] . (64)
Equations (48) and (64) yields
1)Y= 3y (2X( +13,F) + LY

2f

1—
+16717? |:S(]F)tr + afs(ec)r - rffs(“)t + arS(ec)t:| . (65)

Similarly, Equations (63) and (51) yield

40 (FX (o) + 2l(+1) +2f](FX(e)

(=n+2)

4
= —-32nr S(]F)tt + atS(ec)t +fzars(ec)r + ;fzs(ec)r -

gs(m . (66)

Thus, we may regard that the independent components of the Einstein equations for the
even-mode perturbations are summarized as Equations (51), (54), (65), and (66).

As shown in many literatures [13-18], it is well-known that Equations (51), (54), and (66) are
reduced to the single master equation for a single variable. We trace this procedure.

Equation (66) is an initial value constraint for the variables (X, F), while Equations (51) and
(61) are evolution equations. Equation (65) directly yields that the variable Y(,) is determined by the
solution (X(e), F) to Equations (66), (51) and (61), if I # 0. If the initial value constraint (66) is reduced
to the equation of a variable ®(,) and F, we may expect that ®,) linearly depends on fX,), F, and
rforF. To show this, we introduce the variable CID(E) as

DC(D(E) = fX(e) -+ ,Bﬁ =4 ’)/T’farﬁ, (67)
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where «, 8, and oy may depend on r. Substituting Equation (67) into Equation (66), we obtain
1 -
0 = —41’fp(/q)(e) =201 +1) +2f]a®,) — 4rfad, P, + 4 <')/ — 2) rfor[rfo,F]
+ [4B+4rfy +2{1(1+1) +2f}y — (5f —=1)] rfo,F
+ [4rfB +2{1(1+1) +2f} B+ (I—-1)(I+2)f] F
4
—3277 | Syt + 04S eyt + f7OrS (ecyr + ;fzs(ec)r - jZIS(F):| : (68)
Here, we choose
1
T=3 (69)
to eliminate the term of the second derivative of F. Owing to this choice, we obtain
0 = —drfa'®y) —2[(+1)+2f]ad, —4rfad, D, + [4f + Alrfo,F
+ [4rfB +2{1(1+1) +2f} p+ (I - 1)(I+2)f] F
4
—327r? S(]F)tt + atS(ec)t + fzarS(EC), + ;fZS(ec)r — gS(p) . (70)
Here, we choose §3 as
1 1
B = _ZA = _Z[(l -D(I+2)+3(1—-f)], A=01-1)(I+2)+3(1—/) (71)
to eliminate the term of the first derivative of F. Due to this choice, we obtain
II+1)AE = —8rfd, (ch)(g)) —4[I(1+1) + 2flad,
4
—647r” |:S(]F)tt + S eyt + F29rS(ecyr + ;fzs(ec)r - szs(p) : (72)

This equation yields that the variable F is determined by the single variable ®(,) and the source terms
if I # 0 and if the coefficient « is determined.
At this moment, the variable @, is determined up to its normalization « as

1 -1 N
Déq)(e) = fX(e) — ZAF + ErfB,F (73)
Eliminating X, in Equation (51) through Equation (73), we obtain
N - 1 - 4
—0?F + £3,(fo,F) + 331 = /)fF+ 5 fa®(y) = 167fS ). (74)

Similarly, eliminating X(e) in Equation (54) through Equations (72)—(74), we obtain
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0 = —add®)+afd, |f0,® }+2ah,+1+ri\3(1—f)}f2arq>e
[”f+a1(1+f)+a 1\3(1—f)2f+a3(1_f>{lr(zl/\+1)+2f}
= t22)+1+f]f®(e) -

4f25

A+3(1—
+167‘L’f# [S(F)tt + ats(ec)t + fZBrS(ec), + —

f
(ec)r — 5 5(F)
3 f 1 1
—1670fS gy — 32— 1o S(eeyr — 167 (= 3 A fS(p) — 1677 £, [fs(F)} .
We determine « so that the terms proportional to 9,P,) vanish. Then, we obtain the equation for a as

| 1
— 4o+ —31-f) =0 (76)

From this equation, we obtain

1 Cr
where C is a constant of integration. In this paper, we choose C = 1. Then, we obtain
1 ~ 1 N
fX — 7AF+ rfarF] [fX — 7AF —+ rfarF . (78)
This is the Moncrief variable.
From Equation (77), we obtain
/__1 _ll_f " _ E 12<1_f>
w = rzx A3 . x —+r2a+ A2 . (79)
Then, using
wi=>10-1)(1+2), A=u+31-F), (80)
Equation (76) is given by
L0, + 9 [fo,0 L 2) +3(1 9(1 - f)? 1 P
=20 + 3 [f3:00) | = g WPl +2) +30 = ] 490 = ) (n+1- )] g
— 167 <3S (e 3,5 +2f 2 fS clg C1ag (81)
= 7T t — £?0rS(eeyr +2f Steor T 5f0rS(r) + 55(r) = 7AS(F)
3(1—
+¥ |:_S(IF)tt atS (ec) fza S(ec)r fzs(ec)r + jer(P):H :

This is the Zerilli equation for the Moncrief variable (78).
Here, we summarize the equations for even-mode perturbations. We derive the definition of the
Moncrief variable as Equation (78), i.e.,

1 -
(I)(e) = — |:fX(e — AF+ T’farF ’ (82)
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where A is defined by
A=pu+31-f), pu=010-1)(1+2). (83)

This definition of the variable @, implies that if we obtain the variables ® ) and F are determined,
the component of X, of the metric perturbation is determined through the equation

1 1. 1
X = AP + AF = SrfoF. (84)

As the initial value constraint for the variable F and Y(,), we have Equations (72) and (65) as

N 4
HI+1DAF = —8fAd,®) + —[6f(1—f) — (I +1)A] D) — 64775 ), (85)

.y —1 .
l(l + 1)Y(e) = 10} (ZX(E) + TarP) + 3f2f ro:F + 167T7’25(Y(e)), (86)

where the source term S, ) and S(Y(e)) are given by

4
S(Aﬁ) = S(]F)tt + afS(ec)t +fzars(ec)r + ;fzs(ec)r - gS(P) (87)
- - - 1 -
= Tu+ I”fzarT(ez) + 2f(f + l)T(eZ) + Ef(l — 1)(1 + 2) T(EZ)/ (88)
and

. 1-f
St = S@E)r T S (e — 75(@ + 0rS(eo)t (89)
= Ty+ TatT(e2). (90)

Equation (85) implies that the variable F of the metric perturbation is determined if the variable D,
and source term S, ) are specified. Equation (86) implies that the component Y, of the metric
perturbation is determined if the variables X(e), F, and the source term S (¥ are specified.

Thus, apart from the source terms, the component F of the metric perturbation is determined
through Equation (85) if the Moncrief variable @, is specified. The component X, of the metric
perturbation is determined through Equation (84) if the variables ®,) and F are specified. Finally, the
component Y, of the metric perturbation is determined through Equation (86) if the variables F and
X(e) are specified. Namely, the components X ,), Y,), and F of the metric perturbation are determined
by the Moncrief variable ®,). The Moncrief variable ®,) is determined by the master equation

1., r
— £+, [f3:0 ()| = Vewan® (o) = 167 S (a0 1)
where the potential function Ve, is defined by
1
Ven = 7 |WP1(r+2) +3(1= )] + 31~ )P (b (1= )]
1

= 5o |[A°-22-3A)A+6(1-3f)(1— HA+18f(1 - f)?], 92)
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and the source term in Equation (91) is given by
1
S(¢(6)) = atS (ec)t — f d S(ec +2ff S(ec)r + fa S(F) + S(P) — *AS(F)
3(1—
+ ( X f) [_S(F)tt — 01S(eeyt — F20rS ec)r f Steeyr + JZCS(F) (93)
1 /A - 1 1 - - -
= E <2f - 1> Ttt + E <(2 —f) - ZA) fTrr - Eratht + EfzrarTrr
—JZ:T(eo) — 11+ 1) fTe1),
1 - 1 - 1 -
+§1’28%T(82) - Efzi’za%T(ez) — 53(1 +f)rfa,T(62)
1 - 1
57 =3)fT(eg) + 7 (11 +1) =1 = )1 +1) +2)T(ep)
3(1 1
—% Ty +rf?0, T(e2 (1+7f)fT62 (94)

To solve the master equation (91) we have to impose appropriate boundary conditions and solve as
the Cauchy problem. In the book [19], it is shown that the Zerilli equation (91) without the source
term, i.e., S(g ) = 0, can be transformed to the Regge-Wheeler equation. This transformation is called
the Chandrasekhar transformation. Since the Regge-Wheeler equation can be solved by MST (Mano
Suzuki Takasugi) formulation [53-55], we may say that the solution to the Zerilli equation (91) without
the source term is obtained through MST formulation.

Finally, we note that the solutions ®,) and F satisfy the equation (74), as the consistency of the
linearized Einstein equation. Here, the source term S ) is explicitly given by Equation (53). Here,
we check this consistency of the initial value constraint (85) and the evolution equation (74). From
Equations (74) and (91), we obtain

0 = PARS ) — (5—3f)A+3(1—f)(1+f)+18/1\f(1—f)2}fS(AF)

~2[3(1— f)+2A] f213:S () — Af0; [ £3,S(p) | (95)
+110-3) — AINfS

—2rf? A3, S(9,) — [A+ (1+3f)] AfSs, )
(e) (e)

This is an identity of the source terms. We have confirmed Equation (96) is an identity due to the
definitions (88)—(53) and the continuity equations (58)—(60) of the perturbative energy-momentum
tensor. This means that the evolution equation (74) is trivial when [ # 0. Thus, we have confirmed that
the above strategy for I # 0 modes are consistent.

Of course, this strategy is valid only when | # 0. In the I = 0 case, we have to consider the
different strategy to obtain the variable X,), Y(,), and F. This will be discussed Section 4.

Before going to the discussion on the strategy to solve | = 0 mode Einstein equation, we comment
on the original equation derived by Zerilli [13,14] for I > 2. We consider the original time derivative of
the Moncrief master variable (82) as

1 .1 -
ath(E) = % fan(e) - ZAatF‘l‘ Ei’fatarF . (96)

On the other hand, Equation (86) is given by

I(1+1)
2r

~ 3
atX(e) Y(e) — %atarP f atP 87'(1’5( ) (97)

4f

d0i:10.20944/preprints202410.2048.v1
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Substituting Equation (97) into Equation (96), for I # 0 modes, we obtain
1 1 T oa 5 1
71(1 T 1) atCD(E) = ﬂ |:fY(€) Eatl:} 87tr fil(l T 1)AS(Y(e))' (98)
Here, if we define the variable ¥ ) by
= L lry, - laF
Yo = 51 [f © "3 tF] (99)
_ 1 2
= )P ST A St (100)

the variable ¥, corresponds to original Zerilli’s master variable. Roughly speaking, the variable ¥
corresponds to the time-derivative of the variable ®,) with additional source terms from the matter
fields. Therefore, it is trivial ¥, also satisfies the Zerilli equation with different source terms. In
other words, the Zerilli equation for ¥ ,) is derived by the time derivative of the Zerilli equation for
®(,). This means that the solution to the Zerilli equation for ¥ ,) may include an additional arbitrary
function of r as an “integration constants.” This “integration constants” do not included in the solution
D, for the Zerilli equation (91). In this sense, the restriction of the initial value of Equation (91) for
@/, is stronger than that of Equation (91) for ¥ ,).

4. | = 0 Mode Perturbations on the Schwarzschild Background

Here, we consider the I = 0 mode perturbations based on the perturbation equations for the
even-mode on Schwarzschild background which are summarized in Section 3. Since Proposal 1 enable
us to carry out the mode-by-mode analyses including I = 0, 1 modes, all equations in Section 3 except
for Equations (98) and (100) are valid even in | = 0 mode. However, the strategy to solve these
equations is different from that / # 0 modes, because Equations (85) and (86) do not directly give the
components (F, Y(,)) of the metric perturbation for / = 0 mode.

Before showing the strategy to solve even-mode Einstein equations for I = 0 mode, we note that

Dykay = 0= DpDyk 4, (101)

if we impose the regularity 6 = 0 to the harmonic function k( Ay In this case, the only remaining
components of the linearized energy-momentum tensor is

- 1 -
Tap = Task a) (dx™)a(dx®)p + EVZWPqT(eo)k(A) (dxP)a(dxT)p. (102)
Therefore, we can safely regard that
T(EZ) = O, T(el)A =0. (103)

Owing to Equation (103), the trace of the perturbation F4p is determined by the Einstein equation
(39),i.e.,

EpP=o. (104)
In the case of | = 0 mode, A defined by Equation (83) is given by

A=1-3f. (105)


https://doi.org/10.20944/preprints202410.2048.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 October 2024 d0i:10.20944/preprints202410.2048.v1

17 of 33
Then, the Moncrief master variable <1>(E) is given by Equation (82), i.e.,
r 1 L1 -
This is equivalent to Equation (84) with [ = 0 as
1-3f 1-3f~ 1 -

As in the case of | # 0 mode, this equation yields the component X,) of the metric perturbation is
determined by (F, ®,)).

The crucial difference between the | = 0 mode and / # 0 modes is Equations (85) and (86). In the
I = 0 case, these equations yield

o [(1-3f)e()| = 877:@, (108)
Y {(1 -3 f)q)(g)] = 872 f Ty, (109)

where we used Equation (107) to derive Equation (109).
The components of the divergence of the energy momentum tensor are summarized as

- - 1+ -
T — f20, Ty — %Trt =0, (110)
- 1—fF- - 3+ -
0Ty — erf Ty — fzarTrr - %Trr =0, (111)
i) = 0. (112)

Here, we check the integrability condition of Equations (108) and (109). Differentiating Equation (108)
with respect to t and differentiating Equation (109) with respect to r, we obtain the integrability
condition of Equations (108) and (109) follows

2
0 = at (—87’[1}71”) —ay (—SNTZthr)

= —87'[1’2} |:atTtt — fzath, — WT”:| . (113)
This coincides with the component (110) of the continuity equation of the matter field. Thus,
Equations (108) and (109) are integrable and there exist the solution qJ(e) = CID(E) [Ty, Tir] to these
equations.
In the case of I = 0 mode, the evolution equation (91) has the same form, but the potential Veyes
defined by Equation (92) with [ = 0 is given by

31— f)(1+3f?)

Veven = 1’2(1 — 3f)2 (114)
and the source term in Equation (94) is given by
= T s r.s  3(1—f)4
S = T — Eatht + EatTtr - i_?j)Ttt- (115)
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Through Equations (108) and (109), we obtain
1
_fafcp(g) + 9 (f0,D(e)) — Veen® (o)
l67mr - r. = T o~ 3(1—f) ~
= 1-3F — Ty — Eatht + EatTtr - 1(_3;)Ttt . (116)

This coincides with the master equation (91) with I = 0. Thus, the master equation (91) does not give
us any information other than that of Equations (108) and (109).

As in the case of | # 0 modes, the metric component X, is determined by the variables (F, D)
as seen in Equation (107). Although F is determined by Equation (85) in the I # 0 case, this is
impossible in the I = 0 case. Therefore, we have to consider Equation (74) for the variable F which is
trivial in the [ # 0 case

—cha%ﬁ +9,(fo,F) + %23(1 — f)F+ %(1 —3f)®,) = 167 (—}Ttt + fT,,) : (117)
This equation has the same form of the inhomogeneous version of the Regge-Wheeler equation with
I = 0, while the original Regge-Wheeler equation is valid only for the /| > 2 modes. If we solve this
equation (117), we can determine the variable F which depends on the variable ®(,) and the matter
fields Ty and Ty,. Then, through this solution F = F [@(¢), Tit, Tyr] and the solution to Equations (108)
and (109), we can obtain the variable X () through Equation (107) as a solution to the linearized Einstein
equation for the I = 0 mode.

The remaining component to be obtained is the component Y, of the metric perturbation. To
obtain the variable Y(,), we remind the original initial value constraints (48) and (49). In the | = 0
mode case, the source term S,); and S(,), are given by S,.); = S(,), = 0 from Equations (50) and
(103). Then, the initial value constraints (48) and (49) are given by

1

o (fY(e)) = iatp —0(X(p)), (118)

o(fYe)) = —f0r(f X)) — %fzarp- (119)

We may regard that Equations (118) and (119) are equations to obtain the variable Y(e). Actually, the

integrability of these equations is guaranteed by Equations (107), (108), (109), (111), and (117). Then,

we can obtain the component Y, of the metric perturbation by the direct integration of Equations (118)
and (119).

We may carry out the above strategy to obtain the | = 0 mode solution to the linearized Einstein

equations, but it is instructive to consider the vacuum case where all components of the linearized
energy-momentum tensor (1.7, vanishes before the derivation of the non-vacuum case.

4.1. I = 0 Mode Vacuum Case

Here, we consider the vacuum case of the above equations for I = 0 mode perturbations. First,
we consider Equations (108) and (109) with the vacuum condition:

o [1-3f)0)] =0, (120)
A [(1 - 3f)<1>(e)} = 0. (121)
These equations are easily integrated as

(1-3f)®() = —2M;, M €R. (122)

d0i:10.20944/preprints202410.2048.v1
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Furthermore, the variable F is determined by Equation (117) with vacuum condition:
1.5+ - 1 -~ 8M;
—783F +0r(f0,F) + 531 = f)F = =5 =0. (123)

From Equations (107) and (122), we obtain the component X(e) of the metric perturbation as follows:

fX =M e g E (124)

Moreover, the components Y, is obtain the direct integration of Equations (118) and (119), because
the integrability is already guaranteed. Substituting Equation (124) into Equations (118) and (119), we

obtain
For(fYie) = —3 (1= 5F)0F + SrfordiF, (125
(V) = o 2 pa - F - L 30 4 LR, (126)

where we used Equation (123).
Here, we assume the existence of the solution to Equation (123) and we denote this solution by

F =Y, (127)

for our convention. Substituting Equation (127) into Equation (123) and integrating by t, we obtain

1 1 8M
—78%\{ +0:(f0,Y) + 53(1— f)Y - r—glt +7(r)=0. (128)
where {(r) is an arbitrary function of r. Using Equation (127) and integrating by t, Equation (126)
yields
oM 3 1 1 _
fro =200 2y - - 3pa 4 LRy -2, (129)

where E(r) is an arbitrary function of r. Substituting Equation (129) into Equation (125) and using
Equation (128), we obtain

4 o

o(r) = _qaru(r)- (130)

In summary, we have obtained the components of X,), Y{,), and F of the metric perturbations as
follows:

2M;  1-3 1
fXe) = _71 +— f OrY — 5rfo,01Y, (131)
2Myf, 3 1 1 oy -
fYe = i @f(l - )Y — ZLf(l —3f)o,Y + Erat\{ +E(r), (132)
and
_ 1., 1 8M; 4 -

and E(r) is an arbitrary function of r.
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Here, we consider the covariant form %, of the | = 0 mode metric perturbation. According to
Proposal 1, we impose the regularity on S? to the harmonic function k() so that

kiay = 1. (134)

Since F,P = 0 by Equation (104) for | = 0 mode perturbations, the gauge-invariant metric perturbation
Fyp for the | = 0 mode is given by

Fuy = Eapldx)aldx®)y + 3 ypyr?Fdx?)o(dx),
= —(fX(e) { @)a(dt)y + f2dr)aldr)s } +2(fYio)) f (@) (dr))
+%7pqr2ﬁ(dx”)a(dx‘7)b. (135)

As in the case of the | = 1 odd-mode perturbation in Part I paper [30], the solutions (131)—(133)
may include the terms in the form of £y g, for a vector field V“. To find the term £y g,;, we consider
the generator V; whose components are given by

Va = Vi(t, r)(dt)a + Vi (r, ) (dr)a. (136)

Then, the nonvanishing components of £ g, are given by

£ygi =20:Vi — ff'V,, (137)
!
Lygtr = 0tVy + 0, Vi — ';-Vt/ (138)
f/
£Vgrr =20,V, + TVW (139)
Lvgee = 2rfVr, (140)
£ygpp = 2rf sin® OV;. (141)

From Equations (135), (140), and (141), we choose

V, = 41f715 = 41fratY, £v Qoo = ﬁﬁvgw = %rzl5 = %rzatY. (142)

Substituting Equation (142) into Equations (137)—(139), we obtain
Lygu = 20:Vy — 31(1 — f)orY, (143)
£Wﬁ=;ﬂﬁ+aw—;u—ﬁw, (144)
£vgr = 4]1(2(1 —3f)3Y + zlfraraty. (145)

To identify the degree of freedom which expressed as £y g, in X,), we choose
1 1
4V = ZfatY + 1TfaratY (146)
so that

1 1
£Vgtt = —1(1 — 3f)8tY + Ei’faratY. (147)
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Then, we obtain
1 1
Vi = ZfY+ erarY—I—'y(r), (148)

where (r) is an arbitrary function of r. Substituting Equation (148) into Equation (144) and using the
equation (133) for Y, we obtain

2M 1 3
Evgn = —att+ %aﬁy —2(1=3/)aY - (1= )Y
+ﬁar3(r) +ory(r) — flr(l — f)r(r). (149)

From the solutions (131), (132), and (133), and the expression (135) of the gauge-invariant part of the
metric perturbation, and the components (142), (145), (147), and (149) of £y g,p, we obtain

Ty = %(

(d0)a(dt)y + f2(dr)aldr)y) + £y ap

+2 (}E(T’) - ﬁarg(r) —0ry(r) + ;r(l —f)’y(r)) (dt)(u (dr)b)_ (150)

As a choice of the generator V,, we choose the arbitrary function y(r) in V, such that

r

S(r riz E(r
1) = ~ g3 B0 +f [ ) as1)

Then, we obtain

Far = 2 ((@0)a(dt)y + f2(d)aldr)) + Evga (152)

where

r

1-3f

The function Y(¢,7) is the solution to the second equation (133).

The solution (152) is the O(e) mass parameter perturbation M + eM; of the Schwarzschild
spacetime apart from the term the Lie derivative of the background metric g,;. Since I = 0 mode
is the spherically symmetric perturbations, the solution (152) is the realization of the linearized
gauge-invariant version of Birkhoff’s theorem [56]. We also note that the vector field V, is also
gauge-invariant in the sense of the second kind. Here, we have to emphasize that the generator (153)
with the second equation in Equation (133) is necessary if we include the perturbative Schwarzschild
mass parameter M; as the solution to the linearized Einstein equation in our framework. This can be
seen from the second equation in Equation (133). This equation indicates that M; = 0 if we choose
Y = 0 for arbitrary time ¢.

E(r) + f / drf(1_23f)23(r)> (d)a + éatY(dr)ﬂ. (153)

’
Vo = (ZY—i— ZfE),Y—

4.2. 1 = 0 Mode Non-Vacuum Case

Inspecting the above vacuum case, we apply the method of variational constants. In
Equation (122), the Schwarzschild mass parameter perturbation M; is an integration constant. Then,
we choose the function m1 (¢, 1) so that

(b 7) = %(1 —3f),. (154)
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The integrability of Equations (108) and (109) was already confirmed in Equation (113). Then, we
obtain

2
my(t,r) = 47T/d7’r7Ttt + M = 47r/dtr2thr + M;. (155)

Equation (107) yields the component X, of the metric perturbation as follows:

FXe = —zmlft’r) + 43f j 1 rfa,E. (156)

As discussed in above, the variable F is determined by Equation (117). As in the vacuum case in
Section 4.1, we introduce the function Y such that

F=:dY, (157)

_}a,%y oo+ 22y = & fammen +0)

= 167 / dt (—}Ttt + fT) , (158)

where {(r) is an arbitrary function of r. Through the variable Y and Equation (156), Equation (119) is
integrated as follows:

2f 5
Yoy = 2 / dtmy (t,7) + 8mr f / atT,,

_3f<ir_ fly_fa ;3f)ary+ %8%Y+E(r), (159)

where E(r) is an different arbitrary function of r from {(r). Substituting Equation (159) into
Equation (118), and using Equations (155), (156), (158), and the component (111) of the continuity
equation, we obtain

() = —50E0) (160)

as expected from the vacuum case in Section 4.1.
In summary, we have obtained the solution to the components of the metric perturbations X,),
Y(,), and F as follows:

X = Zml( 0,1 3f oY — rfa oY, (161)
o = 2 / dtmy (t, ) + 87r £ / dtT,
3f ir_f)Y_f( 43f>a,Y+§a$Y+3(r), 162)
F o= aY, (163)
RY — for(forY) — WY - f—{ /dtml(t, r)+ 4{8_’33(;)

— 16n / at (Tu — 2T, ). (164)
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Here, we consider the covariant form of the above I = 0 mode non-vacuum solutions. As in the
vacuum case in Section 4.1, we show the expression (135) of the above non-vacuum solution

T = —(fXe) [(dt)a(dt)b +f_2(d7’)a(d7’)b} +2(fY(e)) f 1 (dt) (aldr)p)

+%7pq’23tY(dxp)a (dx)yp. (165)

The components of .7, are given by

ftt _ Zml’ftr r) . 1 _43fatY + %T’faratY, (166)
Fy = % / dtmy(t,r) + 8mrf / dtTy,
31—f), (1-3f) "oy, 1o
2mq(t,r)  1—-3f r
Ty = 2 — iP atY+ﬁa,atY, (168)
Fog = ﬁa Y = Lﬁ (169)
00— %0 T ginZe M

As in the vacuum case, we consider the term in the form £y g,, with the generator

Vo = Vi(t,r)(dt)s + Vi(r,t)(dr),. (170)
Then, we obtain Equations (137)—(141). Comparing Equations (140), (141), and (169), we choose V; so
that
1 1 1
V= —1Y, £ygep = —5—£ = -129Y, 171
it V8o = 5 Ev8pp = 3770k (171)
and we have
Foo = £vSoe,  Fpp = Evpp- (172)

Substituting the choice (171) into Equation (139) and compare with Equation (168), we obtain

1-3 1 2mq(t,r
EVgrr - —4f2fatY + g?’aratY, 55” = ;f(z) +£Vgrr- (173)
Substituting the choice V; in Equation (171) into Equation (137) and comparing with Equation (166),
we choose
1 1
Vi = ZfY+ erarY—k'y(r), (174)
and obtain
1-3 1 2mq(t,r
£v&i = — 1 fatY+ ErfaratY/ T = 1(t7) + £y Q. (175)

Finally, from Equation (138) with the choice (174) of V; and the choice (171) of V,, we obtain

1
4f

2y~ Lo 1 Lray (oY) + o) — L a() (176)

ﬁvg tr f]’
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Furthermore, using Equation (164), we have
2 r - -
Evgr = / dtmy (t,r) — 4 / dtTy + drr f / dtT,,
—3f 31-1)
92y — 27 J)
+ 2F royY 7] ——0,Y " Y
1-f roE(r)
Through Equation (167), we obtain
1.- -
Ty = 47777’/dt (tht +fTrr> + Ly gt
o (7ma= -0 (7spe®) ~3Gr0) 7
fa-3£)2" f(1=3f) " f '
The same choice of y(r) in the generator V, as Equation (151) yields
1. .
Fy = 47‘[7"/(11’ (tht+fTrr> +£Vgtr' (179)
Thus, we have obtained
2 r? 1
Fu = 5 (Mitan | ar'e T ) ((@0adt)a + 55 dr)afir)
1. -
+2 |:47T1’/di‘ <tht —|—ny7>:| (dt)(ﬂ(dr)b) +£v&ab, (180)
where
_(fy tfy_ TEC / 5 (r) 1
V, = (4Y—|— orY a=3f) —3f +f|dr——m—7= —37 (dt), + 4fratY(dr)a. (181)

The variable Y must satisfy Equation (164). We also note that the expression of .%#,; is not unique, since
we may choose different vector field V,. We can also choose the time component V; of the vector field
Vi so that %y = £y gyr. In this case, the additional terms appear in the component .%;.

We also note that the term £yg,, in Equation (180) is gauge-invariant of the second kind.
Furthermore, unlike the vacuum case, the variable Y in this term includes information of the matter
field through Equation (164). In this sense, the term £y g,; in Equation (180) is physical.

5. I =1 Mode Non-Vacuum Perturbations on the Schwarzschild Background

In this section, we consider the I = 1 mode perturbations based through the variables defined
in Sections 2 and 3. Even in the case of | = 1 mode, the gauge-invariant variables given by
Equations (33)—(35) are valid. Since the mode-by-mode analyses are possible in our formulation,
we can consider I = 1 modes, separately. For the I = 1 even-mode perturbations, the component .7 4,
of the gauge-invariant part of the metric perturbation vanishes and the other components are given by

1 1
i 1,
Tap= ), Fakzioym  Fpg = 5 Tpa” )3 Fk(A-i—Z)m (182)

m=—1 m=—

We can also separate the trace part F,P and the traceless part F 45 for the metric perturbation Fap as
Equation (41). We also consider the components of the traceless part F 4p as Equation (47).
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Following Proposal 1, we impose the regularity to the harmonic function k( A42)m- Then, we have

PN 1 A PN

(DPDq - Z’YWA) ka2ym = €r(pDg) Dk (g s2ym = 0. (183)
In this case, the only remaining components of the linearized energy-momentum tensor (1.7, are
given by

L. A
(1)%17 = Z TABk(A:i-Z)(dx )H(de)b
m=-—1
! T A 7 A A
+2r ) {T(El)ADPk(A+z)m + T(ol)AewDrk(Mz)m} (dx7) (a (dxP)y)
m=—1
1, LN
+§r Ypq Z T(eo)k(A_,’_z)m(dxp)a(dxq)b. (184)
o —

Therefore, for even-mode perturbations, we can safely regard that

Ti) = 0. (185)

From Equations (39) and (185), the components F4p is traceless. Then, we may concentrate on the

components X, and Y(,) defined by Equation (47) and the component F as the metric perturbations.

Furthermore, all arguments in Section 3 are valid even in the case of I = 1 modes. Therefore, we may

use Equations (82)-(96) when we derive the I = 1 mode solutions to the linearized Einstein equations.
From the definition (83) of A, we obtain

A=3(1-Ff). (186)

Then, the Moncrief variable ®,) defined by Equation (82) is given by

) r 31—-f)~ 1 N
In other words, the components X, is given by
3(1— 31—-f)~ 1 -

as a solution to the linearized Einstein equation, if the variables ®(,) and F are given as solutions to
the linearized Einstein equation. Furthermore, from Equations (85) and (86), we obtain

. 41— f) 321 .
Fo= —4fo®q) — =) - 30=7) Tu, (189)
3 i’y 3f -1 O F 2 oo
fY(e) = Tf t (X(g) + 2 rF> + 1 rosF + 8mtr thr
167r° - 2
= (1 — f)atCD(E) — eratarq)(e) — 73(1 — f) 0t Ty + 87tr thr/ (190)

where we used Equation (188) and (189) in the derivation of Equation (190). Under the given the
components Ty and Ty of the linearized energy-momentum tensor, Equations (189) and (190) yield
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that the component F and Y(,) are determined by ®,). Furthermore, substituting Equation (189) into
Equation (188), we obtain

1—
fX(e) = 7Mq)(e) *f(l *f)arq)(e) + erar(farCD(e))
- lemr’f . 16mrf -
_87Tr2Ttt + =7 Ty + 30— f) 0, T. (191)

This also yields that the component X, is determined by ®(,) under the given components of
the linearized energy-momentum tensor. Thus, the components X(E), Y(e), and F are determined
by the single variable ®,) apart from the contribution from the components of the linearized
energy-momentum tensor.

The determination of the Moncrief variable @, is accomplished by solving the master

Equation (91):
1., 1-f r
~ 20 + 3, [fareb(e)] — D) = 16750, ), (192)
and the source term in Equation (91) is given by
1. - 1—4f . - -
S = EratTtr Vatht + 2f tht — ]ECTrr = fTe1yr (193)

The master variable @, is determined through the master equation (192) with appropriate initial
conditions.

Furthermore, we have to take into account of the perturbation of the divergence of the
energy-momentum tensor, which are summarized as follows:

= = + 2

ot fa, Ty W g, Mg o (194)
~ 1 34 2 -

—0¢ Ty + 5 ff Ti + fzarTrr ( 5 f)f Tr — f 31 {T(EO) =0, (195)
= - 142 - -

_atT(el)t + fzarT(el)r + %T(el)r + %T(eO) =0. (196)

The expression of (193) for the source term S(q;.(e)) in Equation (193) was derived by using
Equation (195).

5.1. I = 1 Mode Vacuum Case

As in the case of | = 0 modes, it is instructive to consider the vacuum case where all components
of the linearized energy-momentum tensor vanish before the derivation of the non-vacuum case.
Here, we consider the covariant form .%,;, of the | = 1-mode metric perturbation as follows:

1
yab = Z FABk(A+2)m(dx ) (dx Z 'y,,qr Fk(A+2) (dxp)a(dxq)b. (197)
m=—1 m—fl

The harmonic function ks 1 2),, is explicitly given by Equations (31) and (32). If we impose the regularity
on these harmonics by the choice § = 0, these harmonics are given by the spherical harmonics Y;_1 ,,
with [ = 1:

Yi_1m—0 % €080, Yj_q,_1 «sinfe?, Y_j,__; csinfe ¥, (198)

Since the extension of our arguments to m = £1 modes is straightforward, we concentrate only on the
m = 0 modes.
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For the m = 0 mode, the gauge-invariant part .7, of the metric perturbation is given by

2
f
—l—%rz? cos 0 { (d6)a(d0); + sin® 6(dg)a(dg)s - (199)

Fa = (fX() cos0{—=(@)a(dt)y — F2(dr)aldr)s | + 5 (fYie)) cos0(dt) o (dr)y)

By choosing Ty = Tj» = 0 in Equations (189), (190), and (191), we obtain the vacuum solutions F, Yoy,
and X, of the metric perturbation as follows:

1
Xo = —31=FO@ = (1= )P +29, D], (200)
1
Yo = o [Jrf(l—f)q’(e)—%arcb(e)], (201)
E = —4fa,q>(e)—4—1;f D). (202)

Here, Cb(e) is a solution to the equation

1o 1—f
=20 + 3, [far0)| - —F @) = 0. (203)
As in the case of I = 0 mode, we consider the problem whether the solution (199) with

Equations (200)-(202) is described by £y g, for an appropriate vector field V,, or not. From the
symmetry of the above solution, we consider the case where the vector field V, is given by

Vo= Vt(dt)a + Vr(dr)a + Ve(df))a, arth = aq)Vr = 3¢V9 =0 (204)

and calculate all components of £/ g,;,. We note that all components of .%,;, given by Equation (199)
are proportional to cos . Therefore, if we may identify some components of %, with £y ., the
f-dependence of the components in Equation (204) should be given by

Va = vs(t,7) cos 0(dt), + v, cos 0(dr), + v sin6(dh),. (205)

Then, the non-trivial components of £y g, are given by

£ygu = (20yvr — ff'v,) cosf # 0, (206)
Lygy = (atv, + 0,0 — j;vt) cosf # 0, (207)
£vgi9 = (0tvg — v¢)sinf =0, (208)
£y = 2f /%, (%0, ) cos # 0, (209)
£vgre = (rZa, (:209) — U,) sinf =0, (210)
£vges =2 (vg +rfvy)cosf # 0, (211)
£vgpp = 2 (rfo, + vg) sin® @ cos @ # 0. (212)

From Equations (208) and (210), we obtain

1
rZU(t,r) =0y, U =0ivg =100, Uy =120, <r209) = 29,0, (213)
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ie.,
V, = 1?90 cos 0(dt), + 1*9,v cos 0(dr), + r*vsin 6(d6),. (214)
Then, Equations (206)—(212) are summarized as
£vgi = r2 (Zafv - f(lrf)arv> cos B, (215)
£vgir = Ot (21’28, 1 _f3f rv) cos @, (216)
Lygr = 2f’1/28r (fl/ZrZBrU) cosB, (217)
£yges = 21 (rfd,0 + v) cos 6. (218)
As the first trial, we consider the correspondence
£v&eo = Foo, (219)
ie.,
1-f
T’faﬂ) +0 = —fardD(e) — Tq)(e) (220)
As the second trial, we consider the correspondence
£vgr = Frr, (221)
ie.,
1-5f 1—-f 1-f 2r
f ra0+ 2 7 Y (F0r0) = = 5@y + =0 — 0 [farop(e)} . (222)
From Equations (220) and (222), we obtain
1
0 = —;q)(e). (223)
Substituting Equation (223) into Equation (207), we obtain
1
Ly g = 0 (—Zrard)(g) + 7(1 — f)q)(g)) cosl = Fy,. (224)
Furthermore, substituting Equation (223) into Equation (206), we obtain
1—
fyguw = <—21’8%d>(8) — M@(fg) +f(1 —f)8,<1>(e)> cos 6
= —f (‘(1—f)q>() (1= f)or® ) + 219, [far Dcos()
= Fu, (225)

where we used Equation (203).
Then, we have shown that

Fab = £v&abs (226)
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where
Vo = —101P,) cos 0(dt), + (CD(e) - rG,CIJ(e)) cos 0(dr)a — r®,) sin 6(d6),. (227)
Thus, the vacuum solution of I = 1-mode perturbations described by the Lie derivative of the

background metric through the master equation (203).

5.2. 1 =1 Mode Non-Vacuum Case

Here, we consider the non-vacuum solution to the I = 1 even-mode linearized Einstein equations.
In this non-vacuum case, we concentrate only on the m = 0 mode perturbations as in the vacuum case,
because the extension to our arguments to m = 41 modes is straightforward. The solution is given by
the covariant form (199) as in the case of the vacuum case. The non-vacuum solutions for the variable
E, Y(,), and X, are given by Equations (189), (190), and (191), respectively. The master variable D,
must satisfy the master equation (192) with the source term (193). We have to emphasize that the
components of the linear perturbation of energy-momentum tensor satisfy the continuity equations
(194)—-(196). Then, the components of the gauge-invariant part .%,;, for | = 1 even-mode non-vacuum
perturbations are summarized as follows:

Fu = f [1(1 — )@y + (1= )3, — 270, [farcp(g)]] cos 6

r

L [3(1—3f) Ty — 2rf9,Ty] cos (228)
3(1 _f) tt rltt ’
_ 1—f 1672 - 2s

Fyr = 10 [rfCD(e) — 28,<I>(6) — 73]((1 yy Ttt] cos 0 + 87tr° Ty cos 6, (229)

11—
Frr = ? |:rfCI>(e) +(1- f)arCD(e) — 2rar(f8rd>(e))] cos

8rr? N N

) [3(1 = 3f) Tyt — 2rf0,Tyt] cos, (230)

Fop = —2r |rfod + (1 )@, + 877 1 | cost (231)
[ r rf rPe) f (e) W tt| COSU,
8rrd -] .,

Fpp = —2r|1for®py + (1= f)P() + 3(17—1‘)T” sin” 6 cos 6. (232)

As seen in the vacuum case, if we choose the generator V;; as Equation (227), i.e.,

Va = Vigae)a = —10:P ) cos(dt)q + (<I>(e) — ra,<1>(e)) cos 0(dr),
—T‘D(e) sin 9(d9)a, (233)
we obtain
2r 1-
Evgn = f [—fa?q’(a + (1= o) - ,f‘D(e)} cos, (234)
1-f
E£yQr = 70} 74)@) — 28,<I>(e) cos 0, (235)
_1f1=f ? 3, (fo
Eygmr = 7l @) + (1= )9, D) — 219, (f Vq)(e)) cos 0, (236)
£Vg99 = —2r {rfa,QD(e) + (1 — f)@(e)} cos @, (237)
£v8pp = —2r (ff 9Py +(1—f )‘D(e)> sin” 6 cosf, (238)

Lvgio = L£v&ty = £v&ro = £v&rp = £vgap = 0. (239)
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Through these formulae of the components £y g,;, and Equations (228)—(232) for the components of
F4p, We obtain

Fu = LyQu— 1(61HZZJ; [1 t fTw +7f0 Tor — Tieo) — 4T(51),] cosf, (240)
Fr = Eygw — m {atTﬁ — 3f(12r_f)Ttr} cos B, (241)
Frr = Eygrr — 3;(617-[_r3ﬁ [atht — Wﬁt} cos6, (242)
Fgo = £Lvges — 3(1167;)7% cos, (243)
Fop = Ev8pp — 3216”?;) Ty sin? 0 cos 6, (244)

where we used Equation (192) with the source term (193) and the component (195) of the continuity
equation in Equation (240). Equations (240)-(244) are summarized as

16772

1+ f ~ i
3(1—£) [ 2{ Tor +7f0; Trr = Tieo )_4T(el)r}(dt)a(dt)b

2r - 3f(1—-f) =
f{aTt f( f)Ttr}(dt)(a(dr)b)

gab = £Vgah

L Py (1—3f) A (dr
o {ortu = 202010} it
+r2’l~’tt'yub} cos 6. (245)

We note that there may be exist the term £y g, in the right-hand side of Equations (245) in addition to
the term £y g, discussed above. Such term will depend on the equation of state of the matter field.
This situation can be seen in the Part III paper [46]. Even if we consider such terms, we will not have a
simple expression of the metric perturbation, in general. Therefore, we will not carry out such further
considerations, here.

6. Summary and Discussion

In summary, after reviewing our general framework of the general-relativistic gauge-invariant
perturbation theory and our strategy for the linear perturbations on the Schwarzschild background
spacetime proposed in Refs. [29,30], we developed the component treatments of the even-mode
linearized Einstein equations. Our proposal in Refs. [29,30] was on the gauge-invariant treatments of
the I = 0,1 mode perturbations on the Schwarzschild background spacetime. Since we used singular
harmonic functions at once in our proposal, we have to confirm whether our proposal is physically
reasonable, or not.

To confirm this, in the Part I paper [30], we carefully discussed the solutions to the Einstein
equations for odd-mode perturbations. We obtain the Kerr parameter perturbations in the vacuum case,
which is physically reasonable. In this paper, we carefully discussed the solutions to the even-mode
perturbations. Due to Proposal 1, we can treat the | = 0,1 mode perturbations through the equivalent
manner to the I > 2-mode perturbations. For this reason, we derive the equations for even-mode
perturbations without making distinction among I > 0 modes for even-mode perturbations.

To derive the even-mode perturbations, it is convenient to introduce the Moncrief variable. In this
paper, we explain the introduction of the Moncrief variable through an initial value constraint (66) is
regard as an equation for the component F of the metric perturbation and the Moncrief variable D).
This consideration leads to the well-known definition of the Moncrief variable CID(E). Furthermore, from
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the evolution equation (54), we obtain the well-known master equation (91) for the Moncrief variable
¢(€) .

Moreover, we obtain the constraint equations (85) and (86) together with the definition (84) of the
Moncrief variable. From their derivations, we have shown that these equations are valid not only for
[ > 2 but also for I = 0,1 modes. We also checked the consistency of these equations, and we derived
the identity of the source terms which are given by the components of the linear perturbation of the
energy-momentum tensor. This identity is confirmed by the components of the linear perturbation of
the energy-momentum tensor.

In this paper, we also carefully discussed the I = 0,1 mode solutions to the linearized Einstein
equations for even-mode perturbations to check that Proposal 1 is physically reasonable.

The | = 0-mode solutions are discussed in Section 4. After summarizing the linearized Einstein
equations and the linearized continuity equations for generic matter field for I = 0 mode, we first
considered the vacuum solution of the /| = 0-mode perturbations following Proposal 1. Then, we
showed that the additional mass parameter perturbation of the Schwarzschild spacetime is the only
solution apart from the terms of the Lie derivative of the background metric g,;, in the vacuum case.
This is the gauge-invariant realization of the linearized version of the Birkhoff theorem [56].

In the non-vacuum case, we use the method of the variational constant with the Schwarzschild
mass constant parameter in vacuum case. Then, we obtained the general non-vacuum solution to the
linearized Einstein equation for the I = 0 mode. As the result, we obtained the linearized metric (180).
The solution (180) includes the additional mass parameter perturbation M; of the Schwarzschild mass
and the integration of the energy density. Furthermore, in the solution (180), we have the 2(dt) , (dr)y)
term due to the integration of the components of the energy-momentum tensor. In the solution (180),
we also have the term which have the form of the Lie derivative of the background metric g,;,. The
off-diagonal term of 2(dt) ,(dr);) can be eliminate by the replacement of the generator V, of the term
of the Lie derivative of the g,;. However, if we eliminate the off-diagonal term of 2(dt) , (dr);) through
the replacement of the generator V,, we have additional term to the diagonal components of the
linearized metric perturbation (180). Since these diagonal components have complicated forms, we do
not carry out this displacement.

We also discussed the | = 1-mode perturbations in Section 5. In this paper, we concentrated only
on the m = 0 mode, since the extension to m = £1 modes are straightforward. The solution of the
I = 1 mode is obtained through the similar strategy to the case of I > 2 modes that are discussed
in Section 3. As in the case of I = 0-mode perturbations, we first discuss the vacuum solution for
I = 1-mode perturbations. As the result, I = 1-mode vacuum metric perturbations are described by
the Lie derivative of the background metric g,; with an appropriate operator. On the other hand, in
the non-vacuum / = 1-mode perturbations, the I = 1 mode metric perturbation have the contribution
from the components of the energy-momentum tensor of the matter field in addition to the term of the
Lie derivative of the background metric g,;, which is derived as the above vacuum solution.

As the odd-mode solutions in the Part I paper [30], we also have the terms of the Lie derivative of
the background metric g,; in the derived solutions in the I = 0, 1 even-mode solutions. We have to
remind that our definition of gauge-invariant variables is not unique, and we may always add the term
of the Lie derivative of the background metric g,, with a gauge-invariant generator as emphasized in
Section 2.1. In other words, we may have such terms in derived solutions at any time, and we may
say that the appearance of such terms is a natural consequence due to the symmetry in the definition
of gauge-invariant variables. Furthermore, since our formulation completely excludes the second
kind gauge through Proposal 1, these terms of the Lie derivative should be regarded as the degree of
freedom of the first kind gauge, i.e., the coordinate transformation of the physical spacetime . as
emphasized in the Part I paper [30]. This discussion is the consequence of our distinction of the first-
and second-kind of gauges and the complete exclusion of the gauge degree of freedom of the second
kind as emphasized in the Part I paper [30].
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We also note that the existence of the additional mass parameter perturbation M; requires the
perturbations of F due to the linearized Einstein equations. In this sense, the term described by the Lie
derivative of the background spacetime is necessary. The solutions derived in this paper and the Part
I paper [30] are local perturbative solutions. If we construct the global solution, we have to use the
solutions obtained in this paper and in the Part I paper [30] as local solutions and have to match these
local solutions. We expect that the term of the Lie derivative derived here will play important roles in
this case.

Besides the term of the Lie derivative of the background metric g,;, we have realized the Birkhoff
theorem for | = 0 even-mode solutions and the Kerr parameter perturbations in I = 1 odd-mode
solutions. These solutions are physically reasonable. This also implies that Proposal 1 is physically
reasonable nevertheless we used singular mode functions at once to construct gauge-invariant variables
and imposed the regular boundary condition on the functions on S*> when we solve the linearized
Einstein equations, while the conventional treatment through the decomposition by the spherical
harmonics Y}, corresponds to the imposition of the regular boundary condition from the starting
point.

Funding: This research received no external funding.

Acknowledgments: The author deeply acknowledged to Professor Hiroyuki Nakano for various discussions and
suggestions.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

MDPI  Multidisciplinary Digital Publishing Institute
DOAJ Directory of open access journals

TLA Three letter acronym

LD Linear dichroism

References

LIGO Scientific Collaboration 2021 home page: https://ligo.org.
Virgo 2021 home page: https://virgo-gw.eu.
KAGRA 2021 home page: https://gwcenter.icrr.u-tokyo.ac.jp.
LIGO INDIA 2021 home page: https:/ /ligo-india.in.
Einstein Telescope 2021 home page: https://www.et-gw.eu.
Cosmic Explorer 2021 home page: https://cosmicexplorer.org.
LISA home page: https://lisa.nasa.gov.
S. Kawamura, et al., Prog. Theor. Exp. Phys. 2021 (2021), 05A105.
J. Mei, et al., Prog. Theor. Exp. Phys. 2020 (2020), 05A107.
. Z.Luo, et al., Prog. Theor. Exp. Phys. 2020 (2020),05A108.
. L. Barack and A. Pound, Rep. Prog. Phys. 82 (2019) 016904.
. T.Regge and J. A. Wheeler, Phys. Rev. 108 (1957), 1063.
. E Zerilli, Phys. Rev. Lett. 24 (1970), 737.
. E Zerilli, Phys. Rev. D 2 (1970), 2141.
. H. Nakano, Private note on “Regge-Wheeler-Zerilli formalism” (2019).
. V. Moncrief, Ann. Phys. (N.Y.) 88 (1974), 323.
. V. Moncrief, Ann. Phys. (N.Y.) 88 (1974), 343.
. C.T. Cunningham, R. H. Price, and V. Moncrief, Astrophys. J. 224 (1978), 643.
. S. Chandrasekhar, The mathematical theory of black holes (Oxford: Clarendon Press, 1983).
. U.H. Gerlach and U.K. Sengupta, Phys. Rev. D 19 (1979), 2268.
. U.H. Gerlach and U.K. Sengupta, Phys. Rev. D 20 (1979), 3009.
. U.H. Gerlach and U.K. Sengupta, J. Math. Phys. 20 (1979), 2540.

O X NG PN

N NN R Rkl
N m) O O 00 N O U1l = W N = O


https://ligo.org
https://virgo-gw.eu
https://gwcenter.icrr.u-tokyo.ac.jp
https://ligo-india.in
https://www.et-gw.eu
https://cosmicexplorer.org
https://lisa.nasa.gov
https://doi.org/10.20944/preprints202410.2048.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 October 2024 d0i:10.20944/preprints202410.2048.v1

33 0f33

23. U.H. Gerlach and U.K. Sengupta, Phys. Rev. D 22 (1980), 1300.

24. T. Nakamura, K. Oohara, Y. Kojima, Prog. Theor. Phys. Suppl. No. 90 (1987), 1.

25. C. Gundlach and ].M. Martin-Garcia, Phys. Rev. D61 (2000), 084024.

26. ].M. Martin-Garcia and C. Gundlach, Phys. Rev. D64 (2001), 024012.

27. A.Nagar and L. Rezzolla, Class. Quantum Grav. 22 (2005), R167; Erratum ibid. 23 (2006), 4297.

28. K. Martel and E. Poisson, Phys. Rev. D 71 (2005), 104003.

29. K. Nakamura, Class. Quantum Grav. 38 (2021), 145010.

30. K. Nakamura, “Gauge-invariant perturbation theory on the Schwarzschild background spacetime Part I : —
Formulation and odd-mode perturbations —,” Preprint arXiv:2110.13508 [gr-qc].

31. K. Nakamura, Prog. Theor. Phys. 110, (2003), 723.

32. K. Nakamura, Prog. Theor. Phys. 113 (2005), 481.

33. K. Nakamura, Class. Quantum Grav. 28 (2011), 122001.

34. K. Nakamura, Int. J. Mod. Phys. D 21 (2012), 124004.

35. K. Nakamura, Prog. Theor. Exp. Phys. 2013 (2013), 043E02.

36. K. Nakamura, Class. quantum Grav. 31, (2014), 135013.

37. K. Nakamura, Phys. Rev. D 74 (2006), 101301(R).

38. K. Nakamura, Prog. Theor. Phys. 117 (2007), 17.

39. K. Nakamura, ““Gauge” in General Relativity: — Second-order general relativistic gauge-invariant
perturbation theory —”, in Lie Theory and its Applications in Physics VII ed. V. K. Dobrev et al, (Heron Press,
Sofia, 2008)

40. A.]. Christopherson, K. A. Malik, D. R. -Matravers, K. Nakamura, Class. Quantum Grav. 28 (2011), 225024.

41. K. Nakamura, Phys. Rev. D 80 (2009), 124021.

42. K. Nakamura, Prog. Theor. Phys. 121 (2009), 1321.

43. K. Nakamura, Advances in Astronomy, 2010 (2010), 576273.

44. K. Nakamura, “Second-order Gauge-invariant Cosmological Perturbation Theory: Current Status updated in
2019”7, Chapter 1 in “Theory and Applications of Physical Science vol.3,” (Book Publisher International, 2020).
doi:10.9734/bpi/taps/v3. (Preprint arXiv:1912.12805).

45. K. Nakamura, Letters in High Energy Physics 2021 (2021), 215.

46. K. Nakamura, “Gauge-invariant perturbation theory on the Schwarzschild background spacetime Part III : —
Realization of exact solutions —,” Preprint arXiv:2110.13519 [gr-qc].

47. R.K. Sachs, “Gravitational Radiation”, in Relativity, Groups and Topology ed. C. DeWitt and B. DeWitt, (New
York: Gordon and Breach, 1964).

48. M. Bruni, S. Matarrese, S. Mollerach and S. Sonego, Class. Quantum Grav. 14 (1997), 2585.

49. J. W. York, Jr. J. Math. Phys. 14 (1973), 456.

50. J. W. York, Jr. Ann. Inst. H. Poincaré 21 (1974), 319.

51. S. Deser, Ann. Inst. H. Poincaré 7 (1967), 149.

52. D. Brizuela, J. M. Martin-Garcia, and G. A. Mena Marugéan, Phys. Rev. D 76 (2007), 024004.

53. S.Mano, H. Suzuki, and E. Takasugi, Prog. Theor. Phys. 95 (1996), 1079.

54. S. Mano, H. Suzuki, and E. Takasugi, Prog. Theor. Phys. 96 (1996), 549.

55. S. Mano and E. Takasugi, Prog. Theor. Phys. 97 (1997), 213.

56. S. W. Hawking and G. E R. Ellis, “The large scale structure of space-time”, (Cambridge: Cambridge University
Press, 1973).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202410.2048.v1

	Introduction
	Brief Review of the General-Relativistic Gauge-Invariant Perturbation Theory
	General Framework of Gauge-Invariant Perturbation Theory
	Linear Perturbations on Spherically Symmetric Background
	Even-Mode Linearized Einstein Equations

	Component Treatment of the Even-Mode Linearized Einstein Equations
	l=0 Mode Perturbations on the Schwarzschild Background
	l=0 Mode Vacuum Case
	l=0 Mode Non-Vacuum Case

	l=1 Mode Non-Vacuum Perturbations on the Schwarzschild Background
	l=1 Mode Vacuum Case
	l=1 Mode Non-Vacuum Case

	Summary and Discussion
	References

