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Relativistic Adjusted Bohr Radius
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Ås, Norway; espenhaug@mac.com

Abstract: The Bohr radius was derived using the non-relativistic de Broglie approximation, not the relativistic

de Broglie equation. In this work, we will derive a relativistic Bohr radius from both the relativistic de Broglie

approximation and relativistic kinetic energy. The Bohr model of the hydrogen atom has since been replaced

by modern quantum mechanics and the Schrödinger equation. It is well known that the Schrödinger equation

confirms the first Bohr radius as the most probable radius, but the Schrödinger equation itself is non-relativistic.

The Dirac equation can likely be used, but there seem to be very few publications on the relativistically corrected

Bohr radius. This is something we will discuss.
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1. The Bohr Radius

Bohr [1] published his atomic model in 1913. The Bohr [1] radius is given by:

a0 =
4πϵ0h̄2

e2me
=

h̄
mecα

=
λ̄e

α
≈ 5.29 × 10−11 m (1)

where ϵ0 = 1
µ0c2 = 1

4π×10−7c2 is the permittivity of free space, α is the fine structure constant, me is the

electron mass, e is the elementary charge, h̄ = h
2π is the reduced Planck constant, and λ̄e is the reduced

Compton wavelength of the electron.
The reduced Bohr radius, which takes into account the reduced mass in the hydrogen atom, is

given by:

a∗0 =
me

µ
a0 =

λ̄e

α

(
1 +

λ̄P

λ̄e

)
=

λ̄e + λ̄P
α

(2)

where µ = memP
me+mP

is the reduced mass. According to NIST CODATA (2019), the Bohr radius is
a0 = 5.29177210544 ± 0.00000000082 × 10−11 m. The uncertainty arises both from the uncertainty in
the reduced Compton [2] wavelength of the electron, which can be determined by Compton scattering,
and the uncertainty in the fine structure constant. There are multiple ways to derive the Bohr radius;
here, we will show some of these methods before moving on to make relativistic corrections. One such
method is the following:
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r =
λ̄e

α
≈ 5.29 × 10−11 m (3)
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Another approach is to to do like Bohr and relay on the de Broglie wavelength to do the derivation.
Assume that the standing circumference of the electron around the proton must be an integer multiple,
n, of the de Broglie wavelength λb = h

mv . This gives:

2πr = n
h

mv
(4)

alternatively this can be seen as the angular momentum must be quantized:

mrv = n
h

2π
(5)

which is basically the same formula written in a different way. Solved for v this gives:

v = n
h

m2πr
(6)

Next, we take advantage of the fact that the centripetal force must equal the Coulomb [3] force.
This gives:

mev2

r
= ke

ee
r2 (7)

Next, we substitute the velocity from equation (6) into the equation above and solve for r. This
gives:

men2 h2

m2
e 4π2r2

r
= ke

ee
r2

n2 h2

me4π2r
= h̄cα

r = n2 h̄
mecα

= n
λ̄e

α
(8)

which is, once again, equal to the Bohr radius.

2. Relativistic Bohr Radius

It is well known that the Schrödinger [4] equation confirms the first Bohr radius as the most
probable radius at which to find the electron, but this does not mean that the Bohr radius does not
require relativistic adjustments, as the Schrödinger equation is non-relativistic. On the other hand, the
Dirac [5] equation is relativistic, and we will return to it at the end of this section. Bohr also relied on
the Rydberg [6] formula, which was published in 1890 and is clearly non-relativistic. However, the
Rydberg formula has recently been relativistically adjusted [7], and the relativistic version has, for
example, been used in high-energy physics by the W-7 Max Planck research group [8,9] in connection
with their stellarator experiments. The alternative is to use quantum electron dynamics, but for large
atoms in high energy physics the calculations can then be very complicated and computer intensive
and more basic relativistic adjustments is therefore likely used by for example the W-7 Max Planck
research in part of their research work.

The de Broglie [10] wavelength formula: λb ≈ h
mv , is in reality only an approximation valid when

v ≪ c (and is not valid when v = 0). De Broglie [11] also presented a relativistic extension of his
formula:

λb ≈ h
mvγ

(9)

where γ = 1√
1−v2/c2 is the Lorentz factor. The formula λb ≈ h

mv is simply the first term in the Taylor
expansion of this expression and is therefore clearly non-relativistic..
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If we now follow the same approach as in the section above to derive the Bohr radius, but include
the relativistic de Broglie formula instead of the non relativistic, we end up with the following equation
for what we will call the relativistic modified Bohr radius:

a0,r =
λ̄en(

√
1 − 4α2 + 1)

2α
(10)

For n = 1 we get:

a0,r =
λ̄e(

√
1 − 4α2 + 1)

2α
≈ 5.29149 × 10−11

which is slightly shorter than the classical Bohr radius due to a relativistic correction. The relativistic
correction itself is equal to:

a0 − a0,r =
λ̄e

α
− λ̄e(

√
1 − 4α2 + 1)

2α

a0 − a0,r =
2λ̄e

2α
− λ̄e(

√
1 − 4α2 + 1)

2α

a0 − a0,r =
λ̄e(1 −

√
1 − 4α2)

2α
≈ 2.81809 × 10−15 m (11)

That is, the Bohr radius for the Hydrogen atom is likely off by approximately 2.81809 × 10−15

meters, which is about only off by about 0.0053%, but still this is approximately 13.39 times the reduced
Compton wavelength of the proton and an error equal to approximately 3.35 times the proton charge
radius, so it could clearly be of important if one really want hig precession when trying to study the
quantum world.

Our equation (10) should likely be confirmable or at least studied in relation to predictions from
the Dirac equation. When examining the relativistically adjusted Bohr radius from the Dirac equation’s
perspective. Even if the Hydrogen atom has been extensively studied based on also the Dirac equation
it somewhat surprisingly appears that very limited work has been done so far, despite some efforts [12].
Therefore, we encourage more researchers to investigate this further.

3. Conclusion

We have pointed out that the Bohr radius, a0 = 4πϵ0 h̄2

e2me
= h̄

mecα = λ̄e
α , is based on the non-relativistic

form of the de Broglie wavelength. If, instead, we derive it using the relativistic de Broglie formula

that de Broglie also provided, we get: a0,r =
λ̄e(

√
1−4α2+1)

2α . This suggests that the Bohr radius is off by

approximately: a0 − a0,r =
λ̄e(1−

√
1−4α2)

2α ≈ 2.81809 × 10−15 m. This could potentially impact multiple
interpretations and calculations in physics, given how frequently the Bohr radius is used.

References

1. N. Bohr. I. on the constitution of atoms and molecules. The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science, 26:1, 1913. URL https://doi.org/10.1209/0295-5075/128/21001.

2. A. H. Compton. A quantum theory of the scattering of x-rays by light elements. Physical Review, 21(5):483,
1923. URL https://doi.org/10.1103/PhysRev.21.483.

3. C. A. Coulomb. Premier mémoire sur l’électricité et le magnétisme. Histoire de Académie Royale des Sciences,
pages 569–577, 1785.

4. E. Schrödinger. An undulatory theory of the mechanics of atoms and molecules. Physical Review, 28(6):
104–1070, 1926. URL https://doi.org/10.1103/PhysRev.28.1049.

5. P. Dirac. On the theory of quantum mechanics. Proc. Roy. Soc. A London, (112):661, 1926. URL
https://doi.org/10.1098/rspa.1926.0133.

6. J.R. Rydberg. On the structure of the line-spectra of the chemical elements. Philosophical Magazine, 29:331,
1890.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 October 2024 doi:10.20944/preprints202410.1659.v1

https://doi.org/10.1209/0295-5075/128/21001
https://doi.org/10.1103/PhysRev.21.483
https://doi.org/10.1103/PhysRev.28.1049
https://doi.org/10.1098/rspa.1926.0133
https://doi.org/10.20944/preprints202410.1659.v1


4 of 4

7. G. E. Haug. The two relativistic Rydberg formulas of Suto and Haug: Further comments. Journal of Modern
Physics, 11:1938, 2020. URL https://doi.org/10.4236/jmp.2020.114035.

8. C. Swee et al. High-n Rydberg transition spectroscopy for heavy impurity transport studies in W7-X (invited).
Review of Scientific Instruments, 95:093539, 2024. URL https://doi.org/10.1063/5.0219589.

9. C. Swee et al. Impurity transport study based on measurement of visible wavelength high-n charge exchange
transitions at W7-X. Nuclear Fusion, 64:086062, 2024. URL https://doi.org/10.1088/1741-4326/ad5aad.

10. L. de. Broglie. Recherches sur la théorie des quanta. PhD Thesis (Paris), 1924.
11. L. de. Broglie. An introduction to the Study of Wave Mechanics. Metheum & Co., Essex, 1930.
12. J. Buitrago. Relativistic correction to the Bohr radius and electron distance expectation value via Dirac

equation. arXiv, 2020. URL https://doi.org/10.48550/arXiv.2010.06375.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 October 2024 doi:10.20944/preprints202410.1659.v1

https://doi.org/10.4236/jmp.2020.114035
https://doi.org/10.1063/5.0219589
https://doi.org/10.1088/1741-4326/ad5aad
https://doi.org/10.48550/arXiv.2010.06375
https://doi.org/10.20944/preprints202410.1659.v1

	The Bohr Radius
	Relativistic Bohr Radius
	Conclusion
	References

