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Abstract: Fiber-optic Mach-Zehnder interferometers are widely used in research areas such as telecommunications,

spectroscopy, and quantum information. These optical structures are known to be affected by phase fluctuations

that are usually modeled as multiparametric noise.This multidimensional noise must be stabilized or compensated

for to enable fiber-optic Mach-Zehnder architectures for practical applications. In this work, we study the

effectiveness of a modified Perturb-and-Observe (P&O) algorithm to control multidimensional phase noise in fiber-

based multi-arm Mach-Zehnder interferometers. We demonstrate the feasibility of stabilizing multidimensional

phase noise by numerical simulations using a simple feedback control scheme and analyze the algorithm’s

performance for systems up to dimension 8x8. We achieved minimal steady-state errors that guarantee high

optical visibility in complex optical systems with N × N matrices (with N = [2, 3, 4, 5, 6, 7, 8]).

Keywords: optical phase noise; quantum information; multi-arm; Mach-Zehnder interferometers

1. Introduction

Fiber-based Mach-Zehnder interferometers (MZIs) are used to detect environmental variations,
such as temperature, pressure, and mechanical stress, as well as to increase transmission rates in
telecommunication systems [1–3]. They have also interesting applications is in quantum communica-
tions. for instance, two-arm MZIs have been used to prepare and measure quantum states encoded
by two-dimensional paths (qubits), as well as to evaluate entangled quantum systems [4–6]. For this
application, the quality (or fidelity) of the qubit state prepared depends on the physical characteristics
of the interferometer, such as polarization, and insertion loss. Although insertion loss and polarization
are typically compensated for using passive elements integrated into optical fibers, such as the relative
phase between the optical paths changes constantly and randomly due to variations in the refractive
index caused mainly by mechanical disturbances and temperature changes.This variation in the optical
path between different fibers produces a phase shift that is known as phase noise. To enable quantum
information applications, this phase noise has been compensated using various control methods in
two-arm MZI, such as piezoelectric and/or fiber stretcher elements, showing successful performance
in laboratory and field environments [7–9]. On the other hand, a multi-arm MZI (MAMZI) allows the
preparation and measurement of high-dimensional quantum states, known as qudits. One of the most
significant advantages of operating with qudits is the ability to encode more information into a single
particle compared to a qubit, potentially improving the efficiency of specific quantum tasks, optimizing
the execution of quantum algorithms and increasing sensor accuracy across entangled qudits by
increasing sensitivity to minor parameter variations [10–12]. In quantum cryptography, qudits offer
greater environmental noise tolerance and increased security, as the complexity of eavesdropping
attacks grows exponentially with the dimension of the quantum system [13,14].

Although path-encoded qudits can be prepared using a MAMZI, the constant change of the
optical path of the multiple arms introduces multidimensional phase noise, making it impractical to
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generate and measure qudits efficiently using a single-core fiber array. Multicore optical fibers (MCF)
have been employed to mitigate the impact of this phase noise on path-encoded qudits [15–17] and
entangled qudits [18]. Although the effects of phase noise are less than in a single-core fiber array, it is
still a critical variable in fiber-based MAMZI systems[19]. Quantum cryptography schemes based on
MAMZIs have been proposed to: mitigate the impact of multidimensional phase noise by sending the
quantum state through all possible paths of the interferometer, thus achieving phase and polarization
self-compensation [20]; to implement noise control and encryption process using independent cores
of multicore fibers (MCFs)[21], to improve the robustness and quality of the system using hybrid
structures such as both single core fibers and MCF within a single MAMZI [22,23].

MAMZIs are composed of multiport beam splitters (MBS), which are feasible to develop directly
in multicore fiber [22] and within photonic integrated circuits [20], which allows the scalability of
systems of higher complexity (N > 4).

In this work we analyze the controllability of any dimensional MAMZI built using MBS. Addi-
tionally, we propose a standardized control method that maximizes the specific output intensity of a
MAMZI, thus stabilizing the multidimensional phase noise inside the optical circuit. This approach
allows optimization algorithms as controllers to mitigate phase noise in any MAMZI configuration.
To validate the effectiveness of the proposed method, we use P&O algorithm with fixed step sizes
[24], evaluating its performance on architectures with N = [2, 3, 4, 5, 6, 7, 8]. Adopting a variable step
was proposed to improve the fixed step P&O. It was tested in photovoltaic systems to improve the
speed and accuracy of maximum power point tracking (MPPT) under irradiance variations [25,26].
This variable step approach has been extended to two-arm Mach-Zehnder modulators by adjusting the
bias voltage [27]. From this standpoint, in our work, we further revisit the adaptive step scheme in a
multi-arm Mach-Zehnder interferometer (MZI), using the intensity error to adjust the step size dynam-
ically, optimizing the system stability under conditions with multiple control parameters, extending
P&O with adaptive stepping to complex optical systems.

In this way, we verify the effectiveness of the proposed approach by measurement, managing to
measure critical parameters such as optical visibility of 0.99 and crosstalk of less than -27dB in N × N
systems, implying that MAMZI systems are suitable for applications in high-dimensional quantum
information processing.

2. Multi-Arm Mach-Zehnder Interferometer

A MAMZI is an optical configuration consisting of two MBSs. The first one splits an optical input
and guides the resulting beams towards the arms. The optical beams then pass through the arms and
are recombined in the second MBS. In this recombination, the optical interference will be affected by
the phase information of each arm (ϕ∗

k ). A schematic of a MAMZI is shown in Fig. 1.
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Figure 1. A Multi-Arm Mach-Zehnder Interferometer. xk and yk are inputs and outputs respectively.
MBS: multi-port beam splitter (N inputs and N outputs). ϕ∗

k : Phase induced in arm k.

The MBS can be modelled as a N × N unitary matrix, with elements Uk,l (with k = [1, ..N] and
l = [1..N]) dependent of a phase θk,l induced at each input l related to the k th output, and on the
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reflection and optical transmission probabilities of both pairs. A widely used example of ideal MBS is
the Fourier matrices described by [28]:

FN =


U11 U12. ... U1N
U21 U22 ... U2N

...
...

. . .
...

UN1 UN2 ... UNN

, where : Uk,l =
1√
N

e
2πi(k−1)(l−1)

N . (1)

In this case the induced phases are given by θk,l =
2π(k−1)(l−1)

N while the transmission and reflection
information is in 1√

N
. On the other hand, considering a MAMZI with attenuations (τk) and phases (ϕ∗

k )
induced in each arm of the MAMZI, its internal matrix is expressed by:

MN =


τ1eiϕ∗

1 0 0 0
0 τ2eiϕ∗

2 0 0
...

...
. . .

...
0 0 · · · τNeiϕ∗

N

 . (2)

In our model, τk is a complex variable representing the optical loss and polarization changes induced
in each arm. Finally, for the MZI architecture, the output optical field (y) can be described as a function
of the input optical field (x) using[29]:

y = MBST · MN · MBS · x, (3)

where the input and output intensities vectors are given by Iin = x∗x and Iout = y∗y, respectively.

3. Fiber optic MAMZI

In a fiber optic MAMZI, the attenuation in each arm (τk) can come from the fiber connections,
in-line optoelectonic devices, and fabrication defects in the fiber. However, this attenuation is often
equalized with external elements, resulting in a common attenuation factor for all arms. Another essen-
tial variable is the polarization in the optical fibers, which is omitted in this matrix since commercial
polarization controllers can equalize it for all arms [30], allowing the constants τk to be considered as
unitary values in (2).

To study the controllability of a system consisting of an MBS, we will consider an MBS as:

MBS =
1√
N


1 1 ... 1
1 α[2,2]e

j(θ[2,2]) ... α[2,N]e
j(θ[2,N])

...
...

. . .
...

1 α[N,2]e
j(θ[N,2]) ... α[N,N]e

j(θ[N,N])

, (4)

where α[k,l] and θk,l are constant parameters representing attenuation and geometric phases induced
in the MBS, respectively. Like the Fourier matrix shown in Eq.(1), the first row, and column contain
unit values representing symmetrical splitting ratio and induced phases (α[1,l] = α[k,1] = 1 and
θ1,l = θk,1 = 0). The MBS design and manufacturing determine these conditions.

Using the MAMZI model from Eq. (3), the optical intensity at output l for an input Iin = [I0, 0, ..0]
is given by:

Iout
l =

I0

N2

{
N

∑
k=1

α2
[k,l] + 2

N−1

∑
k=1

N

∑
m=k+1

α[k,l]α[m,l]cos(θ[k,l] − θ[m,l] + ϕ∗
[k] − ϕ∗

[m])

}
. (5)

Equation (5) shows how the MAMZI can be processed as a non-linear system, with the internal
phase information ϕ∗

[k,l] as inputs, and the resulting intensity Iout
l as outputs, which depends on the
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optical interference produced by the phases ϕ∗
[k,l]. To evaluate whether the system is controllable, we

must check whether the controllability matrix has full rank [31]. The key term in the expression for Iout
l

is the sum of cosines whose inputs are the angular differences (ϕ∗
k − ϕ∗

m). Suppose we have a dynamical
system with a state vector ϕ = [ϕ∗

1 , ϕ∗
2 , ..., ϕ∗

N ] , and with inputs, where each input is u = ϕ∗
k − ϕ∗

m, then
incorporating u into equation (5) and partially deriving it we obtain:

dIl
du[k,m]

= −2I0

N2

{
N−1

∑
k=1

N

∑
m=k+1

α[k,l]α[m,l]sen(θ[k,l] − θ[m,l] + u[m,k])

}
(6)

The Jacobian matrix of these partial derivatives will not be zero unless all differences u[k,m] are such
that sin(u[k,m]) = 0 for all combinations of (k, m). If we consider the space of inputs, as long as there
are enough angular variations u[k,m] that make the terms sin(u[k,m]) = 0, not all zero simultaneously,
the rank of the Jacobian matrix will be complete. Hence, the system will be controllable for the inputs
u[k,m].

4. MAMZI with Phase Noise Stabilization

In a MAMZI with phase noise, the phases of the system ϕ∗
k (see equation (2)) are affected by

the phase noise ϕnoise
k . To stabilize it, an externally manipulable control phase (ϕc

k) will be used, then
the phases of the system are modeled as ϕ∗

k = ϕc
k + ϕnoise

k with k ∈ {1, 2, ..., N}. Note that if it is
possible to observe if ϕc

k = −ϕnoise
k (for all k), then MN converges to the identity matrix. Also, as

MBST · I · MBS = I, then it can be seen that the intensity output from (3) is given by Iout = [I0.., 0].
Therefore, it is possible to stabilize a multi-parameter phase noise on an MAMZI by maximizing one
of its outputs, which is obtained when a control phase is the negative magnitude of the phase noise
applied to each arm. Then, the proposed phase noise stabilization method is obtained from the follow
optimization:

argmax{Iout
k (ϕc

k)} (7)

Figure 2 shows the proposed scheme for the phase noise stabilization process. Here, the plant
is the MAMZI whose inputs are the information in the internal phases ϕ∗

l = [ϕ∗
1 , ϕ∗

2 , ..., ϕ∗
N ], and the

outputs are the resulting intensity Iout
l , which depends on the optical interference produced by the

phases ϕ∗
l . The input optical intensity (Iin I0) is a constant.

Control
Algorithm

MAMZI+
_ ++

Figure 2. A feedback control scheme for a plant from a MAMZI whose input is the phases and its
output is the optical intensity.

In this scheme, the so-called “phase noise” (ϕnoise) is modeled as a disturbance, which is compen-
sated by an actuator of the control system that we call “phase control" (ϕC). The controller operates on
the error (e) obtained when comparing the output (Iout

l ) with a reference value (Ire f ). Note that phases,
intensities, errors, and references are vectors of order N.

4.1. MAMZI Simulation with Phase Noise

To evaluate the controllability described above, we have simulated MAMZIs for dimensions 2x2
up to 8x8 using the phased array model, MBSs obtained from the equations Eq. (1), and the phase
matrix from Eq. (2). Our simulation is a discrete system, where the phase ϕnoise[n] is provided by a
matrix of N × lmax × M, where lmax = 40.000 represents the time length of the simulation, and each
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noise sample is a cumulative random sequence with a variability of 0.01π, to mimic the behaviour
of fiber MAMZI [22]. We performed M = 100 experiments for each simulated control process. The
generated phase noise is introduced into the plant "sample by sample," perturbing the intensity
equation (5).
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Figure 3. The open loop response. (a) Phase noise matrix used on MAMZI systems. Open loop noise
intensity response for: (b) N = 3, (c) N = 4, (d) N = 5, (e)N = 6, (f) N = 7, and (g) N = 8.

Figure 3 shown the open loop intensity response of applied phase noise over diverse MAMZI.
Figure 3.a shows one of the 100 matrices of 40.000 × 8 for the accumulated phase noise simulation,
while Figure 3.b-3.g shows the open-loop response of applying N vectors of the noise matrix to the
NxN system. Note, for example, that in Figure 3.g, the 8 vectors are used, resulting in a random
intensity response for all MAMZI outputs. Each noise matrix was generated, ensuring output intensity
with symmetrical temporal distribution.

4.2. Operation of the Control Algorithm

We used an unrestricted direct search algorithm to stabilize the studied system, specifically,
P&O algorithm, which is recognized for its simplicity and robustness in optimizing systems with
multiple degrees of freedom [24]. In MAMZI, the optical intensity of one of the outputs (Iout

k [n]) will
be optimized by perturbing a control phase in each arm (ϕC

k [n]) of the MAMZI as follows:

(i) The algorithm evaluates the error defined as e[n] = |Iout
k [n]− Ire f [n]|, where Iout

k [n] is the mea-
sured intensity at k − th output and Ire f [n] is a reference value. If the error exceeds a predefined
threshold (usually less than 0.001 to reach high visibility [22]), the optimization process starts in
the initial work cycle ("wc = 1").

(ii) As the amplitude of random phase noise in this simulation is 0.01π, the equation perturbs
the wc − th phase control as: ϕC

wc[n] = ϕC
wc[n − 1] + 0.01π · δ · sig(∆I), where the step δ is a

manually adjustable value. The sign of the disturbance depends on the variation of ∆I =

Iout
k [n]− Iout

k [n − 1], indicating whether it increases or decreases, reaching a local maximum for
k − th output in its phase space.
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(iii) The algorithm then proceeds to perturb the next phase ("wc = wc + 1") of the other arm of the
MAMZI, repeating step (ii).

(iv) Once all phases have been processed, the system restarts the cycle from step (i), continuing the
iterative optimization process.

4.3. Analysis of the Results in Phase Noise Stabilization

Figure 4 presents the results of applying the P&O algorithm to the system with multidimensional
noise (for N=2, 4, 6, and 8), according to the scheme shown in Figure 2. Due to the precision in the
simulation and to illustrate the system’s operation, we show the algorithm P&O operating with a
value of δ = 4 in each configuration on the complete set of noise matrices described above.
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Figure 4. Feedback phase noise control operation. Vertically, a pair of graphs is shown showing the
control phases obtained from P&O and their respective optical intensity as a function of dimension N,
that is: (a) and (b) N=2, (c) and (d) N=4, (e) and (f) N=6, (g) and (h) N=8.

In addition, figure 4 shows the calculated control phases and the respective intensity responses.
For example, the results for dimension N = 2 are presented in the vertical pair figure 4.a and figure 4.b,
while for N = 4 they are shown in figure 4.c and figure 4.d, and so on for higher dimensions. The system
control operates on each output sequentially, remaining controlled for τcontrol = 4000, generating ten
temporary operation cycles (τcontrol = lmax/10), effectively keeping the outputs maximized and
operating the changes at high speed. However, the signals in steady-state show some variability.
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Figure 5 shows the system’s response of a MAMZI for N = 8 under feedback control, using
the abovementioned parameters. In this figure, the steady-state variability and the operating speed
differences throughout each work cycle can be seen more clearly. In our analysis of the control
operation, we used the following four indicators to evaluate the performance of the proposed control
method:

Control velocity: evaluates the speed at which the algorithm reaches its maximum intensity,
equivalent to stabilizing the phase noise. Therefore, the time taken by the stabilized signal intensity
to go from 10% (Iout

k [t0] = 0.1) to 90% (Iout
k [t1] = 0.9) is measured, as we show in the Figure 5. It is

important to note that the sampling period is an arbitrary variable, so the control speed (cv) is given
by:

cv =
0.8

t1 − t0
. (8)

Root Mean Square Error: quantifies the steady-state control error on the stabilized signal. Since
the stabilization cycle is τcontrol , the signal is assumed to reach the steady state from time t2 = τcontrol/3.
The upper limit is set at time t3 = 2τcontrol/3 to obtain a robust statistic (see Figure 5). The RMSE
calculation is performed considering this time interval, being estimated from:

RMSE =

√√√√ 1
NL

t3

∑
n=t2

(Iout
k [n]− Ire f [n])2, (9)

where NL is the total number of points sampled betweeen t2 and t3.
Visibility: quantifies the optical interference characteristics of a communications channel. It is

especially crucial in quantum systems, where the visibility of the system directly influences the fidelity
of quantum state preparation and measurement. Visibility is defined by:

V =
Iout
k max − Iout

k min
Iout
k max + Iout

k min
, (10)

where Iout
k max and Iout

k min correspond to maximum and minimum value of Iout
k respectively.

Crosstalk: measures the ratio of unwanted information (Iout
p ) from an external channel to the

information that this channel can transmit (Iout
k ) with p ̸= k, mathematically it is expressed as:

Cr = 10log(
Iout
p

Iout
k

) (11)

Figure 6 shows the results obtained for the P&O algorithm using a fixed step considering 1 <

δ < 20. It is observed that the RMSE remains below 1% for systems smaller than N=6, while for larger
N the error does not exceed 2% with δ = 3. Values for δ lower than three were discarded since they
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caused the system to lose controllability. Furthermore, an increase in δ accelerates the control system’s
response, although it increases the error, indicating a less precise operation. This same trend is reflected
in the visibility and crosstalk graphs, where it can be seen that, for minimum values for δ the system
shows less contamination by crosstalk and greater visibility of interference. However, by increasing
δ, the control system works faster when seeking system stabilization, at the cost of more significant
crosstalk contamination and a loss in visibility quality.
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Figure 6. (a) RMSE for orders N = 2, 3, 4, 5, 6, 7, and 8. (b) Standard deviation of RMSE for the range
1 < δ < 20 using P&O algorithm. (c) Control velocity cv for orders N = 2 to N = 8. (d) Deviation of cv
for 1 < δ < 20. (e) Visibility for orders N = 2 to N = 8. (f) Variation of visibility within 1 < δ < 20. (g)
Cr parameter for orders N = 2 to N = 8. (h) Standard deviation of Cr over the interval 1 < δ < 20.

Based on the above, improving the system’s performance is possible by adapting the step (δ) to
increase when more speed is required and reduce when greater precision is needed. To implement this
adaptive control, it is proposed that the step be proportional to the error, i.e., δ[n] = e[n] · A + δmin,
where A is a system parameter that regulates the impact of the signal e[n] on the value δ[n] , according
to previous results, δmin = 3.

Figure 7 compares the mean and standard deviation values of RMSE and cv as a function of
N and A, using the proposed adaptive control. It is observed that both the RMSE and its standard
deviation decrease as A increases for systems with N > 4. On the other hand, for systems with N ≤ 4,
the improvements are minimal. Furthermore, the speed and its standard deviation increase with A,
and, as expected, less complex systems (fewer arms) perform better in terms of RMSE and speed.
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Figure 7. (a) RMSE for orders N = 2, 3, 4, 5, 6, 7, and 8. (b) Standard deviation of RMSE. (c) Control
parameter cv. (d) Standard deviation of cv. (e) Visibility, which remains practically constant for N ≤ 5
regardless of A. (f) Standard deviation of visibility. (g) Cr parameter. (h) Standard deviation of Cr.

Regarding visibility, it is observed that adaptive control maintains practically constant values,
regardless of A, for systems with N ≤ 5. For systems with a more significant number of arms (N > 5),
an increase in visibility is observed, accompanied by a decrease in its standard deviation as A increases
(Figure 7). It is relevant to note that almost all visibility values exceed 0.99.

The application of adaptive control maintains practically constant values of visibility, regardless
of the increase in speed for all the systems studied, and a decrease in its standard deviation is observed
as A increases (Figure 7), which implies that the system is more stable despite being accelerated. It
is relevant to highlight that almost all visibility values exceed 0.99. Similarly to visibility, crosstalk
shows a mean value that tends to remain constant for all values of N as A increases, following a similar
trend in its standard deviation. In addition, it presents lower values concerning P&O with fixed steps,
reflecting a clear improvement in the control process.

In summary, the results obtained by the adaptive steps show that the steady-state error remains
below 1% for systems with N < 5 and below 2% for higher-order systems, even with higher A. This
behavior directly influences the optical parameters, with visibility remaining above 0.99 and crosstalk
below −27dB in all cases analyzed, regardless of the system order.

5. Conclusions

In this work, we evaluated the controllability of a MAMZI when it is affected by phase noise.
The controllability is demonstrated mathematically based on an essential criterion, and then the
control model is used in a numerical emulation, demonstrating the controllability of this system from
2x2 to 8x8. Minor modifications (adaptive steps) in numerical processing can improve the quality
indicators in control, such as the steady-state error and control velocity, implying that these results can
be improved by applying more advanced algorithms and controllers. Under an optical analysis, the
results demonstrate a high-quality interference in the MAMZI at low crosstalk. Our study indicates
that any MAMZI under multi-parameter phase noise can be used for high-dimensional quantum
information protocols.
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