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Abstract: In this paper, we present two-dimensional Chlodovsky-type Bernstein operators constructed using
(p, q)—integers, and evaluate their approximation properties within the framework of a Korovkin-type theorem.
Our investigation extends to local approximation properties, with a focus on determining convergence rates
via the modulus of continuity and a Lipschitz-type maximal function. A Voronovskaja-type theorem is also
derived, offering insight into the asymptotic behavior of these operators. Additionally, we explore weighted
approximation properties and analyze convergence rates within specific function spaces. Utilizing Maple for
visual representations, we demonstrate the efficiency of these operators in approximating specific functions. The
practical implications of these findings extend to the optimization of system control, improving the stability
and performance of dynamic systems. Our contributions also offer new perspectives on the application of
approximation methods in fractional differential equations and control theory, broadening the scope of their use

in mathematical modeling.

Keywords: two dimensional (p,q)— Chlodovsky type Bernstein operators; Voronovskaja type theorem; (p, ) —integer;
control theory

1. Introduction

The study provides a comprehensive examination of the theory and applications of mathematical
operators, aligning with the content areas of Mathematics, Engineering, Physics, and Computer Science.
The investigation of the convergence properties of Chlodovsky type Bernstein operators using the
Korovkin-type theorem is directly part of mathematical analysis and approximation theory. Such
studies yield significant results applicable to fields like mathematical modeling and optimization.
Furthermore, the optimization of convergence rates of operators through system control contributes
to the more efficient and stable management of systems within control engineering. Lastly, visual
illustrations created using Maple demonstrate the convergence rates of operators on specific functions,
contributing to modeling and simulation techniques used in computer science. In this context, our
work offers a valuable addition to the scope of the journal Symmetry.

Approximation theory is rapidly emerging as an essential tool, extending its influence beyond
classical domains to other mathematical areas such as differential equations, orthogonal polynomials,
and geometric design. Following the introduction of Korovkin’s renowned theorem in 1950, the topic
of approximating functions using linear positive operators has become an increasingly significant
focus within approximation theory. A wealth of literature has been produced on this subject [1,2,10,12,
14,15,23,24,31,32].

In recent years, particularly over the last twenty years, the role of g-calculus in approximation
theory has been thoroughly investigated. The initial work on Bernstein polynomials derived from g-
integers was conducted by Lupasg[6]. His findings indicated that g-Bernstein polynomials can provide
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superior approximations compared to classical methods when an appropriate choice of q is made. This
discovery has encouraged numerous researchers to develop g-generalizations of various operators
and to explore their approximation properties further. Numerous studies have contributed to this field
[3,7,8,13].

Lately, Mursaleen et al. have concentrated on utilizing (p,q)—calculus for approximations
through linear positive operators, introducing the (p, ) —analogues of Bernstein operators [20,21].
They analyzed the uniform convergence of these operators and determined their rates of convergence.
For additional recent studies related to (p, ) —operators, readers can refer to [17-19,26,27].

The main motivation behind this study is that, to the authors” knowledge, there have been no
investigations into approximating two-variable operators using (p, ) — calculus thus far. In this context,
we introduce two dimensional Chlodovsky type Bernstein operators based on (p, ) —integers. We
investigate the approximation properties of our newly defined operators with the aid of the Korovkin-
type theorem. Furthermore, we delve into the local approximation characteristics and determine the
rates of convergence through the modulus of continuity and a Lipschitz type maximal function. A
Voronovskaja type theorem relevant to these operators is also presented. Another significant aim of
this research is to examine the weighted approximation properties of our operators in the first quadrant
of R?, specifically within the range of [0, ) x [0, ). To achieve these results, we intend to apply a
weighted Korovkin-type theorem. We will begin by revisiting some definitions and notations pertinent
to the concept of (p, q)-calculus. The (p, q)-integer associated with a given number n is defined as

" —q"
[n]p,q:: P n=123..., 0<g<p<L

The (p, q)—factorial [n],, ! and the (p, q)—binomial coefficients are defined as :

[1] 1-—{ [l =1pq- [l mEN
pa’ _

1/ n=20
and ]
n n p,q!
=_—— "7 0<k<n.
l k L’q [k],,,q! [ — K], !
Further, the (p, ) —binomial expansions are given as
58 (6 n—kpk ok k
(ax +by),, = ) p2) g gn—kpkan—kyk,
k=0
and

(x=y)pg = (x —y)(px - qy)(PPx —g%y) - (p" tx — " 1y).

Further information related to (p, q) —calculus can be found in [25,28].

2. Construction of the Operators

Recently, Ansari and Karaisa [16] have defined and studied (p,q) —analogue of Chlodovsky
operators as follows:

1 n k n—k—1 [k]
ot =gt £ 1] () (-3, () o
k P4 n n

pAq P4

where
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For 0 < g1,492 < p1,p2 < 1, we define Chlodovsky type two dimensional Bernstein operator
based on (p, q)—integers as follows:

(p111).(p1.41) SR [k]pwl U]sz‘iz
Cm (fixy) =Y. Y Puk(p1, 90 %) P (2, 92:9) f " — P ], @

k=0j=0 MpLaP1 (1] 0,72

foralln,m € N, f € C(y,p,,) with Ip,p,, = {(x,y) : 0 < ay < x,0 < By <y} and C(ly,p,) = {f:
Iy,p,, — R is continuous }. Here (a,) and () be increasing unbounded sequences of positive real
numbers such that

197

lim —— = 0, (3)
n—00 [n]pqul
lim P = 0. (4)

m—veo [m] ) g,
Also, the basis elements are

k=) —n(n=1) | x \ Knk=1 x
Cuilprmix) = p ° [k} (a) Il (Pi—qia,,),
P11 =

5=0

j(j=1)—=m(m-1) m jm_j_l
CDm,j(Pz,fiz;y) = P2 : [ ] (;) H <P3—‘13ﬁy)-
P2.492 " "

j s=0

We require the following lemmas to establish our main results.

Lemma 1. [16]

Cupg(Lx) = 1,
Cn,p,q(el;x) = x,
) e qln—1lpq ,
Copalezs) = [lp.q [1]p,q i
ix ona  2p+@)aln —1)pgPbu oy ln—1]pgn —2]pex°
I A
P 24 7
b3x _ 32+3 + 3 n—1 b2x2 )
Cupgles;x) = ﬁp‘o’” 3+q( P il [n?f")[ Ipabi p2n—t
P P
+¢73(3p2 +2pq 4+ g%) [n — 1 pg[n — 2]pgbnx® . g6 — 1) pg[n — 2] p gl — 3] %"
[”]%,q [”]%,q

From Lemma 1, we have following:
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Lemma 2.
CS[?”T}I/%)/(PMZ) (1’. X, ]/) = 1,
C,(qf’,i,'ql)'(pz'%)(s,'x,y) = x,
Cr(l%/ql),(r’zrqz)(t;x,y) =y,
C}gfi}{ql)/(pZIqZ) (St, X, y) — xy/
-1
CISP’}ZM) p2.q2) ( ’y) _ p;l l’énx q1[n — 1]p1,q1 2
’ [”]Plﬂh [”]Plﬂh
-1
C( 101),(P22) (tz ) _ ﬁmy I q2[m — 1 p, g 2.
[m] P2.92 [m} P2,92
Using Lemma 2 and by linearity of C,; p L1P21) | e have
Remark 1.
n—1 2 n—1
c ) (p242) (t— x)z; X, _ ~h + xXpy “", )
e ( ]/) [ ]Plz‘h [n]lﬂlf‘h
1,2 m—1
(p1.11).(p2.42) 2, =Py Y Yy Bm
Cr s — X = + . (6)
" (< y) y> [ ]PMZ [m]r’z,'h
Theorem 1. Let g1 := (q1,1), p1 := (P1n), 92 := (G2m), P2 := (P2m)
such that 0 < q1,,92,m < P, P2,m < 1. If
li?rln pin=1, lirrlnqlrn =1, li;ln pom =1, lir{ln Gom =1, lirrln pi, = a1 and lir{ln pim = a2, )

the sequence C,Sf’,}[ql)’(pz’m(f; x,y) convergence uniformly to f(x,y), on [0,a] x [0,b] = I, for each f €

C(Il,p), where a,b be real numbers such that a < ay,, b < By, and C(I,p) be the space of all real valued
continuous function on I, with the norm

| fllc,)= sup [f(xy)l|

(x'y) €ly

Proof. Assume that the equities (7),(3) and (4) are holds. Then, we have

n—1 -1 —
pl,ﬂ “n N 0 pZm le 0 ql’n [n]pl,n/ql,n N 1ar1d qZ,m [m 1]P2,m,‘12,m

— 1.
[1’1] P1n 91,0 m] P2,m4q2,m

[n]pl,n/ql,n [ ]pZ,mqu,m

as 1, m —» oo. From Lemma 2, we obtain limy, 5o Cy(,}7 ,}{ql)’(p 2402) (eij; x,y) = e;j(x,y) uniformly on I,

where e;;(x,y) = x'yl,0 < i+ j < 2 are the test functions. By Korovkin’s theorem for functions of

two variables was presented by Volkov [29], it follows that limy, ;—c0 Cyi ; (p L) (P2.2) (f;x,y) = f(x,y),
uniformly on I, for each f € C(I,;). O

3. Rate of Convergence

In this section, we analyze the convergence rates of the operators Cr(,%’ql)'(p 242)

f(x,y) using the modulus of continuity. Furthermore, we will present a summary of the relevant
notations and definitions concerning the modulus of continuity and Peetre’s K-functional for bivariate

to the function

real-valued functions.
For a function f € C(I,;), the complete modulus of continuity in the bivariate context is defined
as follows:
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wf,8) = sup{IF(1,5) = Flx )| /(1= 27+ s =) <0},

for every (t,s), (x,y) € I;. Additionally, the partial moduli of continuity concerning x and y are
defined as follows:

w!(f,8) = sup{|f(xr,y) — fx2,y)| 1y € [0,8] and |x1 — x| < 6}
w*(f,8) = sup{|f(x,y1) = f(x,y2)| : x € [0,a] and |y1 — 12| < 5},

It is evident that they fulfill the properties of the standard modulus of continuity [11].
For 6 > 0, the Peetre-K functional [22] is defined as follows:

K(f,0)= inf {117 =8l +olgleu

where C2(I,;) is the space of functions of f such that f, = o f and & (j=1,2) in C(1,p). The norm ||.||

ayf
+ )
C(Iab)

We now provide an estimate for the rate of convergence of the operators C,(f ) (p2z),

on the space C?(I,;) is defined by

IFlees, = ey + Z(Hay] oy

Theorem 2. Let f € C(I,;). Forall x € I, we have

|CPRIIAPR) £ 6) — £ (x,y)] < 20(f;um),

where

-1 —
(52 — any PT + b,Bm P;n 1
n,m .
[n] P11 [m]PMZ

Proof. By definition, the complete modulus of continuity of f(x,y), along with the linearity and
positivity of our operator, allows us to express:

CPLmA ) £ ) f(x,y)| < CEEPER) (1 £(1,5) — F(x,1)))
S Cgfrlnfql) Pz'iz ( <f \/t_x2_|_ S—y) ))
< (U(f,én,m)|:51Cgl’;}[ql)'(pbqﬂ(\/(t—X)2+(S—]/)2>:|-
n,m
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Using Cauchy-Scwartz inequality, from (5) and (6), one can write following

IN

CIE™ P f(1,5) = f(x,y)]

1/2

wlf bum)| 1 C)S%:‘h),(rfz,qz)((t_x)z +(S_y)2)} }
(P111),(P212)

1/2
{0 (1 2) o ) (s - 2) 1)
L (annpy " bBups v
Snm \ [Mlprar [m]p, 4, '

n—1 m—1 1/2
Choosing 6, = (Lm;lql + bﬁrﬁ;’;qz ) ,forall (x,y) € I, we get desired the result.
O

57[1’}’[
1
n,m

IN

w(f, Onm)

1+ ——
= w(f,onm) |1+
1+

Theorem 3. Let f € C(I,;), then the following inequalities satisfy

(S AP2) £ (1, 5) — f(x,y)] < 0 (3 6n) + (3 6m),
where

n—1
5% _ aanpl , (8)

[”]Pwh

b m—1
2 = nr ©)
[m]r’z,f/lz

Proof. By definition, the partial moduli of continuity of f(x,y) and the application of the Cauchy-
Schwarz inequality imply that:

CPmI ) (1 6) — f(x,y)| < CE PRt s) - fx,8) + f(x,8) — F(x,y)])
< C(mqﬂ p2/42) (If(t,s) — f(x,s)]) + C} ”1‘71 Ap2:42) (If(x,s) — f(x,v)])
< C(mth) P2,q2) (|w (f; |t—x)|) Cmql Pz’h)(|w (f; |s—y|)|)
< wl(f,(Sn) [1_|_ C(Pl Q1)(P2ﬁz)(| x|)]
HP (800 [L+ 5 G0 s )|
< @(fb) [1 + 5 (clm ) (- 02)) ]

n

+w2(f,(5m) 1+ 57( r(lr’mql),(pz,qz)((s —y)2))1/2}

Consider (5), (6) and choosing

2 — azxnpglfl
" [n]PMh

52 — b‘Bm p;.nil .
" [m]i’zrth

we reach the result. O
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For ay,a; € (0,1] and (s,t), (x,y) € I, we define the Lipschitz class LipM(a1,a;) for the
bivariate case as follows:

£ (t,5) = F(x,y)] < Mt —x[M1]s — y|™.

Theorem 4. Let f € Lipp(®1, 7). Then, for all (x,y) € I, we have

(Gl f(1,5) = Fxy)| < Moy 2%,

where 6, and 6y, defined in (8) and (9), respectively.

Proof. As f € Lipyi(@1,a3), it follows

IR f(1s) — fey)] < CHM(F(Ls) ~ fley)lixy)
< Mcr(f%/ql),(r’zrqz)(“ . x|&1 |S . y|&2;x,y)

Mcr(ll”%r%)/(mr‘h)(“ . x|&1 |,. x)C,g%’ql)’(pz’qZ)(|s . y|ﬁ2;y)_

1 qg= 2%2 applying the Holder’s inequality, we get

1 5_ o 5—
Forp=z,0= 7% andp =

|Cr(ll’7nl1/‘h)/(lﬂ’2/172)f(t,s) — flry)| < M{C,(I%’ql)’(pz’%)(|t _ x|z’, x)}ﬁ]/Z{Ci(f%/ql)r(Pquz)(1’. x)}al/Z
” {Cfl%rql)z(r’zﬂz)(ls . ]/|2,']/) }312/2{(:7(577}1/?1)/(!72#2) (1;y) }&2/2
_ M5§1/25§12/2'

Hence, we obtain the desired result. [

Theorem 5. Let f € C'(Ip) and 0 < q1, Gom < PLu, Pom < 1. Then, we have

CP P2 £y — (s) < fa lleqy) Snt | fo lleq, O

Proof. For (,s) € I, we obtain

t, s,
£ =£6) = [ futwsdu+ [ fixo)io
By applying our operator to both sides of the above equation, we deduce:

t !
|Cr(1’,7nl1’q1)'(p2'q2)f(t) *f(S)| < Ci(qf’r}lm)r(l’zﬂh) <’/ fu(u,S)dM ;x,y>

+CyfymAPa2) ('/s folx,0)do|;x, }/>~
y

[ Futw )

! S ! !
<[l £ lley |t — x| and \ [ 70| <115, e 15 =1,

we have
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G E () = F6)] < fa e C™ P (1t = xl5x,)

1 fy lleq,) Coa™" P22) (|s — y|;x, ).

Using the Cauchy-Schwarz inequality, we can write following

\C,(,’f’,}{[’l)’(pz’@)f(t) —f&) < |If chab) {C%’%fql)r(l’zrqz) <(t - X)Z/' x,y) }1/2{Cﬁfr}ﬂ1)/(l72rqz)(Lx/y)}l/z

+ fy’ ||C(Iub) {Cf,%’ql)’(pz’qﬂ ((s _ y)z;x,y) }I/Z{Cﬁl%’m)'(pz'%)(1;x,y)}1/2.
Form (5) and (6), we get desired the result. [

Below, we obtained three-dimensional graphs illustrating the convergence rates of operators to
specific functions using the Maple [30] software.

Example 1. Figure 1 shows the optimal approximation of operators

Céglgg9,o.9),(o.999,o.9) (fix,y)(red), Céggg,o.se),(0,996,0.89) (; %) (yellow)

with a, = In(n), B = /m to function f(x,y) = 3xy?e~Y(blue).

] f .v‘-%‘\
”.’%0?&’?’?;%‘» ﬁf:’

S TR
%@%& ;

[
&

Figure 1. Convergence of two-dimensional (p, ) —Bernstein-Chlodowsky polynomials.
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Example 2. Figure 2 shows the optimal approximation of operators Cég;ggg’o'g)’(o'gg’o'g) (f;x,y)(red),

Cégng,O.%),(0996,0.89) (fr X, y)(yeHOW)

with a,, = In(n), B = +/m to function f(x,y) = sin(x — y)(blue).

NHH?HHTH.‘T.H.T

Figure 2. Convergence of two-dimensional (p, ) —Bernstein-Chlodowsky polynomials.

Example 3. Figure 3 shows the optimal approximation of operators

ng.;g,@.9),(0.999,0.96) (F: %, y)(red), Céggg,os),(o.%o,oso) (f: %, y)(yellow)

with &y, = In(n), B = In(m) to function f(x,y) = x>y — xy?)(blue).

ST P YO O PP

Figure 3. Convergence of two-dimensional (p, ) —Bernstein-Chlodowsky polynomials.
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Theorem 6. Let f € C(I,), then we have

| ) (£, ) = FGy) |, < 2M(Fidum(x,9)/2),

C(Iub)

where

n—1 b m—1
Onm(x,y) = ;max<{mnpl Pupa .

[Yl]pqul ’ [m]PMZ

Proof. Let g € C?(I,;). Utilizing Taylor’s formula, we derive:

g(s1,%) —g(x,y) = gBs1,y) —gxy) +g(s1,52) —g(s1,9)

_ ag(axy +/ S_uaguy)d
2
+ag(a +/ (s2— ) 8 (x v)dv
= agg (s1—x +/ (51 —x— )ag(uy)
9g(x,y) 2 9°g(x,0)
+T(52 y) +/0 (SZ y U)Tdv
By applying C,(f 141)AP242) 14 both sides of the above equation, we obtain:

Ci(qf’rln/ql):(lizﬂh)g(Sl,Sz) —g(x,y)‘ < 'ag x,Y) “C p1a1).(p2s ‘h)((s ~x); x,y)‘

Ly 2
n C,Sf’,}[ql)'(pz'%) (/051 (51 —x— u)wm{ x, y) '
+

98 (X, Y) || ~(pra1),(p22)
T ‘Cn,m ((

s2-Y);x y)]

— 2
+ C,(,’,”%/%),(pz,qz) (/052 y(Sz —y- v)%dz} X, y)‘

As C,g’f’,}[ql)’(pz’%) ((s1 —x);x,y) = 0and C,Sf’,h’ql)’(pz’m ((s2 —y); x,y) = 0, one can write following

1| 0g(x, 31).(p2,
HC,S?,}['ql)'(pz'qZ)g(ShSz) _g(x’y)Hc(I : ZH 8(ax y) » )‘C,(%th) (P2.42) ((51 _ x)z; x,y)‘
a ab
41 H 9g(x,y) [l o) (5, -y,
2 ay C(Iab) '
By (5), (6), we deduce,
n—1 2 n—1 m—1,,2 m—1
(P191).(P2.32) P Xy &n —py YT Ypy Pm
chfmq o g(SI,SZ)ig(XIy)HC(Iab) = Zmax( [”]1/!71‘11 " [nipqul [mz]ﬁzqz " [T’i]ﬁz/qz)

{Hag(xy Hagu,y) }

ca 9 licay,)

<

I8 lleqryy) Onm- (10)
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(p1.91).(P242)

By the linearity C,/ ; , we obtain
HC pLA1), (pz,qz)(f %y) — f(x y)H Hcr(lf%,ql),(;ﬂz,qz)f_ C]sa#%):(ﬁzﬂz)g”
( ab) C(Iab)
(p191).(p242) _
+HCn,m g chuﬂb) +f = 8lleay  AD
By (10) and (11), one can see that
|l (£ y) = Fy)| < 2M(fibnm () /2),

C(Iab)
This step completes the proof. [

Initially, we need to establish the auxiliary result found in the subsequent lemma.

Lemma 3. Let 0 < gy < pn < 1 be sequences such that p,,q, — 1 and p}; — a1 as n — oco. Then, we
have the following limits:

I
1N
fry
=

(i) Timyseo L0220 CPHM) (1 — 2)2; )

2
(i) limy,_e0 [H}Z#Cy(,f’ﬁ’q”) ((t—x)%x) = 3a1x%.

n

Proof. (i) Using Lemma 1, we have

n—1 2 -
C}S{;ﬁ,qn)((t B x)2,‘ x) = —Pu n XPn An (12)
[ ]Pnlqn [n]p”’q"
Then, we get
" n—1 2
[]Pﬂcy’g'%)((t —x)%x) = Pyt
Xy fn

Taking the limit of both sides of the above equality as n — oo, we can write:

lim M{C(p”’q”)((t —x)? x)} = lim —p + xpit
n—eo Ky nn ’ n—00 &y Pn
= a1Xx.
(i) Utilizing Lemma 1 along with the linearity of the operators C,(f ,;"'7”), we arrive at:
C,(f,;"q") ((t— x)4; x) = ALnx4 + Az,nx3 + A3,nx2 + Agpx (13)
where
A~ P 311300 (=P8 2900 — 45) + P12 (] g (=15 + 3P +43) — P (p7 + Pi + 2P + 43)
1 =
" [n]%nlqn

n—3 n 2 2 2 + 2

hon = P 1050 (Pg Prdn qn)“n
[n]Pnzqn
N P [1]pan (= n = 4P = 3Padn +2p3) — Pir'~* (3P + 3puda + 5padn +4u)
n
[7’!]%” qn
e = P e (PR A 3Padn + 03) = P (3P0 + 4+ 3Pun) o
3.n - 3 Xy
[n]l’mqn

3n—3 3

A4,n = p

1,4,
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It is clear that
. [n ] g _

lim {Agpx} =0. (14)

n—oo
Taking the limit of both sides of Ay ,,, we arrive at:
i ],,,, ALY = lim *pﬁ’S["]p,,,qzn(Pn —an) P +23rinq% ) _ PO (ph + P+ 2pudi + 43)
n—eo n—oo X Xy [H]Pn/q" IJL%

_ hm{—ﬂﬁ’s(r’ﬁ — ) (Pn—an) | P" (P +3pudh +33) PO (P + i+ 2pudi +q2)}
- 2 2 2
&n Xy [lpgua

- o (15)

n—r00

Similarly, we can show that;

1, 1,4, 2
lim T{AZ'H} =0 and nh—I>Io1<> T{A3'n} = 3a1x (16)
n

n—o0 n
By combining (14)-(16), we reach the desired the result. [J

Now, we ready present a Voronovskaja type theorem for C,/, p“ n) (f;x,y).

Theorem 7. Let f € C%(I,). Then, we have

arxfls(x, a1y fop (%)
tim [n],.0, G ™ (f3%,y) = f(x9)) felvy) | ¥y .

n—00 - 2 2

Proof. Let (x,y) € I;;. Then, write Taylor’s formula of f as follows:

fls) = floy)+fils =x)+ fy(t =)
o { R = x4 2fy (s = 1) —y) + £~ 92} el ) (5= X2+ (- y)?) 17)

where (s, t) € I and e(s,t) — O as (s, t) — (x,y).
If we apply the operator C,(qf’ﬁ’q”) (f;s,t) on (17), we obtain

Ch) (frs,8) = flxy) = Fley)CH™ (s — x);%,) + f(x, y)Cha™ (£ = y);x,y)

{f;;zc P (1 — %5 2,9) + 2, CI (s — ) (¢ — )i, )
ARCHE (- ) 4+ G (e (15 - 02 4 - w2

Applying the limit of both sides of the above equality, we get n — oo, [

r}g‘;[”]ﬁnl% Cﬁlf’i;“qYJ (f/ S, t) - f(x’ ]/)) = hm ["]Pn qn {f” C(p” ‘7" (( x)z; X, y)

+2F1, O (s = x) (£ = y)ix,y) + FCE™ (¢~ y)z;x,w}

+ hm [n]p” %C(p” An) (s(s, f) ((s —x)2+(t— y)2>;x,y>.
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By Cauchy-Schwartz inequality, we can write the following

i (e(s,t) (s =22+ (= 9)?)ixy) < \/13;0 Cii™ (e2(s,1); x,)

x V 2 1im (]2, o, G (e(s, 1) (s — x)4 + (t — ) x,y).

As limy_ye0 C,g’;’f’q”) (¢%(s,1);x,y) = €2(x,y) = 0 and from Lemma 3(ii)
lim;, o0 [1]3 C{pun) ((s = x)*+ (t — y)*); x,y) is finite, then we have

Prn —NN
Tim 12 CE) (es,1) (s — 1)+ (= ) )i y) =0,

Hence, we deduce

1 ; ﬂlyf,/ (x,y)
i (1], ) (i) — ) = DFaled) | R

n—o0

This step completes the proof.

4. Weighted Approximation Properties of Two Variable Function

In this section, we investigate the convergence of the sequence of linear positive operators
Cﬁlp 1a1)AP242) 4 4 function of two variables defined within a weighted space. We also compute the rate
of convergence using the weighted modulus of continuity.

Let p(x,y) = x2 4+ y? + 1, and define B, as the space of all functions f defined on the real axis that
satisfy |f(x,y)| < Mfp(x,y), where My is a positive constant dependent solely on f. The subspace C,

of B, consists of all continuous functions and is equipped with the norm:

Hf“p: sup M

(vy)eRy (xy)

Let Cg represent the subspace of all functions f & Cp for which limy e /; Eiz 5 exists and is finite.

For every f € C9, the weighted modulus of continuity is defined as

+hy,y+ ) — flx,
QOf(f;01,62) = sup sup |f(x + My Z) hf<x y)I‘ (18)
(v,y) €R2 || <61, |h2| <5, p(x,y) p(hi, ho)

Lemma 4. The operators Cy(zf’,}[ql)’(p 242) defined (2) act from C,(R%) to B,(R?.) if and only if the inequality
I C1(11,f’nl1f‘71),(172/72) (0:%,y) || 2< c.
holds for some positive constant c.

Theorem 8. Consider the sequence of linear positive operators C,(qf’,l,[ql)’(p 242) defined in (2). For any function
fe Cg and for all points (x,y) € Iy,p,,, it follows that

nlgrolo ||C,(1]f],}{q1)'(p2'q2)(f; xy) — f(x/]/)Hp —0.
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Proof. From Lemma 2, we obtain

I Cy(lf’rlrl/‘h)/(PMz)(l; xy)—1l, = 0,
| Gl (s, y) —xflp = 0

| R () —y = 0.
Again by Lemma 2, we can write following

H Cif]}q/‘?l)/w’zﬂz)(sz + i‘2,' x’y) _ (X2 +y2) ”p

up S S | e S | 1/ A e s
erz | Mpa (P2 +1) 0 (nfpg 02+ 2 1) [y g0 (2 + 92+ 1) [l (32 + 42 +1)

R S S -
Mg [poa (M) pr.a (]9

Considering the limit of both sides of the preceding inequality as n, m — co and applying (3) and (4),
we derive

Jm | PR 4 250, y) = (24 y2) [lp=0.

Applying weighted Korovkin theorem for two variable which presented by Gadzhiev [4,5], we get
desired the results. [

For estimate rate of convergence, we need the following lemma.

Lemma 5. Forall (x;y) € I,p,,, by (5), (6) and (13), one can write the following

n—1
e (-na) = o1 ) (), o
C,S’f’,b’ql)'(pz’%) ((t — 0%y, y) = 0 (T;ﬁqj) (x4 + 2%+ %% + x) (20)
and
CIm ) (s —yixy) = O (i’:li g: ;: ) (P+y+1), (21)
i) (p2a2) <(s ) x,y) _ 5 (;E;ig;:) (y4 PRy 1)‘ (22)

(P1.91).(P2.42)
n,m

Now, compute rate of convergence the operator C in weighted spaces .

Theorem 9. If f € C9, then we have

Gl ) (£;3,y) — f(x,y)
sup

3 < Czwp(f)5n15m)
(xy)€RY p(x,y)

P?il’xn 5 — Pg’ilﬁm

, where Cy is a constant independent of n,m and 6, = o O = o :
P11 P22
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Proof. Taking into account the following inequality given in [9], we deduce

F(t8) = Fxy)] < 8(1+ 22 + 1) (36, 6)

><<1+ |t5nx|)<1+ S(Smy|>(1+(tx)2) (1+ = 9)°).

(p1.91).(p2.92)
n,m

Applying C

write following

both side above inequality and using Cauchy-Schwarz inequality, one can

[Cm ) £(1,5) — £(x,)| < 8(1+ 2 + 2 wp(f60,6m)

% |1+ C%’%"h)/(r’zﬂz) ((t _ x)z; x,y> + 1\/C£f,}[q1)’(p2’q2) ((t _ x)Z; x,y)

On

1 a0 p2a) (1 2. (P (p22) (14 4.
5n\/cn,m ((t x),x,y)Cn,m ((t x),x,y)

1
x |1+ Cr(l%m),(r)z,qz) ((S _ y)z; X, y,a) + (5\/@(1%#1)1(?2,672) <(S o y)Z,. x,y)

% 1\/(:7(1?7}1#1),@2,142) <(S _ y)z; x,y) Ci(qp%/ql)r(pz,qz) ((S _ y)4; X y)] '
ém 7 7

By (19)-(22), we obtain

[T £ (1, 5) — £(x,y)| < 8(14 52 442w 6, 6)
1o P (3 +x) + L |ofpi e (x2 4 x)
(] p1.a1 on (]p1.:

n—1
+;¢O<pl w")(x2+x)(x4+x3+x2+x)]
n

[n] P11

X

P;n_lﬁm Pgl_lﬁm
[m]szqz [m]erqZ

Py B

1+
[m] P22

X

(#0)

1 pZmilﬁm 2 p?ilﬁm 4 3 2
+— + 22— A4+ 2 +y) |
%¢WM%W wmmmw Y+y: +y)

n—1 172 m—1 172
Taking J,, = (p 1 “”) ,O0m = (pz'g'"> , one write the following:

[]pyay [m]py.a,

) £(1,5) — £, )| < o1+ 22+ 32 wp(fi b )

x{l—i—éfl(xz—i—x) + V24 x+ \/(x2+x)(x4+x3—|—x2+x)}

4ﬁwﬂf+@+JW+w+JW+WW+f+ﬁ+ﬂ,
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where C; is a constant independent of 1, m. Since 62 < 1,42, < 1, for sufficiently large 1, m, we get

Clu™ PR (£, ) — f(x,y) \/pqlan \/p;"—lﬁm

S Czw fl s
P [”}Pwh [m]pz,qz

sup
(x,y)eRi (1+x2+y2)3

This step completes the proof. [J
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