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Article 

Complex-Order Derivation and Integration of 
Functions 
Vadim Zhmud 

Institute of Laser Physics SB RAS, oao_nips@bk.ru; Tel.: +79134732997, 630090, Novosibirsk, Lavrientieva 
13/1, Russia; zhmud@corp.nstu.ru 

Abstract: Some mathematical problems reach such complexity that their solution and engineering 
interpretation is no longer possible, or at least extremely difficult for researchers without the use of 
artificial intelligence tools. Mathematical relations for such problems are very difficult to interpret. 
In connection with the development of means for mathematical calculations, such problems have 
partially lost their relevance. However, new problems can be posed in mathematics, for which the 
existing means of mathematical calculations may still be insufficient. Presumably, such problems 
include the problem of differentiation and integration to a complex degree. Derivation of various 
functions is widely used in many branches of mathematics, technology, and science. Historically, 
derivation was known for cases where the exponent index of the degree of derivation was a positive 
integer value, which meant the multiplicity of taking the derivation operation. Later, this operation 
was extended with the notion that the exponent index can also be negative, which means multiple 
integration. Derivation to a negative power is defined as integration, and integration to a negative 
power is defined as derivation. Later, the concept of the possibility of fractional (non-integer) 
derivation and, accordingly, fractional integration was developed and widely used. This extension 
of the mathematical tool proved to be of considerable practical value, since it permits the design and 
implementation of more efficient controllers for systems having negative feedback, for instance. 
Publications about taking the derivative to a purely imaginary degree have already appeared, but, 
apparently, the question of differentiation was also discussed in the literature, in which the degree 
of taking the derivative would be expressed by a complex number. The article suggests an approach 
to solving this problem, which may not have been discussed yet. If this complex number, denoting 
the degree of differentiation, has a positive real part, the operation is better called a special form of 
differentiation, but if the real part of the degree of differentiation is negative, then the operation is 
more consistent with the concept of integration. Formally, inverting the exponent of the degree of 
differentiation turns the operation into integration and vice versa. Throughout history, it has been 
repeatedly confirmed that mathematics occasionally solves problems that at the time of their 
discovery have no obvious applied value; however, the development of the theory is valuable in 
and of itself, even if there is currently no obvious applied value for such development. In addition, 
experience has shown that every new mathematical tool will ultimately be applied to a significant 
practical issue. 

Keywords: automation; fractional derivation; fractional integration; Laplace transform; complex 
numbers 

 

1. Introduction 

Signal derivation is widely used in automatic control systems. Derivation is one of the most 
common types of signal processing along with integration and filtering. Filtering can also be 
represented as one of the forms of linear transformation based on derivation or integration, as well 
as on the algebraic summation of signals or their various fragments. Linear signal conversion 
operations have the advantageous difference from non-linear conversion operations that, as a rule, 
the signal-to-noise ratio, as a minimum, almost does not deteriorate during their execution, while this 
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indicator can deteriorate sharply and irrevocably when performing nonlinear conversion operations. 
If the filtering operation at the same time suppresses those frequency regions where the signal is 
weak or should not occur at all, leaving without suppression or even enhancing those frequency 
regions that are of the greatest interest, since the signal is expected to appear in them, then the signal-
to-noise ratio in the entire band of the received signal even increases if it is evaluated by signs of 
signal energy in the entire remaining frequency band. Some students sometimes even characterize 
this action as an increase in the signal-to-noise ratio, although in fact it is more correct to say that such 
filtering simply suppresses noise in those frequency ranges where there is no useful part of the signal, 
or where it is not required for further processing of the entire signal in the aggregate. Derivation, 
integration and filtering are also widely used in signal processing to identify control objects, that is, 
to determine the mathematical models of controlled objects. Also, for the purposes of control, it was 
necessary to modify the concept of derivation, expanding it to such concepts as fractional derivation 
and integration. This extension proved to be very useful. This article considers further possibilities of 
expanding the concept of derivation. 

Some mathematical problems reach such complexity that their solution and engineering 
interpretation is no longer possible, or at least extremely difficult for researchers without the use of 
artificial intelligence tools. Mathematical relations for such problems are very difficult to interpret. In 
connection with the development of means for mathematical calculations, such problems have 
partially lost their relevance. However, new problems can be posed in mathematics, for which the 
existing means of mathematical calculations may still be insufficient. Presumably, such problems 
include the problem of differentiation and integration to a complex degree.  

The differential calculus has become one of the most important mathematical tools in many 
fields of science and technology. Initially, for the operation of derivation, the definition was given for 
simple derivation, that is, derivation to the first degree. Further, by induction, the concept was given 
for any integer order of derivation as the corresponding number several consecutive derivations of. 
The inverse operation, called integration, can be thought of as derivation to a negative power. Thus, 
the exponent of the degree of derivation was defined as a positive integer, which meant the 
multiplicity of taking the differentiation operation. With the development of mathematics, later this 
operation was extended by the assumption that the exponent can be negative. 

This means multiple integration. Derivation to a negative power is defined as integration, and 
integration to a negative power can be defined as derivation. Subsequently, mathematicians posed 
and positively resolved the concept of the possibility of fractional derivation, and, accordingly, 
fractional integration [1–7]. It turned out that this extension of the mathematical apparatus has a fairly 
important applied value. For example, this allows making more accurate mathematical models of 
viscoelastic materials for large extension [8]. Also, such a fractional derivation makes it possible to 
design and implement more efficient controllers for systems with negative feedback [9–12]. 
Regulators using fractional derivation and integration received a special name – PIλDµ-regulators 
[13–16]. Here P, I and D mean the proportional, integrating, and derivative links, respectively, and 
the exponents indexes λ and µ are fractional values, which is greater than zero but less than unit [17–
20]. Publications on this topic continue, their number is growing every year [21–24]. 

Publications on taking the derivative to a purely imaginary degree have already appeared [25–
27], it cannot be ruled out that the question of derivation, in which the degree of taking the derivative 
would be expressed by a complex number, has also already been discussed in the literature, there are 
indications of this [28–31]. Of course, if mathematicians have solved the problem of derivation to an 
imaginary degree, then, according to fairly clear rules, it can be argued that derivation to a complex 
degree can be derived as a consequence from the concepts of derivation to an imaginary degree and 
derivation to a real degree (moreover, both of these derivation indices can be non-integer). In this 
paper, we propose a different way to solve this problem, while we do not undertake to discuss which 
of the methods is simpler, we cannot even check whether the results of applying two different 
methods coincide. Throughout history, it has been repeatedly confirmed that mathematics 
occasionally solves problems that at the time of their discovery have no obvious applied value; 
however, the development of the theory is valuable in and of itself, even if there is currently no 
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obvious applied value for such development. In addition, experience has shown that every new 
mathematical tool will ultimately be applied to a significant practical issue.  

This paper discusses the question of how to interpret derivation to complex degree. If this 
complex value is inversed, then such operation can be interpreted as integration to a complex degree. 
Derivation can be treated as kind of integration with the use of the inverted complex index of it 
respectively to the original index of the degree of derivation. 

2. Statement of the Problem 

We will discuss time functions, since operations with time functions are most important in signal 
theory. 

Let there be a time function 𝑓(𝑡) .       (1) 

For this function, the concept of derivative can be introduced  𝛶(𝑡) = 𝑓′(𝑡) = 𝑑𝑓(𝑡)/𝑑𝑡 .     (2) 

This derivative is interpreted as the rate of change of the function, it is defined through the limit:  𝛶(𝑡) = lim∆௧→଴(∆௙(௧)∆௧ ) .     (3) 

The derivative operator can be denoted with the corresponding symbol 𝑝 = 𝑑/𝑑𝑡 .      (4) 

Some authors argue that this symbol cannot be treated like an ordinary algebraic factor, but it is 
allowed to use it in this form, that is, relation (2) can be rewritten in the following form:  𝛶(𝑡) = 𝑝𝑓(𝑡) .      (5) 

Using this symbol, one can also conditionally write integration, which is defined as follows:  𝜃(𝑡) = ׬ 𝑓(𝜏)𝑑𝜏௧ିஶ  .     (6) 

A simplified notation of the integration operation in this case will be as follows:  𝜃(𝑡) = 𝑝ିଵ𝑓(𝑡) .      (7) 

Zero can also be included in this series, i. e. lack of derivative:  𝑓(𝑡) = 𝑝଴𝑓(𝑡) .      (8) 

Double derivative is taking the derivative twice 𝛶ᇱ(𝑡) = 𝑓′′(𝑡) = 𝑑 ቀௗ௙(௧)ௗ௧ ቁ /𝑑𝑡 .    (9) 

There is a special notation for this operation. 𝛶′(𝑡) = 𝑑ଶ𝑓(𝑡)/𝑑𝑡ଶ .    (10) 

This relationship can be rewritten as follows: 𝛶′(𝑡) = 𝑝ଶ𝑓(𝑡) .     (11) 

Here the action with the symbolic derivation operator (4) is used, which can also be written in 
the following form:  𝛶′(𝑡) = ( ௗௗ௧)ଶ𝑓(𝑡) .    (12) 

The double integration can be defined in a similar way  𝛹(𝑡) = ׬ 𝜃(𝜏)𝑑𝜏௧ିஶ = ׬ ׬] 𝑓(𝜏)𝑑𝜏௧ିஶ ]𝑑𝜎௧ିஶ  .   (13) 

The specified cumbersome relation (13) in symbolic form can be written quite simply:  
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𝛹(𝑡) = 𝑝ିଶ𝑓(𝑡) .     (14) 

On this basis, it is possible to define taking the derivative of any integer number of times:  𝑝௡𝑓(𝑡) = ௗ೙௙(௧)ௗ௧೙  .     (15) 

Taking into account the definition for negative and zero degrees of derivation in relation (15), 
the exponent n can take any finite integer value, including negative values and zero.  𝑛 = 0, ±1, ±2, … ± ∞ .    (16) 

In other words, the exponent belongs to the set of integers:  𝑛 ∈ 𝑍.     (17) 

Here Z is the set of integers. 
Let us pay attention to the essential difference between the concept of n-fold derivation and 

raising the result of derivation to the power n. 𝑝௡𝑓(𝑡) ≠ [𝑝𝑓(𝑡)]௡ .   (18) 

Thus, the problem statement is divided into two subtasks. 
Problem. It is necessary to define the mathematical operation of taking the derivative of the power 

c = a + bi, where i is an imaginary unit, c is a complex number, a, b are real coefficients. 

3. Method for Solving the Problem 

The method for solving the problem is to use the Laplace transform, which allowed giving a 
mathematically precise definition of the concept of fractional derivation and fractional integration. 

A deep justification for replacing the derivative symbol with a letter designation with 
subsequent actions with this designation according to the rules of algebra is available in the 
mathematical apparatus of the Laplace transform. Indeed, in the case of applying the Laplace 
transform to some function, we obtain the Laplace mapping from this function:  𝐿{𝑓(𝑡)} ↔ 𝐹(𝑠) .      (19) 

Here L{·} is the Laplace transform, s is the argument of the Laplace function, and F(s) is the 
Laplace transformation (image) of the function f(t) [25–27]. 

The Laplace transform is defined as follows: 𝐹(𝑠) = 𝐿{𝑓(𝑡)} = ׬ 𝑒ି௦௧𝑓(𝑡)𝑑𝑡ஶ଴  .    (20) 

For this transformation, it is known that if instead of the original function f(t) its derivative 𝛶(𝑡) 
is used, then the result of the transformation will be equal to the result of the transformation from the 
original function, multiplied by the argument s: 𝐿{𝛶(𝑡)} = 𝑠 · 𝐿{𝑓(𝑡)}.     (21) 

There is a similar rule for the integral: if instead of the original function f(t) its integral Ψ(t) is 
used, then the result of the transformation will be equal to the result of the transformation from the 
original function, divided by the argument s: 𝐿{𝛹(𝑡)} = ଵ௦ · 𝐿{𝑓(𝑡)}.    (22) 

These relations are not only analogous to the corresponding relations with the symbolic notation 
of the derivation operation, they also provide a way to understand how the result of fractional 
derivation or fractional integration can be calculated. And this, in turn, legalizes this operation, since 
it can be determined mathematically, exactly and uniquely. 

Indeed, for example, half derivation is such an action with the function f(t), which will give a 
new function, the result of the Laplace transformation from which will give the product of the 
transformation from the original function and the Laplace argument to the power of one second:  
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𝐿 ቄ ௗభ/మௗ௧భ/మ 𝑓(𝑡)ቅ = 𝑠ଵ/ଶ · 𝐿{𝑓(𝑡)}.   (23) 

Thus, one can define what it means to take the operation of derivation or integration to any 
rational degree, i.e. the exponent, which, according to relation (17), we attributed to the set of integers, 
we can now refer to the set of real numbers R, namely:  𝐿 ቄ ௗ೘ௗ௧೘ 𝑓(𝑡)ቅ = 𝑠௠ · 𝐿{𝑓(𝑡)}.   (24) 𝑛 ∈ 𝑅.    (25) 

Fractional derivation and integration are widely known, it is used, for example, when designing 
a controller [10–25]. 

In connection with the task set, it is advisable to use the apparatus of the Laplace transform to 
define the concept of imaginary and complex derivation, i. e. derivation to an imaginary and complex 
degree. 

4. The Result of Solving the Problem 

This paper aims to solve the fundamental mathematical question: “Is it permissible to use 
numbers from the set of complex numbers as exponents of the derivation operator?” An intermediate 
question is to define how derivation to an imaginary degree should be treated. 

Based on the methodology discussed in the previous section, we can write 𝐿 ቄ ௗ೔ௗ௧೔ 𝑓(𝑡)ቅ = 𝑠௜ · 𝐿{𝑓(𝑡)}.    (26) 

Therefore, we know what the Laplace transform of the imaginary derivation of the function f(t) 
should exist. Therefore, we can define an imaginary derivation as such a transformation of a function 
that, after transforming it according to Laplace, gives the Laplace transformation of the original 
function, multiplied by the argument of the Laplace function to the indicated imaginary power. This 
gives a mathematical relation to define the imaginary differentiation operation:  ௗ೔ௗ௧೔ 𝑓(𝑡) = 𝐿ିଵ{𝑠௜ · 𝐿{𝑓(𝑡)}}.    (27) 

Here L-1{·} is the inverse Laplace transform, which is defined as follows:  𝐿ିଵ{𝐹(𝑠)} = ଵଶగ௜ limఠ→ஶ ׬ 𝑒ି௦௧𝐹(𝑠)𝑑𝑠ఙି௜ఠఙା௜ఠ  .   (28) 

Since the operation of the Laplace transform L{·} in (27) is defined by relation (20), just as the 
operation of the inverse Laplace transform L-1{·} is defined by relation (28), thus the operation (27) is 
completely defined, the result of this operation is unique. 

Problem 2 can be solved in two ways. Firstly, through a definition of the form (27) with the 
argument i replaced by the argument c = a + bi, and secondly, we can pass to the required relation 
through the relations for calculating the complex power of a complex number through the real and 
imaginary powers of this number. The second way seems to be more complicated, so it is not 
considered here. 

Thus, the complex power derivative of a differentiable function can be defined as follows:  ௗ೎ௗ௧೎ 𝑓(𝑡) = ଵଶగ௜ limఠ→ஶ ׬ [𝑒ି௦௧𝑠௖ · ׬ 𝑒ି௦௧𝑓(𝑡)𝑑𝑡ஶ଴ ]𝑑𝑠ఙି௜ఠఙା௜ఠ .   (27) 

5. Discussion 

The formulation of the question may at first glance seem to be of no importance for the theory, 
and the result obtained in the form of relation (27) does not demonstrate obvious practical 
significance today. However, the theoretical question posed by us has the right to be posed, and the 
proposed solution of this problem is undoubted from a mathematical point of view, since undoubted 
initial relations are used. 
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Publications about the derivative to the imaginary or even, perhaps, to the complex degree have 
already appeared. Dear reviewers pointed out to us that such issues have long been considered and 
resolved, in particular, with reference to publications [25–31]. Not all of these publications are 
available in the public domain, but, for example, the entire issue of the journal Mathematics of the 
MDPI publishing house, devoted to non-integer differentiation, to which these reviewers referred 
[26], was studied by us quite carefully, nothing like derivation in the imaginary or even more so in 
the complex degree in this journal was not found. It can only be noted that even non-integer 
derivation, to which the entire issue of the journal is devoted, is a very complex mathematical 
problem, for the solution of which many methods are proposed, both theoretical and numerical, 
including various methods of approximation. Apparently, the problem of derivation to a complex 
power is not as simple as some reviewers point out, and we did not find publications with a solution 
to this problem in the public domain. Maybe they were looking in the wrong place, we proceed from 
the fact that such publications do exist, and it is possible that they, among other things, are in the list 
we indicated [25,27–31]. 

Of course, if mathematicians have solved the problem of derivation to an imaginary degree, 
then, according to fairly clear rules, it can be argued that derivation to a complex degree can be 
derived as a consequence from the concepts of derivation to an imaginary degree and derivation to 
a real degree (moreover, both of these derivation indices can be non-integer). In this article, we 
propose a different way to solve this problem, while we do not undertake to discuss which of the 
methods is simpler, we cannot even check whether the results of applying two different methods 
coincide. 

In some cases, certain conventions are used in mathematics, as, for example, it was accepted that 
the factorial of zero is equal to one, since in this case many formulas take on the simplest form. But 
we could agree on another solution, the community of mathematicians could agree that the factorial 
of zero is equal to zero, 0! = 1, since by definition the factorial of an integer M is the product of all 
integers from one to this number M, i. e. M! = 1·2·…M, that is, the number M must be included in the 
product, and if the product of integers includes zero, then the result is zero. We do not in any way 
deny that the factorial of zero is equal to one, and we do not propose to cancel this agreement, we 
only point out that even in such an exact science as mathematics, there can be not only an exact proof 
of one consequence from another, but also at some stages an agreement. We did not find a way to 
compare the results of two methods for calculating the derivative to a complex degree - known and 
proposed by us. We only assume that the method we propose has not yet been published or 
discussed. At the same time, we are convinced that the method we propose must be correct, since it 
is based on the correct ratios, properly applied. It would be interesting to know that the results would 
not match, and it would be equally interesting to see that the results would match. 

In relation (27), it is possible to set various specific types of the function f(t), which will allow 
one to obtain various specific examples of the imaginary and complex differentiation of these 
functions. The simplest, apparently, will be calculated such operations with respect to harmonic, 
power and exponential functions. 

6. A Look at the Problem from the Standpoint of the Theory of Automatic Control 

In the theory of automatic control, fractional derivation and integration are also used, which is 
noted above and is confirmed by the already given bibliography [1–24]. Traditional integration arises 
when considering, for example, a first order equation, which is the simplest low pass filter. The most 
common integrating chain can be described, for example, by the following Laplace transfer function: 𝑌(𝑠) = ௔బ௕బା௕భ௦ 𝑋(𝑠).     (28) 

We can obtain the frequency response of this system if we replace the argument of the Laplace 
transform s with the complex argument of the Fourier transform, i. e. we make the following 
substitution: 𝑠 → 𝑖𝜔.       (29) 

The transfer function, strictly speaking, is equal to the square root of the quadratic form, i.e. we 
must first get the following relation 
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𝑌(𝑖𝜔) = ௔బ௕బା௕భ௜ఠ 𝑋(𝑖𝜔).      (30) 

Then the ratio of the output value to the input value should be multiplied by the complex 
conjugate number and take the square root of the result. We'll get:  ௒(ఠ)௑(ఠ) = ௔బඥ(௕బ)మା(௕భఠ)మ.      (31) 

This transfer function clearly breaks down into five different ranges. First, in the case 𝜔 ≪ ௕బ௕భ,       (32) 

that is, in the case when  𝑏଴ ≫ 𝑏ଵ𝜔,       (33) 
under the root, you can approximately leave only the second term, which is easily taken out from 
under the root. In this case, we can roughly write:  ௒(ఠ)௑(ఠ) ≈ ௔బ௕బ.       (34) 

That is, in the indicated frequency range, the transfer function is practically unchanged; when 
the frequency of the input signal changes, the amplitude of the output signal does not change at all. 
This section can be called a section of proportional transmission of the input signal. Secondly, in the 
case  𝜔 ≫ ௕బ௕భ,       (35) 

that is, in the case when  𝑏଴ ≪ 𝑏ଵ𝜔,       (36) 
under the root, you can approximately leave only the second term, which is easily taken out from 
under the root. In this case, we can roughly write: ௒(ఠ)௑(ఠ) ≈ ௔బ௕భఠ.       (37) 

That is, in the specified frequency range, the transfer function decays inversely with the 
frequency increase factor. For example, if the input frequency is increased by a factor of four, then 
the output signal will also decrease by a factor of four, and so on. 

This section can be called the section on which the signal undergoes integration. 
Thirdly, there is a small frequency range in which 𝜔 ≈ ௕బ௕భ,       (38) 

that is, in the case when these quantities are approximately comparable  𝑏଴ ≈ 𝑏ଵ𝜔.      (39) 
In this case, there is something in between the previous two cases, that is, in the specified 

frequency range, the transfer function decays by an amount average between the two previous 
options, which is approximately inversely proportional to the square root of the frequency increase. 
For example, if the input frequency is quadrupled, the output signal will be halved. This section can 
be called the half-integration section. Thus, half-integration is not a mathematical fiction, but a very 
real action that exists in practice. 

Fourth, there is a segment of the transition from zero to half integration. 
Fifthly, there is a section of transition from a half transition to a whole. 
These two sections give all examples of intermediate states of non-integer integration, but not in 

a large frequency range, but in small regions. 
In addition, if we build a logarithmic frequency response of such an integrating link, that is, the 

dependence of the output signal on frequency at a unit amplitude of this input signal, then we can 
see that it breaks up into the indicated five sections. Approximately, this graph can only be depicted 
in the form of segments corresponding to the first and second sections, as shown by line 1 in Figure 
1, and the other three differ from this approximate graph by no more than 3 dB. Line 2 in this Figure 
shows the graph if there were no integration. Line 3 is the algebraic mean between these two lines 
and shows the half-integration plot. From this fact, we can conclude that half integration can 
approximately be approximated by a function that is the geometric mean between integer integration 
and no integration, however, this approximation well models only the dependence of the output 
signal amplitude, but it is not accurate, and for the phase characteristic, the dependence is simpler, 
so it should not be argued that half-integration can be obtained as a geometric mean. 
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Figure 1. Logarithmic frequency response example of an aperiodic link (real integrator) – line 1, a 
proportional link – line 2, and a link that performs real half integration – line 3. 

Thus, at least for harmonic signals, it can be argued that the amplitude of half of the integral of 
the signal is approximately equal to the geometric mean of the amplitude of the original signal and 
the amplitude of the integral of this signal: ቤ ௗభమௗ௧భమ 𝑋(𝑡)ቤଶ ≈ |𝑋(𝑡)| ∙ | ௗௗ௧ 𝑋(𝑡)|.    (40) 

Similarly, it can be shown that the phase shift at half derivation is equal to the arithmetic mean 
between the phase shift of the original signal and the phase shifts of the fully integrated signal. So 
harmonic signal   𝑋(𝑡) = 𝐴(𝑡)cos (𝜔𝑡)    (41) 

It can be represented as a projection of a rotating vector onto the abscissa axis, while the 
amplitude of this vector is equal to the amplitude of the signal (41), and the angle of rotation of the 
vector is equal to the phase (41), which corresponds to the traditional vector representation of 
harmonic signals, that is: 𝑋(𝑡) = 𝐴(𝑡)e௜ఠ௧ = 𝐴(𝑡)𝑒௜ఝ(௧) .   (42) 

The integral of (41) has the following form:  𝑌(𝑡) = ଵఠ 𝐴(𝑡) cos ቀ𝜔𝑡 െ గଶቁ = 𝐵(𝑡)𝑒௜ఏ(௧)    (43) 
Here, new notations are introduced for the new amplitude and the new phase. 
In other words, the amplitude decreases in proportion to the frequency, and the phase shift is 

π/2. In the case of half integration, the amplitude will decrease by a value equal to the root of the 
frequency, and the phase shift will be half as much: 𝑌଴.ହ(𝑡) ≈ ଵ√ఠ 𝐴(𝑡)cos (𝜔𝑡 െ గସ)   (44) 

In terms of relations (42), (43), we can write: 𝑌଴.ହ(𝑡) ≈ ඥ𝐴(𝑡)𝐵(𝑡)e௜[ఏ(௧)ାఝ(௧)]/ଶ .   (45) 
This relation is not significant for mathematics, since it is not a strictly mathematical definition 

of the concept of a half derivative, however, it can be quite useful for approximate calculations, and 
also, in our opinion, it is quite useful for an engineering idea of what is half derivative. This 
relationship can also be criticized from the position that the operations of integration and 
differentiation are linear operations. In accordance with this, the operations of non-integer integration 
and differentiation must also be linear operations. Relationship (45) does not look linear in any way. 

From the practice of automatic control, the approximation of half or even non-integer integration 
in the operator domain (in the Laplace transform domain) is known by the following approximate 
relation [24]: 𝑌ఒ(𝑠) = ଵ௦ഊ ≈ 𝐾ூ ∏ (ଵା ೞ೥೔)ಿషభ೔సబ∏ (ଵା ೞ೛೔)ಿషభ೔సబ .    (46) 

Here zi and pi are coefficients that increase symmetrically from the lowest to the highest value; 
for example, pi = k·pi, zi = k·zi, p0 ≠ z0 [24]. 

This relationship is clearly linear, but it is also clearly approximate. Therefore, it should be 
emphasized that relation (27), given above, is the best definition of non-integer differentiation both 
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from the point of view of accuracy and from the point of view of the definition of the concept of 
multiple integration. 

A non-integer integration can be defined in two ways. First, it can be defined as the result of 
integer integration of a quantity obtained by non-integer differentiation. Secondly, it can be defined 
as the result of non-integer differentiation of the quantity obtained by integer integration. Thirdly, it 
can be defined by analogy with relation (27), namely:  𝑌ఒ(𝑡) = ଵଶగ௜ limఠ→ஶ ׬ [𝑒ି௦௧𝑠ିఒ · ׬ 𝑒ି௦௧𝑋(𝑡)𝑑𝑡ஶ଴ ]𝑑𝑠ఙି௜ఠఙା௜ఠ .  (47) 

Similar reasoning can be carried out with respect to the fractional derivation of relations (41) and 
(42). The derivative of the signal (41) has the following form: 𝑍(𝑡) = ௗ௑(௧)ௗ௧ = 𝜔𝐴(𝑡)cos (𝜔𝑡 ൅ గଶ)    (48) 

We also introduce the notation 𝐷(𝑡) = 𝜔𝐴(𝑡).    (49) 𝜗(𝑡) = 𝜑(𝑡) ൅ గଶ.   (50) 
In these terms, relation (48) can be rewritten as follows: 𝑍(𝑡) = ௗ௑(௧)ௗ௧ = 𝐷(𝑡)cos (𝜗(𝑡))    (51) 
In vector representation we get:  𝑍(𝑡) = 𝐷(𝑡)e௜ణ(௧).    (52) 
The half derivative in this case can be represented approximately by the following relation:  𝑍଴.ହ(𝑡) ≈ ඥ𝐴(𝑡)𝐷(𝑡)e௜[ణ(௧)ାఝ(௧)]/ଶ.    (53) 
The above relation (53) is also not strictly mathematically justified, it is interesting from an 

engineering point of view as one of the options for understanding what half derivation is. Relation 
(27) is a rigorous definition. To illustrate the technical derivation obtained on the differentiating 
chain, as well as the lack of derivation and half derivation, a graph of a similar logarithmic frequency 
response, similar to the graph in Figure 1, can be shown. This graph is shown in Figure 2. 

 

Figure 2. Logarithmic frequency response example of a real derivation link – line 1, a proportional 
link – line 2, and a link that performs real half derivation – line 3. 

Thus, with regard to fractional derivation and fractional integration, there are quite a lot of 
different concepts that do not contradict each other. The concept discussed above is the most intuitive 
from the standpoint of an engineering approach, although it is not perfect. The concept based on 
relation (46) is most convenient for implementation and for mathematical modeling using, for 
example, software tools such as MATLAB Simulink, VisSim, SimInTech, or other similar software 
tools. The concept based on relation (27), in our opinion, is the best from all positions, since it is both 
intuitively understandable at the engineering level and flawless from a mathematical point of view. 
However, we currently find it difficult to name an algorithm that would allow us to calculate 
fractional derivative or fractional integral of a function that is input to a digital device in real time in 
the form of separate samples. Such an algorithm can certainly be implemented based on relation (46) 
or close to it. The expediency of applying the algorithm according to relations (45) or (53) is not 
essential, since a simple expression is obtained only for the case of exactly half derivation or half 
integration, while relation (46) allows you to set an arbitrary fractional derivation or integration 
exponent. Apparently, a rather urgent task for artificial intelligence would be to find simple 
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algorithms for calculating non-integer derivatives and fractional integrals directly from relations (27) 
and (47). In this regard, the task of calculating and visually interpreting the derivative to a complex 
power by relation (27) or the integral to a complex power by relation (47) is also not so acute, but 
quite relevant. 

7. Conclusion 

This paper considers new tasks for artificial intelligence tools on the example of derivation and 
integration in a complex degree. The mathematical definition for these operations in the form (27) 
and (47) was first introduced through the direct and inverse Laplace transforms. For the practical 
application of these relationships and the visual interpretation of these operations for the purpose of 
understanding at the engineering level, it is desirable to use artificial intelligence tools that exceed 
the capabilities of traditional mathematical computing packages. From the standpoint of the further 
development of this direction, one can indicate an interesting approach in terms of the use of 
hypercomplex numbers. As is known, hypercomplex numbers are called a special form of complex 
numbers, where there are generally four terms, one of which is the real part of the number, and the 
other three are imaginary components. It is reliably known that hypercomplex numbers can be 
successfully used for signal processing [36], for solving problems of managing multichannel objects 
[37], and for using fuzzy logic [38]. All this is an indispensable mathematical apparatus for heuristic 
methods used in artificial intelligence. Consideration of the possibility of derivation and integration 
to a degree, which is expressed by a hypercomplex number, will expand the tools of this 
mathematical apparatus. The application of Laplace transformations in the space of hypercomplex 
numbers should have its own extension, respectively, the simple use of relations (27) and (47) will 
probably not give the required result, however, these relations can be taken as the basis for further 
reasoning.  
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