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Article

Black Hole Microstates and Entropy

Swapnil K Singh

Centre For Cosmology and Science Popularization (CCSP), SGT University, India; swapnilsingh.ph@gmail.com

Abstract: The black hole entropy problem, often framed through the semi-classical relation between
horizon area and entropy, challenges the consistency of quantum gravity and thermodynamic
principles. Within the framework of string theory, Fuzzball solutions offer a nontrivial resolution by
positing that black holes are ensembles of horizonless microstates, whose degeneracy matches
the leading-order entropy scaling predicted by S ∼ A. This paper conducts a comparative
analysis of Fuzzball microstate geometries against other competing proposals, such as holographic
dualities, where SCFT asymptotically approaches black hole entropy and approaches derived from
loop quantum gravity, which quantize spacetime at the Planck scale. Recent advancements in
the moduli space of supersymmetric and near-extremal Fuzzball solutions have pushed forward
our understanding of microstate counting, though extending these solutions to nonextremal
configurations remains a formidable challenge. Moreover, the emergence of Hawking radiation as a
coherent quantum process, while preserving unitarity, raises new questions about the completeness
of the Fuzzball paradigm in resolving the information paradox. In this work, we explore the
complex interplay between gravitational entropy, quantum information, and the non-local structure
of spacetime, ultimately confronting the limitations and future directions of Fuzzball theory in
addressing the full range of gravitational entropy phenomena.

Keywords: black hole entropy; fuzzball solutions; quantum gravity; holographic dualities; microstate
counting; hawking radiation

1. Introduction

The entropy of black holes remains one of the most fundamental and unresolved issues in
theoretical physics. This problem is at the intersection of quantum mechanics and general relativity,
two pillars of modern physics that remain incompatible under extreme conditions, such as near the
event horizon of a black hole. The pioneering work by Bekenstein [1,2] and Hawking [3,4] quantified
black hole entropy as:

SBH =
kB A
4ℓ2

P
, (1.1)

where A = 16πG2M2 is the surface area of the black hole, ℓP is the Planck length, G is the gravitational
constant, and M is the mass of the black hole. This equation, often termed the Bekenstein-Hawking
entropy, suggests that black holes have a large number of microstates, quantified as exp (SBH). This
quantum microstructure poses significant challenges, as it suggests that black holes are far from the
classical no-hair theorem [5], which states that black holes can be fully described by mass, charge, and
angular momentum.

Compounding this issue is the black hole information paradox, which arises from Hawking
radiation [3], modeled as thermal radiation at the Hawking temperature:

TH =
h̄c3

8πGMkB
. (1.2)

This radiation suggests that black holes lose mass and eventually evaporate, leaving behind no trace
of the information that was initially absorbed. The potential violation of the unitary evolution of
quantum states in such a scenario leads to a direct conflict with quantum mechanics [6,7]. The paradox
has driven extensive work in string theory [8,9], where the AdS/CFT correspondence proposes that
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black hole dynamics can be encoded in a conformal field theory at the boundary of anti-de Sitter (AdS)
space. Specifically, the entropy of extremal black holes has been described by the relation:

SBH = 2π
√

N1N2N3 − J2, (1.3)

where:

• N1, N2, and N3 correspond to the brane charges or quantum numbers.
• J is the angular momentum of the black hole.

This formula applies to rotating black holes, where the angular momentum J reduces the available
entropy. If there is no angular momentum, J = 0, the formula simplifies to the one you’ve provided.

This expression comes from the microscopic string theory description of black holes and provides
a way to count the number of microstates that give rise to the macroscopic entropy observed in classical
black holes, thereby providing a bridge between quantum theory and gravity [7].

More recently, Fuzzball theory [10,11] has emerged as a leading contender to resolve the
information paradox. According to this theory, the singularity at the black hole’s core is replaced
by a quantum superposition of states, or "fuzzballs," with each fuzzball corresponding to a specific
microstate of the black hole. The metric inside the fuzzball is highly non-trivial and has significant
implications for quantum field theory on curved spacetime. The entropy of such states can be calculated
through the formula:

Sfuzzball = log

(
∑

i
Ωi

)
, (1.4)

where Ωi represents the degeneracy of microstates within the fuzzball structure [12].
Despite the appeal of Fuzzball theory, competing models, such as the firewall hypothesis [13] and

approaches based on holographic entanglement entropy [14,15], offer different mechanisms to resolve
the paradox. For instance, the Ryu-Takayanagi formula for entanglement entropy, which links the
geometry of AdS space to quantum entanglement, is expressed as:

SEE =
Amin

4GN
, (1.5)

where Amin represents the minimal surface area in AdS space. Recent work on quantum extremal
surfaces [16] and wormhole dynamics [17] has added further complexity to the landscape, proposing
novel ways in which information may be preserved in the bulk of spacetime.

This paper aims to explore these diverse approaches, focusing on a comparative analysis between
Fuzzball theory, the firewall hypothesis, and holographic models. The study seeks to provide a
mathematically rigorous examination of how these theories address the core issue of information
preservation and the ultimate resolution of the black hole information paradox.

2. Hawking Radiation and Black Hole Thermodynamics

The phenomenon of Hawking radiation has led to groundbreaking developments in black hole
thermodynamics [1,3,18], linking quantum field theory and general relativity in unprecedented ways
[19]. Hawking’s discovery showed that black holes emit thermal radiation with a characteristic
temperature due to quantum effects near the event horizon, leading to the formulation of the Hawking
temperature TH [3]:

TH =
h̄c3

8πGMkB
where M is the black hole mass.

The Figure 1 illustrates the relationship between Hawking temperature and black hole mass,
showing the effects of different black hole types and their evaporation times.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 October 2024 doi:10.20944/preprints202410.0368.v1

https://doi.org/10.20944/preprints202410.0368.v1


3 of 12

Figure 1. Hawking Temperature vs. Black Hole Mass, highlighting different regions of black hole types
and evaporation times.

The entropy of a black hole, given by the famous Bekenstein-Hawking formula [1,20,21], reveals
that the entropy S is proportional to the surface area A of the event horizon:

S =
kB A
4ℓ2

P
=

kBc3 A
4Gh̄

,

where ℓP =
√

h̄G
c3 is the Planck length, a fundamental constant in quantum gravity [18,22,23].

2.1. Hawking Temperature and Black Hole Evaporation

One of the most intriguing aspects of Hawking radiation is its inverse relationship between
temperature and black hole mass. For a stellar-mass black hole, the temperature is minuscule [3], but
for primordial black holes, the temperature rises dramatically as the mass decreases [24]:

TH ≈ 1.227 × 1023 K
M/M⊙

for M ∼ M⊙,

where M⊙ is the solar mass. Such black holes lose mass over time due to Hawking radiation, with
the rate of mass loss given by [3,22]:

dM
dt

= − αh̄c4

G2M2 ,

where α is a constant dependent on the degrees of freedom of the emitted particles [21,24]. The
black hole’s evaporation time is then derived by integrating the above equation [20]:

tevap =
5120πG2M3

h̄c4 =

(
M

M⊙

)3
× 1064 years.

This implies that stellar-mass black holes have evaporation times vastly exceeding the current
age of the universe [24], whereas smaller primordial black holes with masses around 1015 g may have
already evaporated [25].
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2.2. Implications for Primordial Black Holes

Primordial black holes (PBHs) offer a fascinating glimpse into the early universe and could
potentially serve as dark-matter candidates [24–28]. For PBHs with masses below 1012 kg, the Hawking
temperature exceeds the cosmic microwave background temperature (CMB) TCMB ≈ 2.725 K [20,22]:

TH > TCMB for M ≲ 1022kg.

This suggests that such black holes would emit significant radiation today [29], and their detection
could provide insights into quantum gravity and early universe conditions [23,26].

2.3. Evaporation Timescales across Mass Ranges

The evaporation time of a black hole, tevap, scales with the cube of the black hole mass, making
smaller black holes evaporate much more quickly than their larger counterparts [22]:

tevap ≈ 2.098 × 1067 years for M ∼ M⊙.

However, for primordial black holes, evaporation can occur on a much shorter timescale [24,25].
For instance, PBHs with mass M ∼ 1015 g are expected to have an evaporation time close to the current
age of the universe [29].

3. Comparative Analysis

The AdS/CFT correspondence has been instrumental in addressing the black hole information
paradox by invoking holographic dualities. In this framework, the gravitational dynamics in an
asymptotically Anti-de Sitter (AdS) spacetime in d + 1 dimensions is mapped to a conformal field
theory (CFT) in d dimensions [30–32]. More specifically, the black hole microstates are encoded in the
boundary CFT as high-energy states. The entropy SBH of the black hole can be holographically related
to the entanglement entropy SEE of the dual CFT, using the Ryu-Takayanagi formula [14],

SEE =
Area(γA)

4GN
,

where γA is the extremal surface in the bulk homologous to the boundary region A, and GN is Newton’s
constant. This formulation, however, is enhanced by the quantum extremal surface prescription [33,34],
where the generalized entropy is given by

Sgen =
Area(γ)

4GN
+ Sout.

Here Sout is the von Neumann entropy of the quantum fields outside the surface γ, thereby refining
our understanding of black hole entropy in a quantum regime [15,35]. This formulation resolves the
black hole information paradox by embedding it in a dual field theory, preserving the unitarity of
quantum mechanics [36,37].

In contrast, Loop Quantum Gravity (LQG) offers a non-holographic, fundamentally different
approach to black hole microstates. LQG quantizes spacetime itself, leading to a discrete spectrum
for the area operator. The black hole entropy in LQG can be derived from counting the microstates
associated with the punctures of spin networks on the event horizon [38,39]. The entropy formula in
LQG is given by

SBH =
kB lnN (A, γ)

βBI
,

where N (A, γ) is the number of microstates consistent with a horizon area A, and βBI is the
Barbero-Immirzi parameter [40,41]. Unlike AdS/CFT, which relies on boundary CFT dynamics,
LQG tackles the entropy problem through the intrinsic quantization of geometry, suggesting that
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spacetime at the Planck scale is granular [42,43]. However, LQG’s explanation does not address
information retrieval mechanisms as effectively as AdS/CFT or Fuzzball theory [44,45].

One of the most pressing challenges in modern quantum gravity is the firewall paradox, which
proposes that the smooth event horizon assumed by classical general relativity may be disrupted
by quantum effects [13]. Almheiri, Marolf, Polchinski, and Sully (AMPS) suggest that quantum
entanglement between Hawking radiation and infalling matter leads to a violation of the equivalence
principle, forcing the creation of a high-energy "firewall" at the event horizon [46,47]. This proposition
stands in stark contrast to Fuzzball theory, which replaces the entire concept of a singular horizon with
a configuration of horizonless quantum states [10,48].

Fuzzball theory, rooted in string theory, posits that black holes are extended horizonless objects
that are composed of quantum microstates, each microstate corresponding to a particular solution of
the string equations [49,50]. The black hole entropy, SBH, can thus be understood as the logarithm of
the number of distinct fuzzball configurations,

SBH = kB ln ΩFuzz(A),

where ΩFuzz(A) represents the number of microstate configurations with horizon area A. This is
a non-singular solution to the black hole information paradox, bypassing the need for firewalls
or singularities [51,52]. Moreover, Fuzzball theory inherently preserves unitarity, maintaining the
equivalence principle while providing a non-holographic, string-theoretic resolution to black hole
information loss [12].

When comparing these frameworks (see Table 1), several key distinctions emerge. First, AdS/CFT
maintains the classical notion of a black hole event horizon in the bulk, relying on holographic dualities
to resolve the paradox, while LQG, through its quantization of spacetime, implies a granular structure
at the horizon [53,54]. Fuzzball theory, on the other hand, completely eliminates the event horizon,
replacing it with horizonless quantum geometries that extend through the entire black hole [55,56].
Additionally, while the firewall paradox proposes a radical violation of general relativity’s predictions,
Fuzzball theory preserves both the equivalence principle and unitarity without resorting to such
extremes [57–59].
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Table 1. Comparative Analysis of AdS/CFT, Loop Quantum Gravity (LQG), and Fuzzball Theory

Aspect AdS/CFT Loop Quantum Gravity
(LQG)

Fuzzball Theory

Framework Holographic duality
between Anti-de Sitter (AdS)
spacetime and Conformal
Field Theory (CFT)

Canonical quantization of
spacetime via spin networks
and spin foams

Microstate geometries in
string theory, replacing
classical black hole horizons
with horizonless fuzzball
states

Black Hole
Microstates

Encoded in the boundary
CFT as high-energy
eigenstates of the
Hamiltonian

Derived from the punctures
of spin networks on the event
horizon, described by the
Ashtekar variables

Composed of distinct
fuzzball configurations, each
representing a different
microstate of the black hole

Entropy Formula SEE = Area(γA)
4GN

, where γA is
the Ryu-Takayanagi surface

SBH = kB lnN (A,γ)
βBI

, where
N (A, γ) is the number of
spin network states

SBH = kB ln ΩFuzz(A),
where ΩFuzz(A) is the
number of fuzzball
microstates

Key Concepts Entanglement entropy,
Ryu-Takayanagi formula,
quantum extremal surfaces,
holographic renormalization
group flows

Discrete spectrum for the
area operator, intrinsic
quantization of geometric
operators, spin foam models,
Ashtekar-Barbero variables

Horizonless objects,
quantum microstates,
preservation of unitarity,
D-brane configurations,
stringy geometries

Event Horizon Maintains a classical event
horizon in the bulk AdS
spacetime, described by
the Bekenstein-Hawking
entropy formula

Implies a granular structure
at the horizon, with quantum
discreteness at the Planck
scale

Eliminates the classical event
horizon, replacing it with a
quantum fuzzball structure,
avoiding singularities

Information Paradox Resolved via holographic
duality, preserving
unitarity and providing
a non-perturbative definition
of quantum gravity

Partially addresses the
paradox through quantum
geometry, but lacks a
complete mechanism for
information retrieval

Provides a non-singular
solution, bypassing the need
for firewalls or singularities,
and preserving information
through fuzzball microstates

Mathematical
Structure

Conformal field theory,
holographic renormalization,
AdS/CFT correspondence,
Maldacena conjecture

Spin networks, loop
quantization of geometric
operators, Ashtekar
variables, Thiemann’s
Hamiltonian constraint

String theory, D-brane
configurations, fuzzball
conjecture, microstate
geometries, AdS/CFT
duality in the context of
fuzzballs

In terms of mathematical structure, AdS/CFT is dominated by conformal field theory and
holographic renormalization, LQG relies on spin networks and the loop quantization of geometric
operators, and Fuzzball theory employs the complex machinery of string theory and D-brane
configurations. Each approach provides a distinct perspective on the microstructure of black holes,
and future research may yet uncover deeper connections between these frameworks, leading to a
unified theory of quantum gravity [15,35].

4. Recent Developments in Fuzzball Theory

Recent advancements in Fuzzball theory have substantially enhanced our comprehension of black
hole microstates and their geometrical structures, reinforcing its role as a leading candidate in resolving
the black hole information paradox. This section highlights key advances in microstate counting and
geometric structure, showcasing the significant mathematical and theoretical progress made.

One of the pivotal advancements involves refined methods for counting black hole microstates.
Early foundational contributions by Mathur and Lunin [10,11] proposed that black hole microstates
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can be described as a collection of fuzzballs. The entropy SBH of such fuzzballs, under the assumption
of a microcanonical ensemble, is given by:

SBH =
Ahorizon

4ℓ2
P

(
1 +

δ√
N

)
, (4.1)

where Ahorizon is the area of the black hole horizon, ℓP is the Planck length, N represents the number
of microstates, and δ captures stringy corrections. Recent work by Chatterjee et al. [60] has employed
advanced techniques from string theory and the AdS/CFT correspondence to achieve a more precise
enumeration of these microstates. Using complex computational frameworks and duality insights,
their refined entropy calculations align more closely with astrophysical observations. The refined
entropy expression becomes:

SBH =
Ahorizon

4ℓ2
P

1 +
O(e−

S0
2 )√

N

 , (4.2)

where S0 denotes the classical Bekenstein-Hawking entropy, and O(e−
S0
2 ) represents higher-order

corrections [51,52].
Currently, significant progress has been made in understanding the geometrical properties of

fuzzballs. Saha and Mathur [61] employed sophisticated geometric techniques, such as those derived
from higher-dimensional general relativity and string theory, to explore fuzzball geometries. They
investigated the modified Schwarzschild metric for fuzzballs, represented as:

ds2 =−
(

1 − 2GM
r

)(
1 +

α

r2

)
dt2

+
dr2(

1 − 2GM
r

) (
1 + α

r2

)
+ r2dΩ2.

(4.3)

where α accounts for the contributions of microstate effects [50,52]. This formulation includes that the
classical singularity is replaced by a complex structure extending up to the horizon, further validating
the fuzzball hypothesis.

Furthermore, the incorporation of recent insights from quantum extremal surfaces has been
crucial. The entanglement entropy Sent in the context of fuzzballs can be expressed as:

Sent =
AQES

4ℓ2
P

1 +
d√
N

+
O(e−

S0
2 )√

N

 , (4.4)

where AQES is the area of the quantum extremal surface, d is a constant capturing quantum corrections,

and the additional term O(e−
S0
2 ) represents further refinements from holographic theories [16,34].

These advancements underscore the distinctions between Fuzzball theory and other approaches,
such as the firewall hypothesis [36,37] and black hole complementarity [62]. While these alternative
frameworks offer differing perspectives, the detailed microstate counting and sophisticated geometrical
models presented by Fuzzball theory offer a compelling resolution to the black hole information
paradox. Recent developments further solidify the role of Fuzzball theory in the resolution of critical
issues related to black hole entropy and information loss [49–51].

Moreover, the integration of findings from quantum extremal surfaces [16,34] and holographic
theories [14,63] accentuates Fuzzball theory’s potential. These advances collectively contribute to a
comprehensive understanding of black hole physics and quantum gravity, reinforcing Fuzzball theory
as a prominent framework for resolving the black hole information paradox [42–45].
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5. Challenges and Open Questions

Recent advancements in Fuzzball theory have substantially advanced our understanding of black
hole microstates and their geometrical structures. However, several groundbreaking challenges and
open questions remain. This section highlights the primary obstacles in extending Fuzzball theory
and its capacity to address Hawking radiation, while also introducing novel subsections that explore
emerging and less conventional aspects of the theory.

5.1. Extension to Non-Extremal Black Holes

One significant challenge in extending Fuzzball theory involves applying it to non-extremal
black holes. While the fuzzball model successfully describes extremal black holes, extending it to
non-extremal cases requires addressing complex modifications. The Schwarzschild metric for a
non-extremal black hole is given by:

ds2 =−
(

1 − 2GM
r

)
dt2

+

(
1 − 2GM

r

)−1
dr2

+ r2dθ2

+ r2 sin2 θ dϕ2.

(5.1)

where G is the gravitational constant and M is the mass [64,65]. Extending the fuzzball model to
incorporate non-extremal cases involves integrating advanced techniques from string theory, including
higher-dimensional generalizations [27,66,67], and incorporating non-trivial gravitational backgrounds
[68,69]. Reconciling these extended models with observational constraints and quantum corrections
remains a significant challenge [70,71].

5.2. Hawking Radiation in Fuzzball Theory

Integrating Hawking radiation within the Fuzzball framework is another challenge. Hawking’s
theory predicts black hole evaporation via quantum effects near the event horizon, given by:

dE
dt

=
h̄c6

15360πG2M2

(
1 +O

(
MP
M

)2
)

, (5.2)

where MP is the Planck mass [3,72,73]. To align this with the Fuzzball model, modifications to the
radiation spectrum are necessary. Recent approaches involve deriving quantum corrections from the
fuzzball’s internal structure and exploring non-thermal radiation spectra [49,50,74]. This integration
underscores the need for a unified description that incorporates both the fuzzball’s quantum nature
and the observed thermal characteristics [47,58].
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5.3. Higher-Dimensional Fuzzball Models

An innovative direction involves extending Fuzzball theory to higher dimensions. In
higher-dimensional scenarios, black holes exhibit complex internal structures and thermodynamic
properties that differ from four-dimensional cases. The metric for a D-dimensional black hole is:

ds2 =−
(

1 − 2GM
ρD−3

)
dt2

− 4GJ sin2 θ

ρD−3 dtdϕ

+
ρD−2

∆
dr2

+ ρD−2dθ2

+

(
r2 + a2) sin2 θ

ρD−3 dϕ2.

(5.3)

where ρ2 = r2 + a2 cos2 θ and ∆ = r2 − 2GMr + a2 [75,76]. Research in this area could reveal new
insights into fuzzball geometries and entropy calculations, potentially providing a better understanding
of the gravitational and quantum aspects of higher-dimensional black holes [70,77].

5.4. Non-Equilibrium Thermodynamics and Fuzzballs

Exploring non-equilibrium thermodynamics within Fuzzball theory offers another
groundbreaking avenue. Traditional black hole thermodynamics assumes equilibrium states,
but fuzzball theory suggests that black holes might be in dynamic, non-equilibrium states due to their
complex microstructures. The non-equilibrium entropy can be expressed as:

Snon−eq = kB log
(

1
Z

∫
Dϕ e−βH(ϕ)

)
, (5.4)

where Z is the partition function and H(ϕ) is the Hamiltonian [49,78]. This approach could provide
new insights into the entropy dynamics of fuzzballs and their interaction with the surrounding
environment [74,79].

5.5. Fuzzball Dynamics and Quantum Extremal Surfaces

Recent studies on quantum extremal surfaces offer novel perspectives on fuzzball structures.
Quantum extremal surfaces, introduced to address entanglement entropy in holographic theories,
might provide a new framework for understanding fuzzball geometries. The modified entanglement
entropy formula is given by:

Sext =
Aext

4GN
+ quantum corrections, (5.5)

where Aext is the area of the extremal surface and GN is the Newtonian constant [16,34]. Integrating
these ideas into the fuzzball model could offer a comprehensive understanding of black hole entropy
and information paradox [14,63].

These groundbreaking areas of research underscore the ongoing evolution and complexity of
Fuzzball theory. Addressing these challenges will be crucial for advancing our understanding of black
hole physics and quantum gravity.

6. Conclusions

In this paper, we explored the evolving landscape of black hole theory, with a focus on
Fuzzball theory and its comparative analysis with other frameworks. We highlighted how AdS/CFT
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correspondence provides a holographic solution to black hole entropy by relating black hole microstates
to conformal field theories on the boundary [14,30]. Loop Quantum Gravity (LQG) presents an
alternative by proposing a discrete quantum structure of spacetime that modifies the classical view of
black hole microstates [40,44]. The firewall paradox, contrasting with Fuzzball theory, challenges the
smooth horizon assumption, suggesting potential breakdowns at the event horizon [36,37].

Recent advancements in Fuzzball theory, including refined microstate counting [60] and new
insights into fuzzball geometries [61], bolster its position as a leading solution to the black hole
information paradox. However, significant challenges remain, particularly in extending Fuzzball theory
to non-extremal black holes [74,79] and fully explaining Hawking radiation within this framework
[72,73]. Addressing these unresolved questions is crucial for advancing our understanding of quantum
gravity. Future research should focus on further theoretical refinements and potential experimental
validations to comprehensively address these issues [75,76].
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