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Abstract: A new family of inequality indices based on the deviation between the expected maximum and
the expected minimum of random samples, called the nth Gini index is presented. These indices generalize
the Gini index. At the same time, this family of indices and the S-Gini index are generalised by proposing
the uv—Gini index, which turns out to be a convex combination of the S-Gini index and the Lorenz family of
inequality measures. This family of Gini indices provides a methodology for achieving perfect equality in a given
distribution of incomes. This is achieved through a series of successive and equal increases in the incomes of

each individual.
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1. Introduction

The Gini index [1,2] is one of the principal inequality measures. It could be argued that it is
the most well-known and widely accepted quantitative gauge in the field of economics and social
sciences, used with the aim of quantifying income and wealth inequality [3—6]. A significant form of
injustice is the unequal access to economic resources [7]. In this context, Gini coefficients are used
as a primary summary measure of inequality by many government agencies and policy makers [8].
More generally, the Gini index is a quantitative measure of statistical evenness in the contex of non-
negative datasets with positive means [9-13]. The Gini coefficient has been employed in a multitude
of disciplines beyond its traditional applications in socioeconomics, where it is used to quantify
inequality in wealth distributions. Its use has expanded to encompass a diverse range of scientific fields,
including gender parity, access to education and health services, and environmental regulations [14].
The extant literature illustrates the extensive range of applications, with recent examples including:
agriculture [15], anthropology [16], astrophysics [17], biomedical engineering [18], computational
chemistry [19], criminology [20], ecology [21,22], econophysics [23], environmental sciences [24],
epidemiology and public health [25,26] finance [27,28], geosciences and remote sensing [29], materials
science and surface engineering [30], medical chemistry [31], molecular biology and genetics [32],
population biology [33], sustainability science [34], and transportation [35].

Eliazar and Sokolov [36] presents an impressive toolbox of quantitative measures of societal
egalitarianism. There is a plethora of inequality measures [37], and Charles et al. [38] points out that
only two, the Gini index and Theil [39], satisfy the five most sought-after characteristics or properties,
including the well-known transfer principle [40], the Gini index being more sensitive to income
transfers towards the middle of the distribution [41]. In addition, the Gini index satisfies other essential
conditions often imposed on any good poverty index [42].

The attractiveness of the Gini index often relies on the fact that it has an intuitive geometric
interpretation, that is, it can be defined geometrically as the area between the line of perfect equality
(the 45-degree line in the unit box) and the Lorenz curve multiplied by two. The Gini index is also
interpreted in the context of interpersonal comparisons as the average gain to be expected, expressed
as a proportion of the average level of income, if each member of the population is allowed to have the
best income of either their own income or the income of another member of the population drawn
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at random [43]. Furthermore, this index is an important component of the Sen index of poverty
intensity [44].

Regarding the computability of the Gini index, it has received some criticism: in Osberg [45] it
is determined mathematically as the average of the absolute value of the relative mean difference in
income between all possible pairs of individuals, in Liao [46] it is obtained directly from the Lorenz
curve, Furman et al. [47] propose an alternative expression and interpretation of the Gini index based
on the concept of a size-biased distribution, in [48] eight possible formulations of the Gini index are
presented.

A profound connection between the Gini index and extreme value statistics is presented in [49].
The recent review by Eliazar [50] of the Gini coefficient as an elegant mathematical object sheds light
on the Gini coefficient from a multitude of perspectives, culminating in a profound comprehension of
the Gini coefficient that may potentially give rise to innovative applications in the realms of science
and engineering. Multivariate extensions of the Gini index can be found in Lunettal972 [51] and
Taguchi [52], who proposed a two-dimensional version, while Koshevoy and Mosler [53], Arnold [54]
and Grothe et al. [55] extended it to more dimensions.

There are generally two different approaches to the analysis of the theoretical results of the
Gini index: one is based on discrete distributions; the other on continuous distributions. These two
approaches can be unified [56,57], but for certain purposes the continuous formulation, which is the
one that will be followed in this paper, is more convenient, since it yields insights that are not easily
accessible when the considered random variable is discrete [58].

One of the major drawbacks of using the Gini index is that two distributions that behave differently
in terms of their concentration (for example, through their Lorenz curves) can have the same value
of this index. An illustrative example can be seen in Figure 1, which shows the Lorenz curves of two
distributions, which will be revisited in Examples 3.5 and 3.6, that have the same Gini index. In these
types of situations it is not possible to declare which distribution has a greater concentration using the
Gini index, neither is it possible using the Lorenz curve, since neither dominates the other, but they do
intersect. This problem has already been addressed in the literature on stochastic dominance [59] and
inverse stochastic dominance [60]. Furthermore, the use of the square of the coefficient of variation
is proposed in Gonzalez-Abril et al. [61], since it can be considered as an inequality measure similar
to the Gini index. Liu and Gastwirth [8] mention that it is unrealistic to expect a single measure to

describe the behaviour of an entire distribution with respect to inequality.

A whole family of inequality indices, called the nth Gini index, is proposed in this paper to
overcome this situation, as opposed to the approach of combining the Gini index with another
measure, as for example in Foster and Wolfson [62].
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Figure 1. Lorenz curves of two distributions that have the same Gini index. The dashed line corresponds
to a Singh-Maddala model and the dotted line to a Pareto model.
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The rest of the paper is organized as follows. The Gini index is studied in Section 2. The
generalizations of the Gini index are given in Section 3. Conclusions are drawn in the final section.

2. The Gini Index

Let X > 0 be a non-negative random variable with cumulative distribution function (cdf) F(x)
and probability density function f(x), where y = E[X] > 0 exists.

One of the most widely used definitions of the Gini index of the random variable X is [63]

E[|X1 — Xo]]

16(x) = ==

where Xj, X, are independent and identically distributed random variables with the same distribution
as X. E[| X1 — X3]] is the mean difference and is denoted as A (that is, the Gini index is the relative
mean difference). Nevertheless, | X7 — Xo| = max{ Xy, X} — min{X;, X} and hence

E[max{Xj, Xp} —min{X;, Xp}] 1

IG(X) =
(X) 2 y

| - P M

This result, which is also obtained in Section 3, was first given in Yitzhaki [64] when support(X) 2
{x/ f(x) >0} = (a,b) with —c0o < a < b < +o0.

This formulation is useful whenever the interpretation of the Gini index is related to extreme
value theory, since it is established in terms of the difference between the maximum and the minimum
(the most extreme values) of a random sample (see Yitzhaki and Schechtman [65] for more details).

The Gini index admits many other formulations and interpretations. By way of example, it is
expressed below as an expected value of a transformation of X and also as the covariance between two
transformations of X.

Given a non-negative random variable X, the transformation Q*(X) = % [x (1 —F(t))dt is
considered, and its expected value is given by

BQ ) = o [T [T a—renar) s

= (by integration by parts, u = /00(1 — F(¢))dt and dov = f(x)dx)
1
= 2([rw [Ca-rana) + [Trwa - Feo)
= IG(X).
Note that E[ [ (1 — fooo F(x)(1 — F(x))dx. A better-known equality is IG(X) = E[1 —

2Q(X)], where Q(x fo tf

Let us examine another formulation of the Gini index. By integration by parts [66], with u =
F(x)(1—F(x)) and dv = dx,

/0°° F(x)(1 - F(x))dx = [xF(x)(1 +2/ f(x)dx

and since limy e x(1 — F(x)) = 0 and [;° x(F(x) — Df(x)dx = cov(X,F(X)), due to u < oo and

Hr(x) = %, then
1G(X) = 2cov(X, F(X)) = coo| X, FX) )
" HX HE(X)

Hx
to obtain a well-known inequality between the Gini index and Pearson’s variation coefficient, denoted

Therefore, the Gini index is the covariance between % and (( )> Furthermore, this result can be used

d0i:10.20944/preprints202410.0088.v1
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by CV(X). From the equality var(F(X)) = {5 it follows that cov?(X, F(X)) < var(X) var(F(X)) =
var(X) and, therefore

4 var(X)
B =)

On the other hand, if the linear regression between the variables X and F(X) is considered, that
is X = a + bF(X), then the regression coefficient b is b = 6uIG(X). This expression allows the Gini

index to be easily obtained by employing any software to carry out the linear regression between the
variables X and F(X).

IG(X) <

3. The nth Gini Index

Let X3, Xp, - - - , X, be independent and identically distributed (iid) random variables with the
same distribution as X. If the transformations given by U, = max{Xj, Xp,---,X,} and V;, =
min{Xy, Xp, - -+, X} are considered, then their cdf’s are: Fy, (1) = F(u)" and Fy,(v) = 1— (1 —
F(v))",and 0 < V;, < U, for each integer n. Hence,

0 < E[V,] < E[U,] = /Oooan(x)"’lf(x)dx < n/ooo X (x)dx =

that is, E[U,] and E [Vi] exist, and therefore E [U V| exists for any n.
By using E[X] = [;7(1 — F(x))dx, then E[U,] = [;~(1— "dx and E[V,)] = [ (1 — F(x))"dx.
Thus, for any mteger

E[Uy — Vi = /000(1 — F(x)" — (1 — F(x))")dx.

Let us denote a, = E[U, — V;] and study the sequence {a, }.
Clearly, this sequence is non-negative and non-decreasing since E[U,,11] > E[U,] and E[V,11] <
E[Vy]. Furthermore, E[U, — V,,] < 5A = ZE[U, — V;] as can be seen in the following result.

Proposition 3.1. Let Xy, Xp, - - - , Xy be iid with cdf F(x), then
E[Uy, — Vy] <1 /Ooo F(x)(1 — F(x))dx, forn > 2 @)
and if n = 2 or 3, then the equality holds.
Proof : Let us find a bound of a,, by induction:
Forn=2:a, = [;(1—F(x)? — (1—F(x))?)dx =2 [, F(x)(1 — F(x))dx

Forn=3:a3 = [;°(1—F(x)*>— (1 —F(x))*)dx =3 [;° F(x)(1 - F(x))dx
Forn+1(n > 3):

ta—an = [ (PG P (1= F@) = (1= F(x)"™ )

(F(x)"(1 = F(x)) + (1 = F(x))"(1 = (1 = F(x)))dx

F(x)(1 = F(x))(F(x)" ! + (1 = F(x))"" !)dx

IN

F(x)(1— F(x))dx

since 0 < (x + (1 —x)") < (x+(1—x))" = 1when0 < x < 1 for each integer n. Therefore

app1 < an+ [y F(x)(1 — F(x))dx, and by induction a,,11 < a + (n — 1) [;° F(x)(1 — F(x))dx, and
the proof is complete |
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Note that the inequality (2) is also true if n = 1 since U; = V; and therefore
[ee]
0=a </ ))dx</ (1— F(x))dx = u 3)
0
Another important result which must also be borne in mind is presented.
Proposition 3.2. Let X be a non-negative random variable with y > 0. The sequence {%E[Un — Vn]} s is
n=

non-increasing and tends towards zero.

Proof: From Proposition 3.1:

fyi1 = n —/ )" (1= F(x)) + (1 = F(x))"(1 = (1 = F(x)))dx

On the other hand:
IT=(x+1—x)"T =" L (n+1)x"(1—x) +R(x) + (n+1x(1 —x)" + (1 — x)"*!

where R(x) > 0if 0 < x < 1and n > 3, and hence

?(1—x)+x(1—x)" <

o (1 _ xn+1 _ (1 _ x)n+1)

Therefore:

1 (o)
Apt1 — Ap < 71/ (1—1:(3‘)”“—(1—1:( ))n+1)dx— Ap1

1
+1

which implies that %Ha”+1 < an and therefore { } is non-increasing. In fact, if V,, 11 = Xaq) <

X2) " < X(n) < X(ny1) = Up1 are the order statistics, then it is easy to prove that [UJZF] E[,lzl”] —
ElVou] _ E[Va n no—

T EX ), St = - S E[X (), and hence St — 2 = S (E[X )] [X<z>]) <0.

On the other hand, as {”7“} is non-increasing and 0 < a,, for all n, then ¢ = lim;, s 7" exists.

Let us see that g = 0:
If support(X) 2 {x/ f(x) > 0} C [0,b] where b is a constant then a, < b, and therefore 0 < 2 <
b 0ifn — co.

If support(X) = (0,00) then 0 < F(x) < 1 for all x. Hence:

< Elt] _ /OooxF(x)”_lf(x)dx

o<
n n

and by taking the limit when 7 tends towards oo, and since the integral is positive then:

lim 2 < lim Ooxl—“(x)”_1 f(x)dx = /Oooxf(x)(lim F(x)"_1>dx =0

n—oo 11 n—oo Jo n—o0

and the proof is complete. u
A family of indices of X is defined from the properties of E[U, — V},] as follows:

Definition 3.3. Let X be a non-negative random variable with y > Q. For each integer n, the nth Gini index of

X is defined as follows:

1G,(X) = E[u’;;m forn > 2. (4)

Let us enumerate some properties of the nth Gini index:
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1. The nth Gini index exists for any non-negative random variable with y > 0. This property is of
major significance because if X is an income distribution with y > 0, then the nth Gini index can
always be calculated even if some of its conventional moments do not exist.

2. IG(X) = IGy(X) = IG3(X).

3. 0 < IGy(X) < 1forall n > 3 (from Proposition 3.1 and inequality (3)).

4. IG,(bX) = IG,(X) for any b > 0, that is, the nth Gini index is not affected by ratio-scale changes
of the X variable.

5. IGy(a+ X) = A= 1G,(X) if Y = a + X is a non-negative random variable (translation-scale

a+pu
changes). Therefore, transforming X into a2 + X with a2 > 0 diminishes the nth Gini index.

6. IG,(X) = %COU(X, Fu,(X) — Fy, (X)), that is, the nth Gini index is the covariance between X
and a transformation of X.
7. The sequence {IG,(X)}; 5 is non-increasing and lim,, e G, (X) = 0. (straightforward from

Proposition 3.2).

Proposition 3.4. Let X be a non-negative random variable with yu > 0. For each integer n, a value ry, exists
such that 1G,(X) = IG(ry + X).

Proof: Let § = IG,(X), and by taking into consideration that 0 < g < IG(X) (if g = 0 then
IG(X) = 0) then the following equation in terms of  is considered: IG,(X) = -£-IG(X), whose

r+u
solution is given by r, = y(IGgﬂ - l) > 0. Therefore, the Gini index of the random variable

Y =ry, + X is equal to IG,(X). [ |

The most important consequence of Proposition 3.4 is that the nth Gini index is a Gini index and
can be interpreted in this way.

One of major drawbacks when the Gini index is utilized, is the fact that there are non-negative
random variables X and Y such that IG(X) = IG(Y) and, therefore, it is not possible using the
Gini index to quantify which distribution is more unequal. To overcome this situation, the nth Gini
index can be calculated for several values of n. Let us consider an example based on two significant
parametric models for describing incomes, whose Lorenz curves can be seen in Figure 1.

Example 3.5. Let X ~ SM(q = 2,a = 1,b = 1) be a Singh-Maddala distribution with shape parameters q
and a, and scale parameter b. By using any calculus program, it can be calculated that

0 _ [2222 62 386 122 3238 3098 106762
G (X)}n=s = {3’3’35’ 105" 693" 231’ 6435'6435'230945} ©)
= {0.8,0.8,0.6286,0.5905,0.5570,0.5281,0.5032,0.4814,0.4622} (6)

On the other hand, let Y ~ Pa(k = %, n = 45) be a Pareto distribution with minimum value parameter k and
shape parameter w. It can be obtained that

(1G, ()Y, = 2 2 57 83 14701 2391 372893 45691 9402119 ”
" n=2"" 13’37 88" 132’ 24024’ 4004’ 638352’ 79794’ 16721276
= {0.8,0.8,0.6477,0.6288,0.6119,0.5972,0.5841,0.5726,0.5623} (8)

Note that IG(X) = IG(Y) and therefore these two distributions cannot be compared in relation to their
concentration using the Gini index, neither can their Lorenz curves be used for that purpose because, as shown
in Figure 1, there is no dominance relation, but they do intersect. Since 1G,(X) < I1G,(Y) for n > 4, then the
Pa(k = %,oc = 2) distribution can be considered to be more concentrated than the SM(q = 2,a = 1,b = 1)
distribution, despite having the same value for the Gini index.

d0i:10.20944/preprints202410.0088.v1
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It is easy to make two variables take the same Gini index by means of a positive shift of the variable
that has the greatest Gini index. Let X and Y be non-negative random variables with IG(X) > IG(Y).
As in Proposition 3.4, it is possible to find a value r* such that IG(r* 4+ X) = IG(Y). Therefore, the two
random variables 7* 4+ X and Y are similar from the point of view of their concentration. Note that no
particular supposition about the distribution has been made.

In Forcina and Giorgi [67] is pointed out that the political and economic debate on how to achieve
a more equal distribution of income and wealth was particularly lively at the beginning of the last
century. Proposition 3.2 provides us with a statistical way to attain perfect equality, that is, if no
economic nor any other kind of consideration is made, then the perfect equality of a distribution X is
attained by considering the shifted variables X,, = r,, + X such that IG(X,) = G, (X).

Example 3.6. Let X be a Singh-Maddala distribution SM(q = 2,a = 1,b = 1). The first values of G, (X) are
given in Example 3.5. Thus, the wvalues ry, such that IG(r, + X) = 1Gu(X) are
Ty = {32—3, %, %, %, %, %, 1760081053 } forn = 4,---,10. Therefore, perfect equality is achieved with the

; 2 70 406 770 6182 150150 14227070
sequence of random variables Xy = Xy—1 + bu, where by = {% 1023/ 5983 11773 98759 2507831 248061507}

forn =4,---,10. Hence, the initial concentration measured through the Gini index, which has a value equal
to IG3(X) = 2/3 ~ 0.67, is reduced to 1G1o(X) =~ 0.46 through the seven successive increases given by by,
which means a decrease of 31%.

3.1. The Extended Gini Index, the Lorenz Family and the uv-Gini Index

A similar generalization of the Gini index is given in Yitzhaki [68] and its development is given
in Yitzhaki and Schechtman [58] which is called extended Gini or S-Gini index in the mathematically
oriented literature. This family of indices, denoted by EG(X, v), is defined as

EG(X,0) = ;/Omu ~F(x) = (1= F(x))")dx 9

where! v > 1. Several authors suggest using the extended Gini index to characterize the distribu-
tion [69].

Hence, EG(X,v) =
Vol = f(1— F(x) = (1
EG(X,2) = IGy(X).

By following a similar expression of (9), a generalization of the nth Gini index is proposed by
considering two positive real numbers instead of an integer as in (4):

(E[X] — E[min{ Xy, Xp,- - , Xy }]) if v is an integer. Note that E[U, —
F(x))?)dx = 2 [;°(1 — F(x) — (1 — F(x))?)dx, and therefore, IG(X) =

| ==

Definition 3.7. Let X be a non-negative random variable with y > 0. For two positive real numbers u,v > 1,
the uv-Gini index of X is defined as follows:

I1G(X, u,0) = uly /000(1 CF)Y— (1—F(x)))dx,  foruo>1 (10)

This index is more general than the extended Gini since EG(X,v) = IG(X,1,0).

It is well-known from the economic literature that the basic condition for a measure of inequality
is that it should satisfy the Pigou-Dalton principle of transfers or eventually a similar normative
principle. We now show that the uv-Gini index satisfies this principle from rank-dependent inequality
measurements.

It is interesting to observe that the uv-Gini index is a linear combination of indices that belong
to two alternative families of rank-dependent measures of inequality. One of these families is the

1 The inequality index is negative if 0 < v < 1 is considered.
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generalized Gini family introduced by Kakwani [70], Donaldson and Weymark [71], and later by
Yitzhaki [68]. This family is defined by

G(X,v)=1- ;11/ (1—F(x))"dx, forv>1, (11)
0
and it is identical to expression (9).
The second family, the Lorenz family of inequality measures, was introduced in Aaberge [72] and
is defined by

D(X,u) = uly /O°°P(x)(1 CF(x)")dx,  foru>1. (12)
Hence, by inserting (11) and (12) into IG(X, u, v) (defined by (10)), it follows that
ulG(X,u,v) = (u—1)D(X,u—1)+ G(X,v), foru,v>1
and, therefore,
IG(X,u,0) = (1 — %)D(X,u 1)+ %G(X,v), foru,0 > 1. (13)

It follows directly from expression (13) that the #v-Gini index is a convex combination of G(x,v) and
D(X, u). Thus, since G(x,v) and D(X, u) satisfy the Pigou-Dalton principle of transfers, it follows from
(13) that IG(X, u, v) also satisfies the Pigou-Dalton principle of transfers. Furthermore, by observing
that G(x,v) and D(X, u) are (0,1)-normalized measures of inequality, it holds that IG(X, u,v) is also a
(0,1)-normalized measure, and takes its maximum value when one unit receives the total income and
its minimum value when all the units receive the same income.

3.2. The nth Gini Index in Terms of the Lorenz Curve

Taking into consideration that IG,(X) = IG(X, n,n), it follows that the nth Gini index verifies
the Pigou-Dalton principle of transfers and that this index assumes the maximum value in the case of
maximum concentration.

It is straightforward to write IG(X, n, n) in terms of the Lorenz curve from (13) and the Lorenz
curve expression of G(X,n) and D(X, n).

The Lorenz curve L(-) for X is defined by L(u) = % Jo xdF(x) forany 0 < u < 1, and it can be
observed in Yitzhaki [68] and Aaberge [72] that

G(X, n) :n(n—l)/ol(l—u)”’z(u—L(u))du, D(X,n) = (n+1)/01 WV — L(u))du,

therefore

IGy(X)=(n—-1) /1 (u"*z +(1- u)”fz) (u—L(u))du.

0
Hence, in order to be more operative since I1G,(X) = IG3(X) = IG(X), it can be defined

IGE(X) = (n+1) /Ol(u” b (1= )" (u—L(u))du, n=1,23, - (14)

It can be seen that the criterion of Lorenz-dominance, which recognizes the highest of the Lorenz
curves as preferable [73], is verified for the family IG;;(X) from (14). Nevertheless, due to fact that
the Lorenz curves may intersect, the criterion of Lorenz-dominance does not apply in many practical
situations. No single measure is able to retain all the features concerning inequality exhibited by the
Lorenz curve. For this reason, it is proposed that the first few nth indices IG;;(X) are obtained together
with other possible measures for the purpose of application.
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4. Conclusions

In this paper, a new family of inequality indices, the nth Gini index, is proposed and studied.
These indices are based on the deviation between the expected maximum and the expected minimum
of independent and identically distributed random samples. This family generalizes the Gini index.
At the same time, these indices and the S-Gini index are generalized by proposing the uv—Gini index,
which turns out to be a convex combination of the S-Gini index and the Lorenz family of inequality
measures, thereby verifying the principle of transfers. These new formulations can be useful whenever
the preferred interpretation is related to extreme value theory and the use of a few measures of this
family of Gini indices is proposed to obtain a summary of the basic information provided by the
Lorenz curve.

This family of Gini indices enables a path to be found to the perfect equality for a given distribution
of incomes through successive and equal increases of the incomes of each individual. It is also specially
useful to compare the concentration of two distributions that have the same Gini index and intersecting
Lorenz curves.
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