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Abstract: In this paper, we focus on the influence of Riemann space-time curvature on the laws of electromag-
netism, such as Gauss’s law, Maxwell-Ampére’s law, and Faraday’s law. Furthermore, we also introduce the work

done on the unification of the gravitation and electromagnetic fields.
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1. Electromagnetism in Curved Space-time

The background space-time curvature of the geometry influences the electromagnetic fields [35-37].
Here, we consider the electromagnetic fields in a curved space-time geometry; however, we will ignore
the influence of the electromagnetic field on the space-time geometry, which is discussed in the next
section. For that, we describe the electromagnetic field equations, derived from the action principle.

The covariant derivative of the electromagnetic field covariant vector potential A (or contravari-
ant vector A¥) in the torsionless space-time manifold is

D'A, = VYA, 1)
D, A" =V, A¥

and hence, the anti-symmetric part of the connection, Ty, A = 0. Thus, the field strength tensor in
covariant form is:

Fyw =DyA, —DyA, =V, Ay =V Ay )
and its contravariant form is

FW =DHFA” —D"AF = VFAY — VYAV 3)
Furthermore, the electric and magnetic fields of the electromagnetic field components are given as
follows:

Foi = VoA; = ViAg = % = —E?l (4)

Fij = VZA] — V]Al = _Bij = —Ekl’]’Bk

Thus, F,, are the components of the electromagnetic field strength 2-form F and A, are the components
of the electromagnetic field potential 1-form A. On the other hand [21], the electric field vector E is
related to the line integrand, and hence it is represented by a covector or a 1-form in three-dimensional
space; the magnetic field vector B is related to surface and it is represented by a 2-form with components
Bj; that are expressed in terms of the contravariant components of the density vector B¥ being surface
integrands:

Bjj = exijB* ()
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The Maxwell’s equations are written as

V-D=p (6)

oB

E=——

V x o

V-B=0
oD

which are equivalent to conservation laws of charge and magnetic flux. These equations, under the
influence of the curved space-time geometry, are written in terms of covariant derivative as

Dy F* = poJ* (7)
Dy Foa + DyFay + DeFuy = 0

Besides, it is required that
Doguv =0 (8)

Note that Eq. (8) indicates that during the covariant differentiation the metric tensor components g,y
can be considered a constant.
The actions of the covariant and contravariant derivatives on a vector can be written as

DYA, = V'Ay+ AT, 9)
D, A" = V, A" + ATV,
DF = ¢"(x)Dy

where Iy, is the space-time connection, the so-called Christoffel’s symbols, and x is a vector character-
ising x# point in the space-time. Besides, the actions of the covariant derivative on the second-rank
tensors are determined as

DuF? = V7 + 1%, FY + 1% F™ (10)
]D)yFITV = vaav =+ FAUVF/\V + r):/‘upa)x

For that, the general form of the covariant derivative of the anti-symmetric electromagnetic field
strength tensor F*" in Riemann curved space-time is used, given as

DuF" = Jl_—gvu(\/jgpw) (11
I = Vu(in(v/=g))

Combining Eq. (7) and Eq. (11), we obtain

v 1 v 14
v‘qu +\/7_7gv‘u(\/—g)Fy :;I/l()] (12)

Therefore,
§7MgNV  Fyp (13)

1
+ Fop <Vy (&"e™) +g"g" —= 2V (\/?8)) = ol
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where the following relations were used:
FIY = g7 Fn (14)
VpEH = (Vﬂ (gng»P” +8M8™ (VuFor)
In terms of the components of the electric and magnetic fields, Eq. (13) can be written as
1 ; ; 1
~(ViEi) (go”g’” - gl”go”) +-Ei (15)

< (ule - )+ ST (g - ) )
i (T ) e
x (v” (glygmv) * \/%Vu(\/jg) (gl”gm”)) = uoJ¥

where [V = (pc,J) (with p being the charge density and J = pv the current density, where c is the speed
of light in vacuum and v velocity vector in three-dimensional space.)
For v = 0, Eq. (15) can be written as

(V,Ei) (878" — 8"g™) (16)

. . 1 . .
+E (v}, (875" —g™"g®) + Ve (8™~ gl”g°°)>

— C&im (VyBk)glygmo — cegimB*

x (Vu (8"g™) + j_—gvu(\/—ig) (gl”gm°)> = popc® = e%
where the relation ¢ = 1/ (ppep) is used. Note that Eq. (16) is the generalisation of Gauss’s law of
Maxwell’s equations in Minkowski (flat) space-time for the case of Riemann (curved) space-time.
Interestingly, this equation is showing some new phenomena of the electromagnetism in the presence
of the gravitational fields modifying the curvature of the space-time. For instance, in the absence of
charges (that is, p = 0), a magnetic field (including a static magnetic field) creates an electric field.
Furthermore, in the case of the weak gravitational fields, when the off-diagonal elements of metric
tensor are zero, the magnetic field cancels out of Eq. (16). In particular, for g% = ¢ = ¢/ = 0 (for
i # j), we get

— §/g"VE; — E <8]]800\/1_—gvj(\/j8) +V; (g]’g°°)> = eﬁo (17)
From Eq. (17), for the Riemann space-time geometries for which the second term is non-zero, then the
electric field in vacuum (that is, p = 0) is non-vanishing and it is necessary non-uniform. Therefore, the
curvature of the space-time introduces a spatial change on the electric field in vacuum, even for weak
gravitational fields. Furthermore, in the case of Minkowski space-time (that is, g°° = 1 and ¢// = —1),
Eq. (17) reduces to the first Maxwell’s equation, V - E = p/ey.
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For v =1, 2,3, we obtain the generalisation of Maxwell-Ampére’s law in the Riemann’s curved
space-time. In particular, from Eq. (15), for v = j = 1,2, 3, we obtain

1 3 (Ol — it 4+ LE.
C(VyEz)(g 8’ —g"g )+CE1 (18)
O oij _ it o0 - — On oij _ ol 507
x (Vu(g g =) + = Vulv=g) (8" ~ g"s ))
— Ekim (VyBk)gl”é’mj — egimB*
. 1 ‘ ,
Iy ,mj _ Iy ymj — ]
X (Vu(g 8 )+i\/jgvy(v 9 (s"g )) ol
For the case of the weak gravitational fields (i.e., ¥ = ¢ = 0), we obtain
1 N A 00_.ij 1 — 00, ij
(Vo) (8787) + CEi( Vo(s™s") + = Vo(v/=8) (s”") (19)
— Ekim (Van) 8"g" — ey B*

X (Vn (s"g™) + \/1_—gVn(\/—78) (g’”g’"f)) = o/’

E(VoEi)(gOOg]> + CE1-<V0 (8008]> + ﬁvo(v -8) (30080) (20)
— (VuBin)g"8" = B
‘ 1 . ‘
In jmj — In ,mj — ]
X(Vn(g 8 )"’\/_—gvn(\/ 2)(s"s )) Ho/
where the following relation is used
By = €1y B* (21)

which transforms the electromagnetic vector field to the corresponding 2-form. Thus, Eq. (20) becomes

Clz (8%87) (V:E) (22)
+ C%Ei <Vt (8™s") + \/17th(\/—78) (88" )>
—8"¢" (VBim)

.

— By (Vn (gl”gmj> + \/Tgvn(\/Tg) (gl"gmj)> = o)/

where the following relation is used

Vo= 5= som = o=V, @3)


https://doi.org/10.20944/preprints202409.2009.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 September 2024 d0i:10.20944/preprints202409.2009.v2

50f18

Next, we consider a metric with vanishing the off-diagonal elements (i.e., gif =0, fori # j), and
Eq. (22) reduces to

Clz (8™8") (V:E) (24)
+ Clej <Vt (8™ + \/i—gvt(\/—ig) (s™g" )>

~g'gl (VzBlj>

(W) sl (1)) =

— e gl (V1B (25)
N 1 y
_ ... Rk 1 ,jj L — 11 jj
e1jkB (V,(g 8 )+ \/_—gvl(v 8) (8 g ))
= o]’ + poeo (—8003’”) ViE;
y 1 y
. —oW0ui) - = — 00
+uo€oE](Vt( %) =V 9) (s )>
Interestingly, Eq. (25) indicates that the coupling between the magnetic and electric fields does not

vanish from Maxwell-Ampére’s law, even for weak gravitational fields and diagonal Riemann metric,
in contrast to Gauss’s law. Furthermore, if the geometry is time-independent, then Eq. (25) reduces to

— g gl (Vz Bk) (26)

- EljkBk (Vz (gllgjj> + \/l_;ng (vV-8) (8”8”))

= poJ’ + poeo <—8oogjj) VE;

) 1 3
because V;(—g%¢//) — ﬁvt(,/— ¢)(g%¢//) = 0. However, the time derivative term of electric

field does not cancel out (to cancel this term out, a time-varying charge density is required based on
Gauss’s law). For time-varying space-time geometry, both terms on the right-hand side of Eq. (26),
because a non-stationary space-time geometry, will certainly induce a time-varying electric field (based
on Gauss’s law). Furthermore, the gravitational waves will directly influence the magnetic fields. If we
introduce a generalised charge current density as

V=y=gr 27)

a generalised displacement current as

T, = e0v/=g(—8"8ViE; (28)
3 1 )
— (Vt (8™8") - = Vg) (gOOg”)))

and by introducing the following five-dimensional object

Bk — |\ /—gq!l il B¥ (29)
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then Eq. (26) takes the form of the generalised Maxwell-Ampére’s law as
Sl]'kvl]B”jjk = Ho (J] + J%) (30)

Therefore, in the absence of the currents (that is, J = 0), the electric field can be the source of the
magnetic field, where an extra contribution is added from the displacement current that is induced by
the time-varying space-time geometry. For stationary space-time geometry that contribution is zero;
however, for high frequency gravitational waves (strongly varying waves), that contribution might be
significant.

The homogeneous equations of the electromagnetic fields are expressed as follows:

0=DyFu+DyFyy + Do Fuy (31)
= ViuFuu + 1%, Fra + T, Fuo
+ VvFay + T Fop + T Fac
+ VaFuw + T Fov + T Fuo
Thus, for a torsionless manifold, as it is the case of Riemann space-time geometry, we get

VyFua + ViFay + VaF = 0 (32)

Eq. (31) indicates that the homogeneous equations of the electromagnetic fields are not influenced by
the curvature of Riemann’s space-time, and hence they are equivalent to Faraday’s law (for 4 = 1,2,3)
and Gauss’s law for magnetic field (for = 0):

ViB' = —¢*V E; (33)
VB =0
where the summation of repeating indices is assumed.

1.1. Equation of Electromagnetic Field Potential Wave

In the following, the inhomogeneous equations will be expressed in terms of the electromagnetic
field 4-potential, namely A¥. For that, the covariant derivative of field strength tensor is

D, F* =D, DFAY — g7 ([Dy, Dy A + DD, AH) (34)
where
[Dy, Dy] = DDy — Do Dy, (35)
Furthermore,
[Dy, D] AY = RY o A (36)
where RVM » are the components of Riemann tensor. Therefore, we obtain Maxwell’s equation in the

following form:
DyDF A — g7 Ryp A" — DY (Dy A¥) = pio] (37)
where R, is Ricci tensor

R, = R"

Ao (38)
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Using Lorentz condition for the electromagnetic field potential in the curved space-time:
1
DAY = —V, (\/—gA") =0 (39)
M \/jg I ( )
we obtain the following
D, DFAY — g7 Ry AY = pio]" (40)
The formula of generalised Laplacian in the curved space-time is
1
D,DI'd = \/—Tgvy(,/—gnga@) (41)
Combining Eq. (40) and Eq. (41), we get
1
ViVFAY + =V, (/88" ) Ve A" = g7 Rae A" = o] (42)
vV—E
Using the relationship with Christoffel’s symbol for Riemann’s space-time geometry:
1
T (vV—88"") = —¢" T}, (43)
Eq. (42) can also be written as follows:
VuVIAY — g Ve AY — g7 Rag AY = poJ" (44)
Consider a diagonal metric in vacuum (that is, [ = 0), Eq. (42) reduces to
1
V,VIAY + ﬁvy (v/—88") VA" — "Ry, A* =0 (45)

Thus, the 4-potential components of the electromagnetic field are coupled in either Eq. (42) or Eq. (45),
which is not the case of Minkowski flat space-time geometry. Furthermore, Eq. (45) indicates that even
when Ricci’s tensor components are zero, there will be a coupling between the components of the
4-potential of the electromagnetic field. Therefore, these results indicate that presence of the geometry
dependent terms for the gravitational fields suggests new phenomena may arise for electromagnetism
under the influence of space-time curvature.

1.2. Equations of Electromagnetic Waves

Using the electromagnetic field equations in vacuum (J* = 0), we write

1
D,F¥ =V, F¥ + ——V,(/—¢)FF =0 (46)
iz Iz =g u(v/=8)
ID)]JFa,B + DacF‘By + DﬁFya =0

These two equations are gauge invariant.
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First, consider the first expression in Eq. (46) for v = j = 1,2, 3 (which is Maxwell-Ampére’s law).

Then using Eq. (19) for JJ = 0 (that is, vacuum), we obtain:
1 O i oin 0\ o 1
E(VVEZ') (8 §'—8"8 ) + EEi
x (Vy (5% — gg%) + =V, (v/~8) (s"5 ~ g5 ))
V=8
— Ekim (VyBk)gl”é’mj — egimB*

x (Vu (g"g™) + \/Lgvy(\/?g) (gl”g’”f)> =0

(47)

For weak gravitational fields (i.e., §*' = ¢ = 0) with a diagonal metric (i.e., g’/ = 0 for i # j), from

Eq. (47), we obtain

1 ) 1 y

58I VIE; + 5 E;(Vi(8) + Vi(in /=) (s%87) )

= e3eg" g/ VB + €3 BF (Vz (g”gj]) Vi(In\/~g) ( 8”))
where the following identity is used

1

\/—_?Vt(\/fg) = Vi(ln/=g)
Taking the time derivative of both sides of Eq. (48), we get
1 WiV E
c? it
+ (Vi) (294 (877) + Vi(in /=) (7))
+ 12 Ei(V(™8") + VA (In =g) (8°8")
+ Vi(ln \/=g) Vi (googjf ))
=€k Vi (gllgjj) (VlBk>
+ g’ g (VthBk)
+ex(ViB%) (V1 (8"8) + Vi (In y/=g) ("8 )
+eB(V (8"87) + Vi (In /=g) (58")
+ Vi(in /=g) Vi (g"g"") )
Using Faraday’s law in the following form
—&  VME" = V,BF
and the mathematical identity

k
€1jk€ mn = OtmOjn — O1nOjm

(48)

(49)

(50)

(51)

(52)
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then, we have
Ezjkgllgjj(VIVtBk) = —epg"' g (SkmnVleE") (53)
= —Omding" &IV V" E"
+ 0 limg ¢V VM E"
= —g""g"V,,V"E" 4 ¢" ™IV, V" E"
— —¢""V"V,E,
= —¢IVFVLE;

where g"/ = 0, ¢""V,, = V", and Ei = gkjEk are used.
Furthermore,

81jk(VtBk)(Vz (8”8”) +Vi(Iny/~¢ (8”8”)) (54)
= eije( =5, V"E") (V1 (£"8) + Vi (in v/=2) (£"8") )

= (=0mdjn + b)) V"E" (Vi ("87) + Vi (1n \/=g) (8"") )

= —V"E"(Vi(g"'g") + Vi (In \/=g) ("'8") )

+V"E" (Vi (g"8") + Vi(in /=g) (8" gm]))

—0

where g = ¢l = ¢"l = ¢" = 0 is used.
Using Gauss’s law in vacuum (o = 0), from Eq. (18), we write

S "V Ey — ¢/ g00Exak(x) = 0 (55)

where
ak(x) _ _( kk 500%7 (] — kk .00 56
= — (878" Vi(In\/~g) + Vi(g™g (56)

which is a function of the space-time point.
Taking the derivative V i of both sides and summing for j = 1,2, 3, we obtain

V(878" ViEx + 878"V Vi Ex (57)
+ (V]‘gjjgoo){lkEk + gjfgooaijEk + gjjgoo(v]'ak)Ek =0

(vj(gjjgkk) +gjjgkkvj) V. Ey (58)
+ ((Vj87g00)a" + g//go0(Vja*) ) Ex + 8/1g00a* Vi = 0
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Combining Eq. (50), Eq. (53), Eq. (54), and Eq. (58) we obtain
(g% .

g]] <C2v%tE] + VkaEj) = oc]]VtEj (59)

+ ﬂjkkvkEk + ijijEk

+ BIE; + 9 Ex
. ‘
+9" (V1BY) + o, B
where

. 1 . g

o) =~ (ViE)) (2vt(googy) +Vi(In/—g) (googu)) (60)

. 1 ) )
Bl = —= (VA (s™8") + Vi (in =g) (™)
+ Vi(ln\/~8)V (googff ))
v, = *eljkvt<g g”)
j:_,vz Uil + w2 (1 — 1 jj
o= —e(Vir (878 (Inyv=g)(g'¢
+ Vi(In\/=g)V; (g”gfj>)
7% = V;(g7g"™) + gl v,
0]]k = gjjgooak
Y = (Viglgoo)a* + §//goo Vja*
Eq. (53) represents the wave equation of the electric field in a curved space-time geometry. It can be
seen that is not a homogeneous second order differential equation, as derived for the flat space-time
geometry. The presence of non-vanishing terms on the right-hand side indicates the influence of the
space-time curvature on the electric field polarisation. Furthermore, the wave equation of the electric
field is not independent on the magnetic field, even in the case of stationary space-time curvature
indicating that the electromagnetic wave is a mixture of transverse and longitudinal waves, which is
in contrast to Lorentz flat space-time geometry.

The following steps can be taken to derive the wave equation for magnetic field. From homoge-
neous electromagnetic equation in Eq. (46), for 4 = 0, we obtain

eV E; = —VB* (61)
Taking the derivative for time f of both sides in Eq. (61), we will get
eV, V E; = V3B (62)
Furthermore,

Vtlej = SljkV%tBk (63)
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Taking the derivative V; in both sides of Eq. (48) and summing for | = 1,2, 3, we obtain
C%Vl(googjj)(vth"j) + Clzgoogjjvtlej (64)
+ Cl—z(lej) (Ve(8™8") + Vi(in /=3) (8%8))
+ Cl—zEj(Vth (8oogﬁ) +VVi(lny/~g) (8008jj)
+ Vi(In /=2) Vi (s%87) )
=x(Vi8"g") (VlBk> + Szjkgllgjj(VIVsz)
e (T(59) + Wil ) ()
+ &1 BF (Vsz <8llgjj) +V;Vi(In/=g) (8”gjj)
+ Vi (In /=g) Vi (5"g"))
Substituting Eq. (63) into Eq. (64), we get
l2Vz(googjj)(VtEj) + ﬁljkggﬁvftBk (65)
C C
+ C%(VzEj) (Ve(™8") + Vi(in /=g) (8%8) )
+ C%E]-(vlvt (8%87) + ViVi(in /=) (878"
+ Vi(In /=) Vi (3%g"))
=x(Vi8"g") (VlBk) + Szjkgjj(VleBk)
+ 8zjszBk (Vl (8”8jj> + Vi(In\/-g) (8”8”))
+ €ljkBk (VZVI (8“8”) + V,Vi(In/—-g) (g”gjj)

+ Vi(iny/=g)Vi(s"g"))

/000 ) y
g (gczv?tB" + lesz> — AV B* 4 CIiB* (66)

+ DIk, E; + % V'E; 4 MIIFE;
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where
Al = — (29, (g"g7) + Vi (In \/=g) (8"¢"") ) (67)
Cll = —(Vivi(g"g) + 1V (in /=g) (g"s")
+V,(In/=g)V, (g”gff))
Diiik — _gljkclzvl(googjj)
P s (70 5 )
Miiik = —e,jkclz (V19:(s%87) + V1 Vi (in /=) (s™8")
+ Vi(In /=) Vi (3%g"))

Eq. (66) represents the wave equation of the magnetic field in a curved space-time geometry. Again, it
is not a homogeneous second order differential equation, in contrast to the wave equation derived for
the flat space-time geometry. The presence of non-vanishing terms on the right-hand side indicates
the influence of the space-time curvature on the magnetic field. Furthermore, the wave equation of
the magnetic field is coupled to the electric field, even in the case of stationary space-time curvature
indicating that the electromagnetic wave is a mixture of transverse and longitudinal waves, which is
in contrast to Lorentz flat space-time geometry.

2. On Unification of Gravitation and Electromagnetism in Framework of General Relativity

2.1. System of Discrete Point-like Particles

Consider a system of discrete relativistic non-interacting point-like particles with a rest mass of
m;. The mass density at the position r can be given as

p(r) =) mid(r—1;) (68)

where r; denotes the position of the i-th particle at some reference frame and (- - - ) is the delta-function.
Furthermore, the 4-momentum density can be defined as

pt =pu¥, p=0,1,23 (69)

where u" is the 4-velocity, u" = (+yc, yv); therefore,

pt' = (vpc, yov) = (;p) (70)

where ¢ is the relativistic particle energy density and p is the relativistic three-dimensional momentum
density vector.
We propose the following scalar form of Lagrangian density function:

1 1
V8L = —;pgwu”‘uﬁ = —;gaﬁu”‘r’ﬁ (71)

where the summation of repeating indices is assumed.
The energy-momentum density tensor of the system is
1

gH = Zytp? 72
L (72)
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The spatial components of the energy-momentum density tensor are given as
Gl = luopi = lpuoui = cpi = cp; (73)
- - - - 1
Y Y
o1 1
gl] = —utv) = Zout/
i p ’)’p

where p; is the Cartesian component of the relativistic three-dimensional momentum density vector
and p' is the contravariant component.

From Eq. 73, it can be seen that the energy-momentum density tensor is symmetric; that is,
GY% = G0 and Gl = GJi. Moreover, the zeroth component (which equals the energy density) is given as

Go = %uopo =¢ (74)

where ¢ is the relativistic energy density given as

€= ypc" = —/— (75)

Here,
_ 2
gy = pc (76)

is the rest energy density.
Now, consider a system of discrete relativistic non-interacting point-like particles with charges g;,
then the charge density at the position r will be as

pe(r) =) qid(r — 1) (77)
i
The 4-current charge density is defined as

]}4 - (PeC/PeV)/ ,u = 0/ 1/2/3 (78)

and its covariant form is
Ju = (pec, —pev), 1 =0,1,2,3 (79)

We propose the following scalar form of Lagrangian density function for this system:
VgL = —Kepeg,xﬂu“uﬁ = —Kggaﬁ]“uﬁ (80)
We obtain the energy-momentum density tensor as
TH = e i (81)

The spatial components of the energy-momentum density tensor due to the current charges are
written as

7:10i = k]’ = ')’Kepecvi (82)

7771] = Ke]iuj = 'YKePeUin
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where x, is a scaling factor [11]

. — 471\/G/s% _ ct (83)
c K - 2/Gs?

where s = 1 and its SI unit is m?/s?.
Similarly, see also Eq. 82, the energy-momentum density tensor is symmetric; that is, 7:701 = 77;0

and 7,/ = 7,'1]1 The zeroth component is given as
7:700 = 'YKePeCZ (84)

Note that in Eq. 84 the term 7,;00 equals some relativistic charge energy density, similar to the relativistic
energy density of the mass (see also Eq. 74). Therefore, the presence of the charge and current density
of the matter in the Riemann space-time deforms the space-time [11], similar to the presence of mass.
Here, 7;,” " are the energy-momentum density tensor components of the deformable charged medium,
which depends on the velocity v and charge density pe.

2.2. Macroscopic Masses

For the ideal fluid of non-charged masses, the energy-momentum density tensor is also defined
by Gy (or GH) [4-7]. The macroscopic mass is considered continuous bodies. The flux of momentum
through an element dA of the surface of the mass equals the force on that surface element. Therefore,
the ith component of the force vector acting on the surface element is

Fi = O'i]'dAi (85)

In a reference frame in which a volume element is at rest, using the Pascal’s law, the pressure P is equal
in all directions and it is perpendicular to the surface element, and thus

U’i]'dAi = PdAl‘ (86)
Therefore, the stress tensor is
0'1']' = P(sij (87)

Thus, in the reference frame in which the macroscopic body is at rest, Lagrangian density function is
suggested as

VgL =-P (88)

and in any arbitrary reference frame as

P
V8L =— (p + C2>glxﬁ,u“ul8 - P (89)

We find that the energy-momentum density tensor of the macroscopic mass in an arbitrary
reference frame is

G = (p + Ci) ulu? + gh'p (90)
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where p is the mass density of macroscopic mass distribution and P is the pressure. In Eq. 90, g*" is
the metric tensor of Riemann space-time. The zeroth component is

p
G = (p + C2> v +g"P (91)
= y?pc® + *P + g%P
=ye+ P(’y2 + goo)
where ¢ is the relativistic energy density. Eq. 91 indicates that G > 0, as expected.
The other components are given as
i

where p' is the ith 4-momentum density component

j o' P
p :’YZ(€O+P)67 +801; (93)
and S is energy density flow vector:
S' = 9(eg + P)v' + g%cP (94)

where ¢ is the rest energy density, g9 = pc?.
Introducing, the three-dimensional components of the stress density tensor as follows:

y ini g
ol = 42 (e + P) UC;’ + Pgil (95)
then,
ij 2 v'vl ij ij
G7 =10+ P)—5 +Pg" =0 (%)

In general, the covariant form of the energy-momentum density tensor of the macroscopic body is

1
gyv = Cj(SO + P)uyuv + Pg;u/ (97)
and its contravariant form is
1
g = C—z(eo + P)utu’ 4 PgM (98)

where the metric of the space-time is Riemann metric tensor of the curved space-time geometry. In a
mixed-tensor form, we can write

1
Gl = C—z(eo + P)utu, + P&, (99)

Besides, if there is an electromagnetic field present in the matter, then we will discuss two different
approaches. In the first approach, the energy-momentum density tensor of the electromagnetic field
contributes to the total energy-momentum density tensor of the matter, which is given as follows

v %
" = g" + T + Ty (100)
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where the space-time curvature of Riemann geometry is determined by the gravitational field.
In Eq. 100, Ty, is energy-momentum density tensor of the electromagnetic field, which is calcu-
lated by taking Lagrangian density function as

1

“of = — b
V8L =~y o FyF (101)

We obtain the energy-momentum density tensor of the electromagnetic field:

E? B2
: 1 1 S;
'— _ (ExB);,=-(ExH), ==
T = (B xB) = (ExH); =

T

1
_ E:+ 2B:B: — =6::( E?> + 2B?
eo | EiEj + ¢?BiB 25,](15 + 2B )}
In Eq. 100, T, is the energy-momentum density tensor of electromagnetic field:
v~ Lowep v L pes (103)
M o g 4po P

In this case, however, the Maxwell’s laws (such as Gauss’s laws for electric and magnetic fields,
Faraday’s law, and Maxwell-Ampére’s law) must be revised due the space-time curvature caused by
gravitational field, which will be described in a future work.

In the second approach (see also Refs. [13-15]), one can introduce a joint space-time, which is
a result of both gravitational and electromagnetic fields, characterised by the joint metric tensor of
space-time curvature gy, and joint manifold connection symbols I',.. In this case, the total energy-
momentum density tensor of the matter is

TH = G + 7;’“ (104)

The covariant form is:
KﬁlAg,ﬂ, =Ty — KﬁlGW (105)

TH gives the energy-momentum density tensor of the matter, which may includes the mass
distribution and they current of charges in matter. k1 Agy, is the total energy-momentum density
tensor; and —x Gy, gives the energy-momentum density tensor of the gravitation field only. That is
the viewpoint of the un-unified theory of the gravitation and electromagnetic fields.

Furthermore, there is an essential difference between the —x~! Gv, which represents the storage
of gravitation field energy and momentum density surrounding the masses, and the gravitational
potential energy, which expresses the interaction energy between the masses, and hence it represents
the interaction forces between the masses and it depends on the mass distribution. Therefore, their
physical origin is completely different. The gravitational field energy and momentum distribution
(which is the reality) is represented by the curvature of the space-time described by the Riemann metric
tensor g, (x”) a function of the space-time point x” (which is a picture of that reality). Besides, both
can not be localised in space; thus, to obtain both, one has to integrate overall space. Moreover, the
gravitational potential energy density is always negative and it vanishes in the empty space-time.

On the other hand, the gravitation field energy density is always negative inside the matter,
and outside it depends on the metric used; for instance, for some metrics, it is positive and thus the
cosmological constant A > 0. A is a constant parameter, which depends on the metric ds? [7,26], and it
is proportional to the total energy density concerning the metric under consideration. A is positive
concerning Friedmann-Lemaitre-Robertson-Walker metric (de Sitter space), see also Ref. [18]; however,
A is negative for the metric of the celestial body (anti-de Sitter space). Thus, the cosmological constant
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A is connected to the cosmology in the universe under the Friedmann-Lemaitre-Robertson-Walker
metric. In the case of Friedmann-Lemaitre-Robertson-Walker metric, the cosmological constant has
a value of A = 1.1056 x 1072 m~2. In contrast, « is a universal constant, and hence it is the same
constant in every reference frame.

One can also think about the electromagnetic field energy (which is a reality) and the electromag-
netic interactions between the currents and the electromagnetic field; in this view, the electromagnetic
field energy represents the energy stored around the space of the sources that created it, and the
electromagnetic potential energy represents the interaction between the charges and the currents with
the electromagnetic field, and so it depends on the charge and the current distribution of the matter.
Therefore, in analogy, the distribution of the stored electromagnetic field energy and momentum
(which is the reality) can introduce a new fabrication of the geometry, which can be described by an
effective metric tensor, namely &, [13-15]:

Suv = guv + aFy (106)

which is a projection of the reality influenced by both gravitational and electromagnetic fields. In
Eq. (106), F,, denotes the electromagnetic field strength tensor, and « is a constant having the inverse
units of Fy, such that aF,, is dimensionless.

Then, we have the following covariant form:

K AGw = G + T — 571G (107)

In Eq. (107), k"1 Agyv is the total energy-momentum density tensor; G, + 7;(17 ) gives the energy-
momentum density tensor of the matter (which includes the mass distribution and the current of
charges in matter only); and —x~'G,, gives the energy-momentum density tensor of the gravitation
field and electromagnetic field. Therefore, the rays of the electromagnetic field bend when they travel
as they would bend in a space with only gravitation field with the effective metric tensor g, [15].

3. Conclusions

We focused on the influence of Riemann space-time curvature on the laws of electromagnetism,
such as Gauss’s law, Maxwell-Ampére’s law, and Faraday’s law. Furthermore, we also introduced
some work done on the unification of the gravitation and electromagnetic fields.
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