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Article

Robin’s Criterion on Divisibility (II)

Frank Vega

Information Physics Institute, Miami, Florida, United States; vega.frank@gmail.com

Abstract: Robin’s criterion states that the Riemann hypothesis is true if and only if the inequality o(n) <
e - n - loglogn holds for all natural numbers n > 5040, where ¢(n) is the sum-of-divisors function of n and

¥ ~ 0.57721 is the Euler-Mascheroni constant. The possible smallest counterexample n > 5040 of the Robin
inequality implies that (Ny, )Y > 1, (log qm) - (1 + %) > loglogn and (1 + 92 ) > 108108 Nn here

log” (g log” () log g
0.2
_ m . . . . . o . _ elog2(qm)
N = TT/Z, gi is the primorial number of order m, g, is the largest prime divisor of n and Yy, = ﬁ By
" logd(gm)

combining these results, we present a proof of the Riemann hypothesis. This work is an expansion and refinement

of the article "Robin’s criterion on divisibility", published in The Ramanujan Journal.
Keywords: riemann hypothesis; robin inequality; sum-of-divisors function; prime numbers; riemann zeta function

2020 Mathematics Subject Classification: Primary 11M26; Secondary 11A41; 11A25

1. Introduction

In mathematics, the Riemann hypothesis is a conjecture that the Riemann zeta function has its
zeros only at the negative even integers and complex numbers with real part 3. As usual ¢(n) is the
sum-of-divisors function of #:

Y d

d|n

where d | n means the integer d divides n. Define f(n) to be @ We say that Robin(#) holds provided
that
f(n) < e”-loglogn.

The constant 7y ~ 0.57721 is the Euler-Mascheroni constant and log is the natural logarithm. An upper
bound for f(n) can be derived from its multiplicity:

Proposition 1.1. Forn > 1 ([4] (2.7) pp. 362):

The following inequality is based on natural logarithms:

1 1
log<1-|- ¥> <7

The Chebyshev function 6(x) is given by

6(x) =) logp

p=x

Proposition 1.2. For t > 0 [5]:

where p < x means all the prime numbers p that are less than or equal to x. It is known that
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Proposition 1.3. For x > 7232121212 ([3] Lemma 2.7 (4) pp. 19):

0.01
6(x) > (1_log3(x)> X

Proposition 1.4. For x > 2278382 ([3] [Lemma 2.7 (5) pp. 19]):

Hilge’y~(logx)- <1+O.2>.

q<x q - log3(x)

Proposition 1.5. For x > 1 ([8] [Corollary 1 (3.30) pp. 701):

H%l<e“’-(logx)~ <1+log;(x)>'

g<x 1

The Ramanujan’s Theorem states that if the Riemann hypothesis is true, then Robin(#) holds for
large enough n [6]. Next, we have the Robin’s Theorem:

Proposition 1.6. Robin(n) holds for all natural numbers n > 5040 if and only if the Riemann hypothesis is
true [7] [Theorem 1 pp. 188].

In 1997, Ramanujan’s old notes were published where it was defined the generalized highly
composite numbers, which include the superabundant and colossally abundant numbers [6]. These
numbers were also studied by Leonidas Alaoglu and Paul Erd6s (1944) [2]. Let g1 = 2,92 =3,...,qm
denote the first m consecutive primes, then an integer of the form [T/, q?" witha; >a, > ... >a, >0
is called an Hardy-Ramanujan integer [4] [pp. 367]. A natural number 7 is called superabundant
precisely when, for all natural numbers m < n

f(m) < f(n).
Proposition 1.7. If n is superabundant, then n is a Hardy-Ramanujan integer [2] [Theorem 1 pp. 450].

Several analogues of the Riemann hypothesis have already been proved. Many authors expect (or
at least hope) that it is true. However, there are some implications in case of the Riemann hypothesis
could be false.

Proposition 1.8. If n > 5040 is the smallest integer such that Robin(n) does not hold, then n must be a
superabundant number [1] [Theorem 3 pp. 273].

Proposition 1.9. If n > 5040 is the smallest integer such that Robin(n) does not hold, then q < logn where q
is the largest prime factor of n [4] [Lemma 6.1 pp. 369].

Proposition 1.10. If n > 5040 is the smallest integer such that Robin(n) does not hold, then q > ¢31:01818%471
where q is the largest prime factor of n [9] [Theorem 4.2 pp. 748].

By combining these results, we present a proof of the Riemann hypothesis.


https://doi.org/10.20944/preprints202409.1972.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 October 2024 d0i:10.20944/preprints202409.1972.v2

30f7

2. Main Result

Definition 2.1. For every prime number p,, > 2, we define the sequence

02
elog2(pn)
1— 0.01 :
( 10g3 (Pn) )

Y, =

The following is a key Lemma.

Lemma 2.2. Let q1,qo,...,qm denote the first m consecutive primes such that g1 < q2 < ... < qu and
Gm > 7232121212, Then

m
Hq“’_ll < e - log(Yin - 0(qm))-
i=1"11

Proof. By Proposition 1.3, we know that

0.01
9 m = - A M m.
(qm) > (1 og? (qm)) q

In this way, we can show that

0.01
log (Y - 0(qm)) = log<Ym- (1 - log3(qm)> -qm>

0.01
= log g —i—log(Ym : (1 - ))
108> (4m)

0.2

lo 2( m)
o P g e (4 0w
10g>(qm) (1 001 ) 10g*(qm)

We notice that

log® ()
0.2
= 1og (elogz(qm) )
0.2
pr— 72 .
log™(qm)

Consequently, we obtain that

0.01 02
tog gy +1og( Yy [1— —290 V) > (1ogg, + 22 .
& g( " ( 10g3(qm)>> ( Bin Ing(qm)>

By Proposition 1.4, we can prove that

L <. <logqm +
=1

gi—1- ) < e’ -log(Yu - 6(qm))

1082(%1)

1
when g, > 7232121212, O

This is the main insight.
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Lemma 2.3. If n > 5040 is the smallest integer such that Robin(n) does not hold, then (Ny)¥" > n,

(log Gm) - (1 + logzl(qm)> > loglogn and (1 + loggkém)) > 10%01;%5,,,, where Ny, = TT7%, q; is the primorial

— m aj
number of order mand n = 2 q;".

Proof. By Propositions 1.7 and 1.8, the primes q; < ... < g, must be the first m consecutive primes
and a; > ap > ... > a, > 0. In addition, we know that g, > 31018189471 by Proposition 1.10. If
n > 5040 is the smallest integer such that Robin(7) does not hold, then we deduce that

n) > e’ -loglogn
glog

and
m

[1-25 > fn)

i=149i —

by Proposition 1.1. In addition, we know that

m

[T <7 loglog(N)™)
=11

for all g, > 31018189471 by Lemma 2.2 since log((Ny)¥) = Y - 8(qm). As result, we obtain that
(Npy)Ym > n since
e -loglog((Ny)¥™) > e - loglogn

by transitivity. By Proposition 1.1 and 1.5, we can see that

(oo d) - 1 9
e’ - (logqm) <1+log2(qm)> > I

0<qn 1~ 1

> f(n)

> 7 -loglogn

under the assumption that Robin(7) does not hold. This implies that

1
(log gm) - <1 + 2) > loglogn.
log®(qm)
We claim that
11 %1 > ¢7 - loglog Ny, (1)
9<qm

under the assumption that Robin(#) does not hold. Certainly, if we assume that
B B
H < e’ -loglog Ny,
g<an 171

then we would have

e?-loglogNy > [ ] -
g<in 171

> f(n)

> 7 -loglogn


https://doi.org/10.20944/preprints202409.1972.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 October 2024 d0i:10.20944/preprints202409.1972.v2

50f7

where this implies that N;;, > n which is a trivial contradiction according to the Proposition 1.7. By
Proposition 1.4, we can infer from (1) the following result:

14 0.2 S Ty<qu (Fil < loglog Ny,
10g3 (qm) — er. log dm log dm

which directly implies that

14 (;.2 - loglog Nm.
log” (qm) log

Therefore, the proof is done. O

This is the main Theorem.
Theorem 2.4. The Riemann hypothesis is true.

Proof. We will proceed by contradiction. Assume that n > 5040 is the smallest integer such that
Robin(n) does not hold. By Propositions 1.7 and 1.8, the primes g1 < ... < g, must be the first
m consecutive primes and a; > a» > ... > a, > 0. By Proposition 1.10, this also implies that
gm > 301818971 By T emma 2.3, we deduce that (Ny,;)¥ > n which is the same as

log Y > loglogn — loglog Ny,

after of applying the logarithm and distributing the terms. Certainly, we get this inequaltiy following
the next steps:

1. First, we obtain Y}, - log(N;;) > logn after of applying the logarithm to the both sides.
Next, we get Y}, > o 98" _ when we distribute the terms.

. N
3.  Finally, we arrive at F(gg l}m > loglogn —loglog Ny, if we apply the logarithm to the both sides
once again.

That is equivalent to
log Yy, o1 loglog Ny,

log gm loglogn
after dividing both sides by log log n and under the assumption that @ > w since q,; < logn
by Proposition 1.9. By Proposition 1.2, we obtain that
3
log Yy, = 7(2)'2 + log —3log (gm)
log™(qm) log”(qm) — 0.01
02 +log( 1+ 0.01
log?(qm) log®(gm) — 0.01
0.2 0.01
<173 3 —
log™(qm)  log’(qm) —0.01
for all g, > e3LOII8MTL g we would have
log Yy, 0.2 0.01 1

g ~ 10g2(qm) | (10g(gm)) - (1og>(gm) — 0.01)  log?(4m)

for all g, > 31018189471 We arrive at:

log <31 ) > log <1 — 71(1% log Ny >
log” (qm) oglogn
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after of applying the logarithm. That would be
—log % < _10g<1 _ loglogNm>
log” (qm) loglogn

loglogn
loglogn — loglog Ny,

which is

log logS(qm) < log(

and
loglogn

loglogn — loglog Ny,

log® (qm) <

after of multiplying both sides by —1 and applying the exponentiation. By Lemma 2.3, we can further

deduce that
loglogn (log qm) - <1+log21(qm)>
toglog 1~ loglog N (log gm) - (1 + 1}) — loglog Ny,
0g"(qm)
where
(log qm) - <1+10g21(qm)) ) <1+logzl(qm)>
(log ) (1 + lgzl(q)) — loglog Ny (1 + log;(qm)> b

Furthermore, we can infer that

1 1
(1 + 1og2(qm)> 3 (1 + log2<qm>)

1 __ loglog N 1 _ 0.2
(1 + 1082(%1)> 1og g <1 + 10g2(‘1m)> 1 1083(%))

_ 1 _ 1
(1 + 1082(%!)) _ (1 + 10g2(7m))
1 ) 0.2 1 02
<1 * logz(qm)) (1 t i (%)) (10g2(qm) 10g3(qm)>

Putting all together yields the following inequality:

1
<1 + log (qm) >

102
1°g2(‘7m) 10g3 (qm)

where

log® (qm) <
(

which is

, 1 0.2 1
(log™(qm)) - <log2(qm) - logs(qrn)> ) <1 ’ 1082(’7m)>

Hence, it is enough to show that

1
IOg(qm) —-02< <1 + logz(qm)>
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31.018189471

does not hold for all g, > e since

1 02
log?(qm)  log®(qm)

(log>(qm)) - < ) = log(qm) — 0.2.

Thus our original assumption that Robin(72) does not hold has led to a final contradiction. By reductio
ad absurdum, we prove that the Riemann hypothesis is true by Proposition 1.6. [
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