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Abstract: The effective macroscopic model describing interactions of a viscous compressible heat-conducting
fluid and a two-level fine bristly thermoelastic structure is derived from microstructure by means of the
Allaire-Briane multi-scale convergence method. This new model naturally generalizes the isothermal for-
mulation earlier constructed by the authors in 2020, see in Siberian Electronic Mathematical Reports, vol. 17
(https:/ /doi.org/10.33048 /semi.2020.17.100). In applications, the established model can be used, for example, in
description, with account of heat transfer phenomemon, of airflow near surface of plant’s leaf, in simulation of

epithelium surfaces of blood vessels, and in design of biotechnological devices operating in liquids.
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1. Introduction

We consider the linearized mathematical model of joint motion of a viscous compressible heat-
conducting fluid (thermofluid) and a flat thermoelastic plate with attached bristles. We assume that, in
dimensionless variables, the viscous thermofluid and the bristly plate occupy the three-dimensional
unit cube Q) = {x € R¥: 0<ux<1,i=1,2, 3}. The flat plate lies at the bottom of the cube
and fills in layer (), = {x € Q: 0 < x3 < A} (A = const < 1). The bristles are modeled as
thermoelastic cylinders that are very frequently periodically located on the upper surface of the flat
plate, orthogonally to this surface. There are cylinders of two different sizes. The shorter and at the
same time thinner cylinders are located on the upper surface of the flat plate an order or several orders
of magnitude more often than the taller and thicker ones. The heights of the cylinders are fixed and
equal to J, and %, where A 4- 6, < A+ 6" < 1. The dimensionless distance between the symmetry
axes of two adjacent tall cylinders is ¢, while the distance between the symmetry axes of two adjacent
short cylinders is €2. Here & < 1 is a small positive parameter.

The motion of the viscous thermofluid is described by the linearized non-stationary Stokes—
Fourier equations and the motion of the thermoelastic bristly plate is governed by the classical
non-stationary equations of linear thermoelasticity. On the fluid-solid interface, continuity of velocity,
temperature, normal stress, and normal heat flux is prescribed. The system consisting of the Stokes—
Fourier equations, the linear thermoelasticity equations, and the fluid-solid interface conditions is
endowed with the set of initial (in time t) conditions and boundary conditions on Q). The velocity field
ue = ue(x, t) in the fluid, the displacement field v, = v.(x, t) in the bristly plate, and the distribution
of temperature 0, = 0¢(x, t) in the whole fluid-solid continuum are the sought functions in the system.
In this article, the above described dimensionless model incorporating the small parameter ¢ is called
Model A.. Its precise formulation along with the detailed description of the fine bristly structure is
given further in Secs. 2-3. In addition, Sec. 2 provides a result on the existence and uniqueness of
weak solutions to Model A; for any fixed & > 0.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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In the formulation of Model A, each bristle is distinguished. Therefore, this model describes the
microscopic behavior of the thermomechanical system under study. Such description can be called the
‘precise’ one. However, Model A; is inappropriate for practical analysis: from the computational point
of view, the great amount of bristles leads to necessity of use of very fine meshes in numerical analysis,
which leads to an inaccessible amount of calculations. This circumstance motivates to substitute ‘the
precise’ Model A, by an averaged approximate one that does not contain the small parameter €. In
accord with this, the aim of the present study is to carry out and justify the homogenization procedure,
i.e., to pass to the limit in Model A; as € N\, 0, and to derive a closed system of effective relations that
describes the behavior of the thermomechanical system on the macroscopic level. To this end, in Sec.
4 we recall and in Sec. 5 we apply the Allaire—Briane multi-scale convergence method and, as the
result, derive the three-scale homogenized system of equations and boundary conditions for the set
consisting of the respective macroscopic, mesoscopic and microscopic homogenized velocities u, u(!),
and u(?) and the respective macroscopic, mesoscopic and microscopic homogenized temperatures 6,
6(1), and 6(2). We call this three-scale system Model H-3sc.

In principle, Model H-3sc serves as a solution to the homogenization problem, since its formu-
lation does not contain the small parameter e and, therefore, gives an averaged description of the
thermomechanical system. At the same time, the system of equations in Model H-3sc is nonclassical
and looks very unusual. In order to clarify its physical essence and make possible applications easier,
in Secs. 6 and 7, we fulfill the full asymptotic decomposition, which amounts to the gradual scale
separation. As the result, we construct the desired effective limit model for the pair of macroscopic
velocity and temperature (u,0) solely. We state the variational formulation of this model in Sec. 7
and call it Model H-var. In Sec. 8, we state its equivalent, in the sense of the theory of distributions,
integro-differential formulation and call it Model H-ID. This model describes the evolution of the
thermomechanical system at the macroscopic level. Model H-ID consists of the classical system
of linear thermoelasticity equations for the purely thermoelastic flat plate (), the two systems of
non-classical non-local in time integro-differential Kelvin—-Voigt-type equations of thermoviscoelastic
layers Qp ;== {x € Q: A<x3 <A+d4}tand Qy :={x € Q: A+, < x3 < A+ 6"}, the classical
Stokes—Fourier equations of the pure fluid component Qg := {x € Q: A+ 6* < x3 < 1}, the set of
the natural conditions on the discontinuity surfaces {x € Q: x3 = A}, {x € QO: x3 = A+ 4.}, and
{x € : x3 = A+ 6"}, and the set of initial (in time) and boundary (on 9Q}) conditions for velocity
and temperature. After Model H-ID is formulated, in Sec. 9 we propose a procedure for computing
effective physical characteristics of the homogenized medium.

Let us remark that the mathematical modeling of bristly structures immersed in liquid or gas
on macroscopic scales has a fairly notable history. Almost ninety years ago, in 1938, a rather simple
model was proposed in the monograph by S. Goldstein [1][Secs. 53 and 145]. In this model, a laminar
flow around a flat plate with a single orthogonally welded pin is considered. The air flows in parallel
to the plate. There are found the conditions for the airflow to remain laminar after passing by the
pin. The obvious idea that the flow remains laminar again after flowing around another similar pin
leads to the conclusion that Goldstein’s model can be naturally generalized to cases of any number of
pins, that is, to cases of bristly structures. Such a generalization was successfully adapted in a number
of works for studying aerodynamics in a neighborhood of a plant leaf with trichomes being taken
into account, see, for example, [2,3], [Ch. X]. Trichomes are bristles (fuzz) on a leaf epithelium. It is
worth noting that Goldstein’s model [1] has its origins in the theory of the wing in aeronautics. As
a matter of fact, Goldstein’s model and its generalizations [2,3] are strictly restrained to the laminar
regimes and are inapplicable for studying more complex situations of flow. A much more general
macroscopic model, covering a wide range of interactions between a bristly plate and a fluid flow
around it, was constructed by K.-H. Hoffmann, N.D. Botkin and V.N. Starovoitov in 2005 in [4] by the
homogenization method starting from the classical Stokes equations of viscous compressible fluid
and classical Lamé’s equations of linear elasticity. This model is isothermal, and it is based on a
microstructure with frequently and periodically arranged cylindrical elastic bristles of the same size.
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In [4], the authors give the full justification of the homogenization procedure and fulfill a series of
numerical experiments that show perfect consistency with physical observations.

The study in [4] was motivated by demand in mathematical modeling and design of aptamer-
based biosensors: in [4][Introduction] the authors suggested that ‘one can impress’ (inside the biosen-
sor) ‘the aptamer protein layer as a periodic bristle or pin structure on the top of the gold film contacting
the liquid’. Since 2005, based on the Hoffmann-Botkin-Starovoitov model (from [4]), several com-
putational algorithms for modeling biosensors have been created and the corresponding numerical
experiments have been carried out [5-7]. More specifically, article [5] describes a numerical method
and a program for calculating dispersion relations for surface and bulk acoustic waves in multi-layered
anisotropic structures that may contain specific bristle-like layers in contact with liquids. This study
is of great importance from the point of view of biosensor applications, since the numerical method
takes into account the piezoelectric properties of materials, the ability to work with very thin layers
and adequate treatment of the interface between a solid bristle-like structure and a liquid. In [6], an
interesting approach for simulation of wave patterns in surface acoustic wave biosensors is proposed.
This approach relies on [4] and involves a rather subtle application of the differential games theory.
Feasibility of this approach is verified in [6] by a set of numerical experiments. The most recent
article [7] develops the concepts obtained in [4,5] for investigating the glycocalyx, ‘a polysaccharide
polymer molecule layer on the endothelium of blood vessels that, according to recent studies, plays an
important role in protecting against diseases’ (citation from [7]).

At the same time, since the Hoffmann—Botkin-Starovoitov model is based on the most fundamen-
tal laws of continuum mechanics and does not contain in its general form any specific relationships
related to certain properties of biosensor components, its applicability can be expanded for a much
larger number of phenomena related to bristly structures, rather than only with processes in biosen-
sors. In particular, the Hoffmann—-Botkin-Starovoitov model can be regarded as a generalization of
Goldstein’s model [1-3] for (not necessarily laminar) airflow near plant’s leafs, in a sense.

Now, let us note that, for many reasons arising from nature and technological demands, it is
favorable to consider bristly structures including bristles having two distinct sizes, as in the formulation
of Model A; in the present article. For example, in the general case, trichomes on the same leaf of
a plant may belong to different types depending on length and form, which should be taken into
account when studying airflow near the leaf. A characteristic feature is that the number of trichomes of
different length has a different order — on a plant leaf, there are quite a lot of short trichomes for one
long trichome [8-10]. Another possible application of models of two-level bristly structures interacting
with liquids can be found in bionics (or biomimicry). Biomimicry describes the processes in which
ideas and concepts developed by nature are translated into technology. According to the observations
made in [11], bristles, as a rule, have a strong effect on the wettability of plates: plate surfaces can
be superhydrophobic, self-cleaning (superoleophobic) and have low adhesion, which is often very
advantageous properties of materials. Two-level (hierarchical) roughness structures are typical for
superhydrophobic surfaces in nature. For example, the effect of self-purification in polluted reservoirs
using a two-level trichome structure is observed in lotus: in [12][Sec. 42.4.3]BJN, the question of how
to create an artificial two-level superhydrophobic surface similar to the surface of a lotus is discussed
in detail.

In [13], the Hoffmann—Botkin-Starovoitov model [4] was generalized onto the case of two-level
bristly structures in the isothermal case. The model that we construct in the present article is a natural
generalization to non-isothermal cases of the Hoffmann—Botkin-Starovoitov isothermal models built
earlier for single-level [4] and two-level [13] bristly structures.

In the end of this introduction, firstly, we note that, in the present work, the vast majority of the
results and technical calculations that do not directly relate to the temperature function and its limits
(as € \( 0) coincide with those obtained in the isothermal case in [13]. Therefore, in this article we do
not repeat these calculations and present the corresponding results without proof, limiting ourselves
to precise references to the arguments from [13]. Secondly, we would like to notice that the content of
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the present article involves very many notations, which is a usual thing in studies of homogenization
problems. Therefore, for convenience of reading we add an appendix in the end of the article, where
we aggregate a fairly comprehensive list of used notations.

2. Basic Formulation of ‘“Thermofluid—Structure’ Interactions

According to the fundamentals of continuum mechanics [14][Ch. I], the most general model of
joint motion of a heat-conducting elastic body and a viscous thermofluid consists of the mass, linear
momentum, and energy balance equations, the first and the second laws of thermodynamics in each
phase, individual state equations, determining thermomechanical behavior in each phase, and certain
conditions on the fluid-solid interface. Assuming a priori, that perturbations of the considered thermo-
mechanical system are small about some rest state, applying in this view the classical linearization
formalism [15][§ 8.1] to the equations of the most general model and passing to the proper dimension-
less variables, we arrive eventually at the closed system of linear equations of ‘fluid-solid” interactions.
The initial-boundary value problem for this system is formulated below and is considered further in
the paper.

Model A;. (Basic formulation of ‘thermofluid — thermoelastic structure’ interactions. The dimen-
sionless form.) Let O = (0,1)% C R be divided into two disjoint subdomains Q% and Qf and the
Lipschitz boundary I'. between them, so that the fluid occupies subdomain ()%, and the plate with
attached bristles occupies subdomain Q). Let T = const > 0 be a given moment of time.

Find a velocity field u.: Qf x (0,T) — R3, a displacement field v,: Of x (0,T) — R3, and a
temperature field 6:: Q) x (0, T) — R satisfying the equations

weppoptte = divy (20, Dy (ue) + (ap divy ue + ap divye Jiue — po)]l —Brbe) + agprf,

xe€Of te(0,T), (1a)
cp0i0; = divy(spVi0:) — Bp : Dy (ue) + ¥r, x€ Q% t€(0,T), (1b)
w5970 = divy (G : Vive —Bgb:) +agpsf, x€Qf, te(0,T), (1c)
5010 = divy(5esV i) — Bs : 0Dy (ve) +¥s, x€ Qf, t € (0,T), (1d)
the interface conditions
ue = v, 0 =0, xer, te(0,T), ()

(20D (n1e ) + (ap divye e + o divye Jyue — o)1 — IB%FOS(f))nS = (G : Vyve — IB%SGS(S))nE,

x€Tl,, t€(0,T), (1f)
V0 np = 52gV0) . ., te(0,T 1
wpVily ' e = 25Vx0; -me, x€Te, t€(0,T), (1g)
the initial conditions
uglt:O = uo(x), x € OF, (1h)
el,_o =0°(x), Oroe|,_, =w(x), x€Qf, (19)
0,y = 0°(x), xeQ, )

and the conditions on the fixed boundary 9€):

ue(x,t) = uf (x,t), x€0QNdQE, t € (0,T), (1k)
ve(x,1) =0, x€aQNA, te(0,T), (11)
O (x,t) = 0% (x,t), x€09Q, te (0,T). (1m)

d0i:10.20944/preprints202409.0957.v1
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In this formulation, ¢ is a small positive parameter that characterize the ratio between the charac-
teristic lengths of the microscale and the macroscale. Its precise notion will be given in Sec. 3.

Equations (1a)—(1b) are the linearized non-stationary Stokes—-Fourier equations of compressible
heat-conducting fluid, equations (1c)-(1d) are the classical equations of linear thermoelasticity. Rela-
tions (1le)—(1g) are the continuity equations on the interface I'; for velocity, temperature, and the normal
stresses and heat fluxes, respectively. In (1a) and further in the paper, by D, (¢) we denote the symmet-
ric part of the gradient of some enough regular vector-function ¢(x): Dy;j(¢) = (1/2)(0x,9; + 9x,¢i),
i,j = 1,2,3. The rest of the notation for differential operators in (1) is quite standard. In (1a) and
further in the paper, by J; we denote the Volterra operator:

G0 = [ os)as, Vo' ®

By I we denote the identical transformation in R3, i.e., I = (6i7), where 6;; is Kronecker’s symbol. In
(le)—(1g), the following notation for values of temperature 6, on interface I's is used: for any xy € I',

we set
0 (x0) = lim 6e(x), 0 (x0) = lim 6(x).
X — X0 X — X0
x € Qf x € Q5

Vector 1, (xp) is the unit normal to T’ at a point x, pointing into (f.

Dimensionless coefficients ar, ay, ), ap, ag, >, s, OF, Ps, Cp, and cg are constant, positive and
independent of e. They are given and relate to the dimensional physical characteristics of the problem
via the following identities:

te — Osc LSZ,C M tr = A o — 1 Ne — Pschsc
T — 2 7 ]/l - 7 /\ - 7 p - 7 g - 7
Tée Psc Tsc Psc Tsc Psc Y Psc Psc
2 2 ! !
Toc U5 TscUse PE Ps
AP = 5+ AF "G = —5 0 A pp:f pszf
LEC Ty psc ’ LEC Ty psc 5 Osc ’ POsc ’
2 2
L L

Cr = C Cg = Cg.
T Psc F T Psc S

Here L. is the characteristic size of () (measured, for example, in meters: m); T (s) is the characteristic
duration of physical processes; psc (kg - m~! -s72) is the atmosphere pressure; g (m - s~2) is the
acceleration of free fall; ps; (kg - m~3) is the mean density of air at the temperature 273 K and at
the atmosphere pressure; T, (K) is a reference temperature; ¢s. (K) is the temperature difference
between the boiling- and freezing-points of water at the atmosphere pressure. Dimensional coefficients
U, A, p%, %}, and C% in the fluid phase are respective shear and bulk viscosities, mean density, heat
conductivity, and specific heat capacity at constant pressure; the dimensional coefficient -y characterizes
the compressibility of the fluid. Dimensional coefficients p§, 5, and c§ in the solid phase are respective
mean density, heat conductivity and specific heat capacity at constant pressure.

G=(g ifkl) is the dimensionless elastic stiffness tensor. Its components G ijkl (i,7,k1=1,2,3)can
be arbitrary up to base restrictions so that any anisotropic solid can be considered. We have

3. .
(G : Vo) = Z G Ik ij=1,23,
k=1

components G/ are constant, and there are fulfilled the symmetry condition

gi]’kl _ gi]'lk — gkli]’ — gjikl’ i/j/ k1=1,23, 3)
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and the positive-definiteness condition: there exists a constant cg > 0 such that
. ijkl 2
(G:X):X= Y GMXuX;j>cglXP, VXeRGmm (4)
ij k=1

Here and further, we deal with symmetric 3 x 3-matrices, say, X = (Xij)i,j=1,2,3 such that X;; = Xj;.
We denote the class of these matrices by R";}X,I%m. Note that demands (2) and (4) perfectly meet the
fundamental principles of Newtonian mechanics.

Notation 1. Above in this section and further in the article, we use the conventional notation for the inner
products of fourth-rank tensors and 3 x 3-matrices and for the dyads of 3 x 3-matrices and vectors. More
precisely, A : W is the inner product (convolution) of a fourth-rank tensor A and a 3 x 3-matrix W. It is the
3 x 3-matrix defined by the formula

A: W= ( Z Aijklwkl> .
i,j=1,2,3

k1=123
The inner product (convolution) of two 3 x 3-matrices W and C is the scalar defined by formula
3
W:C= Z WZJC,]
ij=1
In particular, we have
3 3 3
(A:W):C= Y AMwWuCy, [WP=W:W=Y W;W;, tW=W:I
ijk1=1 ij=1

for all fourth-rank tensors A and 3 x 3-matrices W and C.
The dyad W @ C of two 3 x 3-matrices W and C is the fourth-rank tensor defined by formula

W@ C = (Wi Cr)ijii=123
and the dyad a ® b of two vectors a and b is the 3 x 3-matrix defined by the formula
a®b=(a;b);j-123
In particular, we have
(WRC):A=(C:A)W, (a®b)c=(b-c)a

for all 3 x 3-matrices A, W, and C, and for all vectors a, b, and c.

In the formulation of Problem A, the dimensionless elastic stiffness tensor G relates to the
dimensional elastic stiffness tensor G’ via the identity G = G'/ Psc, 3 X 3-matrices Br = (BlF]) and
Bs = (BlS]) are the dimensionless matrices characterizing thermal dilatation in the fluid and solid
phases, respectively; these matrices are constant, symmetric, and they relate to the dimensional
matrices B and B} via identities

By = =m, B = Yep

Psc Psc
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The sought dimensionless velocity u,, displacement v, and temperature 0; relate to the respective
dimensional distributions u,, v/ and 6, via identities

/
 Tse 1, 9_6€—T*
= U, V¢=—7, e =3 .

LSC E

U

Finally, f is the dimensionless density of distributed mass forces and ¥Yr and ¥ are volumetric
dimensionless densities of external heat application in the fluid and the solid phases, respectively. We

have
Tsc Use

T, Psc

_ Tsc Use
T, Psc

!
f=];, ¥, yl, g = Selsyr

where f/, ¥} and ¥ are the corresponding dimensional thermomechanical characteristics.

The initial distributions p°, u°, %, w?, and 6° in (1a), (1f) and (1h)—(1j) and the boundary distribu-
tions ' and 6* in (1k) and (1m) are given.

For the further purpose of homogenization, it is necessary to introduce the proper notion of weak
solution to Model A, uniform in the whole domain Q). To this end, let us follow [4][Sec.2.2] and
[13][82].

Using (2), we rewrite equation (1c) and condition (1i); equivalently as
a5ttty = divy (G @ Ji Vatte — Bsbe) + dive (G : Vo°) + agosf

and equation (1d) as
Csateg = divx(ﬂ{svxe‘c_) — Bg: ]D)x(ug) + ¥s.

Here u, = 0;v; is the velocity vector.
We accept the following two assumptions on the initial data in Model A,.

Assumption 1. We suppose that the initial data for velocity

0 €
0, ) u’(x) for xeQf,
wix) = { w'(x) for x e QF,

given in the whole cube 3, does not depend on e. In other words, we impose an independent of € uniform initial
velocity field u® on Q).

Assumption 1 is consistent with the requirement that the initial velocity field is continuous in the
whole cube Q).

Assumption 2. We suppose that the initial distribution of pressure p° and the initial displacement v° are
defined in the whole cube O, do not depend on ¢, and along with u® and 6° satisfy the compatibility conditions

20, Dy (u°) + (ay dive u® — p")I - Bf® = G : V0! — Bso” € H' (Q)>*3, (5a)
2pV 00 — Bru® = 55V.0° — Bgu® € H'(Q)3. (5b)

Relations (5a) and (5b) express, respectively, the smoothness of the initial stress and the initial
heat flux in the whole cube Q).
Now introduce into considerations the characteristic function of domain Qf:

1 for xe€ QFf,
X‘“‘(x)={

0 for xcQ\Qf.
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Taking into account this notation, we rewrite system (1) as the system of the uniform momentum
and energy equations with the discontinuous coefficients in the whole cube ():

a0 = divy (MEIV e + MY —BEO,) +agplf, x€Q, t>0, (7a)
010 = divy (5°V0;) — BE : Dy(ue) + ¥5, x€Q, t >0, (7b)

supplemented with the set of initial and boundary data:

u‘g’t:() = uOI 9£’t:0 = 90/ X € Qr (7C)
ue(x,t) = u*(x,1), 0:(x,t)=0"(xt), (x1t)€3Qx(0,T). (7d)

In (7a)—(7b) and further, we denote

o5 = X"pr + (1= x%)ps, ®)
MV ue = x° (20, Dy (me) + (ap divy ue + ap divy Jiue)I) + (1 — x°)G : i Vue, 9)
MO = —xp°T+ (1 - x)G : Vo, (10)
B = x*Br + (1 — x°)Bs, (11)
¢ = xcp+ (1 —x"cs, (12)
o =X+ (1= X) s, (13)
Y= x"Yr+ (1-x)¥s. (14)

In (7d), u* = u*(x, t) is a given vector-function, which is defined in the whole closed space-time
domain Q x [0, T| and satisfies the boundary condition

uf (x,1), x €90NaQ%, te (0,T),
ut|, = { F (15)

0, x €90NAOg, t € (0,T).

Remark 1. In Sec. 3 further, we will define the geometry of Q. and QO such that u* and u* are independent of
g, OF and OF are simply connected, and meas (002 N Q) > 0 and meas (002 N9Q) > 0.

Now, we are in a position to introduce a notion of weak solution to Model A,.

Definition 1. The pair of functions (ue, 6;) is a weak solution of Model A,, if it satisfies the reqularity
demands

ue € L°(0,T; L2(Q)*) N L2(0, T; HY(Q%)®), Jime € L2(0, T; HY(Q)?),

16
0. € L*(0, T, H'(Q0)), (16
the boundary conditions (7d) in the trace sense, and the integral equalities
T
/o /Q(—ocrpiug -0 + [Mévqu + MY — BLOe]| : Vi — agplf - @)dxdt
- / e pt (2)u0 (%) - @(x, 0)dx (17)
Q

for all smooth test vector-functions @ = ¢(x, t), vanishing in a neighborhood of plane {t = T} and boundary
d00), and

T
/ /Q (—c£958t17 + Vb - Viyp + B - Dy (ue) 17 — ‘I’giy)dxdt = /Q c€90(x)17(x,0)dx (18)
0

for all smooth test functions n§ = 1(x, t) vanishing in the neighborhood of plane {t = T} and boundary 0Q).


https://doi.org/10.20944/preprints202409.0957.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2024 d0i:10.20944/preprints202409.0957.v1

9 of 53

The following result on the well-posedness of Model A, and on uniform (in ¢) estimates for the
family of solutions to Model A; is valid.

Proposition 1. Assume u® € 12(Q)3, v° € HY(Q)3, p° € L2(Q), f € L2(Q x (0,T))3, 6° € L?(Q),
w € C2(Qx[0,T])° 6% € C2(Q x [0,T]), and |[¥¢||;2ax 0,1)) < ¥, where constant cy > 0 does not
depend on e.
Then, for any fixed e > O, there is a unique weak solution (ug, ;) to Model A, in the sense of Definition 1.
Moreover, the energy estimate

esssup ([l + 106Dl + 15 o)
te(0,T

+ ||qu€||%2(Q€F><(O,T))3X3 + HV’CGSH%Z(QX(O,T)P

< CO(HfHLZ Qx(0,T))3 + C‘F + ||u0||L2(Q e HUOH%_]l (Q)3

+ ”60“%2(0) + HPOH + H”*HCz(QX OT] 3 + ||6*||é2(5><[0,ﬂ)) (19)
and the additional estimate
esssup || (Jite) (-, £) [| g1 (s < C1 (20)
te(0,T)

hold true, where constant Cy > 0 depends on T, ar, ay, &y, &p, &g, OF, CF, #F, CG, PS, CS, 5, ANd CKorn, ANd
constant C1 > 0 depends only on Cy and ckorn. (Here, Cxorn 15 the constant from Korn's inequality [16][Ch. I,
§2,Th.2.1].) At the same time, both Cy and Cq are independent of e.

Proof of Proposition 1 completely repeats the proof of Theorem 3.4 from [17][Secs. 4, 5] with slight
natural modifications. [J

Generally speaking, estimates (19) and (20) are sufficient to fulfill the homogenization of Model
A with the help of the method of three-scale convergence. However, some serious technical difficulties
must be overcome in this case. To avoid that, we establish a stronger estimate for #, and 6;, using
Assumption 2:

Proposition 2. Let 1’ € H'(Q)3, 6° € H'(Q), f,aif € L*(Q x (0,T))% ¥/l r20x(0,7)) < ¥,
10£Y¥] | 12(ax (0,7)) < cw, and Assumption 2 hold.
Then the family { (ue, 6;) }€>0 of solutions of Model A, satisfies the estimate

esssup ([|0sue (-, 1) | 2 + | Vxtte (-, 1) 12 ()33
te(0,T)

08, )llzq + 19286, Dl ) < Co el
where Cy is a constant independent of e.

Proof of this proposition replicates the justification of Theorem 2.6 from [4]. Therefore we give it here
rather schematically.
Let us introduce a pair of functions (a,, T¢) as the weak solution of the problem

S0t = divy (MLVia, — BET,) +agpfdif inQx (0,T), (22a)
c*01Te = divy (5 VTe) — BE : Dy(a.) + 0, ¥° inQ x (0,T), (22b)
szpiag}t:O =divy (G : Vo — IB%SGO) + agpifo in Q, (22¢)
“Te|,_y = divy (3¢5 V0’ — Bgu?) + ¥ inQ, (22d)

a, =ow*, T,=090" onadQx (0,T), (22e)
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where f0 = £(-,0) and ¥ = ¥(-,0).
By Theorem 3.4 from [17], the weak solution (ag, T¢) to problem (22) exists, is unique, and the
energy estimates for this problem appears as follows:

€sssup (||ug(-, t)”iZ(Qp + || Te (-, t)“iz(()) + ||]tvx“e('/t)||%2(0§)3x3)

te(0,T)
+ ||an€||%2(Q%X(O,T))3X3 + ”V’CEEH%Z(QX(O,T)P <G, (23)
which yields
esssup ||(Jeae) (-, 1) || g1y < Ca, (24)
te(0,T)

where the positive constants C3 and Cy4 are independent of e.
In (22¢) and (22d) note that

divy (G : Vxv? — Bs8?) = divy (x* (20D (u°) + (ay divy u)I) + M — BEGY),

due to (5a), and
divy (525 V0" — Bsu®) = divy (5°V0°) — B : Dy (1),

due to (5b) and the symmetry of matrices Br and Bg. In this view, we conclude that the pair of
functions defined as

) = [ el 9)ds +10x) = (o) (1) +°(),

O (x,t) = /Ot Te(x,5)ds + 00(x) = (JiTe) (x,t) +6°(x)

is the solution of Model A¢, and 0su; = a, and 9:0; = T,. Now, estimate (21) appears as an immediate
consequence of (23) and (24). O

3. Fine geometry of the microstructure

In this section, we precisely define the geometrical forms of Q)5 and O, following the lines of
[13][Sec. 3]. By this we introduce a two-level bristle structure.

Assume that taller bristles are located e-periodically and shorter bristles are located e2-periodically
in x1 and xp. Parameter ¢ is small and positive: € > 0, ¢ < 1. In order to describe exact locations of
the bristles, we introduce mesoscopic variables §j = (y1,y2) € R?, microscopic variables Z = (z1,z) € R?,
and, correspondingly, the pattern mesoscopic cell & = (0,1) x (0,1) C ]R% and the pattern microscopic cell
©® = (0,1) x (0,1) C R, each consisting of the two nonempty subdomains and the interface between
these subdomains:

2=XrULZsUIy, ©=0rUBgqUTg.

Here X is the orthogonal projection of a taller bristle onto the flat surface {x3 = A} of plate (), taken
ine~!: 1scale, i.e., e~ -times stretched. Analogously, @ is the orthogonal projection of a shorter
bristle onto the flat surface {x3 = A} of plate Q) taken in g2 : 1scale.

We assume that both Xg and ®; are simply connected sets with smooth boundaries, each of them
being locally situated on one side of the boundary. For simplicity, suppose that £g and ®g do not have
common points with 0% and 00, respectively (see Figures 1 and 2).

d0i:10.20944/preprints202409.0957.v1
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Ya

Ip

0 1 Vi

Figure 1. Mesoscopic pattern cell

Z3

OF
0 1 Z

Figure 2. Microscopic pattern cell

Further, let us additionally denote ¥ = (x1, x2) and introduce into consideration the characteristic
functions { = {(¥) and ¢ = §(Z) of sets X and OF, respectively:

(25)

A<A) 1 fory e X, #(2) 1 forz € Op,
= _ z) = _
0 foryeX\Zp 0 forze®)\Of.

Extend functions { and ¢ onto the whole spaces R; and R? 1-periodically.

Using the above introduced constructions, we set up a refined geometrical structure of domains
Qs = Of and O = OF as follows.

Let A = const > 0 be the thickness of plate (), without taking bristles in account. Let §* =
const > 0 and J,« = const > 0 be the heights of taller and shorter bristles, respectively. We assume that
0* + A < 1. In line with (6), define the characteristic function x(x) = x*(x) of domain Qf = Q% as
follows:

X X
x%x)=é(;xﬁ¢(;ym), (26a)
where
1 for SF+A<x3<1,

dém%: da for A<x3<d"+A4, (26b)

0 for 0<x3 <A,

1 for 0, +A<x3<]1,
X ~( X
¢(€—2,x3> = 1/)(8—2) for A<ux3<d,+A, (26¢)
0

for 0<x3 <A.
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Thus, the structure of ()¢ and ()¢ is introduced. It is loosely shown on Figure 3.

7 // QF
R % .
Al

Figure 3. Plate with the bristles and the fluid flow

4. The Allaire-Briane Three-Scale Convergence Method

Our aim now is to pass to the limit in the integral equalities (17)—-(18) as € ™\, 0. This limiting pas-
sage is based on the Allaire-Briane three-scale convergence method. We formulate the fundamentals of
this method in the form adapted to the problem under consideration, following the lines of [13][Sec. 4].

Proposition 3. (G. Allaire, M. Briane, [18][Th. 2.4]) Let {w; } . o be a bounded sequence in L*(Q) x (0, T)).
Then there exist a subsequence from {we}\ o (still denoted by {we }¢\ o) and a function

w=wx7,%1t), wcl>(QxZx0x(0,T)),

such that the limiting relation

. T Xx T P P P
21{%/0 /ng(x,t)(p(x,g,e—z,t)dxdt—/o /Q/Z/@w(x,y,z,t)qo(x,y,z,t)dxdydzdt (27)

holds true for all smooth and 1-periodic in § = (y1,y2) and Z = (z1, z2) test functions ¢ = ¢(x,¥,z,t).

Definition 2. [18][Defn.2.3] If (27) holds then we say that sequence {we }¢\ o converges in the three-scale
sense {0 w:
we — w  in the 3-sc. sense.
e\,0

Proposition 4. (i) [19][Sec. 3] The three-scale limit is unique, i.e., if sequence {we}e 0 C L2(Q x (0, T))
converges in the three-scale sense to functions Wy, Wss € L2(QAxZ x O x (0,T)) then w, = wys a.e. in
QAxZxOx(0,T).

(i) [18][Th. 2.6] Let sequences {we} e~ o and {Vxwe}e o be bounded in L2(Q x (0,T)) and L*(Q) X
(0,T))3, respectively. Then there exist a subsequence from {we}¢ o (still denoted by {we}e o) and a triple of
functions w = w(x,t), w; = wy(x,Y,t) and wy = wo(x,¥,z, t) such that

w e L2(0,T; H'(Q)),
wy € LX(Qx (0,T); H}(Z)/R), w, € L*(QxZx (0,T); H{(©)/R),

and we — w, Vywe — Vyw + Viw Vsw in the 3-sc. sense.
88\0 xse\o xW + yl"‘ zW2

(iii) [18][Th. 4.6] Let sequences {we }e o and {Vywe }en o be bounded in L*(Q2 x (0, T)) and L2(Q2 x
(0,T))3, respectively. Let x° be defined by formula (26). Then there exist a subsequence from {we}e o and
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functions w = w(x, t), w; = wi(x, ¥, t) and wy = wy(x,Y,z,t), with the same reqularity properties as in
assertion (ii), such that
xwe :J) x(x,Y,2)w(x,t) in the 3-sc. sense,
€

XEVwe @) xX(x,9,2)(Viw + Vywy + Vzwy)  in the 3-sc. sense,

where ) is the characteristic function of set QO X L X OF, i.e.,

x(x,9,2) = x(x3,9,2) = (¥, x3)9 (2, x3), (28a)
where
1 for FF+A<x3<],
{(f,x3) ={ T(H) for A<x3<d* +A, (28b)
0 for 0<ax3 <A,
and

1 for 0, +A<x3<1,
P(Z,x3) =1 P(z) for A<x3<6,+A4, (28¢)
0 for 0<x3<A.

In the formulation of Proposition 4 and further in the article, the standard notation for the spaces
of periodic functions, which have gradients, is in use:

Notation 2. By Hé (2)/Rand Hé (©) /R we denote the spaces of functions belonging to H'(X) and H'(®),
being 1-periodic in y and z, respectively, and satisfying the following normalization conditions:

/)2 ¢(H)dy =0, /@ 9(2)dz = 0.

By Vy and V3 we denote the gradient operators

ayl aZl
Vo= 9, | Va=| o, | (29)
0 0

5. The Limiting Passage in Model A, as ¢ ™\ 0. Homogenized Three-Scale Equations

Now, with the help of Propositions 1-4, we carry out the homogenization procedure for Model A,
and derive the closed well-posed homogenized three-scale model. Namely, we establish the following
theorem.

Theorem 1. (i) There exist a subsequence { (ue, 0¢) } e\ o from the family of weak solutions of Model Ae, a triplet
of vector-functions
u=u(x,t), ut) = u(l)(x, Y1), u?® = 4@ (x,9,%,t)

and a triplet of scalar functions
0="0(xt), 01 =00(x51), 0% =0%(x7z1)
satisfying the reqularity requirements

ue L®0,T; H(Q)3), om e L™(0,T;L*(0)3), (30a)
ul) € L2(Q x (0, T); (H{(Z)/R)%), (30b)
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u? € [2(Q x £ x (0,T); (H}(©)/R)%), (30c)
6 € L®(0, T; H(QY)), 9:0 € L=(0, T; L*(Q0)), (30d)
6V € L2(Q x (0,T); H} (Z)/R), (30e)
0? € L2(Q x X x (0,T); H}(©)/R), (30f)
and the limiting relations
Ue G u  in the 3-sc. sense and strongly in L*(Q x (0,T))3, (31a)
€
V ue @ Vu+ Vgu(l) + Vgu(z) in the 3-sc. sense, (31b)
€
B¢ G; 0 in the 3-sc. sense and strongly in L*(Q x (0,T)), (31c)
€
V x0¢ ;)) Vi + Vg(?(l) + VEG(Z) in the 3-sc. sense. (31d)
€

(ii) The set of the six limit functions (u, u,u?,0,00), 902 )) is the unique solution of the limit Model
H-3sc stated below.

Model H-3sc. (The homogenized three-scale model.) Find the set of six functions (u, u(l), u(z), 0, 9(1), 9(2))
satisfying the regularity requirements (30), the integral equality

INNSREET

+ M (Viu+ VD + Vo) + M° —B6] : (Ve + Vg, + Vzg,)
— agpf - 4;} dzdijdxdt = /Q /)2 /@ wepu® - pOdzdiix (32a)

for arbitrary smooth test vector-functions ¢ = ¢(x,t), ¢, = ¢,(x,9,t) and ¢, = ¢,(x,7,2,t) such
that ¢, ¢;, and ¢, vanish in a neighborhood of 90} and section {t = T}, ¢, is 1-periodic in ¥, and ¢,
is 1-periodic in ¥ and Z, the integral equality

T
LT L 0o (9204 950 4 9200 - (T + Vg + V)

+ (B : (Dx(u) + Dy(uV) + Da(u®)))y — ‘1/;7} dzdyjdxdt

= 0% dzdyd 32b
[ eonazdgax (32b)

for arbitrary smooth test scalar functions 7 = 1(x, t), 11 = n1(x, 9, t) and 72 = 12(x, ¥, Z, t) such that
11, 1, and 7, vanish in a neighborhood of dQ) and section {t = T}, #; is 1-periodic in ¥, and 1 is
1-periodic in % and Zz, and the boundary conditions

u(x,t) =u*(x,t), 0(x,t)=0"(x,t) onaQx (0,7) (32¢)
in the trace sense.

In (32a) and (32b) and further, the following notation is in use.
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Notation 3. We denote ¢° := ¢|;—g, ° := 11|1—o. For & := x, 7 and Z, we define the linear integro-differential
operator MV by formula

MtV,;w = x (20D (w) + (ap dive w + ap dive Jrw)T) + (1 — x)G : JiVew, (33)

ie., MtV@r is defined by formula (9) with x on the place of x* and ¢ on the place of x.
Further, we denote

p=0(x3,9,2) = x(x3,9,2)pr + (1 - x(x3,7,2)) ps,
M := —xpT+ (1 - x)G : Vo,

B:=xBr+ (1—x)Bs, c¢:=xcr+(1—x)cs,
wi=xp+ (L= x)xs, ¥i=x¥r+(1-x)¥s.

Also, let us write down the explicit expressions for symmetric parts of gradients and for diver-

gences:
Dji1(@) Dyjia(e) O Dz11() Dzia(y) O
Dj(@) = | Dpi(@) Dgo(@) 0 |, Dz(n) =| Dzi(n) Dax(y) 0 |,
0 0 0 0 0 0
oo 9P 992 O O
dlqu)_ ay1 * ayzl leZI]— 821 + aZZ

where ¢ = ¢(¥) and y = 5(Z) are arbitrary admissible vector-functions.

Proof of Theorem 1. (i) The limiting relations (31) in the three-scale sense follow immediately from
Propositions 1-4 and the uniform estimates (19)—(21). The limiting relations (31a) and (31c) follow
from (21) and the Rellich theorem.

Also, by Propositions 1-4 we have

Jiue 8—\5 Jou,  ViJrue EJ) Vi + Vﬂtu(l) +VeJu?®,  xu, @) Xu, (34a)
K Jvtte 5 i, XVl — x (Vfiu + Vi) + V@), (34b)
X Vatte > x (Vo VgV + Vaul®) (340)

in the 3-sc. sense. Additionally, from Proposition 1 and the Rellich theorem it follows that

Jrue q)) Jiu  strongly in L2(Q x (0, T))>. (35)
€

(i) Now insert the test vector-function ¢*(x, t) of the form

€ _ it 2 g E
¢ (x, 1) —¢(x,t)+£¢1(x,€,t> + € ‘PZ(x'g'gz't) (36)
into (17) and the scalar function 7 (x, t) of the form
e _ g 2 g E
1 (x,t)—iy(x,t)+s171(x,£,t)+s 172<x,€,€2,t) (37)

into (18). In (36), ¢ = P(x,t), ¢; = ¢,(x,y,t) and ¢p, = ¢,(x,9,%,t) are arbitrary smooth test
vector-functions vanishing in a neighborhood of 9Q) and section {t = T} such that ¢, is 1-periodic
in § and ¢, is 1-periodic in ¥ and z. In (37), 1 = 5(x,t), ;1 = n1(x, ¥, t) and 7o = 12(x,9,Z,t) are
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arbitrary smooth test functions vanishing in a neighborhood of 9Q) and section {t = T} such that #; is
1-periodic in ¥, and 7 is 1-periodic in % and Z.

With this choice of test functions, passing to the limit as € N\, 0 and using relations (31), (34) and
(35), from (17) and (18) we derive exactly the variational equations (32a) and (32b). The boundary
conditions (32c) (in the sense of traces) clearly follow from the boundary conditions (7d) as e ™\, 0, due
to sufficient regularity of u,, 8¢, u, and 0. Thus, the limiting passage as € ™\, 0 in Model A, proves the
existence of solutions to Model H-3sc.

The uniqueness assertion for solutions of Model H-3sc is verified standardly for linear problems:
the classical energy identity for Model H-3sc yields that the solution is identically equal to zero if M?,
f, 1%, ¥, 00, u*, and 6* are identically equal to zero. This proof is similar to justification of Theorem 1
from [13].

Theorem 1 is proved. [

Further, in Sections 6 and 7, we carry out an asymptotic decomposition in Model H-3sc, i.e., we
separate the three scales from each other and, as the result, build up an effective macroscopic model.

6. Asymptotic Decomposition I: The Homogenized Two-Scale Model — Model H-2sc

The asymptotic decomposition follows the lines of [13][Secs. 6-12] with necessary modifications,
and the most of technical calculations and results in the present article are exactly the same, as in [13].
Due to this, we outline the asymptotic decomposition procedure in the present article in an abridge
form, focusing mainly on novel constructions and giving the precise references to the calculations and
results from [13].

First, we solve the microstructure and thereby establish the following theorem.

Theorem 2. Let the set of six functions (u, u(l), u(z), 0, 6(1), 9(2)) be the solution of Model H-3sc. Then, its
subset — the quadruple (u, u(l), 0, 9(1)) — serves as a solution to Model H-2sc stated below.

Model H-2sc. (The homogenized two-scale model.) Find two vector-functions u# = u(x,t) and

u) = 4 (x,7,t) and two scalar functions 8 = 0(x, t) and 8(1) = (1) (x, 7, t) satisfying the regularity
requirements (30a), (30b), (30d), and (30e), the integral equality

[ [ {-aclopmeotyute ) -
+/ (7, x3) ]D) (u(x, 1)) —I—]D)g(u(l)(x,y,t)))

+Bo(g, x3> : (Dx(wu)(x,t)) + D) (x,9,1)) )
+ /Ot Ai(,t = 7,%)  (Dx(u(x, 7)) + Dy (uV (3,9, 7)) ) dr
+ [ Bu(@ - ) s (De(Ue () + Do) x5, 7)) e
+ Hoa(5,%3)6(x, ) + Hi (5 %3) 19) 3, )
+ 5,5, 0)]  (De(9(x,1)) + Dy, (x,5,)) )df } dct

= [ [ aglozcoe)f gt + [ aclp)siolnn’®)  ¢(x0dx @52

for arbitrary smooth test vector-functions ¢ = ¢(x,t) and ¢, = ¢,(x, ¥, t) such that ¢ and ¢, vanish
in a neighborhood of 0Q) and section {t = T} and ¢, is 1-periodic in 7, the integral equality

/ / ¢)rxo(x3)0(x, )41 (x, 1)

d0i:10.20944/preprints202409.0957.v1
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[ L@ xa)(T200x, )+ V900 (x,5,8)) - (Tan(x,8) + Vg (x,5,1))
+ (Lo (3,%) : (Dx(u(x, 1) + Dyl (x,7,1))
+ /0 t Lea(§,t — 7,%3)  (Dx(u(x, 7)) + Dy (x,5,7)))dr
+ Lo(#,x3)0(x, 1)
+ LY, £, x3)p°(x) + LY (7, 1, x3) : vao(x)>17(x, t)} dg} dxdt

- / / Voo (%, £)(x, t)dxdt + / (c)zxe(x3)0°(x)7 (x,0)dx (38b)

for arbitrary smooth test scalar functions # = #(x, t) and ;7 = #1(x, ¥, t) such that 7 and #; vanish in a
neighborhood of 9Q) and section {t = T} and #; is 1-periodic in ¥, and the boundary conditions (32c)
in the trace sense.

Notation 4. In (38) and further in the article, by (¢)s«o, (P)o, and ($)s, we denote the mean value of
1-periodic functions ¢ on L x ©, ©, and %, respectively:

Prco = [ [ 0G24z, @@ Do = [ 9@ (90 D)x = [ 67Dy

for all admissible 1-periodic in i and Z functions ¢.
By |©f| and |Lg| we denote the (Lebesgue) measures of O and X, respectively:

Ol = [ #@az= [ az [zr|= [Leyag= [ dg

Also, further we use the following notation for the elements of the Cartesian bases in ngx,sm and

R3.
Notation 5. The 3 x 3-matrix J™" (m,n = 1,2,3) is defined by the formula

en Xey+ ey Qe

mn __
J™ = > ,

or, in the component-wise form,

‘5zm§]n + ‘5]m5m

(Jmn)lj = 2

i,j=1,2,3.
By ey, (m = 1,2,3) we denote the standard Cartesian basis vectors in R3. Thus (em) i = Omj-

The fourth-rank tensors Ay, By, A1, and Bj, the 3 x 3-matrices Hp;, Hgy, F°, L,., L1, L, and
L9 and the scalar functions Ly and L(;, are uniquely defined by the solutions of the so-called cell problems
posed on the microscopic pattern cell ®. In turn, the cell problems contain the complete information
about the homogenized dynamics of the thermomechanical system at the level of the most fine bristle
structure. This means that the thermomechanical behavior at the scale of variable Z is sublimed in the
components of Ay, By, A1, By, Hyy, Hyy, F9, L,, Lgy, Lpp, and ]Lg, and in scalars Lg and Lg.

The exact expressions of Ay, By, A1, By and FO have already been established in [13][Secs. 6, 7]
along with the formulations of the corresponding cell problems. The exact expressions of Hy, Hgp, L.,
Lp1, Lpa, LY, Lg, and LY are novel, as are the formulations of the cell problems associated with these
expressions. Now, we present the exact expressions of Ay, By, A1, By, Hyy, Hyp, F 0 L,, Lz, Lgo, Lg,
Ly, and Lg and the exact formulations of all the cell problems (posed on ®) along with the results on
their well-posedness. After this, we give a proof of Theorem 2.

d0i:10.20944/preprints202409.0957.v1
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We have
3
IQI+2x, Y I™@J™ forx;e (A+6%1),
mmn=1
3
Ao, x3) = g(ﬁ)(txA]Ié@H—l—ZaH Y J’""@Jm”) for x3 € (A+ 6, A +6%], (39a)
mn=1
()AL forxs € [AA+6.),
0 forxz € (0,4),
where
fdef 2 B mn mn
AO :0()\]1@) <|®F|H+ Z <IP leEZOO >®J )
m,n=1
3
+2, Y (106 7™ + (B D=Z) ) ) @ I™; (39b)
mun=1
aplel for x3 € (A+0%1),
~ {@ap 1T+ (1-7(5)G for x3€ (A+d,A+5,
Bo(y,x3) =4 . : o (40a)
C(§)By+ (1—-0pl0(y))G for x3€[AA+6],
g for x3 € (0,4),
where
d 3.
By Y w10 (J0p 1+ Y (§ dive 28 I™)
mn=1
+ Z ( )DA(Z%’“»@)@W"; (40b)
mn=1
L)AL () £ AN+ 6]
Aot = | T@DA[D) for xelanal "
1(5:4:%) {0 for x3 € (0,A)U(A+6,1), (41a)
where

3 3
A{( t) :fmm Yo (@ divs ZIg ) o () I + 20y, Y (PD:(Z]F)) o (1) @ I (41b)

mn=1 mmn=1

_ | Z@)Bl(t) for x3€[AA+6],
Bl(y't’x3)_{ 0 ' for x3€ (0,A)U(A+6,,1), (422)
where
3
Bl Ya, 10 Y (§ divaZit) (1) I
mn=1
3
+ ¥ (9:(1-P)D=(Zi))e() @I (42b)

mn=1
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PRI for xs € (A+5°1),
PP+ (1-L(@)G: Vid® for x3€ (A+0.,+57,
UGt =3 Z5) (PR + Y S wE ) + (- 0rl@)g: Ve (430)
mmn=1 n
for x3 €[N A+,
G:V, 0" for x3€(0,A),

where
F?(t) défﬂq<l:l; dngZzo>®(t) I+ 2&y<ljJ\Dg(Zzo)>®(t)
+ap (P divs 1 Z20) o (H I+ G : ((1— &)Df(jtzm»@(t) — |®f| T (43b)
and
FOmn (1) Ly (§ dlive ZI ) () T+ 20, (§ D=(Z58)) o (1)
+ap (P divs 1Z5) o (D T+ G : (1 - 9)D:(J:Z5") ) o (1),
mn=1,2,3 (43¢)
~ _ E(ﬁ)Hf for x3 € [AA+6],
Hor (9,%3) = { 0 for xae (0.A)U(A+41), (44a)
where
Hgl = 20{;4 <¢D5(Z40)>® + DC)L<1:U\diVQZ40>@H — |®F|BF — (1 — ‘®F|)BS; (44b)
| T@HL, for x3€[AA+6]
Hez (9 x3) = { 0 for x3€(0.0)U(A+d1), (45a)
where
ng =y (¢ divs Zyg)o I+ G : (1 — ) ViZy)e; (45b)
sl for x3 € (A+6%1),
) @@+ (1=0(@)s)T for xs € (A+0.,0+057],
L9, x3) = LY. () for x5 € [AA+d, (46a)
Al for X3 € (0, A),
where
L%(§) = ((7)|OF|5r + (1 = {(H)|OF|) 25)I
N R 3
L@ (BV=( X 25, Jen) ) (o = 55); (46b)
n=1
Br for x3 € (A+0%1),
) T@)Br+(1-0(5)Bs for x3€ (A+d.,A+6,
Lp1 (§,x3) = LY, () for x3 € [AA+d4, (472)

Bs for x3 € (0,7),
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where
o~ ~ o~ 3 o~
L1 (§) = () |OeBr + (1 - {(§)OF)Bs +(H) Y (($D=(Z5)))g : (Br —Bs))I™;  (47b)
m,n=1
o L@ for xse (s A+4,
LBZ(y’t’x3){ 0 for xse (0,A) U (A +6,,1), (482)
where X
Li,(#) = Y ((§D(Z5 (1)) : (B — Bs))I"™; (48b)
m,n=1
i@ for xze A A+,
Le(y’x3){ 0 for x5 € (0,A) U (A+5,,1), (492)
where
L) = (§D2(Zx))g : (Br — Bs); (49b)
0~ B Z(g)LOf(t) for x3€[AA+6],
Lp(@:t:x3) _{ 0 ’ for x3 € (0,A)U(A+0,,1), (502)
where
LOs(t) = (#D2(Z20(~ 1)) g : (BF — Bs); (50Db)
and R .
0/ _ ) C@LG(t) for x3€[AA+0.],
Lo(gtxs) = { 0 for x3 € (0,A)U(A+0d,1), (51a)
where 5
L) = Y, ((¥D=(Z5'(-1))g : (BE —Bs))J™". (51b)

mmn=1

In (39)-(43), (47), (48), (50), and (51), vector-functions Zgo, Z;jo, Z7y, and Z;jo are the solutions of
the following problems set on the microscopic pattern cell ©:

Problem Z1. ([13][page 1380].) Find a vector-function Zgo = Zgo(f) (i,j = 1,2,3), which satisfies the
regularity condition )
Zg, € (H} (©)/R)?, (52)

and resolves the Stokes system

/@ {ondil+ 20,37 + I divs 2 (2) + 20,D=(Zg (2)) | : Da(py (2))dZ = 0,
F

V ¢y € HI (©), (53a)
z4, € H}(©), (53b)
and the linear elasticity problem
divE{g : (nggo Z) + Jij)} = 0on Og,
Z5(2) laos = Z5(2) 20,007 (54)

ZgO S Hul(@5>3,
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in the weak sense, i.e., in the sense of the integral equality
/@ S{g (V74 V:Z3p(2) } 1 Ve d2 =0, Ve, € H(O) (55)
(In (54), Zgo (2) | 907\90 is the trace of the solution of the system (53) on the interface between ®f and
Os.)

Problem Z2. ([13][pages 1380-1381].) Find a vector-function z — Z?O(E, 0) (i,j = 1,2,3), defined in O,
which satisfies the regularity condition

Z,(-,0) € (H}(©F)/R)?,
and the integral equality
/@ F {ap (6 + divs 2o (2) )T+ aal divs Z§(2,0) + 204Dz (2] (2,0)) | : Da(hy, (2))d2 = 0,
Ve, € HI(©).  (56)

In (56), Zf)jo is the solution of Problem Z1.

Problem Z3. ([13][page 1381].) Find a vector-function (Z,t) Z?O(E, t)
(i,j =1,2,3), defined in ® x (0, T'), which satisfies the regularity condition

zj, € L*(0,T; (H}(®)/R)*) N H'(0, T; H} (©)?), (572)

the integral equality

ozl YA i L
/@F{zx,\]ldw§ atl (z,t)—l—thV]Dg( Btw (z,t)) —i—ocp]llengl]O(z,t)} : Dz(¢,(2))dz

+ {g . V.ZU (3, t)} L Vg, (2)d2 =0,
O

V¢, € H}(©), forae. te(0,T], (57b)

and the initial condition B B
Z,(Z,1)],_y= Z1y(2,0) forZ € O, (57¢)

where Z — Z?O(E, 0) is the solution of Problem Z2.

Problem Z4. ([13][page 1382].) Find a vector-function z +— Z5((Z,0), defined in ®f, which satisfies the
regularity condition
Zx(-,0) € (H;(©F)/R)?,

and the integral equality

/(:) {—H + a I divgs Zy(Z,0) + zaHDg(Zzo(E, 0))} : D§(¢21(2))d2 =0, V¢, € H’%(@))3
F

Problem Z5. ([13][page 1382].) Find a vector-function (Z,t) — Zy(Z,t), defined in ® x (0, T), which
satisfies the regularity condition

Zy € L*(0, T; (H;(®)/R)*) N H'(0, T; H} (®F)%), (58a)
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the integral equality
9Zy 9Zy iz
/@ {205 (52(2,)) +aall divs “S2(2,) +ap Ldivs Zao(,) } : De(9: (2))d2
+/®S{g VeZao(50) b Vagn (2)d2 =0,
V ¢y € Hi(©)®, forae. te (0,T], (58b)

and the initial condition

Zzo z,t = ZZQ(E, 0) forz e Or,

Nizo =

where Z — Z)(Z,0) is the solution of Problem Z4.

Problem Z6. ([13][page 1382].) Find a vector-function z — ZéjO(E,O) (i,j = 1,2,3), defined in O,
which satisfies the regularity condition

Z3(-,0) € (H} (©F)/R)?,
and the integral equality
/@ {20,D2(24(2,0)) + a1 divz 25 (2,0) } : D=(gy, (2))d2
F
+ /@ {637} : Veppyy (2142 =0, Vo, € HL(O)® (59)
S

Problem Z7. ([13][page 1383].) Find a vector-function (Z,t) — ZgO(E, t) (i,j = 1,2,3), defined in the
space-time parallelepiped © x (0, T), which satisfies the regularity condition

Zjy € L*(0,T; (H}(©)/R)®) N H'(0, T; H} (©F)?), (60)
the integral equality (58b) (with Zg'o on the place of Z5() and the initial condition
ZJ (1m0 = Z1)(2,0) forZ € O,
where the vector-function z — Z;jo (Z,0) is the solution of Problem Z6.

Remark 2. Each of Problems Z1-27 has the unique solution [13][Remarks 6,15]. Also, Zl] = Z] o for all
i,j=1,2,3,k=0,1,3 [13][Remark 16].

In (44)—(46) and (49), the vector-function Z4y and the scalar functions Zé (i = 1,2,3) are the
solutions of the following cell problems:

Problem Z8. Find a vector-function Z4y = Z4,(z), which satisfies the regularity condition
Zy € (H}(©)/R)?, (61a)
and resolves the variational equations

/@F (20 D5(Z40(2)) + r (divs Zyo(2))I — (Br — Bs)) : Vzgp,, (2)dz = 0,

V ¢y € H(0)°, (61b)
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and

/ (G :V2Zy(2)) : Vapy (2)dZ + / ap(divs Zyo(2))1: Vzgpy, (2)dz =0,
®S ®F
V ¢y € Hi (). (61c)

Problem Z9. Find a scalar function 2 — ZL(¥,2) (i = 1,2,3), which satisfies the regularity condition
Z5(y,) € H}(©)/R, §eT, (62a)

and resolves the variational equation

/@(A(?W(E)ZF +(1=(§)9(2))s) (i + V2Z4(§,2)) - Vanu (2)d2 =0, Vi € H{(O).  (62b)
Variable 7 plays the role of parameter in this formulation.

These two problems are well-posed:
Proposition 5. Each of Problems Z8 and 29 has a unique solution.

Proof of Proposition 5 is quite standard in the theory of linear elliptic problems, and we present it
here rather sketchy. Firstly, by the Lax-Milgram theorem and the Poincaré-Wirtinger inequality, the
variational equation (61b) has a solution Z,, < H§(®p)3, which is unique up to a constant vector.
Secondly, by the classical theory of Sobolev spaces, inclusion Z4y € H, é (©)3 is equivalent to the system

consisting of inclusions Z4y € H; (Of)®and Zy € H; (@5)? and the matching condition
Zyoye, = Z40|a®F\a@' (63)

where Zy |a® is the trace of Z4g € H; (@5)? and Z40‘a® 100 is the trace of Zyg € H; (Or)3 on 0@s. For
the known solutlon of (61b), by the Lax-Milgram theorem the system (61c), (63) has a unique solution
Zy € Hg(@s) , furthermore, Z4, belongs to H; (©)3.

Shifting, if necessary, the values of Z4y on a constant vector ¢ = — / Z4(2)dZ, we obtain the
(C)

unique solution Zy, € (Hé (®)/R)? to Problem Z8.

Finally, the variational equation (62b) is well-known in the elasticity theory (see, for example,
[20]) and its unique solvability again follows from the Lax-Milgram theorem and Poincaré-Wirtinger
inequality.

Proposition 5 is proved. [

Remark 3. From the respective representations (39b), (40b), (41b), (42b), (43b), (43c), (44b), (45b), (46D),
(47b), (48b), (49b), (50b), and (51b), it is clear that tensors Aé, Bg, A{(t), and B{(t), matrices F?(t) and

FOmn(t), Hgl, ng, LY,(%), LY, (#), and ]LJI;Z( t), and scalars Lg, Lgf(t), and Lgf(t) do not depend on xs.

sol

Let us turn to justification of Theorem 2.

Proof of Theorem 2. We separate variable z standardly, by the procedure of asymptotic decomposition
analogous to the one carried out in [13][Secs. 6, 7]. More certainly, we seek for the representation of
42 and 6®?) in the form

d0i:10.20944/preprints202409.0957.v1
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1) 3
+ Z/ aul = (x,ﬁ,T))Z;]O(E,t—T,x3)dT
ij=1 y]
. 3. 90Y T N
+ (%) Zo0 (%, t,x3) + Y axl,(x)Zé’o(z,t,xs)+9(x,t)Z4o(z,xs)> (64)
i,7=1 ]
and
3 /90 061 ,
@) (v 75 ) — v i(m o
0'%) (x,7,2,t) ;(axi(x,t)—l- o (%, 7, ))Z5(y,z,x3), (65)

where Zgo, Z;jo, Z», Z;j(), Z4, and Zé are unknown functions that should be defined as the solutions of
the cell problems. In order to formulate the proper cell problems, in (32a) we take

~ AN A a ’A/ N
Pt =0, ,(x50=0 x5 2= LIy o)

where ¢y is an arbitrary smooth 1-periodic in ¥ scalar function, vanishing in a neighborhood of 9Q)
and the section {t = T}, and ¢,, is an arbitrary 1-periodic smooth vector-function, in (32b) we take

n(x,t) =0, mxyt):=0, m(xyz1t):=mnmo(x ¥y t)nu(2),

where #p0 is an arbitrary smooth 1-periodic in ¥ scalar function, vanishing in a neighborhood of 0}
and the section {t = T}, and #; is an arbitrary 1-periodic smooth function. Next, we insert (64) into
(32a) and (64) and (65) into (32b). After this, properly collecting terms and performing simple but
rather lengthy technical manipulations, we eventually deduce the set of the well-posed cell problems
for determining the unique functions ZOO, 210/ Z>, Z30, Z4, and ZS, see the above stated Problems
Z1-79.

Finally, in (32a) we take ¢, = 0 and insert representation (64) for u?, and in (32b) we take =0,
and insert (64) and (65) on the respective places of #(?) and 6(2). By this, we establish exactly the
variational equations (38a) and (38b) and the representations (39)—(50) of the two-scale homogenized
coefficients, which completes the proof of Theorem 2. O

The two-scale homogenized coefficients in the variational equations (38a) and (38b) have the
following main properties.

Proposition 6. (i) The tensor-valued functions

Ao = Ao(y,x3), Bo = Bo(¥,x3), A1 = A1(y,x3,t), By = B1(¥,x3,1),

and the matrix-valued function FO = FO(y, x, t) satisfy the reqularity conditions

Ay, By, A, By, and F° are 1-periodic in 7, (66)
Ay, By € L®(Z x (0,1))3%33%3, (67)
A, By, 0t Aq, 9;B1 € L®(Z x (0,1) x (0,T))3*3x3x3, (68)
FO, 9;F% € L®(Z x (0, T); L*(Q2))%*3. (69)

(ii) The tensor-valued function Ay satisfies the finiteness property
Ay = 0for (g,x3) € (T x[0,4)) U (Zs x [A,A+67]), (70)
the symmetry property

AT — TR g0 — g (§,x5) € £x (0,1, Vi k1 =1,2,3, (71)
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and the uniform positive definiteness property:
there exists a constant Cs > 0 such that (Ag(9,x3) : X) : X > C5/X?, )
VX €RYam YV (F,x3) € (Sp x [A,A+5]) U(E x [A+6%,1)).
(iii) The tensor-valued function
~ d ~ ~ TP B (e
H(7,%3) 2 5.A0(7,%3) + Bo (7, %3) + 544 (7,33,5) + B (7, x3,5) 73)
satisfies the symmetry properties
HOUKE — ikl — qqsiilk g (5, x3) € £ x [0,1], ¥s > 0, (74)
Vi j,k1=1,23 and
(H:X): W= (H:W):X, VX WeR}I,, (75)
and the uniform positive definiteness property:
there exists a constant C§ > 0 such that (H°(§,x3) : X) : X > C§|X|?, 76)
VX €RYIm V(7 x3) €Zx[01], Vs>0.
(iv) Forae. (§,x,t) € Z x Q x [0, T| matrix FO(5, x, t) is symmetric.
(v) The matrix-valued functions
Ho1 = Ho1(9,x3),  Heo = Heo (¥, x3), L = Li(¥, x3),
Lpr = Lp1(7,%3), Lpo =Lpa(,t,x3), LY =L(7t,x3)
and the scalar functions Lg = Lo (¥, x3) and Ly = L (¥, t,x3) satisfy the regularity conditions
Hyq, Hyy, L,,, Lp1, Lpy, IL?,, Ly, and Lg are 1-periodic in ¥, (77)
Hy1, Hez, Lo, Lp1 € L™(Z x (0,1))*%, (78)
Lpy, 9¢LLpy, LY, 9:LY € L¥(Z x (0, T) x (0,1))>*3, (79)
Ly € L*(Z % (0,1)), L), 9L} € L*(Z x (0,T) x (0,1)). (80)
(vi) The matrix-valued function LL,, satisfies the symmetry property
=1, v(@Hx)esx[01], Vij=123, (81)
and the uniform positive definiteness property:
there exists a constant C; > 0 such that 1L,.(§,x3)X - X > C;7|X|?, 82)

VX eR3, V(§x3) €Xx[0,1].
(vii) Matrices Hyy, Hgo, Lp1, Lo, and LY are symmetric forall j € £, x3 € [0,1],and t € [0, T].

Notation 6. In (73), by A, and B the respective Laplace transforms in t of Ay and B are denoted. It is
assumed that Ay and By vanish for t > T.
Recall that the Laplace transform of a function ¢(t) is defined by the formula

?(s) = Llg](s) = /000 p(t)e stdt, s> 0. (83)
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Proof of Proposition 6. Assertions (i)-(iv) were proved in [13][Sec.7]. Proof of assertion (v) is quite
analogous to the justification of assertion (i): we have that the periodicity conditions (77) hold since
the characteristic functions 5 and { are 1-periodic in ¥ in representations (44)—(50); the regularity
properties (78)—(80) hold true due to the regularity properties (52), (57a), (58a), (60), (61a), and (62a)
of the solutions of the cell problems. Assertion (vi) directly follows from (46) and (62b) by the same
arguments, as in [21][Ch.V, §3]. Assertion (vii) is evident due to expressions (44), (45), (47), and
(48). O

7. Asymptotic Decomposition II: The Effective Macroscopic Model — Variational Formulation

On the second step of the asymptotic decomposition, we separate the intermediate (mesoscopic)
level, which is characterized by the sought functions #(!) and #1) and the independent variable 7. As
the result, we derive the variational formulation of the effective macroscopic model describing the
dynamics of the ‘fluid-structure’ interaction.

Theorem 3. Let the quadruple of functions (u,uV),8,6()) be the solution of Model H-2sc. Then, its subset —
the pair (u,0) — serves as a solution to Model H-var stated below.

Model H-var. (The homogenized model — variational formulation.) Find a velocity field u = u(x, t)

and a temperature distribution 6 = 6(x, t) satisfying the regularity requirements (30a) and (30d), the
variational balance of momentum equation

/OT /Q{—OCT<P>ZX®(9€3)u(x,t) 0 (x, 1)
+ (V) : Dalu, 1)) + E(x) : D (o) (3, ) + /Otfca—r,xs) T
+ /Ot /OTI Q(t - T/, o — T, x3) : Dx(u(x, T))deT/

+ /Ot /OT/ W(t -7, -7, x3) ]D)x((h—u) (x, T))deT/
+ V(X3)9(x, t) + E(X:g)(]te)(x, t)

+ /Ot Ko(t —7,x3)0(x, T)dT + /Ot /OT/ Ki(t — 7,7 — 7,x3)0(x, T)drdr’
+ /Ot Wo(t — 1, x3)(J<0)(x, T)dT + /Ot /OT, Wyt — 7,7 — 7, 23) (Jo) (x, T)dT
Iy (1, 33)p(x) + Folt, ¥3) : Da(00(x)) ) : Da(p(x, 1)) bt
= /OT/Q"‘g<P>2x®(X3)f(x,f) : ¢(x,t)dxdt+/roT<p>ZX@(x3)u0(x) - p(x,0)dx (84a)

for an arbitrary smooth test vector-function ¢p = ¢(x, t) vanishing in a neighborhood of boundary 0
and section {t = T}, the variational balance of energy equation

/OT /Q{—<C>2x@(x3)9(x,t)am(x,t) L (x3) Vi, ) - Vg (x,)
+ (LBa(xg) : Dy (u(x,t)) + /Ot Lps(t — 7, x3) : Dy(u(x,7))dt
+ /Ot /OT, LBS(t B T/’ T — T X3) : Dx(u(X, T))d’l'd’f/
+ L91(X3)6(x, t) + /Ot ng(t —T, x:;)@(x, T)d’r

t 7
+ / / Los(t — 7', 7 — 7,x3)0(x, T)dtd7’
0 Jo
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+ L5 (t,x3) : D (0°(x) + Ly (£ x3)p (x) ), 1) } dxdt =
:/OT/Q<T>ZX@(x’t)’7(x’t)dxdt+/Q<C>2x®(x3)90(x)17(x,0)dx (84b)

for an arbitrary smooth test scalar function 57 = #(x, t) vanishing in a neighborhood of boundary 0}
and section {t = T}, and the boundary conditions (32c) in the trace sense.

The fourth-rank tensors V, €, K, @, W, and F, the 3 x 3-matrices V, |, Ko, K1, Wy, Wy, F),
L., L3, Ly, Lps, and L%, and the scalar functions Lgy, Lgy, Lg3, and L; are uniquely defined by the
solutions of the cell problems posed on the mesoscopic pattern cell £. These cell problems contain the
complete information about the homogenized dynamics of the thermomechanical system at the level
of the taller bristles.

The exact expressions of V, €, IC, @, W, F, and [F, have already been established in [13][Secs. 10, 11]
along with the formulations of the corresponding cell problems. The exact expressions of V, E, K,
Ky, Wo, Wy, L, Lps, Lpg, Lps, LY, Lg1, Lgp, Lgs, and L; are novel, as are the formulations of the cell
problems associated with these expressions. Now, we present the exact expressions of V, €, IC, @, W,
Fo, V,E, Ko, Ky, Wo, Wy, Fp, Ly, Lps, Lps, Lps, L}, Lo1, Loz, Les, and L; and the exact formulations
of the cell problems (posed on X)) along with the results on their well-posedness. After this, we prove

Theorem 3.
We have
3
I@I+2, Y I"™eI™ for x3e (A+6%1),
mn=1
3
IZrlp @I+ 2[Er|ay Y, I @I + V&,
mn=1
V(x;) = for x3 € (A4 ., A+6%], (85a)
3
1Ze| [OF| Al @ T+ 2|k | [@p|ay Y T™@I™ +VE,
mn=1
for x3 € [AA+6],
0 for x3€(0,A),
where
3 N i. ..
Vi = 1 al(C0) divg V(- 33)) & 1
ij=
3 3 i ..
+ 3 2ap Y (G()Dgun (Yo (%3)) )5 I™ @0, x5 € (A+06:,8+57, (85b)
ij=1 mn=1
and
. 3 3
Vo = [Zelanal® Y (Pdivs ZGg) o I™" +2[Zp[ay Y, ($D:2(Z5') ) @ I
mn=1 mmn=1
3 3
+ Y [(lorlaiet+mle Y (HdivsZg) o™
ij=1 mmn=1
3 .. .
+ 2ay 21(|®F|J’"”+ (PD:(Z55"))e) ®J’"”) :(g(-)Dy(Yf{(-,xsmz} ®JY,
mmn=

x3 € [A,A+6.]; (85¢)
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ap @l for x3e€ (A+6%1),
IZplapI@I4+ (1 —|Zp))G + E5y for x3 € (A+04,A+057],
E(x3) = 0 (86a)
|ZF| |®F| “PH®H+ (1 - |Z‘F| |®F|)g +£corr for X3 € [A,A+5*],
G for x3€(0,A),
where
3 A y )
Eom = 2 ([LOap TR T+ (1-0(-))G] : Dg(Yy (-, x3)) )y @ 17,
ij=1
x3 € (A+ 0., A+ 6], (86b)

and

3 3
Ed =IZFlapl® Y (PdiveZi) o™ +[F| Y (g3<(1—l[J)Dg( 6’6")>®)®Jm”

mmn=1 mn=1
3, 3
+ ) <[C('){“p]1® <|®F|H+ )3 <‘/’diVEZggl>®Jmn)
ij=1 m,n=1
3 ~
+ Y (91— Pa(zg))o) @I}
mmn=1
+ (1= 1061 £())G) : Dy(Yg (-, x3)) ) @, x3 € [B,8+0.]; (86¢)
0 for x3€ (A+6%1),
Ko(t) for x3€ (A+0,,AM+057),
Kitx) =4 (87a)
KY(t) for x3 €[N A+5],
0 for x3€(0,4),
where
3 3 N i .
)= Y [(mlel+2a, Y ™ @ ™) : (DY (-t %))y | @I,
ij=1 mn=1
x5 € (A+0.,A+06Y), (87b)
and

3 3 R
KO(t) = ,Zl[{‘“ﬂ@ (10| 1+ 21<¢div226’6”>®Jm”)
ij= mmn=
3 _ i1 I3
+any 3 (10637 + (PD2(25))o ) @™ | + (LOIDG(Y (o trx0)))y | 037
3 3
+ 1zl (aal® Y () diva Zig' () oI + 20 Y (BID=(Z (1)) © T™)

m,n=1 mn=1

3 3 ~
+ Z [(“AH@ Z <‘/J()leQZ%”(,t)>®Jmn

ij=1 mn=1

+2m0 ) (PODP(Z(1))e 3™ : (D (Y] 32)g] @ 7,

mn=1
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X3 € [AA+6,]; (87¢)
0 for x3€(A+6%1),
Q7 (t) for x3€ (A+6.,A0+057,
3
Q(t1,x3) = (D) + L () :Q" (1) @ 1™ (88a)
m,n=1
for x3 € [A, A+ 64,
0 for x3€(0,A),
where
3 > ~ ii ..
QY (1) = 'Zl<(g(.)rxp1[®]1+ (1- g(.))g) ; D?(Ylj(‘rfrx3))>z ® Ji
ij=
x3 € (A+ 6., A+ 6%, (88b)
3 =N 3 R
080 = ¥ ([f0{w 1o (lor1+ 1 (fdiv:2f)o ™)
L,]= mmn=
3 o~
+ 21(9 (1= §)D=(Z8))g) @ I}
+ (1-10612())6] : Dy(Y{ (7, x3)) ) @
3
+ 2l {ap e Z_1<t,l7(-)divfz%”(~,r)>®,]]m"
3 , ~
+ 1 (9= PO)DE(Z(7)e) ™}
3 3 ’
+ X [{arte 1 0 div 2 n) o0
L,]= mmn=
3 -~ l" .o
+ 3 (90 - FOM=( (- 0)o) @3} (EOB (o 35)))g] @
x5 € [A,A+3,], (88¢)
3
Q0(t) =\ I® 21<¢(-)div22%"(.,t)>®Jm”
3
+2my Y (POD(Z (1)) @I, x3 € [B,A 48], (88d)
mn=1
and -
Q"(1) = (C()Dg(Y]" (-, T, x3)) )y, X3 € [AA+E]; (88e)

0 for x3€(0,1)\[A A+,

— 3
WETRZ S (Wi @) erm for weatal, 0

mn=1
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where
3
Wit =wl@ (9() divz Zig' (-, 1)) oI
mun=1
3
+ Y (9:(0-FODAZE (. 0))o) 0T, wmeAA+L],  (§9b)
mn=1
and QV1(7) is given by formula (88e);
0 for x3€ (A+6%1),
1-Z Fe t) f A+6,, A+ 6],
fy(f,)@,) _ ( | F|)g+ v—corr(e) or X3 E( + + ] (90a)
(1 - |ZF| |®F|)g+fv—corr(t) for x3 € [A1A+5*]l
G for x3€(0,4),
where
3 3 R i .
Fleonlt) = ¥ [(al@T+20, 3 1™ @I™) : (C()Dg(Y] (-t x3)) )y | @ I
ij=1 mmn=1
3, n . )
+ Y (0w Ie1+ (1-2)G) : Dyt x3)) ) T,
ij=1
x3 € (A+ 65, A+ 67, (90b)
and
3 3
Flan®) = Y [{wte (106 1+ Y (fdiv- 25 )o0™)
ij=1 mun=1
3 R i ..
+2m, Y (103" + (FD=(Z5) o) @ I} (EOODG (Y (- t,33)) )y @
mn=1
+ 2<[ ){aple (JOF| 1+ 2 (divs Zg ) I™ )
ij=1 mmn=1
3 o~
+ 3 (9:(0-Dp=(Z)e) 1™}

+(1-10¢/2() 9] iDA((Ith)(-,t,xg))>Z®Jij
+ Z/ ) I ® Z < ) divs Z35 (-, >®Jm"

ij=1 mn=1

+ 20 Zl<¢<~>ﬂ>a<z%"<-,tfT>)>@®J’“") (EODG (Y (7 %)) & Tidr
+ Z/ wp 1@ Y () diva Zi (-t — 1)) I

ij=1 m,n=1

b3 (G (1 OB (- 7)) 27

mmn=1

: <Z(‘)D?((]ryg)(',‘r,x3))>Z] @ Jidr
3 .o
+ |XF| Z (tm(lﬁ ) divg 3.]0( )>@H+2“y<lf(')Dz(Zl3]o(-,t))>®

ij=1
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+ap (P() diva(hZ5h) (D)l + G ( (1= §())D=((hZ5) (- D) ) ) @I,
x3 € (A, AN+ 64];

—I for x3e€ (A+57%1),
—|ZF| T+ Fleon(t) for x3 € (A+0:,A+07],
—[ZE| |OF| T4+ Fyon(t) for x3€[AA+4],
0 for x3€(0,4),

where
3
FY o (t) = (a/\]l®]1+2¢xy Z Jmn ®J’""> : <§(.)D§(Y2(~,t,x5*))>z
mn=1
+{([Z(ap IR T+ (1-7(1))G] : Dy((JiY2) (-, ,x3)) )5,
x3 € (A4 0., A+ 6",
and

3
Flcone(t) = [a1® (JOF[ T+ Y (§divsZ55)el™)

mmn=1
3 ~
20 3 (103" + (PD=(28))o) @3] + (€D (Yl t30)) )y

+<[6(~){Dcp]l®(|®p|]1+ i <1]J\diVEZ%”>®Jmn)

mmn=1

b3 (61— PDa(zg))e) @ 1)

mn=1

+(1-10£l2()G ] Dy ((JiY2)(+ 1, 963))>Z

+/ e Z (§(-) divsZI (-, — 7)) g T

mmn=1
3 ~
+ 20 Zﬁ(-)m(zm-,t—r>)>@®w"] TPy (Yol T, 33)) )ydT

i [ ote ¥ G0 vz ()™

m,n=1

£ (9:(0- PR (- ))g) € I™]

(DG ((rY2) (T, %3)) ) g

2] (3 (B divz Zao (-, 1) o1 + 20 (B (Z20(, 1)) )
)

+ap (P(-) divz(JiZao) (-, 1))l + G : (1 - 9(-) )z((ftZzo)(vt))>@)r
x3 € (A, A+ 6,);

V7 for x3 € (A+6.,A+ 5,

0 for x3€ (0,A)U(A+6%1),
V(x3)
V0 for x3€[AA+6.],

doi:10.20944/,
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(90¢)

(91a)

(91b)

(91¢)

(92a)
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where
= ‘X/\<A(‘) diV?Y4(-, x3)>): I+ 2“H<Z(‘)D?(Y4('r x3>)>z
for x3 € (A + 8., A+ 57], (92b)
= AL (C()Dg(Ya(-,x3))g + [Zp|HY, forxz € [A,A +6.); (92¢)
0 for x3€ (0,A)U(A+6%1),
E(x3) E7 for x3 € (A+5., A+ 6, (93a)
E? for x3€[AA+3],
where
E” = oy (Z() divy Ya(, x3)) s T+ G« (1= Z())Dy(Ya(,x3)) ).
for x3 € (A+ 6., A+ 57, (93b)
= B} : (C()Dy(Ya(,%3))g + G : (1= O] £())Dg(Ya(- x3)) )y + [Er| H,
for x3 € [A, A+ 64); (93c)
0 for x3€ (0,A)U(A+6%1),
Ko(t, x3) K§(t) for x3€ (A+d:,A40"], (94a)
KY(t) for x3 €A A+6],
where
K§(t) = an(Z() divg Y5 (-, t, x3) )5 T+ 20, (T () D5 (Y5(-, 1, x3)) )y
for x3 € (A + 8y, A+ 6], (94b)
= Aj - (CODg(Ys(,1,33)))5 + AL (1) : (CODg(Ya(, x3)) )y
for x3 € [A, A+ 6.; (94c¢)
_J 0 for x3€(0,A)U(A+641),
Ka(t 7 x3) = { KO(t,T) for x3€[AA+d] (52)
where
K{(t,7) = A (1) : (C()Dy(Y5(-, T, x3)) )y forx3 € [A,A+3,]; (95b)
0 for x3€(0,A)U(A+6%1),
Wo(t, x3) W{(t) for x3€ (A+0.,A+0%], (96a)
Wi(t) for x3€[AA+6.]
where

~

WG (t) = ap (T(-) divyg Y5 (-, t,x3)) o T+ G : (1= £(-))D5(Y5(-, £, x3))) 5
for x3 € (A+ 8., A+ 57, (96b)

W (t) = Bé H(EODg(Y5 (- tx3)))5 + G+ (1= [OF| Z()D(Y5(-, 1, %3)) )
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+B](t) : (C()Dy(Ya(-,x3)))s
for x3 € [A, A+ 6.; (96¢)
_J 0 for x3€(0,A)U(A+641),
Wit 7, x5) = { W‘f(t,r) for x3€[AA+64], (97a)
where
Wi(t,7) = BJ(t) : ({()Dy(Ys(-, 7,x3)))y forxs € [A,A+06,]; (97b)
»rll for x3 € (A+(5*,1),
) LY for x3€ (A+6s, A+,
Lu(xs) = LY for x3€[AA+6], (82)
x5 for x3€(0,7),
where
~ 3 t
L = (IZFlser + (1 = [Zp])5e5) T + <C(')Vy Y. Ye(-,xs)en>z (sep — 55)
n=1
for x3 € (A+ 6., A+ 67, (98b)
3 t
L = (LL()(T+ (Vs Y Yol x3)e for x3 € [A, A+ 64]; (98¢)
= L0+ (v X ") ))s *
Br for x3e€ (A+6%1),
) Lgy for x3€ (A+6.,AM467],
Lps(xa) = IUZB for x3 € [AA+6], (992)
Bs for x3€ (0,A),
where
3
Lgs = [Zp[Br + (1= [Z))Bs + Y ((C(-)Dg(Y5" (-, x3)))y : (BF —Bs)) ™"
mmn=1
for x3 € (A + J, A+ 6%, (99b)
3
Lo = (L (g + Y (L(): Dp(Vgn(,xa)))p I™ forxs e [AA+]  (990)
mmn=1
0 for x3€(0,A)U(A+6%1),
Lpa(t,x3) = { LG, (t) for x3€ (A+0d,, A+, (100a)
L%, (t) for x3€[AA+6],
where
3
L, (t) = Z (<C(-)Dg(¥§”"(-,t,x3))>2 : (Bp —Bg)) J™ for x3 € (A+ 6., A+ 6], (100b)
mn=1
0 2 0 f
Lay(t) = Y (Lp () : Dg(YT" (- £,x3)) ) I + [Zp| Ly ()
mmn=1
3
+ Z (<§(~)]D)g()(8m(-,xg,))>Z :Léz(t))q]]m” for x3 € [A, A+ 6.]; (100c)

mmn=1
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Lys(t, 7, x3) = 0 for x3€(0,A)U(A+51), (101a)
BT LS (1) for xp € [A A6,
where
3
Lis(t,7) = Y (CO)IDg(YP" (- 7,x3)))g : L (£)I™  forxs € [A,A+6.]; (101b)
m,n=1
0 for x3€ (0,A)U(A+6%1),
Ly(t,x3) = Lx7(t) for x3€ (A+d:,A+6%, (102a)
LX(t) for x3€ [N A+6s],
where
3 ~
Ly7(t) = Y. ((C-)Dg(Y5" (-, t,x3)))y : (Bp —Bg)) J™" for x3 € (A+ 6., A+ 6], (102b)
m,n=1

3
L) = 3 (L () : Dg(Y5" (1, x3))) I

mmn=1
t 3 -
+ A Y« ()Dy(Y5" (-, T, %3)) )5 :L]l;z(t—r))ﬂm”dr forxs € [A,A+6,];  (102¢)
mmn=1
0 for x3€ (0,A)U(A+6%1),
Loi(x3) = ¢ L§, for x3 € (A+0d,, A+, (103a)
Lgl for x3 € [AA+6],
where
Ly, = <g(.)]1)y(1/4(.,x3))>Z : (Bp — Bs) for x3 € (A+ 6., A+ 67, (103b)
L = (L% () : Dy(Ya(-,x3)) )y + ISE|L] for  x3 € [A,A+5.] (103c)
0 for x3€(0,A)U(A+6%1),
Loo(t,x3) = ¢ Lo, (t) for x3 € (A+d,,A+5", (104a)
LS, (t) for x3€[AA+6,],
where
Loy (t) = (C()Dg(Y5( 1, x3)) )5 : (BF — Bs) for x3 € (A + 6,4+ 67, (104b)
Liy(t) = <L%1(') Dy(Ys(-t,x3)))s
+(C()Dg(Ya(+,x3)))y : Ly(t) for x5 € [A, A +5.]; (104c)
Los(t, T, x3) = 0 for x3€ (0,A)U(A+51), (105a)
GBI L (hT) for xz € [AA+6,
where

L& (,7) = (C()Dy(Ys(, 1,x3)))y < Liy(t) forxs € [A, A +6.]; (105b)
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0 for x3€ (0,A)U(A+6%1),
Ly(t,xs) = ¢ Lp7(t) for x3 € (A+6:,A+67,
L;Q(t) for x3 € [AA+64],

where

~

L;U(t) = < (-)D?(Yz(-,t,X3))>Z : (BF —Bs) for x3 € (A+5*,A+5*],

L;G(t) - <L%1(') 1 Dy(Ya (st x3))>z

/ JDg(Ya (-, T,%3)) )y : Lhy(t — T)dt for x5 € [A, A +5,].
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(106a)

(106b)

(106¢)

In (85)—(91), (99)—(102), and (106), vector-functions Yg, Yij , Yy, and Yéj are the solutions of the

following problems set on the mesoscopic pattern cell X:

Problem Y1. ([13][page 1411].) Find a vector-function § Yg (y,x3) (i,j = 1,2,3) defined in the

pattern cell ¥ for all x3 € [A, A + 6*] and satisfying the regularity condition
Y((-,x3) € (HI(Z)/R), x3€[A,A+57,

and the integral equalities

/ZFK(XA]IQ?]I—I—Z% iJmn®Jm">:(Jij+]l)y(¥g(g7,x3)))] Dy (1, (§))dGi= 0,

mmn=1

Vi, € Hi(Z), Vs (A+6,0+6;

Jo [ A5 (7 4+ D505 ,%3)))] < Py(@1a())dg = 0, ¥ @z € HE(D), Vs € 8,8 464)

LI0=2@)g: (37 +Ds(¥](5.x)))] : Dy(gra(@)dg =0,
Vi, € HI(Z), Vs (A+6,0+5;

and

/2{(1_6@)) (JZ]'HD Y] (Y, x3 ))} Dy (912(9))dy =0,
Vi, € HI(Z)?, Vaxse[AA+6]

(107a)

(107b)

(107¢)

(107d)

(107¢)

Problem Y2. ([13][page 1412].) Find a vector-function § — Y,(¥,0, x3) defined in X for all x3 €

[A, A+ 5*] and satisfying the regularity condition
Ya(-,0,x3) € (H} (ZF)/R)>, x3 € [A,A+67,

and the integral equalities

/2 [(om]l@]l—l—szu Z J’””@Jm") 7 (Y2(,0,x3)) —H} : Dy(¢1,(¥))dy =0,

mmn=1

Vo, € HI(Z)P, Vs (A+6,0+67

(108a)

(108b)
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and

[, [ 45 D (02(5,0,35)) + FYO)] - By(p12(9))d = O,
Vi, € Hjj ()3, Vaz €A A+ (108c¢)

Problem Y3. ([13][page 1412].) Find a vector-function i — Y;f(y, 0,x3) (i,j = 1,2,3) defined in Xf for
all x3 € [A, A+ %] and satisfying the regularity condition

Y3(-,0,x3) € (H} (SF)/R)>, x3 € [A,A+67, (109a)
and the integral equalities
3 .
/ZF [(a @1+ 24, Pl ®Jm”) 1 D5(¥](3,0,%3))] : Dy(po ()7
—i—/ . J7) tplz(o'y)} ny(og)dog =0,
Vi, € HI(E), Vs e (A+6,A0+6; (109b)

and
[, T Dy (5,0,%3)) + ES)(0) ~ 161G : 1] : Dy(15(5))dg =0,
Vi, € HI(Z), Vaxse[AA+6] (109¢)

In (109b), ny, = (ny1,nyp,0) is the unit outward normal to the boundary of domain X5 C ¥, and
doy stands for an infinitesimal element of 0%.

Problem Y4. ([13][page 1414].) Find a vector-function % — Yij (%,0,x3) (i,j = 1,2,3) defined in the set
Yr for all x3 € [A, A + 6*] and satisfying the regularity condition

Y/(.,0,x3) € (H}(ZF)/R), Vi3 € [A,A+067], (110a)

and the integral equalities
AT D (Y (5
/ {ay @1 : (3 +Dy(V (3, %3)))
X

3 .
1 (aA]I(X)]H-Za,, Yy gm ®J’”") =Dy(Y§](?/0/x3))} 7(912(9))dy =0,

mmn=1

Vo, € HI(Z)P, Vs (A+6,A0+5], Vij=123, (110b)
and
/ZF (B +(1-10¢)9) : (37 +Dy(¥] (7,%3)))
+ AL Dy (Y](5,0,%5)) | Dyl (7)) = 0,

Ve, € HI(2)’, Vs e[AA+6], Vij=123. (110¢)
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Problem Y5. ([13][page 1415].) Find a vector-function (¥, t) — Yij(ﬁ, t,x3) (i,j = 1,2,3) defined in the
set X x (0, T| for all x3 € [A, A + 6*] and satisfying the regularity condition

Y/ (. x3) € L°(0, T; (HE(Z)/R)?) N HY(0, T; HE(2r)%), Vi3 € [A,A+067], (111a)
and the integral equalities
LIE@{wm @eD: (@7 +Dy(x{ 7))
n (m@ T+ 24, mni1 Jmn ®J’”"> Dy (Y (31, x3))
+ap (Tel): Dy (YD) (T, t,x3))}
+ (1= @) : Dy (Y] (Gt x3)) |  Dy(1a(5))d5 = O,
Vi, € HI(2)?, Vt € [0,T], Vs € (A+6.,A+6"], Vi, j=1,23, (111b)
and
L. [Z@) (85 + (1~ 10r)G) : (17 + D545, ))
Co{ AL Dy (V] (3,1,3)) + B Dy () (4, x3))
+/O [AL(t =) + (B)(t — )] Dy(¥) (3,7, x3))dr }
+ (1= @61 L) G  Dy((iY]) (3,1,33)) | : Dyl () =0,
Vi, € HI(E), Vtel[0,T], Vxze[AA+5] Vij=123. (111c)

In (110b), (110c¢), (111b), and (111¢), function Yg (i,j = 1,2,3) is the solution of Problem Y1.

Problem Y6. ([13][pages 1415-1416].) Find a vector-function (¥, t) — Y2(¥,t, x3) defined in the set
Y x (0,T] for all x3 € [A, A + 6*] and satisfying the regularity condition

Ya(-,-,x3) € L®(0, T; (H; () /R)*) N H'(0, T; H; (Z§)%), V3 €[AA+57, (112a)

and the integral equalities

/Z[A(?){(wmuay Z I @ J") : Dy(Ya(t, x3))

mn=1

+ap ([0 D) : Dy((iY2) (3,1, %3)) }
+ (1= @) : Dy((i¥2) (5, t,x3)) = EH : Dyla()dg =0,
Vi, € HI(E)’, Vte(0,T], Vxze (A+d.,0+6, (112b)
and
[e@{ A5 D2t x)) + B s Dy (U2 3.1, 3)
+ [ (Al =)+ 0B - D) Dy(a(G )
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+ (1= 106 £3))6 : Dy (1) 3., x3>)] : Dy (p12(9)d7
+ [ E@FP() : Dy(gn(@)d7 =0,

Vi, € HI(Z), Vte(0,T], Vxzel[AA+5.]. (112c)

Problem Y7. ([13][page 1416].) Find a vector-function (¥, t) — Y;j (y,t,x3) (i,j = 1,2,3) defined in the
set X x (0, T] for all x3 € [A, A + 6*] and satisfying the regularity condition

YJ(.,, x3) € L°(0, T; (H} (£)/R)*) N H'(0, T; H} (£F)), V3 €[A A+, (113a)

and the integral equalities

L@ {(s1e1+20, ¥ 7 em) D)

w1
+ap (I 0) Dy (YD) (T, t,x3))}
+ (1= L) : Dy (YD) (5, x3)) = L(H)G : 3] : Dy(p1 (7)) = 0,
Vi, € Hi(Z), Vte(0,T], Vxze€ (A+d,A+5", (113b)
and
LIE@D{A] Dy (i @.t3)) + B Dy (1Y) (3.4,%3))
+/0 (ALt~ 1)+ (Bt~ 1)) : Dy(¥] (g7, 35) )}
+ (1= 101 2(3))G : Dy (YD) (3,1,%)) | : Dyl (7))
+ @ (Fa](0) ~ 1061 G : 17) : Dy(gyo(@))dg =0,
Ve, € HI(Z)’, Ve (0,T], Vizel[AA+0] (113¢)

Remark 4. Each of Problems Y1-Y7 has the unique solution [13][Propos.8,9,11] and each of the vector-
functions Y, Y{, Y2, and Y7 does not vary with change of x5 on segments (A, A+ 8) and (A + 6., A + 5*)
[13][Remark 25], i.e.,

ay] aY! av, avy]
dx3 dx3 dx3 dx3 0 forxs € (AA+0)U(A+ 0, A+E)

Also, y” y” forallk =0,1,3,and i,j = 1,2,3 [13][Remark 24].

In (92)-(98) and (103)-(105), vector-functions Y, and Y5 and the scalar functions Yé (i=1,2,3)are
the solutions of the following cell problems:

Problem Y8. Find a vector-function i — Y4(¥, x3) defined in the pattern cell X for all x3 € [A, A + 6%, 1]
and satisfying the regularity condition

Yy(-,x3) € (H}(£)/R)®, x3€[AA+5"], (114a)

and the integral equality

[ [A0(@,73) : Dy(Ya(3,%3)) + Hor (7,%3)] : Dy(o(3)d7 = 0,
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Vi, € HI(E), x3€[AA+6. (114b)

Problem Y9. Find a vector-function (¥, t) — Y5(¥,t,x3) defined in the set £ x (0, T] for all x3 €
[A, A + 6*] and satisfying the regularity condition

Ys(-,x3) € L°(0, T; (H} (£)/R)’) N H'(0, T; H} (£)*), x3 € [A,A+67], (115a)

and the integral equality

[ [A0(@,x3) s Dy(¥s(7,t,33)) + Bo( ) : Dy ((nYs(3, 1, x3))
+ /Ot (Ar(Gt — T, 23) + (B (Gt — T,x3)) : Dy(¥s(F, 7, x3))dx
+ Bo(, x3) : Dy(Ya (7, x3)) + A1 (F, £, x3) : Dy(Y4(7, x3))
+ (JiB1)(Y, t, x3) : Dg(Ya(¥, x3)) + Heo (¥, xs)] : Dy(¢12(9))dy =0,
Vi, € HI(E), x3€[AA+67], (115b)

where Yy is the solution of Problem Y8.

Problem Y10. Find a scalar function  — Yé(~, x3) (i = 1,2,3) defined in the pattern cell X for all
x3 € [A, A+ 6*] and satisfying the regularity condition

Y{(,x3) € H{(Z)/R, Vux;€[AA+6], (116a)
and the integral equality
/Z]L%(!?f x3) (e + VYe(§,x3)) - Vg (§)dg = 0, Vipa € H(E), Vx3 € [A, A+, (116b)
Problems Y8-Y10 are well-posed:
Proposition 7. Each of Problems Y8, Y9, and Y10 has a unique solution.

Proof. Due to the positive definiteness, symmetry and sufficient regularity of A and L,, and due to
the sufficient regularity of Hy; (see Proposition 6), Problems Y8 and Y10 have the unique solutions by
the Lax-Milgram theorem.

Applying the Laplace transform in ¢ to (115b) and multiplying the resulting equation by s, where
s > 01is the dual to t, we establish the variational equation

L [£:@,33) : Dy (Vs (75, %5))
+ (Bo(¥,x3) + s A1(¥,5,x3) + B1(7,5,x3)) : Dy(Ya(, x3))
+ Hoo (7, %3) |  Dy(p12(5))d5 = 0,
Ve, € HI(Z)P, x3€[AA+6], s>0. (117)
Here, H® is defined by formula (73), and Notation 6 for the Laplace transform is used. Since H° is
positive definite and symmetric (see assertion (iii) of Proposition 6) and H*, By, Aj, By, and Y4 are
sufficiently regular (see Proposition 6 and formula (114a)), the variational equation (117) has a unique

solution Y5 for s > 0 by the Lax-Milgram theorem. In turn, due to one-on-oneness of the Laplace
transform £, we conclude that Y5 = £~1(Y5) is the unique solution of the variational equation (115b)
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on segment {A < x3 < A+ §*}, which completes the proof of the unique solvability of Problem
Y. O

Remark 5. Due to Remark 3, the vector-functions Y4 and Ys and the scalar functions Y. (i = 1,2,3) do not
vary with change of x3 on segments (A, A+ 6.) and (A + 6., A+ 6%), i.e

Yy 9Ys oY) .
Remark 6. Due to Remarks 3-5, from the explicit representations (85)—(106) it is clear that tensors V gop,
vﬁorr, Elw & ﬁorr, matrices V7, V¢, E7, E?, LY, ]Lﬂ, L%, L%s, and scalars Ly, Le1 are constant and
te?gsors K(8), ’Ce(é)/ Q”gT)/ Q( (1), Qf(fg/ wit), Tz‘lcgrr(f)/ iﬁcorr(f)/ matrices QZ”’( ) B cone(£),
Fcore (1), KG (1), KG(8), K(t,T), WE(t), Wo(t), Lgy(t), Liy(t), Les(t,7), L37(t), Li°(t), and scalars

LS, (t), L& (¢), LE5 (¢, T), L7 (¢), L;e(t) depend only on t and/for T.

Let us turn to justification of Theorem 3.

Proof of Theorem 3. We separate variable ¥ standardly, by the procedure of asymptotic decomposition
analogous to the one carried out in [13][Secs. 10, 11]. More certainly, we seek for the representation of
u®) and 6 in the form

W (x5 2, ou; Y tou;
u(x,y,t) = 2 87( H)Yy (7, x3) + E/ x,t—T) (y,T x3)dt
i,j=1 x] 1] 1
oY
+ P2 (2)Ya(F, t, x3) + Z ’(x Y@t x3)
ij= 1 Xj
t
+ 00 DYa(@,%3) + [ 0(x,t = T)Y5(7,T, ¥s)de (118)
and \
00(x, t
J(x,9,t) = Y Yi(F,%3) gx, ), (119)
1

i=1

where Yg , Y;j, Y,, Y;j, Y4, Y5, and Yé are unknown functions that should be defined as the solutions of
the cell problems. In order to formulate the proper cell problems, in (38a) we take

N d R
e t)=0 ¢(x50 =100 (g (5),

where ¢y is an arbitrary smooth function vanishing in a neighborhood of section {t = T}, ¢17 is
an arbitrary smooth function vanishing in a neighborhood of 9Q), and ¢, is an arbitrary 1-periodic
smooth vector-function, in (38b) we take

n(x,t) =0, nmxyt):=mni(xt)ny),

where 717 is an arbitrary smooth function vanishing in a neighborhood of 0Q) and section {t = T}
and 71 is an arbitrary 1-periodic smooth function. Next, we insert (118) into (38a) and (118) and (119)
into (38b). After this, properly collecting terms and performing simple but rather lengthy technical
manipulations, we eventually deduce the set of the well-posed cell problems for determining the
unique functions Y if , Y , Yo, Y3 , Y4, Y5, and Y6, see the above stated Problems Y1-Y10.

Finally, in (38a) we take ¢, = 0 and insert representation (118) for u and in (38b) we take 7, =0
and insert (118) and (119) on the respective places of (1) and 6(1). By this, we establish exactly the
variational equations (84a) and (84b), which completes the proof of Theorem 3. O


https://doi.org/10.20944/preprints202409.0957.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2024 d0i:10.20944/preprints202409.0957.v1

41 of 53

The effective homogenized coefficients in the variational equations (84a) and (84b) have the
following main properties.

Proposition 8. (i)  The tensor-valued functions ¥V = V(x3), € = E(x3), K = K(t,x3), Q@ =
Q(t,T,x3), W = WI(t, 7,x3), and Fy = F(t, x3) and the matrix-valued function F,, = I, (t, x3) satisfy
the following regularity conditions:

V, £ € L®(0,1)3%3x3x3, (120)
IC, Fu, IC, 0:F, € L2((0,T) x (0,1))373%3%3, (121)
Q, W, 0;Q e L®((0,T) x (0,T) x (0,1))33x3x3, (122)
Fy, &:F, € L¥((0,T) x (0,1))>*3. (123)

(ii)  The tensor-valued function V satisfies the finiteness property
V=0 for x3€(0,4), (124)
the symmetry property
VK — ikl — pjitk — PRIT -y g € [0,1], Vi, k1 =1,2,3, (125)

and the uniform positive definiteness property:

there exists a constant Cg > 0 such that (V(x3) : X) : X > Cs|X[%, (126)
VX € Ryjom, Vs €[A1].

(iii)  The tensor-valued function

$°(x3) =5V (x3) + E(x3) + K (s, x3) + 1x36(A+5* Aﬂ;*](x)ég(s) (127)
+Lyemars) ({20 () + 21 [(s87(5) + Wi(9)) : Q" ()] 3}

satisfies the symmetry properties

IR = ikl — gsiilk g3 €00,1], Vs >0, Vi jkI1=1,23, (128)
(9°:X):W=(95":W):X, VXWeRyom (129)

and the uniform positive definiteness property:

there exists a constant C§ > 0 such that ($°(x3) : X) : X > C§|X|%, (130)
VX eRYom VYx3€[0,1], Vs>o0.

(iv) For a.e. (t,x3) € (0,T) x (0,1), tensor F(t, x3) satisfies the symmetry properties

FN =AM = A%, vijki1=123, (131)
(Fo:X): W= (Fp:W):X, VX,WeR} . (132)
(v) Fora.e. (t,x3) € (0, T) x (0,1), matrix I, (t, x3) is symmetric.

(vi) The matrix-valued functions V.=V (x3), E = E(x3), Ky = Ko(t, x3), K1 = Ky (¢, 7, x3), Wy =
Wo(t,x3), Wy = Wi (t,7,x3), Li = Lu(x3), Lps = Lpa(x3), Lps = Lpa(t, x3), Lps = Lps(t, 7,x3),
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Ly = L5 (t, x3) and the scalar functions Ly = Lg1(x3), Loz = Lea(t, x3), Les = Les(t, T, x3), L, = Lj(t, x3)
satisfy the following regularity conditions:

V, E, Ly, Lpz € L*(0,1)%3, (133)
Ko, Wo, Lps, Ly € L*((0,T) x (0,1))>*3, (134)
Ky, Wy, Lps € L®((0,T) x (0, T) x (0,1))33, (135)
Lot € L®(0,1), Lgo, Ly € L¥((0,T) x (0,1)), (136)
L93 € Loo((or T) X (O/ T) X (Orl)) (137)

(vii) The matrix-valued function L, satisfies the symmetry property
LT=1F, VYxel01], Vij=123 (138)
and the uniform positive definiteness property:

there exists a constant C1g > 0 such that

(139)
L. (x3)Z- &> Cyol&]2, VE€R3, Vixse[Al]

(viii) Matrices V, E, Ko, Ky = Ky, Wy, W1, Lps, Lpa, Lps, and L7 are symmetric.

Notation 7. In (127), by 1y,c7 we denote the indicator function of the set L:

1 lf x3 €L,
1X3€I(x) = { 0 zf X3 é T.

Proof. Assertions (i)—(v) of Proposition 8 were proved in [13][Sec. 11, Propos. 12].

Proof of assertion (vi) is quite analogous to the justification of assertion (i): we have that the
regularity properties (133)-(137) hold true due to the regularity properties (107a), (111a), (112a), (113a),
(114a), (116a) of the solutions of the cell problems (Problems Y1, Y5-Y10) and due to the regularity
properties of the tensor-valued functions Ay, A;, By, B1, see assertion (i) of Proposition 6.

Assertion (vii) directly follows from representations (46), (98) and the integral equalities (46b),
(116b) by the same arguments, as in [21][Ch.V, §3].

Further, notice that tensors .Ag , A{ (1), Bg , and B{ (t) are symmetric due to the respective
representations (39b), (41b), (40b), and (42b) and the symmetry property ZZO = Zﬁ), see Remark 2.
Now, the symmetry of V follows from representation (92) and the symmetry of .A{ (t) and Hgl (see
assertion (vii) of Proposition 6); the symmetry of E follows from representation (93) and the symmetry
of Bg ,G,and ng (see assertion (vii) of Proposition 6); the symmetry of Ky follows from representation
(94) and the symmetry of A{; and A{ (t); the symmetry of K; follows from representation (95) and the
symmetry of A{ (t); the symmetry of Wy follows from representation (96) and the symmetry of Bg
and G; the symmetry of W follows from (97) and the symmetry of Bf (t); the symmetry of Lp3 follows
from (99), the symmetry property Y] = Y] see Remark 4, and the symmetry of ILBl, see assertion (vii)
of Proposition 6; the symmetry of L4 follows from (100), the symmetry property YY) = Y] ; (k=0,1),
see Remark 4, and the symmetry of L%, and ]L/;Q, see assertion (vii) of Proposition 6; the symmetry of
L5 follows from (101), the symmetry property Y] = Y] "and the symmetry of ILJ;Z, the symmetry of

L} follows from (102), the symmetry property Y3] = Yé , see Remark 4, and the symmetry of I[/;,z( t).
Proposition 8 is proved. [0


https://doi.org/10.20944/preprints202409.0957.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2024

43 of 53

8. The Effective Macroscopic Model — Integro-Differential Formulation

Analogously to [13][Sec. 12], we deduce that, in the sense of the theory of distributions, Model
H-var is equivalent to the following initial-boundary value problem.

Model H-ID. (The homogenized model — integro-differential formulation.) Find a macroscopic
velocity field u = u(x,t) and a macroscopic temperature distribution 6 = 6(x,t) satisfying the
following set of equations and initial, boundary and interfacial conditions.

B InOy={xeQ: A+6" < x3 <1}, fort > 0, the fluid motion is governed by the
Stokes—Fourier system

arpporu = divy (20, Dy (1) + (p divy u + ap divy Jiu — o)l — Br6) + agprf, (140a)
cpoi0 = divy (55 V40) — Br : Dy () + Y. (140b)

B InQ, ={xe€Q: A+, < x3 < A+5*}, fort > 0, the fluid-structure interactions
are governed by the equations of linear thermoviscoelasticity with memory effects: the balance of
momentum equation

wepo0ru = divy (P : Dy(u) + G7 : Dy(Jru) + V70 + E7J10)
+ divy /Ot RE(t— 1) : Dy(u(x,7))dT + divs /Ot R (t — 7)0(x, T)dT
+ divy (F(£)p° + Fo (t) : De(0)) + agpo f (140¢)
and the energy equation
codi0 = dive(LIVy0) — LG : Dy (1) — L5,0
- /Ot L, (t — 1) : Dy(u(x, 7))dt — /Ot LS, (t — 7)8(x, T)dT
— Ly p® — L7 : Dy (2°) + Yo (140d)

In (140c) and (140d), pe = |Zg|pr + (1 — |XE|)ps is the constant mean density and ¢, = |Zp|cr +
(1 — |Xg|)cg is the constant mean heat capacity of the homogenized thermoviscoelastic medium
occupying layer Qy;
3
P = Zp[(aal @420, Y J™@I™) + Vi
mn=1

is the constant effective instantaneous viscous stress tensor,
G7 = |Zplapl @ T+ (1 — [Z())G + € Conr

is the constant effective instantaneous elastic stiffness tensor, V¥ and E’ are two constant matrices
corresponding to the effective instantaneous thermal dilatation, LY is the matrix of effective heat
conductivity, the components of matrix L3, and the scalar coefficient Lgl are the effective coefficients
characterizing irreversible heat generation due to the combined effect of thermal dilatation and
viscosity friction in (),; the components of tensor

Ry (8) = K7 (8) + (J:L7)(¢)

and matrices
RI(t) = KG(t) + (JEWG) (), La(t)

d0i:10.20944/preprints202409.0957.v1
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and scalar L{, (t) are the time-dependent relaxation kernels determining influence of thermomechanical
history of the medium occupying ), during the time period (0,t) on the current state at the time
moment ¢; the components of tensor

fztzf(t) - (1 - |ZFDg +‘7‘(/7-corr(t)

and matrices
F(]Z( ) |Z‘F|]I ]Fp-corr(t)' L;U(t>

and scalar L7 (t) are the additional time-dependent effective coefficients arising from the initial fluid-
structure balance of stress and heat in Q).

B InOQy={xecQ: A<x3<A+d}, fort >0, the fluid-structure interactions are governed
by the equations of linear thermoviscoelasticity with memory effects: the balance of momentum
equation

arpgdsu = divy (P : Dy(u) + G : De(Jiu) + V%0 + E?J16)
t t
+ divy / ROt — 1) : Dy(u(x, 7))d7 + divy / RY(t — 1)8(x, T)dt
0 0
t ot
+divx/ / Rt -1, v — 1) : De(u(x, 7))drdt’
0 Jo
t
+ divy / / RY(t -, 7 — 7)0(x, T)dTdT
0 Jo
+ divy (G (8)p° + Fo(t) : Da(2°)) + agpof (140e)
and the energy equation
a0 = divy(LIV,0) — LY, : Dy(u) — LY, 0
/ L9y(t — ) : Dy (u(x, 7))dT — / L9y (t — 1)0(x, T)dT
—/O /o Lés(t — ', 7 — 1) : Dy(u(x, 7))drd7’
t ot
—/0 /o LS (t — 7,7 — 1)0(x, T)drdr — L*gp — L0 Dy (2°) + . (140f)

In (140e) and (140f), pg = |Z¢||®f|pr + (1 — |Z£||OF|)ps is the constant mean density and
cg = |Xr||Of|cr + (1 — |ZF||OF|)cs is the constant mean heat capacity of the homogenized ther-
moviscoelastic medium occupying the layer ()y;

3
0 _ |Zp||@1:|(0¢,\]1®]1+20¢y Z Jmn ®Jmn) +v20rr
m,n=1

is the constant effective instantaneous viscous stress tensor,
gG = |ZFH®F|“PH®]I+ 1 - |ZF||®F|)g + gcorr

is the constant effective instantaneous elastic stiffness tensor, V? and E? are two constant matrices
corresponding to the effective instantaneous thermal dilatation, LY is the matrix of effective heat
conductivity, the components of matrix L%, and the scalar coefficient LY, are the effective coefficients
characterizing irreversible heat generation due to the combined effect of thermal dilatation and
viscosity friction in ()y; the components of tensors

R (1) =1C°(t) + (1 Q5) (1),
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3
Ri(h,t) = ), (Q1(h): QP (k) + W(h) : (J,QP)(t2)) @ TP,
pa=1

and matrices
RY() = K§(t) + (JIWg) (1),  RS(t1,t2) = K (t1,t2) + (Ju, W) (11, £2),

LY,(t), and LY (t1,t2), and scalars LY, (t) and LY, (1, o) are the time-dependent relaxation kernels
determining influence of thermomechanical history of the medium occupying )y during the time
period (0, ) on the current state at the time moment ¢; the components of tensor

Fo(t) = (1~ |Zel|OF NG + F.cone(t)

and matrices
FO(t) = —|SF||@p[l — FY (e (1), L3°(2)

p-corr

and scalar L;e (t) are the additional time-dependent effective coefficients arising from the initial fluid-
structure balance of stress and heat in Q.

B InQy={x€Q: 0<x; <A}, fort >0, the motion of the elastic heat-conducting plate is
governed by the classical equations of linear thermoelasticity: the balance of momentum equation

arpsdpu = divy (G : ViJiu —Bs + G : V,0') + agpsf (140g)
and the energy equation
50t = divy (35 Vi) — Bg : 0Dy (u) + ¥s. (140h)
B The macroscopic velocity and temperature satisfy the initial conditions
u(x,0) = u’(x), 6(x,0)=0"x) xcQ, (140i)

i.e., the initial conditions (7¢).

B On the outer boundary of (), the macroscopic velocity and temperature satisfy the conditions
u=u*, 0=0" for x99, te (0,T), (140j)

i.e., the boundary conditions (7d), which are inherited from Problems A, H-3sc, and H-2sc, succes-
sively.

B Oninterfaces {x € O: x3 =A+6}, {x € Q: x3=A+6}and {x € O: x3 = A},
the standard matching relations hold, which are the classical conditions of continuity of velocity,
temperature, normal stress, and normal heat flux.

Remark 7. As in [13][Remark 28], we note that P’ and P are the restrictions of V to the segments
{A+0: < x3 <A+ }and {A < x3 < A+ 5.}, respectively; and G and G 9 are the restrictions of € to
the segments {A + 6, < x3 < A+ 6%} and {A < x3 < A+ 8.}, respectively.

In equations (140a)—(140j), tensors P, G, R, FJ, P 0 gt ’ng, ’Rze, .75'3, and G, matrices By,
Vo, E7, Ry, Y, LY, Lgs, LG, L7, VO, B, RY, RY, 9, 1LY, LG, LY, Les, L3, and Bg, scalar coefficients
&r, OF, &y, &), &p, Lo, CF, ¥F, Po, Co, Ly, L;‘T, 0o, Co, Lgl, L’;G, ps, s, and g, scalar relaxation tensors Lg,,
ng, and LgS, the distributed mass force f, the volumetric densities of external heat application ¥r, ¥,
¥,, ¥, the initial functions v°, po, 1°, and 6°, and the boundary functions #* and 6* are considered

to be given. Thus we obtain that Model H-ID is the integro-differential closed effective macroscopic
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homogenized model of ‘the compressible thermofluid — two-level fine thermoelastic structure’ interactions,
where (u, 0) is the pair of sought functions.
We naturally formulate the notion of weak solutions of Model H-ID as follows.

Definition 3. A pair of functions (u,0) is called a weak solution to Model H-ID if it is a solution of Problem
H-var.

Theorem 3 immediately yields the following assertion.

Corollary 1. Assume that P7, G, Ry, FJ, P%, G°, R{, RS, FJ, V°, E7, R{, FY, LI, Lg,, LY,
L3, V¢, B, RY, RS, F9, L, LY, LYy, Les, L3P, oo, co, LGy, LY, po, co, Ly, LY, LYy, LY,, and L, are
defined from the data of micro- and mesoscopic structure in accordance with formulas (39)-(51), (85)-(106) and
solutions of Problems Z1-29 and Y1-Y10.

Then, for any given v° € H'(Q)3, p° € H'(Q), u° € H'(Q)3, 6° € H'(Q), u* € C>(Q x [0, T])?,
0* € C2(QAx[0,T)), f € L2(Qx (0,T))3 Y, ¥s, ¥o, Yo € L2(Q x (0,T)) such that u®(x) = u*(x,0),
00(x) = 6*(x,0) for x € 0Q, 3; f € L2(Q x (0, T))3, and 9;¥F, 0;¥s, 0:¥s, 0:¥9 € L2(Q x (0, T)), there
exists a unique weak solution of Model H-ID in the sense of Definition 3.

9. Concluding Remarks and Discussion

On the base of the constructions made in Secs. 5-8, we can now propose the following algorithm
of determining the effective macroscopic physical characteristics of the reciprocal motion of the fine
two-level thermoelastic bristle structure and the viscous compressible thermofluid, starting from the
microstructure.

(i) Using the given data of the microstructure, solve Problems Z1-79 to find Zgo, Z;jo' Z>, Z;jo, Zy,
and Zé.
(ii) Inserting the solutions of Problems Z1-Z9 into (39b), (40b), (41Db), (42b), (43b), (43c), (44b), (45b),

(46b), (47b), (48b), (53b), (49b), and (50b), find tensors .A{), Bg, A,{ , and B{ , matrices IF?(, IFS(L? ,
H),, Wy, .
(iii) Using tensors A{J)(, B{)r, A{ , and B{ and matrices ?(, F i Hgl, H{;z, and IL?{, obtained on the

sol

Li, L%l, L{Q, and ]Lg 7 and scalars Lg and Lg % respectively.

previous step, solve Problems Y1-Y10 to find Yg, Yllj, Y,, Yg, Y4, Y5, and Yé.

(iv) Inserting the solutions of Problems Y1-Y10 into (85)—(106), calculate the homogenized macro-
scopic tensors V, £, IC, @, W, F,, matrices IF, V, E, Ko, Ky, Wo, Wy, L., Lps, Lps, Lps, L3,
and scalars Lgq, Ly, Lg3, and L;, respectively.

(v) Provided with the data obtained on the previous step, solve Problem H-var (and, equivalently
in the sense of distributions, Problem H-ID) to find the macroscopic velocity distribution # and
temperature distribution 6.

This five-step algorithm is quite possible to implement numerically. In contrast, Model A, with
a small ¢ is inaccessible for practical analysis due to the enormous amount of necessary calculations.
The interim homogenized Models H-3sc and H-2sc also worth consideration in line with a possible
numerical analysis.

Both from a purely theoretical point of view and from the point of view of promising applications
in technology, Model H-ID serves as a generalization of previously constructed models [1,2,4,13] from
the isothermal case to the case when the effect of heat transfer is taken into account. As it is mentioned
in Sec. 1, application of Model H-ID can most likely be found in describing the airflow near the surface
of a plant leaf, in modeling the epithelial surfaces of blood vessels, in modeling superhydrophobic and
superoleophobic surfaces, as well as in designing biotechnological devices operating in liquids.

In future works, it would be useful and interesting to consider isothermal and non-isothermal
Model A,-type systems taking into account transfer of admixture by a free flow of liquid (air) and
sedimentation of the admixture particles on the surface of a two-level fine bristly structure. In
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such systems, the laws of balance of the admixture concentration in an open liquid (air) and on the
solid-liquid (solid-air) interface can be taken in accordance with W. Hornung and W. Jaeger [22]. To
homogenize the balance of the sedimented admixture on the solid-liquid (solid-air) interface, the
Allaire-Damlamian-Hornung modified version of two-scale convergence [23] can be generalized and
used. By this, one could make a further extension of study of bristly structures in interaction with
liquids and gases based on [13] and the present article.
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10. Nomenclature

In this appendix, we provide a fairly comprehensive list of notations used in the article.

Roman Symbols

Notation Description Introduced in

Ao, Ay effective two-scale tensors (39a), (41a)

Ag , A{ tensors derived from microstructure (39b), (41b)

By, B1 effective two-scale tensors (40a), (42a)

Bg , B{ tensors derived from microstructure (40b), (42b)

B homogenized three-scale dimensionless Notat. 3
thermal dilatation matrix

B, Bg dimensionless thermal dilatation (1a), (1c)
matrices in fluid and solid, resp.

B uniform notation for dimensionless (11)
thermal dilatation in ()

c homogenized three-scale dimensionless Notat. 3
specific heat capacity

CF, Cs dimensionless specific heat capacities (1b), (1d)
in fluid and solid, resp.

ct uniform notation for dimensionless (12)
specific heat capacity in ()

D, ]Dy, Ds  symmetric parts of the gradients V Secs. 2,5
Vy, and V3, resp.

£ effective instantaneous elasticity tensor (86a)

E Sorr instantaneous elasticity corrector term (86¢)
on [A, A+ 6]

Elow instantaneous elasticity corrector term (86b)
on (A + 6., A+ 6]

E matrix corresponding to the effective (93a)
instantaneous thermal dilatation

¢ restriction of V to [A, A + 5] (93¢)

E” restriction of V to (A + 4., A + %] (93b)

en Cartesian basis vector in R3 Notat. 5
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0 w0
IE‘f’ IE‘sor;ﬂ1

p-corr

4
p-corr

ﬁs

Hg1, Hegp

f wf
Hgy, Hgp

]f/ ]T
Jmn

Ko, K4

0 0
K¢, K
Ko
Ly

L¢

LY

Lp1, Lpo,
L
L%l

Lip,, LY f

tensor derived from the meso- and
microstructures

restriction of F, to [A, A + J.]
restriction of F to (A + 64, A + 0%]
tensor derived from the meso- and
microstructures

tensor derived from the meso- and
microstructures

matrix derived from the meso- and
microstructures

restriction of I, to [A, A + 4.]
restriction of F, to (A + dx, A + 6]
effective two-scale matrix

matrices derived from microstructure
tensor derived from the meso- and
microstructures

tensor derived from the meso- and
microstructures

distributed mass force

elastic stiffness tensor

effective elastic stiffness tensor in g
effective elastic stiffness tensor in ()
Laplace image of the principle two-scale
stress tensor multiplied by s

Laplace image of the principle effective
stress tensor multiplied by s

effective two-scale matrices

effective constant matrices
corresponding to thermal dilatation
unit 3 x 3-matrix

Volterra operator (primitive of function)
3 x 3-matrix (1/2)(en @ e, + ey @ ey)
effective relaxation tensor

restriction of IC to [A, A + 5]
restriction of IC to (A + 4, A + 6]
Laplace transform

effective macroscopic matrices corresponding
to thermal memory effects

restriction of Ky, Ky, resp., to [A, A + 6]
restriction of Ko to (A + Jx, A + 6]

matrix of effective macroscopic

heat conductivity

restriction of L, to [A, A + J,]

restriction of L, to (A + Jx, A + 6*]

effective two-scale matrices corresponding
to thermal dilatation

restriction of L to [A, A + 6,
restrictions of Ly, LY, resp., to £ x [A, A + J,]
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(90a)

(90a), Model H-ID
(90a), Model H-ID
(90c)

(90b)
(91a)

(91a), Model H-ID
(91a), Model H-ID
(43a)

(43b), (43¢)

(91¢c)

(91b)

(1a)
(1c)
(140e)
(140¢)
(73)

(127)

(44a), (45a)
(44b), (45b)

Sec.2
2)
Notat. 5
(87a)
(87¢)
(87b)
(83)

(94a), (95a)

(94¢), (95Db)
(94b)
(98a)

(98¢)
(98b)

(47a), (48a),
(51a)
(47b)
(48b), (51b)
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Ri, Rj

effective macroscopic matrices corresponding
to thermal dilatation

restrictions of L3, Lpy, Lps, L3, resp.,
to [A, A+ 6]

restrictions of Lp3, Lps, Lps, L3, resp.,
to (A + s, A + 6%]

restrictions of Ly, LY, resp., to Zp x [A, A + J.]

effective two-scale heat conductivity matrix
restriction of I, to [A, A + 6]

effective two-scale scalar coefficients
corresponding to thermal dilatation
restrictions of Ly, Lg, resp., to Zp X [A, A + 6]
effective macroscopic scalar coefficients
restrictions of Ly, L;, resp., to [A, A + 6]
restrictions of Lgyg, L;, resp., to (A + 64, A + 5*]
macroscopic relaxation kernels

restrictions of Lgy, Lgs, resp., to [A, A + 5]
restriction of Lg to (A + 6, A + %]
homogenized three-scale uniform stress tensor
uniform stress tensor in microscopic
description

homogenized three-scale partial initial

data for stress

partial initial data for stress

in microscopic description

unit normal to the fluid-structure interface
unit outward normal to 0Xg

instantaneous viscous stress tensor in ()
instantaneous viscous stress tensor in Q)
initial pressure distribution

effective relaxation tensor

tensors derived from the meso- and
microstructures

restriction of Q to (A + 6., A + %]

matrix derived from the meso- and
microstructures

viscoelastic relaxation tensors in (g
viscoelastic relaxation tensor in Q)

heat relaxation matrices in )y

heat relaxation matrix in Q)

argument of the Laplace transform image
trace of a matrix

macroscopic velocity vector

initial macroscopic velocity vector
mesoscopic velocity vector

microscopic velocity vector

boundary macroscopic velocity distribution
effective instantaneous viscosity tensor

(99a), (100a),
(101a), (102a)

(99¢), (100c),
(101b), (102c¢)

(99b), (100b),
(102b)

(48b), (51b)

(46a)
(46b)
(49a), (50a)

(49b), (50b)
(103a), (106a)
(103c¢), (106¢)
(103b), (106b)
(104a), (105a)
(104c¢), (105b)
(104b)

(33)

)

(32a)
(10)

(19, (1g)
(109b)
(140e)
(140c¢)

(1a)

(88a)

(88¢), (88d)

(88b)
(88e)

(140e)
(140¢)
(140c¢)
(140c¢)
(73), (83)
Notat. 1
Sec.1
(1h)
Sec.1
Sec. 1
(7d), (15)
(85a)
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V. instantaneous viscosity corrector term (85¢)
on [A, A -+ (5*]

Vi instantaneous viscosity corrector term (85b)
on (A+ 0y, A+ 6*]

v matrix corresponding to the effective (92a)
instantaneous thermal dilatation

% restriction of V to [A, A + J,] (92¢)

Ve restriction of V to (A + 4., A + %] (92b)

Ve macroscopic displacement vector Sec.1

o0 initial macroscopic displacement vector (1i)

w effective relaxation tensor (89a)

W19 tensor derived from the meso- and (89b)
microstructures

Wo, Wy effective macroscopic matrices corresponding (96a), (97a)
to thermal memory effects

Wg, W? restriction of Wy, Wy, resp., to [A, A + 5, (96¢), (97b)

W§ restriction of Wy to (A + s, A + 6] (96b)

x macroscopic position vector Sec.1

X vector (x1,x2) Sec.3

Yg, Yilj, solutions of the mesoscopic cell problems Probl. Y1-Y10

Yo, Y,

Yy, Y5, Y

v mesoscopic position vector Sec.3

Zgo, lejo, solutions of the microscopic cell problems Probl. Z1-79

Zy, Z;]O,

Z40, ZE-)

z microscopic position vector Sec.3

Greek Symbols

Notation Description Introduced in

K, g, &), positive dimensionless ratios (1),

Oy, p Sec. 2

I fluid-structure interface Model A,

A thickness of elastic plate (), Sec.1

dij Kronecker’s symbol Sec.2

Oy height of a shorter bristle Sec.1

6* height of a taller bristle Sec.1

€ small characteristic parameter of Sec.1
the periodic structure

g extension of { (26b)

Z characteristic function of X (251

6, 0¢ macroscopic temperature Sec.1

60 initial temperature (1)

) mesoscopic temperature Sec.1

62 microscopic temperature Sec.1

o boundary temperature distribution (Im)

(C) pattern microscopic cell Sec.3

Or, Oy liquid and solid parts of ©, resp. Sec.3

»” homogenized three-scale dimensionless Notat. 3


https://doi.org/10.20944/preprints202409.0957.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2024 d0i:10.20944/preprints202409.0957.v1

51 of 53

heat conductivity

nF dimensionless heat conductivity (1b)
in fluid

g dimensionless heat conductivity (1d)
in solid

£ uniform notation for dimensionless (13)
heat conductivity in ()

0 homogenized three-scale density Sec.5

OF fluid density Sec.2

0s density of the elastic body Sec.2

0o, Po mean densities in (g and (), resp. (140e), (140¢)

05 uniform notation for density in () (8)

(P)zxo mean value of pon X x © (38)

z pattern mesoscopic cell Sec.3

X, s liquid and elastic parts of X, resp. Sec.3

X homogenized three-scale characteristic (28a)
function of the fluid domain

Xx° characteristic function of the fluid domain (26a)
in microscopic description

P extension of ¢ (26¢)

@ characteristic function of Of (25),

Y homogenized three-scale Notat. 3

volumetric dimensionless density
of external heat application

Yr, Y volumetric dimensionless densities (1b), (1d)
of external heat application in fluid
and solid, resp.

e uniform notation for volumetric dimensionless  (14)
density of external heat application in ()

Q= (0,1 domain of dimensionless macroscopic positions ~ Sec. 1

Of, Of fluid domain and elastic body, resp. Model Ag, Sec. 3
Oy fluid layer above all bristles Sec.1
Op) elastic plate without bristles Sec.1
Oy spatial layer, where the shorter bristles Sec. 1
locate
Qy spatial layer, where the taller bristles locate Sec. 1

Some operators and binary operations

Notation Description Introduced in
divy, divy  divergence operators Sec.5
inner product (convolution) Notat. 1
® dyad Notat. 1
Vi, Vz gradient operators (29)
1 Laplace transform of a function ¢: ¢ = L[¢] (83)

(¢)o, (¢)x, mean value of a function ¢ = ¢(7,Z) on®,%,  Notat.4
(p)zxo and £ x ©, resp.
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